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SUFFICIENT CONDITIONS FOR EXISTENCE OF
SOLUTIONS OF NONLINEAR DIFFERENTIAL
EQUATIONS WITH NONLOCAL BOUNDARY CONDITIONS

KRISTEN KOBYLUS ABERNATHY

(Communicated by Qingkai Kong)

Abstract. We provide easily verifiable sufficient conditions for the existence of solutions to non-
linear ordinary differential equations subject to nonlocal boundary conditions. These conditions
are based on the solution space of the corresponding linear, homogeneous problem and on the
size of the nonlinear perturbation. The results presented here are more general nonlinearities
than those in [17] and [26].

1. Introduction

In this paper, we consider boundary value problems of the form

Y)Y () +aot)y(e) = F(0), (1)) + €G- 3" D)) (D)

subject to

bij(O)y(j_”(O)Jribij(fl)y(j_l)(fl)+--'+ bij(tn )y V(iv) =0 (@)

1 j=1 j=1

M-

n

J

for i=1,2,---,n, and for 0 <t < 1. The points #; for k =0,1,---,n are fixed and
O=fr<fy<---<ty=1.

We assume that f : R?> — R is continuous and that the limits f(co,00), f(c0,—o0),
f(—o0,00) and f(—oo,—oo) exist. The map G is a continuous, nonlinear operator
on the space of C"~1) functions. Some examples for the nonlinear operator G in-
clude G(y,y,---,y" D) (1) = g(y(t),y (1), ,y"" D (z)), where g is a continuous, real-
valued mapping; and G(y,y',---,y""V)(1) = fy k(t,9)H (y(s),)/ (5),---,y" "D (s))ds,
which would allow the reader to consider integro-differential equations.

We devote our study to problems where the corresponding linear, homogeneous
boundary value problem

Y () +-+ar(t)y' () + ao(t)y(t) = 0 )
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subject to (2) has a one dimensional solution space. For these problems, we provide
sufficient conditions for the existence of solutions to (1),(2). Our conditions are based
on the limiting behavior of the real valued function f, the properties of the solution
space of the linear homogeneous boundary value problem (3)-(2), and the behavior of
the nonlinear map G.

In [26], Rodriguez and Taylor approach a similar problem with less general non-
linearities using the Lyapunov-Schmidt Procedure. Due to the multipoint boundary
conditions, this approach required a Lipschitz condition on the nonlinear term. In [17],
Rodriguez was able to approach the problem in a more direct manner that allowed the
author to eliminate the need for a Lipschitz condition. The results we present here al-
low us to establish the solvability of boundary value problems that do not fall within
the scope of the results previously obtained by Rodriguez [17]. Approaches similar to
the one presented in this paper have been successfully used in the analysis of periodic
behavior in discrete and continuous dynamical systems [3], [4], [6], [9], [13], boundary
value problems for differential and difference equations [1], [7], [8], [12], [14], [15],
[16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], and more general systems
(2], [10], [28].

2. Preliminaries

In order to analyze the boundary value problem (1),(2), we formulate it in system
form.
The matrix A(¢) is defined by

0 1 0 0
0 0 1 0
A(r) = :
—ao(t) —ai(t) —as(t) - —an—1(t)
The vector
X1
X =
Xn
isgivenby x; =y, xo =y, -+, x, = y("‘l) and the boundary matrices By, By, -,
By are given by
By = [bij(1)].
Throughout this discussion, we will assume that the augmented n x n(N + 1) matrix
[Bo|Bi|- -+ |By] has full rank. This condition is to ensure that the boundary conditions
are not redundant.
For
X1
x= ,
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0
0
F(x)(t) : R" — R" is defined by .% (x)(r) = ) and 4 (x)(r) : R" — R"
Flxr(t),xa(t))
0
0
is given by 4 (x)(r) = .
G(x(1))
It is clear that the boundary value problem (1),(2) is equivalent to
x(t) =A()x(t)+.Z (x(t)) +€9(x(r)),0<r < 1 4)
subject to
N
Y Bex(t) = 0. 5)
k=0

The solution space to the corresponding linear problem
i(t) = A(t)x(t) (6)
subject to boundary conditions (5) will play a crucial role in solving (4),(5).
Throughout the paper we will assume that f : R> — R is continuous and that it
has finite limits at (eo,00), (e0, —o0), (—o0,00), and (—oo, —oo). We write

f(oovoo): lim f(S,l)7

(5,8)=(e0,00)
00, —o0) = lim s,t),
f( ) L L (s,2)

f(=oo,00) = 1lim  f(s,1),

(S’t)_’(_'x’ﬂm)
and

f(—o0,—o0) = lim Sf(s,1).

('th)g’(fwvf‘x’)

For any integer p > 1 the space (¢([0, 1], R?) will denote
{¢:[0,1] — R” : ¢ is continuous}.

The norm used on this space is the sup norm; this is, ||@]l< = sup{|@ ()] : 0 <t <
1} where |-| denotes the Euclidean norm on R”. For n > 2, let "~ ([0,1],R?)
denote the collection of functions ¢ : [0,1] — R?” such that ¢ has n— 1 continuous
derivatives. We define ||¢|| = supogkgn_l{supﬂd)(k) (1) :0<t<1}}. Themap G:
¢=1(]0,1],R") — €1 ([0,1],R) is continuous.

We will denote the principal matrix solution at z = 0 of x(¢) = A(¢)x(¢) by T'(¢)
and we define the matrix D by

N
D= BI(1).
k=0
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We notate V as an arbitrary, fixed subspace of R” so that
ker(D)®V =R".

It is well-known that x is a solution to (6), (5) if and only if

where T'(¢) is the principal matrix solution of x(¢) = A(¢)x(z) and v € ker(D).

In this paper, we consider the case when the dimension of the solution space of (6),
(5) is one, or equivalently, dim(ker(D)) = 1. Since we are considering the case where
ker(D) is one-dimensional, we may assume that v spans ker(D) and

1
/ IT(1)vPdr = 1.
0

The following construction appears in [23]. We define

[(Bll"(tl) +le"(t2) + - —|—BN1—‘(ZN))F71 (t)]TC for 0 <t <1,

[(B2T'(12) +---+BNF(tN))F‘1(t)}Tc for 1) <1 <1,
Y() = :

-[BNI"(IN)I"_l(Z)]TC -for tn—1 <t <ty,

where ¢ € ker(DT) so that
1
/ (1) Pdr = 1.
0

Except for minor details, the following proof is contained in [17]. We omit the
details.

PROPOSITION 1. For a fixed €, and for each continuous function x : [0,1] — R",
there exists a unique vy € V such that

N i
Dv,=— Y BTl (1) /0 T (s)[(F (x(s)) + e (x(s5)))
k=1

_ (/01 W (u)(F (x(u)) + Sg(x(u)))du)‘l’(s)]ds.

Furthermore, if € =0, there is a constant K such that |vy| <K forall x € €(]0,1],R, |-

[[oo)-
3. Fixed Points

Let ®(z) =T'(¢)p, where p € ker(D), and
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W) = TOn+T(0) [ T 606 +69 6(5))
( / W (u)(F (x(u)) + 9 (x(u )))du)‘{’(s)]ds.
We will use @;(r), W;(¢), and w;(¢) to denote the ith entries of ®(¢), ¥(r), and w(r),
respectively.
We define mappings
Hy iR xR (([0,1],R"), || - =) = (€'([0, 1], R?), || - [|)
Hy: Rx R x (€(0, 1,R"), ] - [l.) — &

H:R xR (E([0,1],R"), || -[|lee) — R x (€([0, 1], R"), || - [|=)

by
Hy(e,06,x) = T(1) [otp + vi] +T (1 /r )(F (x(s)) + €% (x(s)))

_ (/0 \PT(u)(ﬁ(x(u))+£%(x(u)))du)\p(s)]ds7

Hy (e, 0,%) (/ W, (1) f(0®y (1) + wi (x(t), oD () + wa (x(1))))dt

+£/ W, (1)G (0 ( )+w1(x(t)))dt),
and
H(e,o,x) = (Hy(g,0,x),H (g,0,x)).

The construction of the operators Hy, H,, and H, as well as the following lemma,
stem from a proof found in [17]. This type of result appears either explicitly or implic-
itly in many papers dealing with resonant boundary value problems [2], [5], [6], [7],
[91, [12], [17], [21], [22].

LEMMA 1. If (&, 0,X) is a fixed point of H(€, 0L, x), then % solves the boundary
value problem

x(t) =A()x(t) + .7 (x(t)) + &Y (x(t)),0<t < 1
subject to

N
> Bix(ty) =
=0

The essential idea behind the proof of the preceding lemma is as follows. We first
use a variation of parameters formula to show a fixed point of H (€, o, x) satisfies

X(1) =A(0)x(t) + F(x(t)) + €09 (x(1)).
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We then utilize Proposition 2.1 and the fact that we have a fixed point of H;(g, 0, x) to
show said fixed point satisfies the boundary conditions. To do this, we compute

N N
Y Bii(n) = Y Bi (1) [@p + vi]
= k=0
+szrtk/ I (5)(F (7(s)) + 80 ((5)))ds

— Dvs+ 2 BT(1) /0 T () (F (3(s)) + 8% (i(s)))ds

k=1

since p € ker(D) and #op = 0. Remembering that

- ZB,M/ T (5)[(F (5(5)) + &0 (£(5)))

( T (1) (2 (2(u)) + 0% (<(u >>>du)\f'<s>]ds

and

we have that

Ekazk Dvx+EBkl"tk/ r! (5)) + @ (#(s)))ds =0. O

We will define A} = {r € [0,1] : ®,(r) >0} and A, = {r € [0,1] : D»(r) > 0}, and
we use the notation J; and J, as

Bi=flee) [ W) f o= Wa(0)ds
A1NAy A1N([0,1]/A2)
+f —w,oo/ W, (1)dt + f —oo,—oo/ P, (1)dr
=) fmagy TS  Jommpnioyay "¢
and
B = fleme) [ W0+ (o) ¥, (1)
A1NAy An([0,1]/A2)
+foo,—oo/ ‘Pnth—foo,oo/ W, (1)dr.
) Joaanma O T fo ooy

The result of the following lemma appears in [17], but we include a proof for the
benefit of the reader.
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LEMMA 2. Suppose that

(1) d1m(2 OBkF(tk)) =1
@) f: R? — R is continuous;

(i) f(o0,00), f(ew,—e0), f(—e0,00), and f(—oo,—oo) exist;
(iv) J1J» < 0;

v) e=0.

Then H(0,0,x) has a fixed point.

Proof.
Since {r € [0,1]: @;(z) =0} and {r € [0,1] : ®5(¢) = 0} have Lebesgue measure
zero, it follows that

/ W (1) £ (0 (1) + w1 (x(0)), 0 (1) + wa (x(1)) )t =
/ W (1) (0 + wi (x(1)), 02 (1) + wa (x(1)) )i +
A1NAy
/ W (1) f(0®y + wi (x(1)), 02 (1) + wa (x(1)) )i +
(10,11/42)
/ W (1) £y + wi (x(1)), 02 (1) + wa (x(1)) )i +
(10.1]/41

/([071]/A1)ﬁ([071]/Az) Fu(0)f (@ Py +wi(x(1)), 0P2(1) +wa(x(r)))dr.

Since w; and wy are bounded, by the Lebesgue Dominated Convergence Theorem,

lim 1 W, (1) f (0@ (2) +wi(x(1)), 0®a(t) +wa(x()))dr =

o—eo [

F(o0,09) /A - Walt)dr+ £, =) W, (1)dr

A1N([0,1]/A2)

(—o0,00) / ()dt + f(—eo, —oo)/ W, (t)dr = Jy
([0.1]/A1)NA ([0,1]/A1)n([0,1]/A2)

Similarly,

lim 1 W, (1) f (0@ (1) +wi(x(1)), Dy (t) + wa(x(2)))dt =

a——e Jo
Fl—oo, _oo)/ W, (1)t + f(—o0,00) W, (1)1
A1NAy A1N([0.1]/47)

(s2r =) /Ol/Al ()t + f (e, °°)/ W, (t)dt = J,

([0,1]/A1)N([0,1]/A2)

Without loss of generality, we assume J, < 0 < Jj.
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Based on the above calculations, there is some o > m where m = sup{|f(s,?)| :
(s,¢) € R?} and some J, such that for all o > ay,

/ W (1) £ (0D (1) + wi (x(1)), 00D () + wa(x(2)))dr = T

and
/ (0 (e (1) i (x(0)), — @ 1)+ wa (x(0)) )t < .

Then for all € R, for o > o and x € (£([0,1],R"), || - [|),

1
H>(0,0,x) = o0 — </0 W (t) f(0®y (1) +wi(x(1)), ady (1) +w2(x(t)))dt>

o—J
a.

VAN/AN

Similarly, for & > o and x € (€([0,1],R"), || - ||-), H2(0,—0t,x) > —0v.
Clearly, since € = 0, there exists constants M, M, such that for all (o,x) € R x
(Cg([ov 1]7Rn)v H ’ ||°°)7
1H (0t,%) [ < M| 0t] 4 M.

Letting 6 = op + (m+J), define Z = {(a,x) € Rx (€([0,1],R"),] - |») : |ot] <
0 and ||x]|. < M 0+ Mo}
Now if o € [ap, 6], forall x € (¢([0,1],R"),]| - ), we have

Hy(0,0t,x) = 00 — /0 ()£ (@1 (6) - wi (x(0)), 0D (1) £ wa (x(0)) )t

[ POl 0) w1 (0, 00) w0l

VoV WV WV
I R R
[

8 I

|
ST

and
H>(0,—ot,x) = —0t — /‘I’ Sa®(t) +wi(x(2)), 00D (1) +wo(x(2)))dt

—06+/0 (¥ ()1 (01 (2) +wi(x(2)), 02 (2) + wa(x(t))) |dt

—o+m
—o+0p

VA/ANN/ANN/A

>~
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Thus, for all x € (¢([0,1],R"),]| - ||~) and o € [09,8], H2(0,0t,x), H2(0,—0t,x) €
[—o,a] C[-6,0].
Furthermore, if 0 < o < o, for all x € (€([0, 1],R"), || - ||),

[H(0,+0,x)| < [+ 0f +/01 (¥ (0)|]f (01 (2) + w1 (x(2)), 0D (1) + w2 (x(¢)))|dt

oy +m

<
<6+J.

We have shown that H, maps [—0,0] x (¢([0,1],R"),] - ||~) into [—&,d]. From this
it follows that H(#) C A. For if (a,x) € B, then Hy(0,0(,x) € [0, 0], while

|H1(07(X,X)| < M1|(X| +M2
<M 8+ M.

Since H maps £ into itself, H(0, o, x) has a fixed point by Schauder’s Fixed Point
Theorem. [l
4. Solvability of (1), (2)

Recall that we define A} = {r € [0,1] : @ (¢) >0} and A, ={r € [0, 1] : D (r) >0},
and we use the notation J; and J, as

B=feoe) [ l0ydi+ flem =) [ W (1)dr
A1NA, A1N([0,1]/A2)
=+ —oo,oo/ W, (t)dt+ f —oo,—oo/ W, (t)dt
A ) ([0,1]/A1)nA, © ( ) ([0,1]/A1)N([0,1]/A2) )
and
Iy = f(=0, =) / o0t + (o0, ,(0)ds
A1N([0,1]/A2)
([0,1]/A1)NA ([0,1]/A41)N([0,1] /A7)

THEOREM 1. Suppose that

(i) dim(ZY_o Bk (tx)) = 1 where T'(t) is the principal matrix solution of x(t) = A(t)x(t);

(i) f:R?> — R is continuous;

(111) f(°°7°°)7 f(oo, —oo), f(_°°7°°) and f(_°°7 _°°) exist;
@iv) J1J» <0;

V) G:€"([0,1],R") — €"=1([0,1],R) is continuous.
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Then, there exists an € such that for € € [0, €], there is at least one solution of

V(@) a0y () +ao(t)y(t) = fy(0),y (1) + €G(y - Y )(0)

that satisfies

n

bij(O)y(j_l)(O) + Z bij(ll)y(j_l)(ll) 4t Z bij(N)y(j_l)(l) =0
1 =1 =1

™

J

fori=1.2 - n.

Proof.

As above, we define mappings
Hy:Rx %([071]7Rn7 H ’ ||°°) X RH%([Ov lLan H ’ ||°°)
Hy :Rx G(0,1,R", |- ) x R — R
H:RXE([0,1],R", || [lo) x R = Z([0, 1], R", || - [|o) x R

by
H(g,0,x) =T(t)[oep + vy +
/ ! x(5)) + e% (x( / WT (1) Z (x(u)) + £ (x(u) )] duu) ¥ (s)] s,

Hy(g,0,x) = o0 — (/ W, (1) f (0D (2) +wi(€,x(r), D, (1) +wa(ex(2))))dt+

/\p 2(a®, (1) +wi(e,x(1)))dr),

an
H(e,o,x) = (Hi(g,0,x),Hy(€,0,x)).

It is evident that for € = 0, there exists constants M; and M, so that
[H1(0, 0t,x) || < Mi|ax| + M.

By the proof of Lemma 2, defining o > m+J and 6 = o +m+J for some fixed real
number J, we can create a nonempty, convex set & = {(a,x) € R? x ¢([0, 1],R", || -
llo) : |ot] < & and ||x||ee < M;|8|+ M+ J} such that, when € = 0, the following hold
true:
(i) for all o > o, Hz(0,0,x) < oo —J and Hy(0,0,x) > —0 + J;
(i) for o € [0n, 6], H2(0,0t,x) > —J and Hy(0,0,x) < J;
(iii) for 0 < o < ¢, |Ha(0,0,x)| < 8 +J; and
1v) |[Hi(0,00,%)||o < M1 6+ M.

It follows that

inf(a’x)e@dist(H(O, OC,X),&%) >0
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that is, when € = 0, there is a positive distance between the boundary of the set 4 and
the set of H(0, o, x) for (or,x) € A. Since {®(-)o+w(x(-))|(ct,x) € B} is equicontin-
uous and uniformly bounded, it is compact by Arzela-Ascoli’s Theorem. This implies
that if we choose a positive value, &, so that we restrict € to the interval [0, €], the map
(g,0,,x) — H(e,a,x) is uniformly continuous on . From this it follows that there
exists & such that if |e| < &,

H(e,a,x) € B

forall (or,x) € Z. The solvability of (1), (2) is now a consequence of Schauder’s Fixed
Point Theorem. [
5. Example

We now present an example to illustrate the main theorem of this paper. We con-
sider the differential equation

Y43y +2y=f(y +/ (1,5)8(s,y(s), (s))ds (7
subject to boundary conditions
J—1 J—1
0+ +3( 75 )+ (15 ) =0
YI)+y'(J) =0, ®)

where J > 1.
In system form, (7),(8) becomes

X () =A@t)x(t) + F(x(t)) + G(x(t))

Box(0) +B“x<J_T1) +Bx(J) =0 9)

where x; (1) = y(1), xa(t) = ' (1),

Alt) = [_2 _13} for all t,
11 11 0 0
Bo= [00] Bin = [00}’31_[—1—1}’

0= | iaop ] 5950 = i)

It is easy to verify that

[ e H(=1+2¢) e H(—1+¢)
T = |:—2€_2t(—1+€t) —e_Zt(—Z—i-et)]
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J—1 1+e111+e11
Bo+BJ_2_1F<T) +B,T(J) = { e |

which gives

ker(Bo+B%F<J;21> +BJF(J)> = span {[_11”

From this, we conclude that

o=t 1| =] <.

It follows that A} = {r € [0,J] : ¢1(r) >0} =[0,J] and Ay = {r € [0,J] : ¢2(r) >0} = 0.

and

The computations above give

o
for0 <t < L,
_e 2
w(r) = QY a1 J
for 5L <1< J.
_eZI _e2t+17J

1 1
J1 :f(oo’—oo)<1 _ 5ezJ_ EeJJrl)’

1 1
Jo = f(—o0,0) <1 - 5621— Eej+l>~

It can easily be shown that if J > 1 and f(eo, —0) f(—e0,e0) < 0, we are guaran-

teed that J1J> < 0. Then, according to the proof of Theorem 1, if [§ |w(z,s5)g(s)|ds <
min{|Jy|,|/2|} forall ¢ € [0,J], (7), (8) will have a solution.
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