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ANALYTIC SMOOTHING EFFECT FOR A SYSTEM
OF NONLINEAR SCHRODINGER EQUATIONS

GAKU HOSHINO AND TOHRU OZAWA

(Communicated by Shangbin Cui)

Abstract. We prove the global existence of analytic solutions to the Cauchy problem for a system
of nonlinear Schrédinger equations with quadratic interaction in space dimension n > 3 under
the mass resonance condition. Lagrangian formulation is also described.

1. Introduction

We consider the Cauchy problem for a system of nonlinear Schrodinger equations
of the form

. 1 _ _
{l&,u—i—zmAu Avi, (L1

iov+ ﬁAv = uu?,

where u,v are complex-valued functions of (r,x) € R x R", A is the Laplacian in R",
m and M are positive constants, A, ( are complex constants, and u is the complex
conjugate of u. In this paper, under the mass resonance condition M = 2m, we study
the analyticity of solutions to the Cauchy problem for (1.1) in space dimension n > 3
for sufficiently small Cauchy data with exponential decay at infinity. Moreover, we give
Lagrangian formulation of the equation (1.1) and characterize the coupling in terms of
the gauge structure.

To state our result precisely, we introduce the following notation. For any p with
1 < p < oo, LP denotes the Lebesgue space of p-th integrable functions on R". For any
seR,

Hy=(1—A) "L and Hj=(—A)"/?LP

denote the usual Sobolev space (or the space of Bessel potentials) and the homogeneous
Sobolev space (or the space of Riesz potentials), respectively. For any € R, U,,(t) =
exp(iﬁA) denotes the free propagator with masses m. For any t € R,

I =JIn(t) =x+ iLV = Un(t)xUpn(—1)
m
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denotes the generator of Galilei transforms. For any r € R\{0}, U,,(t) and J,,(r) are
represented as

Un(t) = My (t)Dy (1) FM, () and  Jp(t) = Mm(t)i%VMm(—t),

respectively, where:

?

M (1) = exp(i™2 ), (Do) ) () = Git/m) (e~ "o,
)=

(Zv)(& ()_"/2/eXp(—ix~§)l//(x)dx.

Under the mass resonance condition M = 2m with the Cauchy data (1(0),v(0)) =
(¢,y) at r = 0, the Cauchy problem for (1.1) is written as a system of the integral
equations

u(t) = Un(t)d — i /0 Ut — Y AE( )t

: (1.2)
V(1) = Usm(t)yr — i /0 Usm(t — 1)l ()i’

For n > 4 we introduce the following basic function spaces:
2o =L*(R;L*)NL™(R;L?),
2 = LR HYP ) L= (R HY22),
with the associated norms defined by
s 2o = max(|us L7 (L), fJu (L)),
s 2 = max(lus L2 (H ), s 27 (7))

where 2% = 2n/(n —2) is the critical Sobolev exponent. We treat (1.2) in the following
function spaces with a > 0 :

lor|
a a — a
Gh(am) = {1 € i I G3m)] = T & Wi 23] < = .

o=0
. . ca all o .
Gl = {ue #3 Gl = 3 Lol <,
= o
G (In) = G§(Jm) NG (In),
where J =TT 1J,z‘k m(i%&)“Mnjl for any multi-index o = (0,00, -+, 0).

For p >0, we define

BY(p) = {(d) W) € GO (x HY22) x G2 (s HY ),
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a n/2—2 a n/2—2
max (| : G (e HY2 )|y G2 (s Y >><p},
where

lor|
6"(ux) = {0 € X; s wix)] = T 4 x| <o),

a0

THEOREM 1. There exists a constant p > 0 such that for any a >0 and (¢, y) €
B*(p) equation (1.2) has a unique pair of solutions (u,v) € G*(Ji) X G**(Jap).

For n = 3, we introduce the following basic function space:
% = LY (R,L*)NL”(R,L?),
with the associated norm defined by
s 26| = max([Jus L ()|, us L7 (L)),

where L*? is the Lorentz space with second exponent 2, so that L*! ¢ [*? ¢ L** =
L* C L**. Fractional power of |J,,| are defined as

(1) = Un (@) x| “Up(=1), a > 0,

which are also represented as (see[8])

2 \a2
Il 0) =M 0)( — 58) " (1),
for t #£ 0, since U, (t) is represented as
Un(t) = My (t) Dy (t) F My (t).
We define the following Banach space
By ={ue 2 11| Pue g},
with norm
I3 2] | = max ([ B, || s Zo ) -

We treat (1.2) in the following function spaces with a > 0 :

lor|
a
(o) = {11 € 6 GBI = 3, 0130 <=,

o=0

|
a
Ghn) = (e 0 IsGh ) = T S0 2 <},

a>0
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G (Jin) = G5(Jm) NGy (Jn)-

For p > 0, we define
B(p) = {<¢,w> € G F(HY2) x 6P 7 (1)12)):

max(]|9; G (. Z (Hy )|, |y G (6 Z (Hy ) |) < p}.

THEOREM 2. There exists a constant p > 0 such that for any a >0 and (¢, y) €
B4(p) equation (1.2) has a unique pair of solutions (u,v) € G*(J) X G**(Ja).

REMARK 1. Theorems 1 and 2 describe analytic smoothing properties of solu-
tions since functions in the space G§(J,) are analytic in x for any 7 € R\{0} (see

[L1, 12]). The standard scaling argument implies that the Sobolev space H;/ 2 s
critical for (1.1). A novelty consists in the fact that minimal regularity assumption re-
garding scaling invariance [2, 3, 15, 18] is imposed on the Cauchy data (compare with
[12, 17, 27] for instance.)

REMARK 2. Mass resonance condition M = 2m is essential in Theorems 1 and 2
since the proof depends essentially on the identities

I (Vi) = 2(Jomv)t — vIpu,

Jom (uz) = uJu,

which describe the pair of generators of Galilei transforms (J,,,,J2,,) act on the interac-
tions in (1.1) as if they were derivations.

REMARK 3. The parameter a reminiscent of radius of convergence depends only
on p and may be taken uniformly on the data and the corresponding solutions. The
ratio a : 2a for u and v comes from the ratio m : 2m in the mass resonance condition.

REMARK 4. Parameter constraint on A,y is unnecessary for the small data set-
ting. Compare with the argument in Section 5.

For a basic literature on nonlinear Schrédinger equations, we refer the reader to [2, 5,
28]. For analytic solutions to Schrodinger equations, we refer the reader to [1, 4, 6, 7,
0,11, 12,13, 14, 17, 21, 22, 23, 24, 25, 27, 29].

We prove Theorem 1 in Section 3 by a contraction argument of the Strichartz
estimates. We prove Theorem 2 in Section 4 on the basis of the Sobolev embedding in
the critical case [26]. Basic estimates for the proofs of the theorems are summarized in
Section 2. Lagrangian formulation of the equation is described in Section 5.
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2. Preliminaries

In this section we collect some basic estimate for the Schrddinger group U, (1) =
exp(i5,A), the operator =, defined by

Hmf / U t —l )d
and bilinear estimates.

LEMMA 1. ([2, 5, 26, 30].) Let n > 4 then U, (t) and E,, satisfy the following
estimates:
(1) Forany (q,r) with0<2/q=n/2—n/r<1

1Un ()93 L (R L) || < €19 L2]]-
(2) Forany (qj,rj) with 0<2/qj=n/2—n/r;<1, j=1,2,
|Emfs L1 (R L) < CILSLE (R L))

where p' is dual exponent to p defined by 1/p+1/p' = 1.

LEMMA 2. ([19, 20).) Let n =3 then U,(t) and E,, satisfy the following esti-
mates:
(1) Forany (q,r) with2 < g<e, 2<r<e, 0<2/q=3/2-3/r<1

U ()93 L2 (R; L) || < €| 9: L2

(2) Forany (qj,rj) with2 < qj<oe, 2<r1j< e, 0<2/q;=3/2-3/r;<1, j=1,2,

s L2 (R L) | < CIL L2 (Rs L),
where p' is dual exponent to p defined by 1/p+1/p' = 1.

LEMMA 3. ([8].) Let n > 4. Then there exists a constant C depending only on n
such that the following estimates hold:

luvs L2 < Cllus 2 [|v; 7|

forany u € Hg*/ziz, vel? and

||uev; H < C\u;

forany u, vEH"/2 2
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LEMMA 4. ([8].) Let n = 3. Then there exists a constant C depending only on n
such that the following estimates hold:

v L2 < Cle| 2|l s L2 |3 L]

1l V2 () L2 < Clel =2 (ol s L[] 20227
+ Wl s L[l Pvs 2],

W22 ae)s L2 < Cle = 2 (1|2 L2 20 2
+ Wl s P[] 2 L2]),

forany t # 0 and any m > 0.

3. Proof of Theorem 1.
For R, & > 0 we define the metric space
X(R.2) = { (1,v) € G () x G**(Ja):max (| Gy, |1 G3* (o)) < R
max([Ju; G* (o), |1v: 6 (o)) < & |
with metric
d((uv), (u' V")) = max(flu—u's G () |1, [|v —v':G* (J2m) -

We see that (X (R, €),d) is a complete metric space. For (¢,y) € B*(p) and (u,v) €
G(J) x G**(Ja,) we define

(®(u,v)) (1) = Un(t)9 —i(EnAvid) (1),
(P (u,v)) (1) = Usm(t) ¥ — i(Empu®) (2).

We prove that the mapping (u,v) — (@ (u,v),¥(u,v)) is a contraction on (X (R,€),d)
for R, & > 0 sufficiently small. By Lemmas 1 and 3 , we estimate

1D (u,v); 20| < C|l ;L2 + Clvis L (12|
< Cl|s L2+ Cllvs (2 | lus L2 (L),

n/2-2 *
1% (1) 26| < Cllys L2+ Cllus L2(EG )|l LA,

D (u,v); 27| < Cllgs Hy> 2| +Cllvs L E ) s L2 (ER )]
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1 (e,v): 2| < CllwsHy > 72 + Cllus LA(ER ).
For any multi-index o/, we have
T @(u,v)) = Un(-)x*¢ — i Z, (T3 (vit))
= Un()2%0 — 2 Zn (M (i2-0)* (Mo, M) )
_ oa2Bl(—iM _
=Upn()x% —id 2 #: (Jﬁ vau)
B+y=a
I3 (P (1)) = U ()x"y — it Zon (55, (u?))
t
= Upp(-)x%y — quzm(Mgm(i%a)o‘(MnjluM_lu))

a2l _
[5'7/' ‘:‘Zm(m mu)'

= U (- %y =i )
B+y=a

By Lemmas 1 and 2, we estimate J*(®(u,v)) and J*(¥(u,v)) in 27 and 2 as
[ (@(u,v)); 2o

<Clx*¢;L*|+C B' '
Bt+y=c

n 2-2
B 2 ) s 2,

155 (¥ (0, v)): Zo |

<Oy L2 +C Y ﬂH
B+y=a

2-2 *
||Jﬁ LS )1 L2 ()],

1 (@ (u,v)): 27|

n/2—2 a!2/Pl n/2-2 n/2-2
<l osty* 2N +C 3 BRI (1)
Bt+y=a
18, (¥ (u,v)): 2|
n 22 a2l n/2-2 n/2-2
<CwH P+ Y TBus L2 () |0 L2 (),
B ira By

where C is independent of . Multiplying both sides of the above inequalities by

al/a! | (2a)l* /! and taking the summation over all multi-indices of the resulting
inequalities, we have

1D (u,v); G (Jm) |
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= —IIJ"‘( u,v)); Zol|

=0
|or (2a)lBlgl
a (1 a’
G R W e EAT g [l
a>0 ! =0 B+y=a

= C||¢;G“(X;L2)|| +Cv; G (o) |65 GG (I,

1 (4, v); G2 (Jam) | < Cllys G2 (s L2) || + Clus G | |43 GE (o)
1D (u,v); G ()| < ClI9: G (e FY> ) | 4+ Clvs G (o) 165 G4 (o),
1P (1,v): G (o) || < Clws G* (e )| 4+ Clluts G (I ||

In the same way as above, for (u,v), (u/,V') € G(J,) X G**(Ja), We obtain

1@ (u,v) = (' V): G (Jn) |
C(lliz G () |+ Vs G2 (S ) max (e — w3 G (o) | IV = Vs G* (S ),

19 (u,v) = ¥ (' v'): G (Jom) |
< C(lu: G )|+ ' G (o) 1) max ([ — ' G (Jon) | [1v = Vs G (T I1)-

Therefore, for any (u,v), (u’,V') € X(R,€) we have

max (]| @ (u, v); G§ (o)1, ¥ (11,v): Gg* (Jam) )
< Cmax(]|¢:G* (s L?) ||, [ y: G*(x: L)) +CRe,

max (]| @ (u,v); G (o)1, | (1,v): G** (Jam) || ) < Cp +Ce?,

max (|| @(u,v) — D' V' ); G* () ||, [|¥ (1, v) — P (u' V' ): G** (Ja) ||
< Cemax(||lu—u'; G ()|, [[v =V G** (Jam)]]).

and the contraction argument goes through for any (¢, y) € B*(p) provided that R, €
and p satisfy

Cmax([¢;:G(x:L?) |, || y: G*(x:L?)||) + CRe <R,
Cp+Ce*<e
Ce < 1.

This completes the proof of Theorem 1.
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4. Proof of Theorem 2.
For R, e > 0 we define the metric space
Y(R.e) = {(M»V) € G*(Jm) x G**(Jam)imax([|u: GG (S, v G5 (J2m) |}) < R,
max ([} G (), 1v3 G () < € }
with metric
d((u,v), (' V")) = max(|lu—u'sG* () |1, [|v —v':G* (J2m) -

We see that ( (R,€),d) is a complete metric space. For (¢,y) € B%(p) and (u,v) €
G“(Jn) X G*(Ja,,) we define

(dﬁ(u,v))(t)
(¥(u,v)) (1)

We prove that the mapping («,v) — (@ (u,v),¥'(u,v)) is a contraction on (Y (R, €),d)
for R, & > 0 sufficiently small. By Lemmas 2 and 4 , we estimate

Un(t)p —i(ZEnAvia) (1),
Us(8) Y — i (Zampaid®) (2).

1D (e,v): %] < CllosL2|| + Clvm L2 (L))
< Cll@s L2 +Clllr| V2 o 2v L2 s 2L
< Cllgs L2+ Cllle =2 L7 ||V V2w (L2) | L (L))
< Cl|@: L2+ Cll a2y (L2) [ L (L)

1P (u,v); Z|| < Cllw:L2]| + Cllu® L3232
oo 42
<y L2+ Cl|anl s L (22 s ()

.\ ,4/32
1] 2@ (10,v): %6 | < C[[1x)20: L2 + C[ [l /(s 132 (L) |
~1/2 o0 4.2
< Cl65.Z (HY )| + Cll [l s L (L) ||| | 203 L (L)
+ | P L2 (L) || ] s L2 (L)

4/32
V2|2 (10,9): 5| < Cll || Py L2+ C| o] V22512 (1372
41/2 o 42
<l Z (Hy )|+ C ol L7 (L2 [ || L2 (22)).

For any multi-index o/, we have as in the proof of Theorem 1

Jg((b(mv)) L Z avz\ﬁl )\YI

En (5 v I ).
Bt+y=c B! ’
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o
B () = Uy —ip Y 22, (1Buslu).

B+y=c pin

By Lemmas 2 and 4, we estimate
T (D(u,v)), J*(P(u,v)), V| /2T (@(,v)), and  [Jo |2 (¥ (u,v)),
in % as
[ (@, v)): %l

<Cx*¢;L*|+C Y ﬂ' '
B+r=a

mJ wl V2B v (L) ||| L (L) )

155 (P (10, )): %6 |

<Oy L2 +C Y ﬂH
B+y=a

HIJ 2R L (L) || L (L),

[ ‘Jm‘l/z-]a (‘D(” V)) %

(||\J 208 u; L

42
<CW 2o +C Y s L (L) || Wam] /28,3 1 (1)

gt ﬁl 1
42 oo
|| 2T L (L) ||| 2T, i L7 (L)),

2|25, ( (u,v)): %6 |

oo 42
HIJ 2R L (L)l 2 12 ()]

m’

<Clll 292 +C Y ﬁ,,
Bt+r=a

where C is independent of . Multiplying both sides of the above inequalities by
al/a! | (2a)l* /! and taking the summation over all multi-indices of the resulting
inequalities, we have

[P (u,v); GG (Im) |
!

= ?”]g((p(mv));%n
= a!

(2a)lBlal"
<cZ ||x GLN+CY X g s Banl IV 2|
oc>0 020 B+y=a

= Cl|¢: G (x:L2) | + Cllv: G35, (Jom) 1|13 GG (i)
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19 (1, v): G3 (Jam) || < Cll 2 G (3 L2) | +Cllu: G, (Jon) | 16 GG () I

alel
Z a_”‘Jm‘l/zj;g(‘p(mv));%H

o=0

< Cl16:G% (. 7 (Fy)) | + Cllv; G (o) 16 G ()

2
D 28 (¥ () %0

X o

a>0

712
< Cllw: G (e 7 (B, )|+ C s G5y ()
In the same way as above, for (u,v),(u',v') € G*(J;) x G**(Ja), we obtain

1@ (u,v) = (' V): G (Jn) |
< C(lu: Gy () | + V1 G5, (Jam) 1) max ([ = s G (o) | Iy = v/ G (T ),

1% (u,v) =¥ (V) G (J2m) |
< C(|les G () ||+ 1’3 Gy (Jon) | max (|2 — s G ()|, v = v/ G2 (Jam) ).

Therefore, for any (u,v), (u’,v') € Y(R,€) we have:

max([| @ (u,): G| ¥ (e, ): G () )
< Cmax([|0: G (L), | w: G (x:L2)])) + CRe,

max(|| @ (u,v): Gy, (o) I, ¥ (4,v): G5, (Jam) |) < Cp + Ce?,

max (|| @ (u,v) — @',V ): G () ||, | (1, v) — (' V' ); G* (Jom) )
< Cemax(||lu—u'; G ()|, [|[v =V G** (Jam)])).

and the contraction argument goes through for any (¢, y) € B%(p) provided that R, &
and p satisfy

Cmax (93 G* (s 12)]|, 3 G (x5 12)])) + CRe < R,
Cp+Ce*<e
Ce < 1.

This completes the proof of Theorem 2.
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5. Lagrangian Formalism

In this section, we study (1.1) in Lagrangian formalism. We rewrite (1.1) as

.. 1 _
Z,IH— ?Au :XVI;, 5.0)
W+ 5 Av = pu”,

where 11 = d;u and v = o,v. L o
We regard (u,u,v,v) as well as (i,1,v,v) and (Vu,Vu,Vv,Vv) as independent
variables. In [10] the following identities are proved:

2112 2112
[Ju(e); L7[|7 + [ v(e); L7]]

= u(0):L||* +¢||v(0); L% +21r11/(:(7L — ) (v(t"), i ("))ar',

1 22, © 7292
V(L) 4 V)
1 c
—_ V .L2 2 _ V .L2 2
Va0 L7+ [V (0): L2
t
—Re/ (A(v(t’),&,(uf(t’)+cﬁ(8,v(t’),u2(t’)))dt’
0
for any 7,c € R, where (-,-) is the scalar product in L?. This implies that the charge
and energy defined respectively by

0(r) = () L2+ cllv(e)s I,
E() = 5 Va2 5[ 9v0): 2] 4+ Re(A (1), 120))

are conserved if and only if there exists ¢ € R such that A = ¢[i. It is therefore natural
to assume the condition A = ¢t with ¢ € R\{0} in the variational setting. Under the
last assumption, we introduce the following Lagrangian density

i - - 1 — 1 -
— L — ) + L (99— V) — — V- Vi— — V-V — 2
Z C(uu uu)—|—2(vv W) —Vu-Vu— o Vv- Vv vV, (5.2)
where
V(u,,v,7) = U’y + Wiv. (5.3)

Then (5.1) is derived as the Euler-Lagrange equation for .Z’. We should remark that the
mass resonance condition is irrelevant to the variational structure for (5.1).
We give a characterization of the nonlinear potential (5.3) by the gauge structure.

THEOREM 3. Let V:Cx Cx Cx C 3 (u,u,v,v) — V(u,u,v,v) € R be a cubic
homogeneous polynomial with complex coefficients. Then the following conditions are
equivalent:

(1) There exists u € C such that V (u,@,v,v) = uu’v + gu’v.
(2) V(u,i,v,7) =V (eOu,e®u,e?®v,e20v) forall 6 € R, u,v € C.
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Proof. We prove that (2) implies (1), since the converse follows immediately.
Since V is real valued and cubic in (u,%,v,v),V is written as

V(u,a,v,9) = Y, (Cou®u®vBv™ + Cou® u®v™yv™),
la|=3

where o = (0,0p,03,0) € Z‘;O is a multi-index of the length 3 and C, € C. Then
the gauge condition (2) yields the following simultaneous linear equations of o :

o —op+203—204 =0,
o)+ o+ o3+ oy = 3.

We see that the solutions are (2,0,0,1) and (0,2,1,0) only. This implies (1) with

u=Cpz00,1)+Co210- U
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