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Abstract. In this article, we present and study three class of resonant boundary value problems
for singular fractional differential equations with sup-multiplicative-like operators. The exis-
tence results for solutions of these boundary-value problems are established. Our analysis relies
on the well known coincidence degree theory. Here the nonlinearity terms in fractional differ-
ential equations depend on Dγ

0+u and may be singular at t = 0 or t = 1 . The results obtained
generalize and enrich known results to some extent from the literature.

1. Introduction

Fractional differential equations have many applications in modeling of physical
and chemical processes and in engineering and have been of great interest recently.
In its turn, mathematical aspects of studies on fractional differential equations were
discussed by many authors, see the text books [20, 29, 34] and papers [1, 2, 3, 6, 14,
20, 32, 39, 40, 9, 24, 30, 37, 38, 28, 26] and the references therein. The methods are
based upon fixed point theorems in cones in Banach spaces.

Recently the coincidence degree theory [27] has been used to study the existence
of solutions to boundary value problems for fractional differential equations [31, 35,
42, 7, 4, 27, 18, 10, 17, 23].

In paper [31], authors studied the existence of solutions in Cα−1[0,1] = {u : u(t) =
Iα−1
0+ x(t), t ∈ [0,1],x ∈C0[0,1]} of the following boundary value problem of fractional
order differential equations at resonance⎧⎨

⎩
Dα

0+u(t)+ f (t,u(t)) = 0, t ∈ (0,1),
u(0) = 0,
u(1) = 1

ηα−1 u(η),
(1)

where Dα
0+ is the standard Riemann-Liouville fractional derivative of order 1 < α � 2,

0 < η < 1, f ∈C([0,1]×R) . Using intermediate value theorem, sufficient conditions
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for the existence of the solutions for the above fractional order differential equations
were established.

In [17], the authors studied the existence of solutions in C1[0,1] of the following
periodic boundary value problem for fractional differential equation⎧⎨

⎩
cDα

0+u(t) = f (t,u(t),u′(t)), t ∈ [0,1],
u(0) = u(1),
u′(0) = u′(1),

(2)

where cDα
0+ is a Caputo fractional derivative of order α , f : [0,1]×R

2 → R is contin-
uous.

In [10], the author investigated the existence of solutions in Cα−1[0,1] = {u :
u(t) = Iα−1

0+ x(t), t ∈ [0,1],x ∈ C0[0,1]} of the following fractional order differential
equation boundary value problem at resonance⎧⎪⎪⎨

⎪⎪⎩
Dα

0+u(t) = f (t,u(t),Dα−1
0+ u(t))+ e(t), t ∈ (0,1),

I2−α
0+ u(0) = 0,

Dα−1
0+ u(1) =

m
∑

k=1
βmDα−1

0+ u(ξk),
(3)

where D∗
0+ and I∗0+ are the standard Riemann-Liouville differentiation and integration

of order ∗ , 1 < α � 2, f : [0,1]×R
2 → R is a continuous function, e ∈ L1(0,1) ,

ξi ∈ (0,1) and βi ∈ R with
m
∑

k=1
βi = 1.

In recent paper [23], authors established existence results of solutions of the fol-
lowing fractional order differential equation boundary value problem at resonance⎧⎪⎪⎨

⎪⎪⎩
Dα

0+u(t) = f (t,u(t),Dμ
0+u(t))+ e(t), t ∈ (0,1),

(I2−α
0+ u)′(0) = 0,

Dμ
0+u(1) =

m
∑

k=1
βmDμ

0+u(ξk),
(4)

where D∗
0+ is the standard Riemann-Liouville differentiation of order ∗ , 1 < α � 2,

μ ∈ (0,α − 1] , f : (0,1)×R
2 → R is a continuous function and may be singular at

t = 0,1, e ∈ L1(0,1) , ξi ∈ (0,1) and βi ∈ R with
m
∑

k=1
βiξ

α−μ−2
i = 1.

In [37], the authors studied the existence of solutions of the following periodic
value problem of fractional order differential equation⎧⎨

⎩
D2α

0+u(t) = f (t,u(t),Dα
0+u(t)), t ∈ (0,T ],

t1−αu(t)|t=0 = t1−αu(t)|t=T ,
t1−αDα

0+u(t)|t=0 = t1−αDα
0+u(t)|t=T ,

where T > 0 is a constant, D∗
0+ is the standard Riemann-Liouville differentiation of

order ∗ , f : [0,T ]×R
2 → R is continuous. The methods used in [37] are based upon

the upper and lower solutions and Schauder fixed point theorem.
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The turbulent flow in a porous medium is a fundamental mechanics phenomenon.
For studying this type of phenomena, Leibenson (see [21]) introduced the p -Laplacian
equation as follows

(φp(u′(t)))′ = f (t,u(t),u′(t)),

where φp(s) = |s|p−2s , p > 1. Obviously, φp is invertible and φ−1
p = φq , where q >

1 such that 1/p+ 1/q = 1. Since the p -Laplacian operator and fractional calculus
arises from many applied fields, such as turbulent filtration in porous media, blood flow
problems, rheology, modeling of viscoplasticity, material science, it is worth studying
the fractional p -Laplacian equations.

In [12], T. Chen and W. Liu studied an anti-periodic boundary value problem for
the fractional p -Laplacian equation:⎧⎨

⎩
cDβ

0+[φp(Dα
0+u(t))] = f (t,u(t)), t ∈ [0,1],

u(0) = −u(1),
cDα

0+u(0) = −cDα
0+u(1),

(5)

where 0 < α,β � 1 with 1 < α + β � 2, cD∗
0+ is a Caputo fractional derivative of

order ∗ , and p > 1, φp(s) = |s|p−2s is a p -Laplacian operator, f : [0,1]×R → R is
continuous.

In [13], the authors studied the existence of solutions of the following resonant
boundary value problem for fractional differential equation⎧⎨

⎩
cDβ

0+[φp(Dα
0+u(t))] = f (t,u(t),Dα

0+u(t)), t ∈ [0,1],
cDα

0+u(0) = 0,
cDα

0+u(1) = 0,

(6)

where 0 < α,β � 1 with 1 < α + β � 2, cD∗
0+ is a Caputo fractional derivative of

order ∗ , and p > 1, φp(s) = |s|p−2s is a p -Laplacian operator, f : [0,1]×R
2 → R is

continuous.
In [36], authors studied the solvability of the following two-point boundary value

problem for fractional p -Laplace differential equation⎧⎨
⎩

cDβ
0+[φp(cDα

0+u(t))] = f (t,u(t),c Dα
0+u(t)), t ∈ [0,1],

u(0) = 0,
cDα

0+u(1) =c Dα
0+u(0),

(7)

where cD0+ denotes the Caputo fractional derivatives, 0 < α,β � 1, 1 < α + β � 2,
φp(s) = |s|p−2s is a p -Laplacian operator, f : [0,1]×R

2 → R is continuous. By using
the coincidence degree theory, the existence of solutions for above fractional boundary
value problem was obtained.

Integral boundary conditions have various applications in applied fields such as
underground water flow, blood flow problems, chemical engineering, thermo-elasticity,
population dynamics, and so on. For a detailed description of the integral boundary
conditions, we refer the reader to some recent papers [5, 8, 11, 33] and the references
therein.
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In paper [25], Liu and Lu studied the following boundary value problem of integral
type for fractional p -Laplace differential equation⎧⎨

⎩
cDβ

0+[φp(Dα
0+u(t))] = f (t,u(t),Dα

0+u(t)), t ∈ [0,1],
u(0) = μ

∫ 1
0 u(s)ds+ λu(ξ ),

cDα
0+u(0) = kcDα

0+u(η),
(8)

where cD0+ denotes the Caputo fractional derivatives, 0 < α,β � 1, 1 < α + β � 2,
μ ,λ ,k∈R , ξ ,η ∈ [0,1] , φp(s) = |s|p−2s is a p -Laplacian operator, f : [0,1]×R

2 →R

is continuous. By using the coincidence degree theory, the existence of solutions for
above fractional boundary value problem was obtained.

In [22], Liu investigated the existence of solutions of the following boundary value
problem of integral type for the nonlinear fractional differential equation with the non-
linearity depending on Dα

0+u⎧⎪⎨
⎪⎩

Dβ
0+[ρ(t)Φ(Dα

0+u(t))]+q(t) f (t,u(t),Dα
0+u(t)) = 0, t ∈ (0,1),

limt→0 t1−αu(t)+ ∑m
i=1 aiu(ξi) =

∫ 1
0 g(s,u(s),Dα

0+u(s))ds,
limt→0 Φ−1(t1−β ρ(t))Dα

0+u(t)+ ∑m
i=1 biDα

0+u(ξi) =
∫ 1
0 h(s,u(s),Dα

0+u(s))ds

(9)

where 0 < α,β � 1, D∗
0+ is the Riemann-Liouville fractional derivative of order ∗ ,

Φ(s) = |s|p−2s with s > 1 a p -Laplacian, 0 < ξ1 < ξ2 < · · · < ξm � 1, ai,bi(i =
1,2, · · · ,m) are nonnegative numbers, ρ ∈ C0(0,1) is positive and satisfies that there
exists σ1 ∈ R such that σ1(q−1) < α and

t1−β ρ(t) � tσ1 , t ∈ (0,1),

q defined on (0,1) is nonnegative and satisfies that there exists σ2 > −β such that

Iβ
0+q ∈C0[0,1], q(t) � tσ2 , t ∈ (0,1),

f ,g,h defined on [0,1]×R×R are nonnegative Caratheodory functions.
In almost all known papers, f is supposed to be continuous and be dependent on x ,

Dα−1
0+ x or x′ or Dα

0+ or even Dp
0+ with p < α −1. We find the assumptions p < α −1

and α + β > 1 are convenient for proving the completely continuous property of the
defined nonlinear operator. So it is interesting to establish existence results of solutions
of BVPs without the assumptions p < α − 1 or α + β > 1. Our paper also fill the
researching gap mentioned.

The equations in (2)-(9) are called multi-term fractional differential equations [15].
Such class of equations have many applications. Bagley-Torvik equation and Basset
equation are examples see [15]. Differential equations governed by nonlinear differen-
tial operators have been widely studied. In this setting the most investigated operator is
the classical p Laplacian see citellllll, that is Φp(x) = |x|p−2x with p > 1, which, in
recent years, has been generalized to other types of differential operators, that preserve
the monotonicity of the p -Laplacian, but are not homogeneous. These more general
operators, which are usually referred to as Φ−Laplacian (or quasi-Laplacian), are in-
volved in some models, e.g. in non-Newtonian fluid theory, diffusion of flows in porous



Differ. Equ. Appl. 5 (2013), 409–472, doi:10.7153/dea-05-26 413

media, nonlinear elasticity and theory of capillary surfaces. The related nonlinear dif-
ferential equation has the form

[Φ(x′)]′ = f (t,x,x′), t ∈ (−∞,+∞),

where Φ : R → R is an increasing homeomorphism such that Φ(0) = 0. More re-
cently, equations involving other types of differential operators have been studied from
a different point of view arising from other types of models, e.g. reaction diffusion
equations with non-constant diffusivity and porous media equations, see [18].

In this paper, we are concerned with the following boundary value problems of
integral type for multi-term fractional differential equations with Riemann-Liouville
fractional derivatives and sup-multiplicative-like functions⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Dβ
0+[Φ(ρ1(t)Dα

0+u(t))] = q1(t) f1(t,u(t),Dγ1
0+u(t)),

t ∈ (0,1),γ1 ∈ (0,α),α,β ∈ (0,1),
lim
t→0

t1−β Φ(ρ1(t)Dα
0+u(t)) =

∫ 1
0 g1(s,u(s),Dγ1

0+u(s))ds,

lim
t→1

t1−β Φ(ρ1(t)Dα
0+u(t)) =

∫ 1
0 h1(s,u(s),Dγ1

0+u(s))ds,

(10)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Dβ
0+[Dα

0+u(t)] = q2(t) f2(t,u(t),Dγ2
0+u(t)),

t ∈ (0,1),γ2 ∈ (α,α + β ),α,β ∈ (0,1),
lim
t→0

t1−αu(t) =
∫ 1
0 g2(s,u(s),Dγ2

0+u(s))ds,

u(1)− 1
ηα+β−1 u(η) =

∫ 1
0 h2(s,u(s),Dγ2

0+u(s))ds,0 < η < 1,

(11)

and ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Dδ
0+u(t))] = q3(t) f3(t,u(t),Dγ3

0+u(t)),
t ∈ (0,1),γ3 ∈ (δ −1,δ ),δ ∈ (1,2],

lim
t→0

t2−δ u(t)−u(1) =
∫ 1
0 g3(s,u(s),Dγ3

0+u(s))ds,

lim
t→0

t2+γ3−δ Dγ3
0+u(t)−Dγ3

0+u(1) =
∫ 1
0 h3(s,u(s),Dγ3

0+u(s))ds,

(12)

where
(• ) D∗

0+ is the Riemann-Liouville fractional derivative of order ∗ ,
(• ) Φ : R → R is a sup-multiplicative-like function with supporting function

ω , its inverse function is denoted by Φ−1 : R → R with supporting function ν (see
definition in Section 2),

(• ) ρ1 ∈C0(0,1) is positive, continuous, and satisfies assumptions given in Sec-
tions 3, respectively,

(• ) q1,q2,q3 ∈ C0(0,1) is nonnegative, continuous and satisfies assumptions
given in Sections 3, 4 and 5, respectively,

(• ) f1, f2, f3 are defined on (0,1)×R
2 and satisfy assumptions given in Sections

3, 4 and 5, respectively,
(• ) gi,hi(i = 1,2,3) are defined on (0,1)×R

2 and satisfy assumptions given in
Sections 3, 4 and 5, respectively.
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We obtain the results on the existence of at least one solution (see definitions in
Section 2) of BVP(10), BVP(11) and BVP(12), respectively. The methods used in the
proofs of obtained theorems are based upon the coincidence degree theory. The results
obtained generalize and enrich some known results to some extent from the literature.

We clarify the structure of sequential fractional differential equations. Due to
the lack of commutativity of the fractional derivatives, this represents an interesting
complication that does not arise in the integer-order setting. In problems (10) and (11),
we necessarily have a composition of two fractional derivatives, which gives rise to a
sequential problem. Problem (12) is a natural generalized form of ordinary differential
equation x′′(t) = q(t) f (t,x(t),x′(t)) . Consequently, we feel these to be interesting, if
at this point minor, contributions.

The remainder of this paper is as follows: in section 2, we present preliminary
results. In section 3, existence result for BVP(10) is established. The existence result
for BVP(11) is established in Section 4. The main existence theorem for BVP(12) is
established in Section 5.

2. Preliminary results

To obtain the main results, we need some notations and an abstract existence the-
orem by Kilbas, M.Srivastava, Trujillo [20], Gaines and Mawhin [27].

Denote the Gamma function and Beta function respectively by

Γ(α1) =
∫ +∞

0
sα1−1e−sds, B(α1,β1) =

∫ 1

0
(1− x)α1−1xβ1−1dx,α1,β1 > 0.

DEFINITION 2.1. (see [20]). The Riemann-Liouville fractional integral of order
α > 0 of a function f : (0,∞) → R is given by

Iα
0+ f (t) =

1
Γ(α)

∫ t

0
(t − s)α−1 f (s)ds,

provided that the right-hand side exists.

DEFINITION 2.2. (see [20]). The Riemann-Liouville fractional derivative of or-
der α > 0 of a continuous function f : (0,∞) → R is given by

Dα
0+ f (t) =

1
Γ(n−α)

dn

dtn

∫ t

0

f (s)
(t− s)α−n+1 ds,

where n−1 < α � n , provided that the right-hand side is point-wise defined on (0,∞) .

LEMMA 2.1. (see [20]). For α > 0 , the general solution of fractional differential
equation Dα

0+x(t) = 0 is given by x(t) = c0tα−n + c1tα−n+1 + c2tα−2 + . . .+ cn−1tα−1 ,
where ci ∈ R, i = 0,1,2, . . . ,n−1 n−1 < α � n.

DEFINITION 2.3. (see [27]). Let E and Z be Banach spaces. L : D(L) ⊂ E → Z
is called a Fredholm operator of index zero if ImL is closed in E and dim KerL =
co dim ImL < +∞ .
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It is easy to see that if L is a Fredholm operator of index zero, then there exist the
projectors P : E → E , and Q : Z → Z such that

Im P = Ker L, Ker Q = Im L, X = Ker L⊕Ker P, Y = Im L⊕ Im Q.

If L : D(L) ⊂ E → Z is called a Fredholm operator of index zero, the inverse of

L|D(L)∩Ker P : D(L)∩Ker P → Im L

is denoted by Kp .

DEFINITION 2.4. (see [27]). Suppose that L : D(L) ⊂ E → Z is a Fredholm
operator of index zero. For nonempty open bounded subset Ω of E satisfying D(L)∩
Ω 	= /0 , the continuous map N : Ω → Z is called L−compact if QN(Ω) is bounded and
Kp(I−Q)N(Ω) is bounded and relatively compact.

LEMMA 2.2. (see [27]). Let L be a Fredholm operator of index zero and N be
L−compact on each open nonempty set Ω centered at zero. Assume that the following
conditions are satisfied:

(i). Lx 	= λNx for every (x,λ ) ∈ [D(L)\KerL)∩∂Ω]× (0,1);
(ii). Nx /∈ ImL for every x ∈ KerL∩∂Ω;
(iii). deg(∧−1QN

∣∣
KerL , Ω∩KerL,0) 	= 0 , where ∧−1 : Y/ImL → KerL is the

inverse of the isomorphism ∧ : KerL → Y/ImL.
Then the equation Lx = Nx has at least one solution in D(L)∩Ω .

DEFINITION 2.5. (see [13]). An odd homeomorphism Φ of the real line R onto
itself is called a sup-multiplicative-like function (or operator) if there exists a homeo-
morphism ω of [0,+∞) onto itself which supports Φ in the sense that for all v1,v2 � 0
it holds

Φ(v1v2) � ω(v1)Φ(v2). (13)

ω is called the supporting function of Φ .

REMARK 2.1. Note that any function of the form

Φ(u) :=
k

∑
j=0

c j|u| ju, u ∈ R

is a sup-multiplicative-like operator, provided that c j � 0. Here a supporting function
is defined by ω(u) := min{uk+1, u} , u � 0.

REMARK 2.2. It is clear that a sup-multiplicative-like function Φ and any corre-
sponding supporting function ω are increasing functions vanishing at zero and more-
over their inverses Φ−1 and ν respectively are increasing and such that

Φ−1(w1w2) � ν(w1)Φ−1(w2), (14)

for all w1,w2 � 0 and ν is called the supporting function of Φ−1 .
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REMARK 2.3. If φ−1
p (x) = |x|p−2x for p > 1, we call φp a one-dimensional p -

Laplacian. By Remark 2.1, φp is a sup-multiplicative-like function with its supporting
function ω(x) = |x|p−2x and its inverse function φ−1

p (x) = |x|q−2x . The supporting
function of φ−1

p is ν(x) = |x|q−2x . Here q satisfies 1/p+ 1/q = 1. It is easy to see
that

lim
t→0

1

ν(t1−β )ν(tβ−1)
= 1.

In this paper we always suppose that Φ is a sup-multiplicative-like function with
its supporting function ω , the inverse function Φ−1 has its supporting function ν .

3. Solvability of BVP(10)

Suppose that
(H1) f1 : (0,1)×R

2 → R satisfies the following items:
• t → f1

(
t, tα−1x,tα−γ1−1y

)
is continuous on (0,1) for each (x,y) ∈ R

2 ,
• (x,y) → f1

(
t,tα−1x,tα−γ1−1y

)
is continuous on R

2 for almost all t ∈ (0,1) ,
• for each r > 0, there exists a nonnegative Mr � 0 such that∣∣ f1 (t,tα−1x,tα−γ1−1y

)∣∣ � Mr,t ∈ (0,1), |x|, |y| � r.

(H2) g1 : (0,1)×R
2 → R satisfies the following items:

• t → g1
(
t, tα−1x,tα−γ1−1y

)
is continuous on (0,1) for each (x,y) ∈ R

2 ,
• (x,y) → g1

(
t,tα−1x,tα−γ1−1y

)
is continuous on R

2 for almost all t ∈ (0,1) ,
• for each r > 0, there exists a nonnegative function φr ∈ L1(0,1) such that∣∣g1

(
t,tα−1x,tα−γ1−1y

)∣∣ � φr(t),t ∈ (0,1), |x|, |y| � r.

(H3) h1 : (0,1)×R
2 → R satisfies the following items:

• t → h1
(
t, tα−1x,tα−γ1−1y

)
is continuous on (0,1) for each (x,y) ∈ R

2 ,
• (x,y) → h1

(
t,tα−1x,tα−γ1−1y

)
is continuous on R

2 for almost all t ∈ (0,1) ,
• for each r > 0, there exists a nonnegative function ψr ∈ L1(0,1) such that∣∣h1

(
t,tα−1x,tα−γ1−1y

)∣∣ � ψr(t),t ∈ (0,1), |x|, |y| � r.

(H4) q1 satisfies that there exist numbers k1 > −α and l1 ∈ (−β ,0) with 1 +
k1 + l1 > 0 such that q1(t) � tk1(1− t)l1 for all t ∈ (0,1) and q(t) 	≡ 0 on (0,1) .

(H5) ρ1 satisfies that there exists a number k >−α such that ρ1(t) � t−kν(tβ−1)
for all t ∈ (0,1).

(H6) Φ : R→R is a sup-multiplicative-like function with supporting function ω ,
its inverse function is denoted by Φ−1 : R → R with supporting function ν with

lim
t→0

1

ν(t1−β )ν(tβ−1)
= 1.
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REMARK 3.1. From (H4), we know that

0 <

∫ 1

0
(1− s)β−1q1(s)sα−1ds �

∫ 1

0
(1− s)β−1sk1(1− s)l1sα−1ds

= B(β + l1,α + k1) < ∞,

and

0 <

∫ 1

0
(1− s)β−1q1(s)s1−β ds �

∫ 1

0
(1− s)β−1sk1(1− s)l1s1−β ds

= B(β + l1,2−β + k1) < ∞.

Define
x(t) = u(t), y(t) = Φ(ρ1(t)Dα

0+x(t)).

Then BVP(10) is transformed to⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρ1(t)
ν(tβ−1)

Dα
0+x(t) = Φ−1(y(t))

ν(tβ−1)
,t ∈ (0,1),

Dβ
0+ y(t)
q1(t)

= f1
(
t,x(t),Dγ1

0+x(t)
)
,t ∈ (0,1),

lim
t→0

t1−β y(t) =
∫ 1
0 g1

(
t,x(t),Dγ1

0+x(t)
)
dt,

lim
t→1

t1−β y(t) =
∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt.

(15)

It is easy to see that if (x,y) is a solution of BVP(15), then x is a solution of BVP(10).

Let C(0,1] or C[0,1] be the set of all continuous functions on (0,1] or [0,1] . We
use the Banach spaces:

X =
{

x ∈C(0,1] : Dγ1
0+x ∈C(0,1], there exist the limits

lim
t→0

t1−αx(t), lim
t→0

t1+γ1−αDγ1
0+x(t)

}
with the norm

||x||X = max

{
sup

t∈(0,1]
t1−α |x(t)|, lim

t∈(0,1]
t1+γ1−αDγ1

0+x(t)

}
, x ∈ X ,

and
Y =

{
y ∈C(0,1] : there exists the limit lim

t→0
t1−β y(t)

}
with the norm

||y||Y = supt∈(0,1] t
1−β |y(t)|,y ∈ Y,

and C[0,1] with the norm ||u||∞ = max
t∈[0,1]

|u(t)|.
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Choose E = X×Y with the norm ||(x,y)||= max{||x||X , ||y||Y } ,(x,y)∈E. Choose
Z =C[0,1]×C[0,1]×R

2 with the norm

||(u,v,a,b)||= max{||u||∞, ||v||∞, |a|, |b|} ,(x,y,a,b) ∈ Z.

Choose

D(L) =
{

(x,y) ∈ E : ρ1(t)
ν(tβ−1)

Dα
0+x ∈C[0,1],

Dβ
0+

q1(t)
y ∈C[0,1]

}

and define the linear operator L on E ∩D(L) by

L(x,y)(t) =

(
ρ1(t)

ν(tβ−1)
Dα

0+x(t),
Dβ

0+y(t)
q1(t)

, lim
t→0

t1−βy(t), lim
t→1

t1−β y(t)

)

for (x,y) ∈ E ∩D(L).
Define the nonlinear operator N on E by

N(x,y)(t) =
(

Φ−1 (y(t))
ν(tβ−1)

, f1
(
t,x(t),Dγ1

0+x(t)
)
,

∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt,

∫ 1

0
h1

(
t,x(t),Dγ1

0+x(t)
)
dt

)
for (x,y) ∈ E.

Then BVP(15) can be written as

L(x,y) = N(x,y), (x,y) ∈ E ∩D(L).

REMARK 3.2. It is easy to see that L : E
⋂

D(L) → Z is well defined. Further-
more, N : E → Z is well defined.

In fact, for (x,y) ∈ E , then ||(x,y)|| = r < ∞ . Then (H1)-(H3) imply that there
exists Mr � 0 such that

| f1(t,x(t),Dγ1
0+x(t))| = ∣∣ f1 (t,tα−1[t1−αx(t)],tα−γ1−1[t1+γ1−αDγ

0+x(t)]
)∣∣

� Mr,t ∈ [0,1],

and there exist φr,ψr ∈ L1(0,1) such that

|g1(t,x(t),D
γ1
0+x(t))| � φr(t),t ∈ (0,1),

|h1(t,x(t),D
γ1
0+x(t))| � ψr(t),t ∈ (0,1).

From (H1), we know that

t → f1(t,x(t),D
γ1
0+x(t)) = f1

(
t,tα−1[t1−αx(t)], tα−γ1−1[t1+γ1−αDγ

0+x(t)]
)

is continuous on [0,1] .
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Since Φ is a sup-multiplicative-like function, we get that

Φ−1(t1−β x)
ν(t1−β )ν(tβ−1)

� Φ−1(x)
ν(tβ−1)

� Φ−1(t1−β x), x � 0,

Φ−1(t1−β x)
ν(t1−β )ν(tβ−1)

� Φ−1(x)
ν(tβ−1)

� Φ−1(t1−β x), x � 0.

Then for y ∈ Y , we have

Φ−1(t1−β y(t))
ν(tβ−1)ν(tβ−1)

� Φ−1(y(t))
ν(tβ−1)

� Φ−1(t1−β y(t)), y(t) � 0,

Φ−1(t1−β y(t))
ν(tβ−1)ν(tβ−1)

� Φ−1(y(t))
ν(tβ−1)

� Φ−1(t1−β y(t)), y(t) � 0.

Together with (H6) we see that lim
t→0

Φ−1(y(t))
ν(tβ−1)

exists. Hence t → Φ−1(y(t))
ν(tβ−1)

is continuous

on [0,1] . Since ∣∣∣∫ 1
0 g1(s,x(s),D

γ1
0+x(s))ds

∣∣∣ �
∫ 1
0 φr(s)ds < ∞,

∣∣∣∫ 1
0 h1(s,x(s),D

γ1
0+x(s))ds

∣∣∣ �
∫ 1
0 ψr(s)ds < ∞.

Then N(x,y) ∈ Z . So N : E → Z is well defined.

LEMMA 3.1. Suppose that (H1)-(H6) hold. Then L is a Fredholm operator of
index zero and N : X → Y is L−compact.

Proof. First, for (x,y) ∈ E
⋂

D(L) , we see that L(x,y) ∈ Z . To prove that L is a
Fredholm operator of index zero, we should do the following four steps.

Step (i) Prove that

KerL = {(ctα−1,0) : c ∈ R}. (16)

We know that (x,y) ∈ KerL if and only if

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ρ1(t)
ν(tβ−1)

Dα
0+x(t) = 0,

Dβ
0+ y(t)
q1(t)

= 0,

limt→0 t1−βy(t) = 0,

limt→1 t1−βy(t) = 0.

Hence x(t) = ctα−1 and y(t) = 0. Note that |Γ(0)| = ∞ and 1
Γ(0) = 0. So

Dγ1
0+x(t) = c

γ(α)
Γ(α − γ1)

tα−γ1−1.
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It is easy to see that x ∈ X and y ∈Y . Furthermore, we have

ρ1(t)
ν(tβ−1)

Dα
0+x(t) = 0 ∈C[0,1],

Dβ
0+

q1(t)
y(t) = 0 ∈C[0,1].

Then (x,y) ∈ KerL if and only if x(t) = ctα−1 for some c ∈ R and y(t) = 0,t ∈ [0,1] .
Thus KerL = {(ctα−1,0) ∈ E, c ∈ R} .

Step (ii) Prove that

ImL =
{

(u,v,a,b) ∈ Z, 1
Γ(β )

∫ 1
0 (1− s)β−1q1(s)v(s)ds = b−a

}
. (17)

For (u,v,a,b)∈ Z , we know that (u,v,a,b)∈ ImL if and only if there exist (x,y)∈
E
⋂

D(L) such that ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρ1(t)
ν(tβ−1)

Dα
0+x(t) = u(t),

Dβ
0+ y(t)
q1(t)

= v(t),
lim
t→0

t1−βy(t) = a,

lim
t→1

t1−βy(t) = b.

It follows that

x(t) =
∫ t
0

(t−s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
u(s)ds+ Ψtα−1 with Ψ ∈ R,

Dγ1
0+x(t) =

∫ t
0

(t−s)α−γ1−1

Γ(α−γ1)
ν(sβ−1)

ρ1(s)
u(s)ds+ Ψ Γ(α)

Γ(α−γ1)
tα−γ1−1,

y(t) =
∫ t
0

(t−s)β−1

Γ(β ) q1(s)v(s)ds+ ϒtβ−1 with ϒ ∈ R.

We note that (H5) implies that∣∣∣∣∣
∫ t

0

(t− s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
u(s)ds

∣∣∣∣∣ �
∫ t

0

(t− s)α−1

Γ(α)
ν(sβ−1)

s−kν(sβ−1)
||u||∞ds

=
∫ t

0

(t− s)α−1

Γ(α)
skds||u||∞

= tα+k
∫ 1

0

(1−w)α−1

Γ(α)
wkdw||u||∞ < ∞, t ∈ (0,1],

and ∣∣∣∣∣
∫ t

0

(t− s)α−γ1−1

Γ(α − γ1)
ν(sβ−1)

ρ1(s)
u(s)ds

∣∣∣∣∣ � tα+k−γ1

∫ 1

0

(1−w)α−1

Γ(α)
wkdw||u||∞ < ∞,
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where t ∈ (0,1] . Then x,Dγ1
0+x ∈C(0,1] and y ∈C(0,1] . Since

t1−α
∣∣∣∫ t

0
(t−s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
u(s)ds

∣∣∣ � t1+k ∫ 1
0

(1−w)α−1

Γ(α) wkdw||u||∞ → 0 as t → 0,

t1+γ1−α
∣∣∣∫ t

0
(t−s)α−γ1−1

Γ(α−γ1)
ν(sβ−1)

ρ1(s)
u(s)ds

∣∣∣ � t1+k ∫ 1
0

(1−w)α−1

Γ(α) wkdw||u||∞ → as t → 0,

then x ∈ X .
Since (H4) implies that

t1−β

∣∣∣∣∣
∫ t

0

(t − s)β−1

Γ(β )
q1(s)v(s)ds

∣∣∣∣∣ � t1−β
∫ t

0

(t − s)β−1

Γ(β )
sk1(1− s)l1 ||v||∞ds

� t1−β
∫ t

0

(t − s)β−1

Γ(β )
sk1(t− s)l1ds||v||∞

= ||v||∞t1+k1+l1
∫ 1

0

(1−w)β+l1−1

Γ(β )
wk1dw

→ 0 as t → 0,

then limt→0 t1−βy(t) = a implies y ∈ Y and ϒ = a . From limt→1 t1−βy(t) = b , we get

∫ 1
0

(1−s)β−1

Γ(β ) q1(s)v(s)ds+a = b. (18)

On the other hand, if (18) holds, we get (u,v,a,b) ∈ ImL . Hence (u,v,a,b) ∈ ImL if
and only if (18) holds. Then (17) is valid.

Step (iii) Prove that ImL is closed in X and dim KerL = co dim ImL < +∞ .
From (17) ImL is closed in Z .
It follows from KerL = {(ctα−1,0) ∈ E, c ∈ R} that dim KerL = 1. Define the

projector P : E → E by

P(x,y)(t) =
( ∫ 1

0 (1−s)α−1q1(s)x(s)ds∫ 1
0 (1−s)α−1q1(s)sα−1ds

tα−1, 0

)
for (x,y) ∈ E. (19)

It is easy to prove that Im P ⊆ KerL.
For (ctα−1,0) ∈ KerL , choose xc(t) = ctα−1 and yc(t) = 0. It follows that

ρ1(t)
ν(tβ−1)

Dα
0+xc(t) = 0 and

Dβ
0+yc(t)
q1(t)

= 0.

One can show that (xc,0) ∈ E and

P(xc,0)(t) =
(∫ 1

0 (1−s)α−1q1(s)csα−1ds∫ 1
0 (1−s)α−1q1(s)sα−1ds

tα−1, 0

)
= (ctα−1,0).

So Im P ⊇ Ker L. Hence Im P = Ker L.
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For (x,y) ∈ E , we have

P((x,y)−P(x,y))

= P

(
x−

∫ 1
0 (1− s)α−1q1(s)x(s)ds∫ 1
0 (1− s)α−1q1(s)sα−1ds

tα−1, 0

)

=

⎛
⎜⎜⎝

∫ 1
0 (1− s)α−1q1(s)

(
x(s)−

∫ 1
0 (1−s)α−1q1(s)x(s)ds∫ 1
0 (1−s)α−1q1(s)sα−1ds

sα−1

)
ds

∫ 1
0 (1− s)α−1q1(s)sα−1ds

tα−1, 0

⎞
⎟⎟⎠

= (0,0).

So X = KerL+KerP . For (x,y) ∈ KerL∩KerP , we get x(t) = 0 and y(t) = 0. Hence
X = KerL⊕KerP.

Define the projector Q : Z → Z by

Q(u,v,a,b)(t) =
(

0,
∫ 1
0 (1−s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1−s)β−1q1(s)s1−β ds
t1−β , 0, 0

)
(20)

for (u,v,a,b) ∈ Z .
It is easy to show that KerQ ⊆ ImL.
For (u,v,a,b) ∈ ImL , we have 1

Γ(β )
∫ 1
0 (1− s)β−1q1(s)v(s) = b−a . Then

Q(u,v,a,b) =
(

0,
∫ 1
0 (1−s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1−s)β−1q1(s)s1−β ds
t1−β ,0,0

)
= (0,0,0,0).

It follows that ImL ⊆ KerQ. Hence ImL = KerQ.
For (u,v,a,b) ∈ Z , we have

(u,v,a,b)−
(

0,

∫ 1
0 (1− s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1− s)β−1q1(s)s1−β ds
t1−β , 0, 0

)

=

(
u, v−

∫ 1
0 (1− s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1− s)β−1q1(s)s1−β ds
t1−β , a, b

)
.

It is easy to see that

1
Γ(β )

∫ 1
0 (1− s)β−1q1(s)

(
v(s)−

∫ 1
0 (1−s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1−s)β−1q1(s)s1−β ds
s1−β

)
ds = b−a.

Hence (
u, v−

∫ 1
0 (1−s)β−1q1(s)v(s)ds−Γ(β )(b−a)∫ 1

0 (1−s)β−1q1(s)s1−β ds
t1−β , a, b

)
∈ ImL.

Thus Y = ImQ + ImL . It is easy to show that ImQ∩ ImL = (0,0,0,0) . Hence Y =
ImQ⊕ ImL .
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From above discussion, we see that dim KerL = co dim ImL = dim ImQ = 1 <
+∞ . So L is a Fredholm operator of index zero.

Step (iv). We prove that N is L−compact. This is divided into three sub-steps.
Substep (iv1) We prove that N is continuous. Let (xn,yn) ∈ E with (xn,yn) →

(x0,y0) as n → ∞ . We will show that N(xn,yn) → N(x0,y0) as n → ∞ .
In fact, we have r > 0 such that ||(xn,yn)|| � r < +∞ and

supt∈(0,1] t
1−α |xn(t)− x0(t)| → 0,n → ∞,

supt∈(0,1] t
1+γ1−α |Dγ1

0+xn(t)−Dγ1
0+x0(t)| → 0,n → ∞,

supt∈(0,1] t
1−β |yn(t)− y0(t)| → 0, n → ∞.

(21)

By

N(xn,yn)(t) =
(

Φ−1 (yn(t))
ν(tβ−1)

, f1
(
t,xn(t),D

γ1
0+xn(t)

)
,

∫ 1

0
g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt,

∫ 1

0
h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt

)

for (x,y) ∈ E . Since Φ is a sup-multiplicative-like function, we get that

Φ−1(y)
ν(t1−β )ν(tβ−1)

� Φ−1(tβ−1y)
ν(tβ−1)

� Φ−1(y), y � 0,

Φ−1(y)
ν(t1−β )ν(tβ−1)

� Φ−1(tβ−1y)
ν(tβ−1)

� Φ−1(y), y � 0.

(22)

Then

(t,y) → Φ−1(tβ−1y)
ν(tβ−1)

is continuous on [0,1]×R .

It follows that Φ−1(tβ−1x)
ν(tβ−1)

is uniformly continuous on [0,1]× [−r,r] .

For any ε > 0 there exists δ > 0 such that∣∣∣Φ−1(tβ−1u1)
ν(tβ−1)

− Φ−1(tβ−1u2)
ν(tβ−1)

∣∣∣ < ε, t ∈ [0,1], |u1−u2| < δ .

From (21), there exists N1 such that

t1−α |xn(t)− x0(t)| < δ , t ∈ (0,1),n > N1,

t1+γ1−α |Dγ1
0+xn(t)−Dγ1

0+x0(t)| < δ , t ∈ (0,1),n > N1,

t1−β |yn(t)− y0(t)| < δ , t ∈ (0,1),n > N1.

(23)



424 YUJI LIU AND XIAOHUI YANG

Hence,

∣∣∣∣Φ−1 (yn(t))
ν(tβ−1)

− Φ−1 (y0(t))
ν(tβ−1)

∣∣∣∣ =

∣∣∣∣∣Φ−1
(
tβ−1[t1−β yn(t)]

)
ν(tβ−1)

− Φ−1
(
tβ−1[t1−βy0(t)]

)
ν(tβ−1)

∣∣∣∣∣
< ε, for t ∈ (0,1), n > N1.

It follows that

lim
n→∞

sup
t→(0,1)

∣∣∣Φ−1(yn(t))
ν(tβ−1)

− Φ−1(y0(t))
ν(tβ−1)

∣∣∣ = 0.

Similarly we can show that

lim
n→∞

sup
t→(0,1)

∣∣ f1(t,xn(t),D
γ1
0+xn(t))− f1(t,xn(t),D

γ1
0+xn(t))

∣∣ = 0,

lim
n→∞

∫ 1
0 g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt =

∫ 1
0 g1

(
t,x0(t),D

γ1
0+x0(t)

)
dt,

lim
n→∞

∫ 1
0 h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt =

∫ 1
0 h1

(
t,x0(t),D

γ1
0+x0(t)

)
dt.

Then
||N(xn,yn)−N(x0,y0)|| → 0, n → ∞.

It follows that N is continuous.
Let Ω be a bounded open subset of E . We have that there exists r > 0 such

that ||(x,y)|| � r for all (x,y) ∈ Ω . Since (H1)-(H3) hold, then there exists Mr � 0,
φr,ψr ∈ L1(0,1) such that∣∣ f1 (t,x(t),Dγ1

0+x(t)
)∣∣ � Mr,t ∈ (0,1),(x,y) ∈ Ω,

∣∣g1
(
t,x(t),Dγ1

0+x(t)
)∣∣ � φr(t),t ∈ (0,1),(x,y) ∈ Ω,

∣∣h(t,x(t),Dγ1
0+x(t)

)∣∣ � ψr(t),t ∈ (0,1),(x,y) ∈ Ω.

(24)

Substep (iv2) Prove that QN(Ω) is bounded.
One has

QN(x,y)(t)

= Q

(
Φ−1 (y(t))
ν(tβ−1)

, f1
(
t,x(t),Dγ1

0+x(t)
)
,

∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt,

∫ 1

0
h1

(
t,x(t),Dγ1

0+x(t)
)
dt

)

=
(

0,

∫ 1
0 (1− s)β−1q1(s) f1

(
s,x(s),Dγ1

0+x(s)
)
ds∫ 1

0 (1− s)β−1q1(s)s1−β ds
t1−β
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−
Γ(β )

(∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt− ∫ 1

0 g1
(
t,x(t),Dγ1

0+x(t)
)
dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

t1−β , 0, 0

)
.

(25)

It is easy to see from (25), (26) and Remark 3.1 that∣∣∣∣
∫ 1
0 (1− s)β−1q1(s) f1

(
s,x(s),Dγ1

0+x(s)
)
ds∫ 1

0 (1− s)β−1q1(s)s1−β ds
t1−β

−
Γ(β )

(∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt− ∫ 1

0 g1
(
t,x(t),Dγ1

0+x(t)
)
dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

t1−β
∣∣∣∣

� Mr

∫ 1
0 (1− s)β−1q1(s)ds∫ 1

0 (1− s)β−1q1(s)s1−β ds
+

Γ(β )
(∫ 1

0 φr(t)dt +
∫ 1
0 ψr(t)dt

)
∫ 1
0 (1− s)β−1q1(s)s1−β ds

< +∞.

It follows QN(Ω) is bounded.

Substep (iv3) Prove that KP(I−Q)N : Ω → E is compact, i.e., prove that KP(I−
Q)N(Ω) is relatively compact.

Let P : X → X and Q : Y → Y be defined by (19) and (20). For (u,v,a,b) ∈ ImL ,
let

KP(u,v,a,b)(t) =
(∫ t

0

(t− s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
u(s)ds− c(u,v)tα−1,

∫ t
0(t − s)β−1q1(s)v(s)ds

Γ(β )
+atβ−1

)
, (26)

where c(u,v) is a constant defined by:

c(u,v) =

∫ 1
0 (1− s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
ν(wβ−1)

ρ1(w) u(w)dwds∫ 1
0 (1− s)α−1q1(s)sα−1ds

One sees KP(u,v,a,b) ∈ E
⋂

D(L) and

PKP(u,v,a,b)(t)

= P

(∫ t

0

(t − s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
u(s)ds− c(u,v)tα−1,

∫ t
0(t− s)β−1q1(s)v(s)ds

Γ(β )
+atβ−1

)

=
(∫ 1

0 (1− s)α−1q1(s)
[∫ s

0
(s−r)α−1

Γ(α)
ν(rβ−1)

ρ1(r)
u(r)dr− c(u,v)sα−1

]
ds∫ 1

0 (1− s)α−1q1(s)sα−1ds
tα−1,0

)

= (0,0).
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It follows that Kp(u,v,a,b) ∈ KerP . Then KP : Im L → D(L)∩KerP is well defined.
Furthermore, for (u,v,a,b) ∈ ImL , by direct computation, we have

(LKP)(u,v,a,b)(t) = (u,v,a,b) .

On the other hand, for (x,y) ∈ Ker P∩E
⋂

D(L) , by direct computation, we have

KPL(x,y)(t) = (x(t),y(t)).

Then KP is the inverse of L : D(L)
⋂

KerP → ImL . The isomorphism ∧ : KerL →
Y/ImL is given by

∧ (ctα−1,0) = (0,ct1−β ,0,0), c ∈ R. (27)

Then

Kp(I−Q)N(x,y)(t)

= Kp(I−Q)
(

Φ−1 (y(t))
ν(tβ−1)

, f1
(
t,x(t),Dγ1

0+x(t)
)
,

∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt,

∫ 1

0
h1

(
t,x(t),Dγ1

0+x(t)
)
dt

)

= KP

(
Φ−1 (y(t))
ν(tβ−1)

, f1
(
t,x(t),Dγ1

0+x(t)
)
,

∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt,

∫ 1

0
h1

(
t,x(t),Dγ1

0+x(t)
)
dt

)

−KP

(
0,

∫ 1
0 (1− s)β−1q1(s) f1

(
s,x(s),Dγ1

0+x(s)
)
ds∫ 1

0 (1− s)β−1q1(s)s1−β ds
t1−β

−
Γ(β )

(∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt− ∫ 1

0 g1
(
t,x(t),Dγ1

0+x(t)
)
dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

t1−β , 0, 0

)

= (x1(t),y1(t))

with

x1(t) =
∫ t
0

(t−s)α−1

Γ(α)
Φ−1(y(s))

ρ1(s)
ds−

∫ 1
0 (1−s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
Φ−1(y(w))

ρ1(w) dwds∫ 1
0 (1−s)α−1q1(s)sα−1ds

tα−1,

and

y1(t) = 1
Γ(β )

∫ t
0(t− s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

− 1
Γ(β )

∫ t
0(t − s)β−1q1(s)s1−β ds

∫ 1
0 (1−s)β−1q1(s) f1

(
s,x(s),Dγ1

0+ x(s)
)
ds∫ 1

0 (1−s)β−1q1(s)s1−β ds

+ 1
Γ(β )

∫ t
0(t − s)β−1q1(s)s1−β ds

Γ(β )
(∫ 1

0 h1

(
t,x(t),Dγ1

0+ x(t)
)
dt−∫ 1

0 g1

(
t,x(t),Dγ1

0+ x(t)
)
dt
)

∫ 1
0 (1−s)β−1q1(s)s1−β ds

+tβ−1 ∫ 1
0 g1

(
t,x(t),Dγ1

0+x(t)
)
dt.
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To complete this step, we must prove that KP(I−Q)N(Ω) is bounded and equi-continuous
on each subinterval [e, f ] ⊆ (0,1] and equi-convergent at t = 0.

Firstly, we have

t1−αx1(t) = t1−α
∫ t

0

(t− s)α−1

Γ(α)
Φ−1 (y(s))

ρ1(s)
ds

−
∫ 1
0 (1− s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
Φ−1(y(w))

ρ1(w) dwds∫ 1
0 (1− s)α−1q1(s)sα−1ds

,

and

t1+γ1−αDγ1
0+x1(t) = t1+γ1−α

∫ t

0

(t− s)α−γ1−1

Γ(α − γ1)
Φ−1 (y(s))

ρ1(s)
ds

−
∫ 1
0 (1− s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
Φ−1(y(w))

ρ1(w) dwds∫ 1
0 (1− s)α−1q1(s)sα−1ds

Γ(α)
Γ(α − γ1)

,

and

t1−βy1(t)

=
t1−β

Γ(β )

∫ t

0
(t − s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

− t1−β

Γ(β )

∫ t

0
(t − s)β−1q1(s)s1−β ds

∫ 1
0 (1− s)β−1q1(s) f1

(
s,x(s),Dγ1

0+x(s)
)
ds∫ 1

0 (1− s)β−1q1(s)s1−β ds

+
t1−β

Γ(β )

∫ t

0
(t − s)β−1q1(s)s1−β ds

×
Γ(β )

(∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt− ∫ 1

0 g1
(
t,x(t),Dγ1

0+x(t)
)
dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

+
∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt.

It is easy to show from (25) that KP(I−Q)N(Ω) is bounded.

Second, for each [e, f ] ⊆ (0,1] , and t1,t2 ∈ [e, f ] with t2 > t1 , we have

|t1−α
1 x1(t1)− t1−α

2 x1(t2)|

�
∣∣∣∣t1−α

1

∫ t1

0

(t1 − s)α−1

Γ(α)
Φ−1 (y(s))

ρ1(s)
ds− t1−α

2

∫ t2

0

(t2 − s)α−1

Γ(α)
Φ−1 (y(s))

ρ1(s)
ds

∣∣∣∣ ,
and



428 YUJI LIU AND XIAOHUI YANG

∣∣t1+γ1−α
1 Dγ1

0+x1(t1)− t1+γ1−α
2 Dγ1

0+x1(t2)
∣∣

�
∣∣∣∣t1+γ1−α

1

∫ t1

0

(t1 − s)α−γ1−1

Γ(α − γ1)
Φ−1 (y(s))

ρ1(s)
ds

− t1+γ1−α
2

∫ t2

0

(t2 − s)α−γ1−1

Γ(α − γ1)
Φ−1 (y(s))

ρ1(s)
ds

∣∣∣∣,
and

|t1−β
1 y1(t1)− t1−β

2 y1(t2)|

� 1
Γ(β )

∣∣∣∣t1−β
1

∫ t1

0
(t1− s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

− t1−β
2

∫ t2

0
(t2− s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

∣∣∣∣
+
∣∣∣∣ t1−β

1

Γ(β )

∫ t1

0
(t1 − s)β−1q1(s)s1−β ds− t1−β

2

Γ(β )

∫ t2

0
(t2 − s)β−1q1(s)s1−β ds

∣∣∣∣
×
∣∣∣∣
∫ 1
0 (1− s)β−1q1(s) f1

(
s,x(s),Dγ1

0+x(s)
)
ds∫ 1

0 (1− s)β−1q1(s)s1−β ds

∣∣∣∣
+
∣∣∣∣ t1−β

1

Γ(β )

∫ t1

0
(t1 − s)β−1q1(s)s1−β ds− t1−β

2

Γ(β )

∫ t2

0
(t2 − s)β−1q1(s)s1−β ds

∣∣∣∣
×
∣∣∣∣Γ(β )

(∫ 1
0 h1

(
t,x(t),Dγ1

0+x(t)
)
dt− ∫ 1

0 g1
(
t,x(t),Dγ1

0+x(t)
)
dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

∣∣∣∣
� 1

Γ(β )

∣∣∣∣t1−β
1

∫ t1

0
(t1− s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

− t1−β
2

∫ t2

0
(t2− s)β−1q1(s) f (s,x(s),Dγ1

0+ x(s))ds

∣∣∣∣
+
∣∣∣∣ t1−β

1

Γ(β )

∫ t1

0
(t1 − s)β−1q1(s)s1−β ds− t1−β

2

Γ(β )

∫ t2

0
(t2 − s)β−1q1(s)s1−β ds

∣∣∣∣
× Mr

∫ 1
0 (1− s)β−1q1(s)ds∫ 1

0 (1− s)β−1q1(s)s1−β ds

+
∣∣∣∣ t1−β

1

Γ(β )

∫ t1

0
(t1 − s)β−1q1(s)s1−β ds− t1−β

2

Γ(β )

∫ t2

0
(t2 − s)β−1q1(s)s1−β ds

∣∣∣∣
×

Γ(β )
(∫ 1

0 [ψr(t)+ φr(t)]dt
)

∫ 1
0 (1− s)β−1q1(s)s1−β ds

.

We find that∣∣∣∣t1−α
1

∫ t1

0

(t1 − s)α−1

Γ(α)
Φ−1 (y(s))

ρ1(s)
ds− t1−α

2

∫ t2

0

(t2− s)α−1

Γ(α)
Φ−1 (y(s))

ρ1(s)
ds

∣∣∣∣
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� |t1−α
1 − t1−α

2 |
∫ t2

0

(t2− s)α−1

Γ(α)
Φ−1

(
sβ−1|s1−β y(s)|)

ρ1(s)
ds

+ t1−α
1

∫ t2

t1

(t2 − s)α−1

Γ(α)
Φ−1

(
sβ−1|s1−β y(s)|)

ρ1(s)
ds

+ t1−α
1

∫ t1

0

|(t2 − s)α−1− (t1− s)α−1|
Γ(α)

Φ−1
(
sβ−1|s1−β y(s)|)

ρ1(s)
ds

� |t1−α
1 − t1−α

2 |
∫ t2

0

(t2− s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
dsΦ−1 (||y||∞)

+ t1−α
1

∫ t2

t1

(t2 − s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
Φ−1 (||y||∞)ds

+ t1−α
1

∫ t1

0

|(t2 − s)α−1− (t1− s)α−1|
Γ(α)

ν(sβ−1)
ρ1(s)

Φ−1 (||y||∞)ds

� |t1−α
1 − t1−α

2 |
∫ t2

0

(t2− s)α−1

Γ(α)
skdsΦ−1 (r)

+ t1−α
1

∫ t2

t1

(t2 − s)α−1

Γ(α)
skdsΦ−1 (r)

+ t1−α
1

∫ t1

0

|(t2 − s)α−1− (t1− s)α−1|
Γ(α)

skdsΦ−1 (r)

= |t1−α
1 − t1−α

2 |tα+k
2

∫ 1

0

(1−w)α−1

Γ(α)
wkdwΦ−1 (r)

+ t1−α
1 tα+k

2

∫ 1

t1
t2

(1−w)α−1

Γ(α)
wkdwΦ−1 (r)

+ t1−α
1

[
tα+k
1

∫ 1

0

(1−w)α−1

Γ(α)
wkdw− tα+k

2

∫ t1
t2

0

(1−w)α−1

Γ(α)
wkdw

]
Φ−1 (r)

� |t1−α
1 − t1−α

2 |max{eα+k, f α+k}B(α,k+1)
Γ(α)

Φ−1 (r)

+ f 1−α max{eα+k, f α+k}
∫ 1

t1
t2

(1−w)α−1

Γ(α)
wkdwΦ−1 (r)

+ f 1−α
[
|tα+k

1 − tα+k
2 |B(α,k+1)

Γ(α)

+max{eα+k, f α+k}
∫ 1

t1
t2

(1−w)α−1

Γ(α)
wkdw

]
Φ−1 (r)

→ 0 uniformly on Ω as t1 → t2.

Then we get

|t1−α
1 x1(t1)− t1−α

2 x1(t2)| → 0 uniformly as t1 → t2.
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Similarly we can prove that

|t1+γ1−α
1 Dγ1

0+x1(t1)− t1+γ1−α
2 Dγ1

0+x1(t2)| → 0 uniformly as t1 → t2,

|t1−β
1 y1(t1)− t1−β

2 y1(t2)| → 0 uniformly as t1 → t2.

So KP(I−Q)N(Ω) is equi-continuous on each subinterval [e, f ] ⊆ (0,1] .
Third, we have∣∣∣∣∣∣t1−αx1(t)+

∫ 1
0 (1− s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
Φ−1(y(w))

ρ1(w) dwds∫ 1
0 (1− s)α−1q1(s)sα−1ds

∣∣∣∣∣∣
� t1−α

∫ t

0

(t − s)α−1

Γ(α)
Φ−1 (|y(s)|)

ρ1(s)
ds

� t1−α
∫ t

0

(t − s)α−1

Γ(α)
ν(sβ−1)

ρ1(s)
dsΦ−1(r)

� t1−α
∫ t

0

(t − s)α−1

Γ(α)
skdsΦ−1(r)

= t1+k
∫ 1

0

(1−w)α−1

Γ(α)
wkdwΦ−1(r)

→ 0 uniformly on Ω as t → 0.

Similarly we can show that∣∣∣∣∣∣t1+γ1−αDγ1
0+x1(t)+

∫ 1
0 (1− s)α−1 ∫ s

0
(s−w)α−1

Γ(α)
Φ−1(y(w))

ρ1(w) dwds∫ 1
0 (1− s)α−1q1(s)sα−1ds

Γ(α)
Γ(α − γ1)

∣∣∣∣∣∣
→ 0 uniformly on Ω as t → 0,

and ∣∣∣∣t1−β y1(t)−
∫ 1

0
g1

(
t,x(t),Dγ1

0+x(t)
)
dt

∣∣∣∣→ 0 uniformly on Ω as t → 0.

Hence KP(I−Q)N(Ω) is equi-convergent at t = 0.
So KP(I−Q)N(Ω) is relatively compact. Then N is L−compact. The proofs are

completed.

A function ∏ : [0,∞)× [0,∞) → [0,∞) is called a bi-non-increasing function if
both x → ∏(x,y) and y → ∏(x,y) are non-increasing. Now, we prove that main theo-
rem in this section. Suppose that

(H7) there exist nonnegative functions φg,φh ∈ L1(0,1) and bi-nondecreasing
functions ∏ f ,∏g,∏h : [0,∞)× [0,∞) → [0,∞) such that∣∣ f1 (t,tα−1u,tα−γ1−1v

)∣∣ � ∏ f (|u|, |v|),∣∣g1
(
t,tα−1u,tα−γ1−1v

)∣∣ � φg(t)∏g(|u|, |v|)
(28)
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or ∣∣ f1 (t,tα−1u,tα−γ1−1v
)∣∣ � ∏ f (|u|, |v|),∣∣h1

(
t,tα−1u,tα−γ1−1v

)∣∣ � φh(t)∏h(|u|, |v|)
(29)

hold for all (u,v) ∈ R
2 , t ∈ (0,1) .

(H8) there exists a constant M > 0 such that for x ∈ X with t1−α |x(t)| > M for
all t ∈ (0,1) implies that

∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)

+g1
(
t,x(t),Dγ1

0+x(t)
)]

dt 	= 0.

(H9) there exists a constant M0 > 0 such that

c
∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

−h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

+g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)]

dt > 0 (30)

holds for all |c| > M0 or

c
∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

−h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

+g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)]

dt < 0 (31)

holds for all |c| > M0 .

THEOREM 3.1. Suppose that (H1)-(H9) hold. Then BVP(10) has at least one
solution if

B(β+l1,k1+1)
Γ(β ) r f +

∫ 1
0 φg(t)dtrg < 1( if (28) holds ),

2B(β+l1,k1+1)
Γ(β ) r f +

∫ 1
0 φh(t)dtrh < 1( if (29) holds ),

(32)

where

A0 = max
{

M, M Γ(α)
Γ(α−γ1)

}
, B0 = max

{
B(α ,k+1)

Γ(α) , B(α ,k+1)+B(α−γ1,k+1)
Γ(α−γ1)

}
,

r f = lim
v→+∞

∏ f (A0+B0Φ−1(v),A0+B0Φ−1(v))
v , rg = lim

v→+∞
∏g(A0+B0Φ−1(v),A0+B0Φ−1(v))

v ,

rh = lim
v→+∞

∏h(A0+B0Φ−1(v)A0+B0Φ−1(v))
v .
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Proof. Let E , Z L and N be defined above. By (H1)-(H6), from Lemma 3.1, L
be a Fredholm operator of index zero and N be L−compact on each open nonempty
set Ω centered at zero. We seek fixed point of the operator equation L(x,y) = N(x,y) .
To apply Lemma 2.2, we should define an open bounded subset Ω of E centered at
zero such that (i), (ii) and (iii) in Lemma 2.2 hold. To obtain Ω , we do three steps. The
proof of this theorem is divided into four steps.

Step 1. Let Ω1 = {(x,y) ∈ E ∩D(L) \KerL, L(x,y) = λN(x,y) for some λ ∈
(0,1)}. We prove that Ω1 is bounded.

In fact, if Ω1 is unbounded, then there exists two sequences {(xn,yn)∈ E
⋂

D(L)\
KerL} and {λn ∈ [0,1]} such that L(xn,yn) = λnN(xn,yn) and N(xn,yn) ∈ ImL and
||(xn,yn)|| → ∞ as n → ∞ . Then⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ρ1(t)
ν(tβ−1)

Dα
0+xn(t) = λn

Φ−1(yn(t))
ν(tβ−1)

,t ∈ (0,1),
Dβ

0+ yn(t)
q1(t)

= λn f1
(
t,xn(t),D

γ1
0+xn(t)

)
,t ∈ (0,1),

lim
t→0

t1−βyn(t) = λn
∫ 1
0 g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt,

lim
t→1

t1−βyn(t) = λn
∫ 1
0 h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt,

and

∫ 1

0
(1− s)β−1q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds =

∫ 1

0
h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt

−
∫ 1

0
g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt. (33)

It follows that

yn(t) = λn

∫ t

0

(t − s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

+ λnt
β−1

∫ 1

0
g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt, (34)

or

yn(t) = λn

∫ t

0

(t − s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

−λn

[∫ 1

0

(1− s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

−
∫ 1

0
h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt

]
tβ−1, (35)

and there exists a constant ϒ ∈ R such that

xn(t) = λn
∫ t
0

(t−s)α−1

Γ(α)
Φ−1(yn(s))

ρ1(s)
ds+ ϒtα−1. (36)
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From (H7) and (33), there exists t0 ∈ (0,1) such that |t1−α
0 xn(t0)| � M. By (36),

we have

t1−α
0 xn(t0) = λnt

1−α
0

∫ t0

0

(t0 − s)α−1

Γ(α)
Φ−1 (yn(s))

ρ1(s)
ds+ ϒ.

Then

|ϒ| � |t1−α
0 xn(t0)|+

∣∣∣∣λnt
1−α
0

∫ t0

0

(t0 − s)α−1

Γ(α)
Φ−1 (yn(s))

ρ1(s)
ds

∣∣∣∣
� M + t1−α

0

∫ t0

0

(t0 − s)α−1

Γ(α)
Φ−1

(
sβ−1[s1−β |yn(s)|]

)
ρ1(s)

ds

� M + t1−α
0

∫ t0

0

(t0 − s)α−1

Γ(α)
ν
(
sβ−1

)
ρ1(s)

dsΦ−1(||yn||Y )

� M + t1−α
0

∫ t0

0

(t0 − s)α−1

Γ(α)
skdsΦ−1(||yn||Y )

= M + t1−α
0 tα+k

0

∫ 1

0

(1−w)α−1

Γ(α)
wkdwΦ−1(||yn||Y )

� M +
B(α,k+1)

Γ(α)
Φ−1(||yn||Y ).

Then

|t1+γ1−αDγ1
0+xn(t)| � |ϒ| Γ(α)

Γ(α − γ1)
+ λ t1+γ1−α

∫ t

0

(t − s)α−γ1−1

Γ(α − γ1)
Φ−1 (yn(s))

ρ1(s)
ds

�
[
M +

B(α,k+1)
Γ(α)

Φ−1(||yn||Y )
]

Γ(α)
Γ(α − γ1)

+ t1+γ1−α
∫ t

0

(t − s)α−γ1−1

Γ(α − γ1)
skdsΦ−1(||yn||Y )

�
[
M +

B(α,k+1)
Γ(α)

Φ−1(||yn||Y )
]

Γ(α)
Γ(α − γ1)

+
B(α − γ1,k+1)

Γ(α − γ1)
Φ−1(||yn||Y ).

One has
||xn||X � A0 +B0Φ−1 (||yn||Y ) . (37)

Case 1. The inequalities (28) hold.
From (34) and (28), (37), we get

|t1−β yn(t)| =
∣∣∣∣λnt

1−β
∫ t

0

(t − s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

+ λn

∫ 1

0
g1

(
t,xn(t),D

γ1
0+xn(t)

)
dt

∣∣∣∣
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� t1−β
∫ t

0

(t − s)β−1

Γ(β )
q1(s)

∣∣ f1 (s,xn(s),D
γ1
0+xn(s)

)∣∣ds

+
∫ 1

0

∣∣g1
(
t,xn(t),D

γ1
0+xn(t)

)∣∣dt

� t1−β
∫ t

0

(t − s)β−1

Γ(β )
q1(s)∏

f

(s1−α |xn(s)|,t1+γ1−α |Dγ1
0+xn(s)|)ds

+
∫ 1

0
φg(t)∏

g
(t1−α |xn(t)|,t1+γ1−α |Dγ1

0+xn(t)|)dt

� t1−β
∫ t

0

(t − s)β−1

Γ(β )
sk1(1− s)l1 ∏

f

(||xn||X , ||xn||X)ds

+
∫ 1

0
φg(t)∏

g
(||xn||X , ||xn||X)dt

� t1−β
∫ t

0

(t − s)β−1

Γ(β )
sk1(t− s)l1 ∏

f

(||xn||X , ||xn||X)ds

+
∫ 1

0
φg(t)dt ∏

g
(||xn||X , ||xn||X )

= t1−β tβ+l1+k1

∫ 1

0

(1−w)β+l1−1

Γ(β )
wk1dw∏

f

(||xn||X , ||xn||X)

+
∫ 1

0
φg(t)dt ∏

g
(||xn||X , ||xn||X )

� B(β + l1,k1 +1)
Γ(β ) ∏

f

(||xn||X , ||xn||X)+
∫ 1

0
φg(t)∏

g
(||xn||X , ||xn||X)

� B(β + l1,k1 +1)
Γ(β ) ∏

f

(A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y ))

+
∫ 1

0
φg(t)∏

g
(A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y )).

It follows that

||yn||Y � B(β + l1,k1 +1)
Γ(β ) ∏

f

(A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y ))

+
∫ 1

0
φg(t)∏

g
(A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y )).

Then

1 �
B(β+l1,k1+1)

Γ(β ) ∏ f (A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y ))

||yn||Y
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+
∫ 1
0 φg(t)∏g(A0 +B0Φ−1 (||yn||Y ) ,A0 +B0Φ−1 (||yn||Y ))

||yn||Y .

From ||(xn,yn)|| → ∞ as n → ∞ and (37), we know that ||yn||Y → ∞ as n → ∞. Let
n → ∞ . It follows from above inequality that

1 � B(β + l1,k1 +1)
Γ(β )

r f +
∫ 1

0
φg(t)dtrg,

a contradiction to (32). It follows that Ω1 is bounded.
Case 2. The inequalities (29) hold.
From (35) and (29), (37), we get

|t1−βyn(t)| =
∣∣∣∣λnt

1−β
∫ t

0

(t− s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

−λn

∫ 1

0

(1− s)β−1

Γ(β )
q1(s) f1

(
s,xn(s),D

γ1
0+xn(s)

)
ds

+ λn

∫ 1

0
h1

(
t,xn(t),D

γ1
0+xn(t)

)
dt

∣∣∣∣
� t1−β

∫ t

0

(t− s)β−1− tβ−1(1− s)β−1

Γ(β )
q1(s)| f1

(
s,xn(s),D

γ1
0+xn(s)

) |ds

+
∫ 1

t

(1− s)β−1

Γ(β )
q1(s)| f1

(
s,xn(s),D

γ1
0+xn(s)

) |ds

+
∫ 1

0
|h1

(
t,xn(t),D

γ1
0+xn(t)

) |dt

� 2
∫ 1

0

(1−w)β+l1−1

Γ(β )
wk1dw∏

f

(||x||X , ||x||X )

+
∫ 1

0
φh(t)dt ∏

h

(||x||X , ||x||X )

� 2
B(β + l1,k1 +1)

Γ(β ) ∏
f

(A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y ))

+
∫ 1

0
φh(t)dt ∏

h

(A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y )).

Then

||yn||Y � 2
B(β + l1,k1 +1)

Γ(β ) ∏
f

(A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y ))

+
∫ 1

0
φh(t)dt ∏

h

(A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y )).

It follows that
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1 �
2B(β+l1,k1+1)

Γ(β ) ∏ f (A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y ))

||yn||Y
+

∫ 1
0 φh(t)dt ∏h(A0 +B0Φ−1(||yn||Y ),A0 +B0Φ−1(||yn||Y ))

||yn||Y .

Let n → ∞ . It follows from above inequality that

1 � 2
B(β + l1,k1 +1)

Γ(β )
r f +

∫ 1

0
φh(t)dtrh,

a contradiction to (32). It follows that Ω1 is bounded.

Step 2. Let Ω2 = {(ctα−1,0) ∈ KerL : N(ctα−1,0) ∈ ImL}. We prove that Ω2 is
bounded.

For (ctα−1,0) ∈ Ω2 , we have

N(ctα−1,0) =
(

0, f1
(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)
,

∫ 1

0
g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)
dt,

∫ 1

0
h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)
dt

)
.

So

∫ 1

0

(1− s)β−1

Γ(β )
q1(s) f1

(
s,csα−1,c

Γ(α)
Γ(α − γ1)

sα−γ1−1
)

ds

=
∫ 1

0
h

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

dt

−
∫ 1

0
g

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

dt.

From (H9), we get that |c| � M0 . This shows Ω2 is bounded.

Step 3. If (30) in (H9) holds for all |c| > M0 , we prove that

Ω3 = {(ctα−1,0) ∈ Ker L : λ ∧ (ctα−1,0)+ (1−λ )QN(ctα−1,0) = 0, λ ∈ [0,1]}

is bounded, where ∧ is the isomorphism given by ∧(ctα−1,0) = (0,ct1−β ,0,0).
For (ctα−1,0) ∈ Ker L , one sees that

−λct1−β = (1−λ )t1−βJ1,

where
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J1 =
1

Γ(β )
∫ 1
0 (1− s)β−1q1(s)s1−β ds

×
∫ 1

0

[
(1− s)β−1

Γ(β )
q1(s) f1

(
s,csα−1,c

Γ(α)sα−γ1−1

Γ(α − γ1)

)

−h1

(
s,csα−1,c

Γ(α)sα−γ1−1

Γ(α − γ1)

)
g1

(
s,csα−1,c

Γ(α)sα−γ1−1

Γ(α − γ1)

)]
ds.

Then
−λc2 = (1−λ )cJ1.

If λ = 1, then c = 0. If λ ∈ [0,1) , and |c| > M0 , we get

0 � −λc2 = (1−λ )cJ1 > 0,

a contradiction. Then |c| � M0 . Then Ω3 is bounded.
If (31) in (H9) holds for all |c| > M0 , let

Ω3 = {(ctα−1,0) ∈ Ker L : λ ∧ (ctα−1,0)− (1−λ )QN(ctα−1,0) = 0, λ ∈ [0,1]},

We can prove that Ω3 is bounded too.
Step 4. We shall show that all conditions of Lemma 2.2 are satisfied.
Set Ω be a open bounded subset of X centered at zero such that Ω ⊃∪3

i=1Ωi . By
Lemma 3.1, L is a Fredholm operator of index zero and N is L−compact on Ω . By
the definition of Ω , we have

(a). L(x,y) 	= λN(x,y) for (x,y) ∈ (D(L)\KerL)∩∂Ω and λ ∈ (0,1) ;
(b). N(x,y) /∈ ImL for (x,y) ∈ KerL∩∂Ω .
(c). deg(QN|KerL, Ω∩KerL,0) 	= 0. In fact, let H((x,y),λ ) =±λ ∧(x,y)+(1−

λ )QN(x,y) . According the definition of Ω , we know H((x,y),λ ) 	= 0 for (x,y) ∈
∂Ω∩KerL , thus by homotopy property of degree,

deg(QN|KerL,Ω∩KerL,0) = deg(H(·,0),Ω∩KerL,0)
= deg(H(·,1),Ω∩KerL,0)
= deg(∧,Ω∩KerL,0) 	= 0.

Thus by Lemma 2.2, L(x,y) = N(x,y) has at least one solution in D(L)∩Ω . Then x is
a solution of BVP(10). The proof is complete.

THEOREM 3.2. Suppose that (H1)-(H6) and (H8), (H9) hold and
(H7) ′ there exist nonnegative numbers A f ,Bf ,Cf ,Ag,Bg,Cg,Ah,Bh,Ch , and non-

negative functions φg,φh ∈ L1(0,1) such that

∣∣ f1 (t, tα−1u,tα−γ1−1v
)∣∣ � Cf +Bf Φ(|u|)+Af Φ(|v|),

∣∣g1
(
t, tα−1u,tα−γ1−1v

)∣∣ � φg(t)[Cg +BgΦ(|u|)+AgΦ(|v|)]
(38)
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or ∣∣ f1 (t, tα−1u,tα−γ1−1v
)∣∣ � Cf +Bf Φ(|u|)+Af Φ(|v|),

∣∣h1
(
t, tα−1u,tα−γ1−1v

)∣∣ � φh(t)[Ch +BhΦ(|u|)+AhΦ(|v|)]
(39)

hold for all (u,v) ∈ R
2 , t ∈ (0,1) .

Then BVP(10) has at least one solution if[
(Bf +Af )

B(β+l1,k1+1)
Γ(β ) + (Bg +Ag)

∫ 1
0 φg(t)dt

]
ω(B0) < 1 if (38) holds,

[
2(Bf +Af )

B(β+l1,k1+1)
Γ(β ) + (Bh +Ah)

∫ 1
0 φh(t)dt

]
ω(B0) < 1 if (39) holds,

(40)

where

A0 = max

{
M, M

Γ(α)
Γ(α − γ1)

}
, B0 = max

{
v,

B(α,k+1)+B(α − γ1,k+1)
Γ(α − γ1)

}
.

Proof. Let E , Z L and N be defined above. By (H1)-(H6), from Lemma 3.1, L
be a Fredholm operator of index zero and N be L−compact on each open nonempty
set Ω centered at zero. We seek fixed point of the operator equation L(x,y) = N(x,y) .
To apply Lemma 2.2, we should define an open bounded subset Ω of E centered at
zero such that (i), (ii) and (iii) in Lemma 2.2 hold. To obtain Ω , we do three steps. The
proof of this theorem is divided into four steps.

Step 1. Let Ω1 = {(x,y) ∈ E ∩D(L) \KerL, L(x,y) = λN(x,y) for some λ ∈
(0,1)}. We prove that Ω1 is bounded.

It is easy to see that

Φ(A0 +B0Φ−1(||yn||Y ))
||yn||Y =

Φ
((

A0
Φ−1(||yn||Y ) +B0

)
Φ−1(||yn||Y )

)
||yn||Y

�
ω
(

A0
Φ−1(||yn||Y ) +B0

)
Φ
(
Φ−1(||yn||Y )

)
||yn||Y

= ω
(

A0

Φ−1(||yn||Y )
+B0

)

→ ω(B0) as n → ∞.

Choose ∏ f (s) = Cf + Bf Φ(s) + Af Φ(s), ∏g(s) = Cg + BgΦ(s) + AgΦ(s), ∏h(s) =
Ch +BhΦ(s)+AhΦ(s). If (38) holds, we get (37) and

||yn||Y � Cf
B(β + l1,k1 +1)

Γ(β )
+Cg

∫ 1

0
φg(t)dt

+
[
(Bf +Af )

B(β + l1,k1 +1)
Γ(β )

+ (Bg +Ag)
∫ 1

0
φg(t)dt

]
×Φ(A0 +B0Φ−1(||yn||Y )).
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It follows that

1 �
Cf

B(β+l1,k1+1)
Γ(β ) +Cg

∫ 1
0 φg(t)dt

||yn||Y
+
[
(Bf +Af )

B(β + l1,k1 +1)
Γ(β )

+ (Bg +Ag)
∫ 1

0
φg(t)dt

]

× Φ(A0 +B0Φ−1(||yn||Y ))
||yn||Y .

Let n → ∞ . We get

1 �
[
(Bf +Af )

B(β+l1,k1+1)
Γ(β ) + (Bg +Ag)

∫ 1
0 φg(t)dt

]
ω(B0)

which contradicts to (40). Hence Ω1 is bounded. If (39) holds, we also get that Ω1 is
bounded.

The other part of the proof is just same to that of the proof of Theorem 3.1 and is
omitted.

THEOREM 3.3. Suppose that (H1)-(H6) and (H7)′ hold and

lim
u→+∞

inf
t∈(0,1),v∈R

[
(1− t)β−1q1(t) f1

(
t,tα−1u,t1+γ1−αv

)
−h1

(
t,tα−1u,t1+γ1−αv

)
+g1

(
t, tα−1u,t1+γ1−αv

)]
> 0,

and

lim
u→−∞

sup
t∈(0,1),v∈R

[
(1− t)β−1q1(t) f1

(
t,tα−1u,t1+γ1−αv

)

−h1
(
t,tα−1u,t1+γ1−αv

)
+g1

(
t, tα−1u,t1+γ1−αv

)]
< 0.

Then BVP(10) has at least one solution if (40) holds.

Proof. We need to proof that (H8) and (H9) in Theorem 3.2 hold. From the
assumptions, there exist M > 0 and r > 0 such that

(1− t)β−1q1(t) f1
(
t,tα−1u,t1+γ1−αv

)−h1
(
t,tα−1u,t1+γ1−αv

)
+g1

(
t,tα−1u,t1+γ1−αv

)
> r

holds for all t ∈ (0,1) and u > M , v ∈ R and

(1− t)β−1q1(t) f1
(
t,tα−1u,t1+γ1−αv

)−h1
(
t,tα−1u,t1+γ1−αv

)
+g1

(
t,tα−1u,t1+γ1−αv

)
< −r
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holds for all t ∈ (0,1) and u < −M , v ∈ R .
If t1−αx(t) > M for all t ∈ (0,1) , then

(1− t)β−1q1(t) f1
(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)
+g1

(
t,x(t),Dγ1

0+x(t)
)

> r.

So

∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)

+g1
(
t,x(t),Dγ1

0+x(t)
)]

dt > 0.

If t1−αx(t) < −M for all t ∈ (0,1) , then

(1− t)β−1q1(t) f1
(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)
+g1

(
t,x(t),Dγ1

0+x(t)
)

< −r.

So

∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)

+g1
(
t,x(t),Dγ1

0+x(t)
)]

dt < 0.

Since x ∈ E , we have t → t1−αx(t) is continuous on [0,1] . Then t1−α |x(t)| > M for
all t ∈ [0,1] implies

∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)

+g1
(
t,x(t),Dγ1

0+x(t)
)]

dt 	= 0.

Similarly, we have that either

c
∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

−h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

+g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)]

dt > 0 (41)

holds for all |c| > M0 or

c
∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

−h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)



Differ. Equ. Appl. 5 (2013), 409–472, doi:10.7153/dea-05-26 441

+g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)]

dt < 0, (42)

holds for all |c| > M0 .
Hence (H8) and (H9) hold. Then the proof follows from Theorem 3.2.

REMARK 3.3. Let α = 1
2 = β and γ1 = 1

4 . Consider the functions

f1(t,x,y) = t
5
2 x5 + t

3
4 siny,

g1(t,x,y) = t−
1
2 (1− t)−

1
2

(
t

3
2 x3 + t

3
4 y
)

,

h1(t,x,y) = g1(t,x,y),

q1(t) = t−
1
4 (1− t)−

1
4 .

It is easy to see that f1,g1 and h1 satisfy (H1), (H2) and (H3) respectively. q1 satisfies
(H4). Furthermore, we have the followings:

• for φg(t) = φh(t) = t−
1
2 (1− t)−

1
2 and bi-nondecreasing functions ∏ f (u,v) =

u5 + v and ∏g(u,v) = ∏h(u,v) = u3 + v , it holds that

∣∣ f1 (t,tα−1u,tα−γ1−1v
)∣∣ � ∏ f (|u|, |v|),∣∣g1

(
t,tα−1u,tα−γ1−1v

)∣∣ � φg(t)∏g(|u|, |v|),∣∣h1
(
t,tα−1u,tα−γ1−1v

)∣∣ � φh(t)∏h(|u|, |v|)

hold for all (u,v) ∈ R
2 , t ∈ (0,1) ;

• there exists a constant M > 0 such that for x ∈ X , if t1−αx(t) > M for all
t ∈ (0,1) then

∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)−h1

(
t,x(t),Dγ1

0+x(t)
)

+g1
(
t,x(t),Dγ1

0+x(t)
)]

dt

=
∫ 1

0
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)
dt

=
∫ 1

0
(1− t)−

1
2 t−

1
4 (1− t)−

1
4

(
t

5
2 x(t)5 + t

3
4 sinDγ1

0+x(t)
)

dt

>

∫ 1

0
(1− t)−

1
2 t−

1
4 (1− t)−

1
4

(
t

5
2 t−

1
2 M5 − t

3
4

)
dt > 0.

If t1−αx(t) < −M for all t ∈ (0,1) then similarly we get
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∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,x(t),Dγ1

0+x(t)
)

−h1
(
t,x(t),Dγ1

0+x(t)
)
+g1

(
t,x(t),Dγ1

0+x(t)
)]

dt < 0.

So (H8) holds.
• Since

c
∫ 1

0

[
(1− t)β−1q1(t) f1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

−h1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)

+g1

(
t,ctα−1,c

Γ(α)
Γ(α − γ1)

tα−γ1−1
)]

dt

= c
∫ 1

0
(1− t)−

1
2 t−

1
4 (1− t)−

1
4

(
c5t−

5
2 t

5
2 + sinc

Γ(1/2)
Γ(1/4)

t−
3
4

)
dt > 0

holds for all sufficiently large |c| . Then (H9) holds.

4. Solvability of BVP(11)

Suppose that
(G1) f2 : [0,1]×R

2 → R satisfies the following items:
• t → f2

(
t, tα−1x,tα−γ2−1y

)
is continuous on [0,1] for each (x,y) ∈ R

2 ,
• (x,y) → f2

(
t,tα−1x,tα−γ2−1y

)
is continuous on R

2 for almost all t ∈ [0,1] ,
• for each r > 0, there exists a nonnegative Mr � 0 such that∣∣ f2 (t,tα−1x,tα−γ2−1y

)∣∣ � Mr,t ∈ (0,1), |x|, |y| � r.

(G2) g2 : (0,1)×R
2 → R satisfies the following items:

• t → g2
(
t, tα−1x,tα−γ2−1y

)
is continuous on [0,1] for each (x,y) ∈ R

2 ,
• (x,y) → g2

(
t,tα−1x,tα−γ2−1y

)
is continuous on R

2 for almost all t ∈ [0,1] ,
• for each r > 0, there exists a nonnegative function φr ∈ L1(0,1) such that∣∣g2

(
t,tα−1x,tα−γ2−1y

)∣∣ � φr(t), t ∈ (0,1), |x|, |y| � r.

(G3) h2 : (0,1)×R
2 → R satisfies the following items:

• t → h2
(
t, tα−1x,tα−γ2−1y

)
is continuous on [0,1] for each (x,y) ∈ R

2 ,
• (x,y) → f3

(
t,tα−1x,tα−γ2−1y

)
is continuous on R

2 for almost all t ∈ [0,1] ,
• for each r > 0, there exists a nonnegative function ψr ∈ L1(0,1) such that∣∣h2

(
t,tα−1x,tα−γ2−1y

)∣∣ � ψr(t), t ∈ (0,1), |x|, |y| � r.

(G4) q2 satisfies that there exist numbers k2 > −α and l2 ∈ (−β ,0) with β +
k2 + l2 > 0 such that q2(t) � tk2(1− t)l2 for all t ∈ (0,1) and q2(t) 	≡ 0 on (0,1)
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satisfying
∫ 1
0 G(η ,s)q2(s)s1−β ds 	= 0, where

G(η ,s) =

⎧⎪⎪⎨
⎪⎪⎩

ηα+β−1(1−s)α+β−1−(η−s)α+β−1

ηα+β−1Γ(α+β )
, 0 � s < η ,

(1−s)α+β−1

Γ(α+β ) , η � s < 1.

Denote

Q =:
∫ 1
0 (1−s)α−1q2(s)sα−1ds∫ 1

0 (1−s)α−1q2(s)sα+β−1ds
,

Q0 =
∫ 1
0 (1−t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β) q2(s)dsdt∫ 1
0 (1−s)α−1q2(s)sα+β−1ds

,

Q1 =:
∫ 1
0 (1−t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β) q2(s)s1−β dsdt∫ 1
0 (1−s)α−1q2(s)sα+β−1ds

.

REMARK 4.1. If α +β � 1, then ηα+β−1(1− s)α+β−1− (η − s)α+β−1 � 0. So
G(η ,s) � 0 for all s ∈ (0,1) . Then

∫ 1
0 G(η ,s)q2(s)s1−β ds > 0. If q2(t) = tk2(1− t)l2

with k2 + l2 +1 > 0, then

∫ 1
0 G(η ,s)q2(s)s1−β ds

=
∫ 1
0 (1− s)α+β−1sk2(1− s)l2s1−β ds− 1

ηα+β−1

∫ η
0 (η − s)α+β−1sk2(1− s)l2s1−β ds

� B(α + β + l2,k2 +2−β )− 1
ηα+β−1

∫ η
0 (η − s)α+β−1sk2+1−β (η − s)l2ds

= B(α + β + l2,k2 +2−β )− 1
ηα+β−1 ηα+1+l2+k2

∫ 1
0 (1−w)α+β+l2−1wk2+1−β dw

= B(α + β + l2,k2 +2−β )−η2−β+k2+l2B(α + β + l2,k2 +2−β ) > 0.

REMARK 4.2. Q,Q0 and Q1 are well defined. In fact, we have

0 <

∫ 1

0
(1− s)α−1q2(s)sα+β−1ds

�
∫ 1

0
(1− s)α−1sk2(1− s)l2sα+β−1ds = B(α + l2,k2 + α + β ) < ∞,

and

Q0 �
∫ 1
0 (1− t)α−1tk2(1− t)l2

∫ t
0(t− s)α+β−1sk2(1− s)l2dsdt∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

�
∫ 1
0 (1− t)α−1tk2(1− t)l2

∫ t
0(t− s)α+β−1sk2(t− s)l2dsdt∫ 1

0 (1− s)α−1q2(s)sα+β−1ds
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=
∫ 1
0 (1− t)α−1tk2(1− t)l2tα+β+l2+k2

∫ 1
0 (1−w)α+β+l2−1wk2dwdt∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

=
B(α + l2,2k2 + α + β + l2 +1)B(α + β + l2,k2 +1)∫ 1

0 (1− s)α−1q2(s)sα+β−1ds
< ∞.

Similarly we have Q < ∞ and Q1 < ∞.

Let C(0,1] or C[0,1] be the set of all continuous functions on (0,1] or [0,1] . We
use the Banach spaces

E =
{

x ∈C(0,1] : Dγ2
0+x ∈C(0,1],

there exist the limits lim
t→0

t1−αx(t), lim
t→0

t1+γ2−αDγ2
0+x(t)

}
with the norm

||x|| = max

{
sup

t∈(0,1]
t1−α |x(t)|, lim

t∈(0,1]
t1+γ2−αDγ2

0+x(t)

}
,x ∈ E,

and Z = C[0,1]×R
2 with the norm ||(u,a,b)|| = max

{
max
t∈[0,1]

|u(t)|, |a|, |b|
}

.

Define

D(L) =
{

x ∈ E : t → Dβ
0+[Dα

0+ x(t)]
q2(t)

is continuous on [0,1]
}

and L : E ∩D(L) → Z by

Lx(t) =
(

Dβ
0+[Dα

0+ x(t)]
q2(t)

, lim
t→0

t1−αx(t),x(1)− 1
ηα+β−1 x(η)

)
for x ∈ E.

Define N : E → Z by

Nx(t) =
(

f2
(
t,x(t),Dγ2

0+x(t)
)
,
∫ 1
0 g2(s,x(s),D

γ2
0+x(s))ds,

∫ 1
0 h2(s,x(s),D

γ2
0+x(s))ds

)
for x ∈ E. Then BVP(11) can be written as Lx = Nx, x ∈ E

⋂
D(L).

LEMMA 4.1. Suppose that (G1)-(G4) hold. Then L is a Fredholm operator of
index zero and N : X → Y is L−compact.

Proof. First, for x ∈ E
⋂

D(L) , then t → Dβ
0+[Dα

0+ x(t)]
q2(t)

is continuous on [0,1] and

the limits lim
t→0

t1−αx(t),x(1)− 1
ηα+β−1 x(η) exist. So Lx ∈ Z . Then L : E

⋂
D(L) → Z is

well defined.
To prove that L is a Fredholm operator of index zero, we should do the following

three steps.
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Step (i) Prove that KerL = {ctα+β−1 ∈ E, c ∈ R} .
We know that x ∈ KerL if and only if⎧⎪⎪⎨

⎪⎪⎩
Dβ

0+ [Dα
0+ x(t)]

q2(t)
= 0,

limt→0 t1−αx(t) = 0,

x(1)− 1
ηα+β−1 x(η) = 0.

So x ∈ KerL if and only if there exist numbers ϒ,Ψ ∈ R such that⎧⎪⎨
⎪⎩

x(t) = ϒtα+β−1 + Ψtα−1,t ∈ (0,1],
limt→0 t1−αx(t) = 0,

x(1)− 1
ηα+β−1 x(η) = 0.

Hence x∈KerL if and only if x(t)= ctα+β−1 for some c∈R . Thus KerL = {ctα+β−1∈
E, c ∈ R} .

Step (ii) Prove that

ImL =
{

(u,a,b) ∈ Z :
∫ 1
0 G(η ,s)q2(s)u(s)u(s)ds = b−

(
1− 1

ηβ

)
a
}

. (43)

For (u,a,b) ∈ Z , we know that (u,a,b) ∈ ImL if and only if there exist x ∈
E
⋂

D(L) such that ⎧⎪⎪⎨
⎪⎪⎩

Dβ
0+[Dα

0+ x(t)]
q2(t)

= u(t),
limt→0 t1−αx(t) = a,

x(1)− 1
ηα+β−1 x(η) = b.

It follows that

x(t) =
∫ t

0

(t− s)α+β−1

Γ(α + β )
q2(s)u(s)ds+ ϒtα+β−1 + Ψtα−1 with ϒ,Ψ ∈ R,

lim
t→0

t1−αx(t) = a, x(1)− 1

ηα+β−1
x(η) = b.

It is easy to see that

t1−α

∣∣∣∣∣
∫ t

0

(t− s)α+β−1

Γ(α + β )
q2(s)u(s)ds

∣∣∣∣∣ � t1−α
∫ t

0

(t− s)α+β−1

Γ(α + β )
sk2(1− s)l2ds||u||∞

� t1−α
∫ t

0

(t− s)α+β−1

Γ(β )
sk2(t− s)l2ds||u||∞

= t1+β+l2+k2

∫ 1

0

(1−w)α+β+l2−1

Γ(α + β )
wk2dw||u||∞

→ 0 as t → 0.
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Then limt→0 t1−αx(t) = a implies that Ψ = a . So (u,a,b) ∈ ImL if and only if

∫ 1
0

(1−s)α+β−1

Γ(α+β ) q2(s)u(s)ds− 1
ηα+β−1

∫ η
0

(η−s)α+β−1

Γ(α+β ) q2(s)u(s)ds = b−
(
1− 1

ηβ

)
a.

This ends the proof.

Step (iii) Prove that ImL is closed in X and dim KerL = co dim ImL < +∞ .
From (41) ImL is closed in Z . It follows from KerL = {ctα+β−1 ∈ E, c∈ R} that

dim KerL = 1. Define the projector P : E → E by

P(x)(t) =
∫ 1
0 (1− s)α−1q2(s)x(s)ds∫ 1

0 (1− s)α−1q2(s)sα+β−1ds
tα+β−1 for x ∈ E. (44)

It is easy to prove that
Im P ⊆ Ker L. (45)

For ctα+β−1 ∈ KerL , choose xc(t) = ctα+β−1 . It follows that

Dβ
0+ [Dα

0+ xc(t)]
q2(t)

=
Dβ

0+[Dα
0+ ctα+β−1]
q2(t)

= 0,t ∈ [0,1]

One can show that xc ∈ E
⋂

D(L) and

P(xc)(t) =
∫ 1
0 (1− s)α−1q2(s)csα+β−1ds∫ 1
0 (1− s)α−1q2(s)sα+β−1ds

tα+β−1 = ctα+β−1.

So
Im P ⊇ Ker L. (46)

Hence Im P = Ker L.
For (x,y) ∈ E , we have

P(x−P(x)) = P

(
x−

∫ 1
0 (1−s)α−1q2(s)x(s)ds∫ 1

0 (1−s)α−1q2(s)sα+β−1ds
tα+β−1

)

=

∫ 1
0 (1−s)α−1q2(s)

(
x(s)−

∫ 1
0 (1−s)α−1q2(s)x(s)ds∫ 1

0 (1−s)α−1q2(s)sα+β−1ds
sα+β−1

)
ds

∫ 1
0 (1−s)α−1q2(s)sα+β−1ds

tα+β−1 = 0.

So X = KerL+KerP . For (x,y) ∈ KerL∩KerP , we get x(t) = 0. Hence X = KerL⊕
KerP.

Define the projector Q : Z → Z by

Q(u,a,b)(t) =

⎛
⎝∫ 1

0 G(η,s)q2(s)u(s)ds−
[
b−

(
1− 1

ηβ

)
a

]
∫ 1
0 G(η,s)q2(s)s1−β ds

t1−β , 0, 0

⎞
⎠ (47)

for (u,a,b) ∈ Z .
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It is easy to show that ImL ⊇ KerQ.
For (u,a,b) ∈ ImL , we have

∫ 1

0
G(η ,s)q2(s)u(s)ds = b−

(
1− 1

ηβ

)
a.

Then Q(u,a,b) = (0,0,0) . It follows that ImL ⊆ KerQ. Hence ImL = KerQ.
For (u,a,b) ∈ Z , we have

(u,a,b)−Q(u,a,b) = (u,a,b)− (
c2t

1−β ,0,0
)

=
(
u− c2t

1−β ,a,b
)
,

where the constant c2 is defined by:

c2 =

∫ 1
0 G(η ,s)q2(s)u(s)ds−

[
b−

(
1− 1

ηβ

)
a
]

∫ 1
0 G(η ,s)q2(s)s1−β ds

.

It is easy to see that

∫ 1
0 G(η ,t)q2(t)

(
u(t)− c2t1−β)dt = b−

(
1− 1

ηβ

)
a.

Hence (u,a,b)−Q(u,a,b)∈ ImL. Thus Y = ImQ+ ImL . It is easy to show that ImQ∩
ImL = (0,0,0) . Hence Y = ImQ⊕ ImL .

From above discussion, we see that dim KerL = co dim ImL = dim ImQ = 1 <
+∞ . So L is a Fredholm operator of index zero.

Step (iv) We prove that N is L−compact. This is divided into three steps.
Substep (iv1) We prove that N is continuous. Let xn ∈ E with xn → x0 as n→ ∞ .

We will show that N(xn) → N(x0) as n → ∞ .
In fact, we have ||xn|| � r < +∞ and

sup
t∈(0,1]

t1−α |xn(t)− x0(t)| → 0, sup
t∈(0,1]

t1+γ2−α |Dγ2
0+xn(t)−Dγ2

0+x0(t)| → 0,n → ∞. (48)

By

N(xn)(t) =
(

f2
(
t,xn(t),D

γ2
0+xn(t)

)
,

∫ 1

0
g2(s,xn(s),D

γ2
0+xn(s))ds,

∫ 1

0
h2(s,xn(s),D

γ2
0+xn(s))ds

)
,

similarly to the proof of Substep (iv1) in Lemma 3.1, we get that

||N(xn)−N(x0)|| → 0, n → ∞.

It follows that N is continuous.
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Let Ω be a bounded open subset of E . We have that there exists r > 0 such that
||x||� r for all x∈ Ω . Since (G1)-(G3) hold, then there exists Mr � 0, φr,ψr ∈ L1(0,1)
such that ∣∣ f2 (t,x(t),Dγ1

0+x(t)
)∣∣ � Mr,t ∈ (0,1),x ∈ Ω,

∣∣g2
(
t,x(t),Dγ1

0+x(t)
)∣∣ � φr(t),t ∈ (0,1),x ∈ Ω,

∣∣h2
(
t,x(t),Dγ1

0+x(t)
)∣∣ � ψr(t),t ∈ (0,1),x ∈ Ω.

(49)

Substep (iv2) Prove that QN(Ω) is bounded.
Furthermore, one has

QN(x)(t) = Q

(
f2
(
t,x(t),Dγ2

0+x(t)
)
,

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt,

∫ 1

0
h2

(
t,x(t),Dγ2

0+x(t)
)
dt

)
=

(
J2t

1−β ,0,0
)
. (50)

where the constant J2 is defined by

J2 =
1∫ 1

0 G(η ,s)q2(s)s1−β ds

∫ 1

0

[
G(η ,t)q2(t) f2

(
t,x(t),Dγ2

0+x(t)
)

−h2
(
t,x(t),Dγ2

0+x(t)
)
+
(

1− 1

ηβ

)
g2

(
t,x(t),Dγ2

0+x(t)
)]

dt

It is easy to see from (47) and (48) that

|J2t
1−β | � 1∣∣∣∫ 1

0 G(η ,s)q2(s)s1−β ds
∣∣∣
[
Mr

∫ 1

0

(1− s)α+β−1

Γ(α + β )
sk2(1− s)l2ds

+
Mr

ηα+β−1

∫ η

0

(η − s)α+β−1

Γ(α + β )
sk2(1− s)l2ds+

∫ 1

0
ψr(t)dt

+
∣∣∣∣1− 1

ηβ

∣∣∣∣
∫ 1

0
φr(t)dt

]

� 1∣∣∣∫ 1
0 G(η ,s)q2(s)s1−β ds

∣∣∣
[
Mr

B(α + β + l2,k2 +1)
Γ(α + β )

+Mrη1+l2
B(α + β + l2,k2 +1)

Γ(α + β )
+

∫ 1

0
ψr(t)dt +

∣∣∣∣1− 1

ηβ

∣∣∣∣
∫ 1

0
φr(t)dt

]
< +∞.

It follows QN(Ω) is bounded.

Substep (iv3) Prove that KP(I−Q)N : Ω → E is compact, i.e., prove that KP(I−
Q)N(Ω) is relatively compact.
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Let P : X → X and Q : Y → Y be defined by (42) and (45). For (u,a,b) ∈ ImL ,
let

KP(u,a,b)(t) =
∫ t

0

(t− s)α+β−1

Γ(α + β )
q2(s)u(s)ds

−
∫ 1

0
(1− t)α−1q2(t)

∫ t

0

(t − s)α+β−1

Γ(α + β )
q2(s)u(s)dsdt

× tα+β−1∫ 1
0 (1− s)α−1q2(s)sα+β−1ds

−a

∫ 1
0 (1− s)α−1q2(s)sα−1ds∫ 1

0 (1− s)α−1q2(s)sα+β−1ds
tα+β−1 +atα−1. (51)

for (u,a,b) ∈ ImL.
One sees KP(u,a,b) ∈ E and Kp(u,a,b) ∈ KerP . Then KP : ImL → D(L)∩KerP

is well defined.
Furthermore, for (u,a,b) ∈ ImL , we have (LKP)(u,a,b)(t) = (u,a,b) . On the

other hand, for x ∈ Ker P∩E , we have KPL(x)(t)x(t). Then KP is the inverse of L :
D(L)

⋂
KerP → ImL . The isomorphism ∧ : KerL → Y/ImL is given by

∧(ctα+β−1) = (ct1−β ,0,0), c ∈ R.

Let J2 be a constant defined as in previous subset. Then

Kp(I−Q)N(x,y)(t)
=: x1(t)

= Kp(I−Q)
(

f2
(
t,x(t),Dγ2

0+x(t)
)
,

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt,

∫ 1

0
h2

(
t,x(t),Dγ2

0+x(t)
)
dt

)

= KP

(
f2
(
t,x(t),Dγ2

0+x(t)
)
,

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt,

∫ 1

0
h2

(
t,x(t),Dγ2

0+x(t)
)
dt

)
−KP

(
J2t

1−β ,0,0
)

=
∫ t

0

(t − s)α+β−1

Γ(α + β )
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds−

∫ t

0

(t − s)α+β−1

Γ(α + β )
q2(s)s1−β ds× J2

− tα+β−1

∫ 1
0 (1− t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β ) q2(s) f2
(
s,x(s),Dγ2

0+x(s)
)
dsdt∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

+ tα+β−1

∫ 1
0 (1− t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β ) q2(s)s1−β dsdt∫ 1
0 (1− s)α−1q2(s)sα+β−1ds

× J2

− tα+β−1
∫ 1
0 (1− s)α−1q2(s)sα−1ds∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt
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+ tα−1
∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt.

It follows that

Dγ2
0+x1(t)

=
∫ t

0

(t− s)α+β−γ2−1

Γ(α + β − γ2)
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds

−
∫ t

0

(t− s)α+β−γ2−1

Γ(α + β − γ2)
q2(s)s1−β ds× J2

− tα+β−γ2−1 Γ(α + β )
Γ(α + β − γ2)

×
∫ 1
0 (1− t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β ) q2(s) f2
(
s,x(s),Dγ2

0+x(s)
)
dsdt∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

+ tα+β−γ2−1 Γ(α + β )
Γ(α + β − γ2)

∫ 1
0 (1− t)α−1q2(t)

∫ t
0

(t−s)α+β−1

Γ(α+β ) q2(s)s1−β dsdt∫ 1
0 (1− s)α−1q2(s)sα+β−1ds

× J2

− tα+β−γ2−1 Γ(α + β )
Γ(α + β − γ2)

∫ 1
0 (1− s)α−1q2(s)sα−1ds∫ 1

0 (1− s)α−1q2(s)sα+β−1ds

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt

+ tα−γ2−1 Γ(α)
Γ(α − γ1)

∫ 1

0
g2

(
t,x(t),Dγ2

0+x(t)
)
dt.

To complete this step, we must prove that KP(I−Q)N(Ω) is bounded and equi-continuous
on each subinterval [e, f ] ⊆ (0,1] and equi-convergent at t = 0.

For easily reading, we give the following estimation:

|J2| �
Mr[1+ η1+l2](α + β + l2,k2 +1)+

∫ 1
0 φr(t)dt +

∣∣∣1− 1
ηβ

∣∣∣∫ 1
0 φr(t)dt∣∣∣∫ 1

0 G(η ,w)q2(w)w1−β dw
∣∣∣ =: Mr.

Firstly, use (47), we can prove that both t → t1−α |x1(t)| and t → t1+γ1−αDγ1
0+ |x1(t)|

are bounded on [0,1] . So KP(I−Q)N(Ω) is bounded.

Second, for each [e, f ] ⊆ (0,1] , and t1,t2 ∈ [e, f ] with t2 > t1 , we can prove that

|t1−α
1 x1(t1)− t1−α

2 x1(t2)|

�
∣∣∣∣t1−α

1

∫ t1

0

(t1 − s)α+β−1

Γ(α + β )
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds

− t1−α
2

∫ t2

0

(t2− s)α+β−1

Γ(α + β )
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds

∣∣∣∣
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+
∣∣∣∣t1−α

1

∫ t1

0

(t1 − s)α+β−1

Γ(α + β )
q2(s)s1−β ds

− t1−α
2

∫ t2

0

(t2− s)α+β−1

Γ(α + β )
q2(s)s1−β ds

∣∣∣∣Mr

+ |tβ
1 − tβ

2 |
[
Q0Mr +Q1Mr +Q

∫ 1

0
φr(t)dt

]
,

and

|t1+γ1−α
1 Dγ1

0+x1(t1)− t1+γ1−α
2 Dγ1

0+x1(t2)|

�
∣∣∣∣t1+γ1−α

1

∫ t1

0

(t1− s)α+β−γ2−1

Γ(α + β − γ2)
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds

− t1+γ1−α
2

∫ t2

0

(t2 − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s) f2

(
s,x(s),Dγ2

0+x(s)
)
ds

∣∣∣∣
+
∣∣∣∣t1+γ1−α

1

∫ t1

0

(t1 − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s)s1−β ds

− t1+γ1−α
2

∫ t2

0

(t1 − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s)s1−β ds

∣∣∣∣Mr

+ |tβ
1 − tβ

2 |
Γ(α + β )

Γ(α + β − γ2)

[
Q0Mr +Q1Mr +Q

∫ 1

0
φr(t)dt

]
.

Similarly to the proof of Substep (iv3) in the proof of Lemma 3.1, we can prove that

|t1−α
1 x1(t1)− t1−α

2 x1(t2)| → 0 uniformly on Ω as t1 → t2,

|t1+γ1−α
1 Dγ1

0+x1(t1)− t1+γ1−α
2 Dγ1

0+x1(t2)| → 0 uniformly as t1 → t2.

So KP(I−Q)N(Ω) is equi-continuous on each subinterval [e, f ] ⊆ (0,1] .

Third, we can prove that∣∣∣t1−αx1(t)−
∫ 1
0 g2(t,x(t),D

γ2
0+x(t))dt

∣∣∣→ 0 uniformly on Ω as t → 0.

Similarly we can show that

∣∣∣∣t1+γ1−αDγ1
0+x1(t)− Γ(α)

Γ(α − γ2)

∫ 1

0
g2(t,x(t),D

γ2
0+x(t))dt

Γ(α)
Γ(α − γ1)

∣∣∣∣
→ 0 uniformly on Ω as t → 0.

Hence KP(I−Q)N(Ω) is equi-convergent at t = 0. Then N is L−compact. The proofs
are completed.
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Suppose that
(G5) there exist nonnegative functions φg,φh ∈ L1(0,1) and bi-nondecreasing

functions ∏ f ,∏g : [0,∞)× [0,∞)→ [0,∞) such that∣∣ f2 (t,tα−1u,tα−γ2−1v
)∣∣ � ∏ f (|u|, |v|),∣∣g2

(
t,tα−1u,tα−γ2−1v

)∣∣ � φg(t)∏g(|u|, |v|)
(52)

hold for all (u,v) ∈ R
2 , t ∈ (0,1) .

(G6) there exists a constant M > 0 such that t1+γ2−α |Dγ2
0+x(t)| > M for all t ∈

(η ,1) implies that

∫ 1

0

[
G(η , t)q2(t) f2

(
t,x(t),Dγ1

0+x(t)
)−h2

(
t,x(t),Dγ1

0+x(t)
)

+
(

1− 1

ηβ

)
g2

(
t,x(t),Dγ1

0+x(t)
)]

dt 	= 0.

(G7) there exists a constant M0 > 0 such that

c
∫ 1

0

[
G(η , t)q2(t) f2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)

−h2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)

+
(

1− 1

ηβ

)
g2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)]

dt > 0 (53)

holds for all |c| > M0 or

c
∫ 1

0

[
G(η , t)q2(t) f2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)

−h2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)

+
(

1− 1

ηβ

)
g2

(
t,ctα+β−1,

cΓ(α + β )
Γ(α + β − γ1)

tα+β−γ1−1
)]

dt < 0. (54)

holds for all |c| > M0 .

THEOREM 4.1. Suppose that (G1)-(G7) hold. Then BVP(11) has at least one
solution if

A0r f +B0rg < 1, (55)

where

A0 = max

{
B(α + β + l2,k2 +1)

Γ(α + β )
+

B(α + β + l2− γ2,k2 +1)
ηβ Γ(α + β )
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,
B(α + β + l2− γ2,k2 +1)

Γ(α + β − γ2)
+

B(α + β + l2− γ2,k2 +1)
ηβ Γ(α + β − γ2)

}
,

B0 = max

{
1+

Γ(α)
ηβ |Γ(α − γ2)|

Γ(α + β − γ2)
Γ(α + β )

,
Γ(α)

ηβ |Γ(α − γ2)|
+

|Γ(α + β −1)|
|Γ(α + β − γ2−1)|

}∫ 1

0
φg(s)ds,

r f = lim
v→+∞

Π f (v,v)
v

, rg = lim
v→+∞

Πg(v,v)
v

.

Proof. Let E , Z L and N be defined above. By (G1)-(G4), from Lemma 4.1, L
be a Fredholm operator of index zero and N be L−compact on each open nonempty
set Ω centered at zero. We seek fixed point of the operator equation L(x) = N(x) . To
apply Lemma 2.2, we should define an open bounded subset Ω of E centered at zero
such that (i), (ii) and (iii) in Lemma 2.2 hold. To obtain Ω , we do three steps. The
proof of this theorem is divided into four steps.

Step 1. Let Ω1 = {x ∈ E ∩D(L)\KerL, L(x) = λN(x) for some λ ∈ (0,1)}. We
prove that Ω1 is bounded.

In fact, if Ω1 is unbounded, then there exists two sequences {xn ∈ E
⋂

D(L) \
KerL} and {λn ∈ [0,1]} such that L(xn) = λnN(xn) and N(xn) ∈ ImL and ||xn|| → ∞
as n → ∞ . Then⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Dβ

0+[Dα
0+ xn(t)]

q2(t)
= λnq2(s) f2

(
t,xn(t),D

γ2
0+xn(t)

)
, t ∈ (0,1),

lim
t→0

t1−αxn(t) = λn
∫ 1
0 g2

(
t,xn(t),D

γ2
0+xn(t)

)
dt,

xn(1)− 1
ηα+β−1 xn(t) = λn

∫ 1
0 h2

(
t,xn(t),D

γ2
0+xn(t)

)
dt.

and

∫ 1

0

[
G(η , t)q2(s) f2

(
t,xn(t),D

γ2
0+xn(t)

)−h2
(
t,xn(t),D

γ2
0+xn(t)

)
+
(

1− 1

ηβ

)
g2

(
t,xn(t),D

γ2
0+xn(t)

)]
dt = 0. (56)

Then there exists number ϒ ∈ R such that

xn(t) =
∫ t

0

(t− s)α+β−1

Γ(α + β )
q2(s) f2(s,xn(s),D

γ2
0+xn(s))ds

+ ϒtα+β−1 + tα−1
∫ 1

0
g2(s,xn(s),D

γ2
0+xn(s))ds,

and
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Dγ2
0+xn(t) =

∫ t

0

(t − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s) f2(s,xn(s),D

γ2
0+xn(s))ds

+ ϒtα+β−γ2−1 Γ(α + β )
Γ(α + β − γ2)

+ tα−γ2−1 Γ(α)
Γ(α − γ2)

∫ 1

0
g2(s,xn(s),D

γ2
0+xn(s))ds.

It follows from (G6) that there exists t0 ∈ (η ,1) such that |t1+γ2−α
0 Dγ2

0+xn(t0)| � M.
Then

|ϒ|tβ
0

Γ(α + β )
Γ(α + β − γ2)

=
∣∣∣∣t1+γ2−α

0 Dγ2
0+xn(t0)

− t1+γ2−α
0

∫ t0

0

(t0 − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s) f2(s,xn(s),D

γ2
0+xn(s))ds

+
Γ(α)

Γ(α − γ2)

∫ 1

0
g2(s,xn(s),D

γ2
0+xn(s))ds

∣∣∣∣
� M + t1+γ2−α

0

∫ t0

0

(t0− s)α+β−γ2−1

Γ(α + β − γ2)
q2(s)| f2(s,xn(s),D

γ2
0+xn(s))|ds

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
|g2(s,xn(s),D

γ2
0+xn(s))|ds

� M + t1+γ2−α
0

∫ t0

0

(t0− s)α+β−γ2−1

Γ(α + β − γ2)
sk2(1− s)l2Π f (s1−α |xn(s)|,s1+γ2−α |Dγ2

0+xn(s)|)ds

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
φg(s)Πg(s1−α |xn(s)|,s1+γ2−α |Dγ2

0+xn(s)|)ds

� M + t1+γ2−α
0

∫ t0

0

(t0− s)α+β−γ2−1

Γ(α + β − γ2)
sk2(t0 − s)l2dsΠ f (||xn||, ||xn||)

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)

= M + t1+γ2−α
0 tα+β+l2−γ2+k2

0

∫ 1

0

(1−w)α+β+l2−γ2−1

Γ(α + β − γ2)
wk2dwΠ f (||xn||, ||xn||)

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)

� M +
B(α + β + l2− γ2,k2 +1)

Γ(α + β − γ2)
Π f (||xn||, ||xn||)

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)
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Then we have

t1−α |xn(t)| � t1−α
∫ t

0

(t− s)α+β−1

Γ(α + β )
q2(s)| f2(s,xn(s),D

γ2
0+xn(s))|ds

+ |ϒ|tβ +
∫ 1

0
|g2(s,xn(s),D

γ2
0+xn(s))|ds

� t1−α
∫ t

0

(t− s)α+β−1

Γ(α + β )
sk2(1− s)l2Π f (s1−α |xn(s)|,s1+γ2−α |Dγ2

0+xn(s)|)ds

+ |ϒ|tβ
0

tβ

tβ
0

+
∫ 1

0
Πg(s)Πg(s1−α |xn(s)|,s1+γ2−α |Dγ2

0+xn(s)|)ds

� B(α + β + l2,k2 +1)
Γ(α + β )

Π f (||xn||, ||xn||)

+ η−β
(

M +
B(α + β + l2− γ2,k2 +1)

Γ(α + β − γ2)
Π f (||xn||, ||xn||)

+
Γ(α)

|Γ(α − γ2)|
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)

)
Γ(α + β − γ2)

Γ(α + β )

+
∫ 1

0
Πg(s)dsΠg(||xn||, ||xn||).

Similarly we get

t1+γ2−α |Dγ2
0+xn(t)|

� t1+γ2−α
∫ t

0

(t − s)α+β−γ2−1

Γ(α + β − γ2)
q2(s)| f2(s,xn(s),D

γ2
0+xn(s))|ds

+ |ϒ|tβ
0

tβ

tβ
0

Γ(α + β )
Γ(α + β − γ2)

+
|Γ(α + β −1)|

|Γ(α + β − γ2−1)|
∫ 1

0
|g2(s,xn(s),D

γ2
0+xn(s))|ds

� B(α + β + l2− γ2,k2 +1)
Γ(α + β − γ2)

Π f (||xn||, ||xn||)

+
M + B(α+β+l2−γ2,k2+1)

Γ(α+β−γ2)
Π f (||xn||, ||xn||)+ Γ(α)

|Γ(α−γ2)|
∫ 1
0 φg(s)dsΠg(||xn||, ||xn||)

ηβ

+
|Γ(α + β −1)|

|Γ(α + β − γ2−1)|
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||).

It follows that

sup
t∈(0,1]

t1−α |xn(t)| � M

ηβ
Γ(α + β − γ2)

Γ(α + β )

+
[
B(α + β + l2,k2 +1)

Γ(α + β )
+

B(α + β + l2− γ2,k2 +1)
ηβ Γ(α + β )

]
Π f (||xn||, ||xn||)

+
[
1+

Γ(α)
ηβ |Γ(α − γ2)|

Γ(α + β − γ2)
Γ(α + β )

]∫ 1

0
Πg(s)dsΠg(||xn||, ||xn||),
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and

sup
t∈(0,1]

t1+γ2−α |Dγ2
0+xn(t)| � M

ηβ

+
[
B(α + β + l2− γ2,k2 +1)

Γ(α + β − γ2)
+

B(α + β + l2− γ2,k2 +1)
ηβ Γ(α + β − γ2)

]
Π f (||xn||, ||xn||)

+
[

Γ(α)
ηβ |Γ(α − γ2)|

+
|Γ(α + β −1)|

|Γ(α + β − γ2−1)|
]∫ 1

0
φg(s)dsΠg(||xn||, ||xn||).

Then

||xn|| � M
ηβ

Γ(α+β−γ2)
Γ(α+β ) + M

ηβ +A0Π f (||xn||, ||xn||)+B0Πg(||xn||, ||xn||). (57)

It follows that

1 �
M

ηβ
Γ(α+β−γ2)

Γ(α+β) + M
ηβ

||xn|| +A0
Π f (||xn||,||xn||)

||xn|| +B0
Πg(||xn||,||xn||)

||xn|| .

From ||xn|| → ∞ as n → ∞ , let n → ∞ . It follows from above inequality that 1 �
A0r f +B0rg, a contradiction to (55). It follows that Ω1 is bounded.

The remainder of the proof is similar to that of the proof of Theorem 3.1 and is
omitted.

THEOREM 4.2. Suppose that (G1)-(G4) and (G6) , (G7) and
(G5) ′ there exist nonnegative functions φg,φh ∈ L1(0,1) and nonnegative num-

bers A f ,Bf ,Cf ,Ag,Bg,Cg and Ah,Bh,Ch such that∣∣ f2 (t,tα−1x,tα−γ2−1y
)∣∣ � Cf +Bf |x|+Af |y|,∣∣g2

(
t,tα−1x,tα−γ2−1y

)∣∣ � φg(t)[Cg +Bg|x|+Ag|y|]
(58)

hold for all (x,y) ∈ R
2 , t ∈ (0,1) .

Then BVP(11) has at least one solution if

A0(Bf +Af )+B0(Bg +Ag) < 1, where A0,B0 are defined in Theorem 4.1. (59)

Proof. Let Π f (u,v) =Cf +Bf u+Af v and Πg(u,v) =Cg +Bgu+Agv . The proof
is similar to that of the proof of Theorem 3.2 and is omitted.

THEOREM 4.3. Suppose that (G1)-(G4) and (H5)′ hold and

lim
v→+∞

inf
t∈(η,1),u∈R

[
G(η ,t)q2(t) f2

(
t,tα−1u,tα−γ2−1v

)
−h2

(
t,tα−1u,tα−γ2−1v

)
+g2

(
t, tα−1u,tα−γ2−1v

)]
> 0,
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and

lim
v→−∞

sup
t∈(η,1),u∈R

[
G(η ,t)q2(t) f2

(
t,tα−1u,tα−γ2−1v

)

−h2
(
t,tα−1u,tα−γ2−1v

)
+g2

(
t, tα−1u,tα−γ2−1v

)]
< 0.

Then BVP(11) has at least one solution if (59) holds.

Proof. We need to proof that (G6) and (G7) in Theorem 4.2 hold. The proof is
similar to that of the proof of Theorem 3.3. Then the proof follows from Theorem 4.2.

REMARK 4.3. We can give examples for the functions f2,g2 and h2 : (0,1)×
R

2 → R which satisfy the assumed hypotheses (G1)-(G3), (G5)-(G7). The details are
omitted.

5. Solvability of BVP(12)

Suppose that
(I1) f3 : [0,1]×R

2 → R satisfies the following items:
• t → f3

(
t, tδ−2x,tδ−γ3−2y

)
is continuous on [0,1] for each (x,y) ∈ R

2 ,
• (x,y) → f3

(
t,tδ−2x,tδ−γ3−2y

)
is continuous on R

2 for almost all t ∈ [0,1] ,
• for each r > 0, there exists a nonnegative Mr � 0 such that∣∣∣ f3(t,tδ−2x,tδ−γ3−2y

)∣∣∣ � Mr,t ∈ (0,1), |x|, |y| � r.

(I2) g3 : (0,1)×R
2 → R satisfies the following items:

• t → g3
(
t, tδ−2x,tδ−γ3−2y

)
is continuous on (0,1) for each (x,y) ∈ R

2 ,
• (x,y) → g3

(
t,tδ−2x,tδ−γ3−2y

)
is continuous on R

2 for almost all t ∈ (0,1) ,
• for each r > 0, there exists a nonnegative function φr ∈ L1(0,1) such that∣∣∣g3

(
t,tδ−2x,tδ−γ3−2y

)∣∣∣ � φr(t), t ∈ (0,1), |x|, |y| � r.

(I3) h3 : (0,1)×R
2 → R satisfies the following items:

• t → h3
(
t, tδ−2x,tδ−γ3−2y

)
is continuous on (0,1) for each (x,y) ∈ R

2 ,
• (x,y) → h3

(
t,tδ−2x,tδ−γ3−2y

)
is continuous on R

2 for almost all t ∈ (0,1) ,
• for each r > 0, there exists a nonnegative function ψr ∈ L1(0,1) such that∣∣∣h3

(
t,tδ−2x,tδ−γ3−2y

)∣∣∣ � ψr(t), t ∈ (0,1), |x|, |y| � r.

(I4) q3 satisfies that there exist numbers k1 >−α and l1 ∈ (−β ,0) with 2+k1 +
l1 > 0 such that q3(t) � tk1(1− t)l1 for all t ∈ (0,1) and q(t) 	≡ 0 on (0,1) .
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Let C(0,1] or C[0,1] be the set of all continuous functions on (0,1] or [0,1] . We
use the Banach spaces

E =
{

x ∈C(0,1] : Dγ3
0+x ∈C(0,1],

there exist the limits lim
t→0

t2−δ x(t), lim
t→0

t2+γ3−δ Dγ3
0+x(t)

}
with the norm

||x||∞ = max

{
sup

t∈(0,1]
t2−α |x(t)|, lim

t∈(0,1]
t2+γ3−δ Dγ3

0+x(t)

}
, x ∈ E,

and
Z =

{
(u,a,b) ∈C[0,1]×R

2}
with the norm

||(u,a,b)|| = max

{
sup

t∈[0,1]
|u(t)|, |a|, |b|

}
for (u,a,b) ∈ Z.

Define

D(L) =

{
x ∈ E : t → Dδ

0+x(t)
q3(t)

∈C[0,1]

}

and L : E ∩D(L) → Z by

L(x)(t) =

(
Dδ

0+x(t)
q3(t)

, lim
t→0

t2−δ x(t)− x(1), lim
t→0

t2+γ3−δ Dγ3
0+x(t)−Dγ3

0+x(1)

)

for x ∈ E. Define N : E → Z by

N(x)(t) =
(

f3
(
t,x(t),Dγ3

0+x(t)
)
,
∫ 1
0 g3

(
t,x(t),Dγ3

0+x(t)
)
dt,

∫ 1
0 h3

(
t,x(t),Dγ3

0+x(t)
)
dt
)

for x ∈ E. Then BVP(12) can be written as L(x) = N(x), x ∈ E.

LEMMA 5.1. Suppose that (I1)-(I4) hold. Then L is a Fredholm operator of index
zero and N : X → Y is L−compact.

Proof. First, for x∈E
⋂

D(L) , we see that L(x)∈ Z . To prove that L is a Fredholm
operator of index zero, we should do the following three steps.

Step (i) Prove that KerL = {ctδ−2 ∈ E, c ∈ R} .
We know that (x,y) ∈ KerL if and only if⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Dδ

0+ x(t)
q3(t)

= 0,

lim
t→0

t2−δ x(t)− x(1) = 0,

lim
t→0

t2+γ3−δ Dγ3
0+x(t)−Dγ3

0+x(1) = 0.
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Hence x ∈ KerL if and only if x(t) = ctδ−2 for some c ∈ R . Thus KerL = {ctδ−2 ∈
E, c ∈ R} .

Step (ii) Prove that

ImL =
{

(u,a,b) ∈ Z,
∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)u(s)ds+b−a Γ(δ )

Γ(δ−γ3)
= 0

}
.

For (u,a,b) ∈ Z , we know that (u,a,b) ∈ ImL if and only if there exist x ∈
E
⋂

D(L) such that ⎧⎪⎪⎨
⎪⎪⎩

Dδ
0+ x(t)
q3(t)

= u(t),
lim
t→0

t2−δ x(t)− x(1) = a,

limt→1 t2+γ3−δ Dγ3
0+x(t)−Dγ3

0+x(1) = b.

It follows that there exist numbers ϒ,Ψ ∈ R such that

x(t) =
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s)u(s)ds+ ϒtδ−1 + Ψtδ−2 with ϒ ∈ R.

Since

t2−δ

∣∣∣∣∣
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s)u(s)ds

∣∣∣∣∣
� t2−δ

∫ t

0

(t − s)δ−1

Γ(δ )
sk3(1− s)l3 ||u||∞ds

= t2−δ tδ+k3+l3
∫ 1

0

(1−w)δ+l3−1

Γ(δ )
wk3dw||u||∞ → 0 as t → 0,

together with lim
t→0

t2−δ x(t)− x(1) = a , we get that

Ψ−
(∫ 1

0
(1−s)δ−1

Γ(δ ) q3(s)u(s)ds+ ϒ+ Ψ
)

= a.

Then ϒ = −a− ∫ 1
0

(1−s)δ−1

Γ(δ ) q3(s)u(s)ds . So

Dγ3
0+x(t) =

∫ t

0

(t− s)δ−γ3−1

Γ(δ − γ3)
q3(s)u(s)ds

−
(

a+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)u(s)ds

)
Γ(δ )

Γ(δ − γ3)
tδ−γ3−1

+ Ψ
Γ(δ −1)

Γ(δ − γ3−1)
tδ−γ3−2.

It is easy to show that

t2+γ3−δ
∣∣∣∣
∫ t

0

(t − s)δ−γ3−1

Γ(δ − γ3)
q3(s)u(s)ds

∣∣∣∣
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� t2+γ3−δ
∫ t

0

(t− s)δ−γ3−1

Γ(δ − γ3)
sk3(1− s)l3 ||u||∞ds

= t2+γ3−δ tδ−γ3+k3+l3
∫ 1

0

(1−w)δ−γ3+l3−1

Γ(δ )
wk3dw||u||∞ → 0 as t → 0.

From limt→0 t2+γ3−δ Dγ3
0+x(t)−Dγ3

0+x(1) = b , we get

−
[∫ 1

0
(1−s)δ−γ3−1

Γ(δ−γ3)
q3(s)u(s)ds−

(
a+

∫ 1
0

(1−s)δ−1

Γ(δ ) q3(s)u(s)ds
)

Γ(δ )
Γ(δ−γ3)

]
= b. (60)

Hence (u,a,b) ∈ ImL if and only if

∫ 1

0

[ (1− s)δ−γ3−1

Γ(δ − γ3)
− Γ(δ )

Γ(δ − γ3)
(1− s)δ−1

Γ(δ )

]
q3(s)u(s)ds+b−a

Γ(δ )
Γ(δ − γ3)

= 0.

Then the proof is completed.

Step (iii) Prove that ImL is closed in X and dim KerL = co dim ImL < +∞ .
From Step (ii), ImL is closed in Z . It follows from KerL = {ctδ−2 ∈ E, c ∈ R}

that dim KerL = 1. Define the projector P : E → E by

P(x)(t) =
∫ 1
0 (1− s)δ−1q3(s)x(s)ds∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

tδ−2 for x ∈ E. (61)

It is easy to prove that Im P ⊆ Ker L.
For ctδ−2 ∈ KerL , choose xc(t) = ctδ−2 . One can show that xc ∈ E

⋂
D(L) and

P(xc)(t) =
∫ 1
0 (1− s)δ−1q3(s)csδ−2ds∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

tδ−2 = ctδ−2.

So Im P ⊇ Ker L. Hence Im P = Ker L.
For x ∈ E , we have

P(x−P(x)) = P

(
x−

∫ 1
0 (1−s)δ−1q3(s)x(s)ds∫ 1
0 (1−s)δ−1q3(s)sδ−2ds

tδ−2

)

=

∫ 1
0 (1−s)δ−1q3(s)

(
x(s)−

∫ 1
0 (1−s)δ−1q3(s)x(s)ds∫ 1

0 (1−s)δ−1q3(s)sδ−2ds
sδ−2

)
ds

∫ 1
0 (1−s)δ−1q3(s)sδ−2ds

tδ−2 = 0.

So X = KerL+KerP . For x ∈KerL∩KerP , we get x(t) = 0. Hence X = KerL⊕KerP.
Define the projector Q : Z → Z by

Q(u,a,b)(t) =

⎛
⎝∫ 1

0

[
(1−s)δ−γ3−1

Γ(δ−γ3) − (1−s)δ−1

Γ(δ−γ3)

]
q3(s)u(s)ds+b−a Γ(δ )

Γ(δ−γ3)

∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3) − (1−s)δ−1

Γ(δ−γ3)

]
q3(s)s2−δ ds

t2−δ , 0, 0

⎞
⎠ (62)

for (u,a,b) ∈ Z .
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It is easy to show that KerQ ⊆ ImL
For (u,a,b) ∈ ImL , we have

∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)u(s)ds+b−a Γ(δ )

Γ(δ−γ3)
= 0.

Then Q(u,a,b) = (0,0,0). It follows that ImL ⊆ KerQ. Hence ImL = KerQ.
For (u,a,b) ∈ Z , we have

(u,a,b)−Q(u,a,b) = (u,a,b)

−

⎛
⎜⎝

∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)u(s)ds+b−a Γ(δ )

Γ(δ−γ3)∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)s2−δ ds

t2−δ , 0, 0

⎞
⎟⎠

=

⎛
⎜⎝u−

∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)u(s)ds+b−a Γ(δ )

Γ(δ−γ3)∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)s2−δ ds

t2−δ , a, b

⎞
⎟⎠ .

It is easy to see that

∫ 1

0

[ (1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

]
q3(s)u(s)ds+b−a

Γ(δ )
Γ(δ − γ3)

= 0.

Hence (u,a,b)−Q(u,a,b)∈ ImL. Thus Y = ImQ+ ImL . It is easy to show that ImQ∩
ImL = (0,0,0) . Hence Y = ImQ⊕ ImL .

From above discussion, we see that dim KerL = co dim ImL = 1 < +∞ . So L is
a Fredholm operator of index zero.

Finally, we prove that N is L−compact. This is divided into three steps.
Step (i) We prove that N is continuous. Let xn ∈E∩D(L) with xn → x0 as n→∞ .

We will show that N(xn) → N(x0) as n → ∞ .
In fact, there exists r > 0 such that ||xn|| � r < +∞ and

sup
t∈(0,1]

t2−δ |xn(t)− x0(t)| → 0, sup
t∈(0,1]

t2+γ3−δ |Dγ3
0+xn(t)−Dγ3

0+x0(t)| → 0, n → ∞. (63)

By

N(xn)(t) =
(

f3
(
t,xn(t),D

γ3
0+xn(t)

)
,

∫ 1

0
g3

(
t,xn(t),D

γ3
0+xn(t)

)
dt,

∫ 1

0
h3

(
t,xn(t),D

γ3
0+xn(t)

)
dt

)
for x ∈ E,

similarly to the proof of Substep (iv1) in Lemma 3.1, we get that

||N(xn)−N(x0)|| → 0, n → ∞.
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It follows that N is continuous.

Let Ω be a bounded open subset of E . We have that there exists r > 0 such that
||x|| � r for all x ∈ Ω . Since (I1)-(I3) hold, then there exists Mr � 0, φr,ψr ∈ L1(0,1)
such that ∣∣ f3 (t,x(t),Dγ1

0+x(t)
)∣∣ � Mr,t ∈ (0,1),x ∈ Ω,

∣∣g3
(
t,x(t),Dγ1

0+x(t)
)∣∣ � φr(t),t ∈ (0,1),x ∈ Ω,

∣∣h3
(
t,x(t),Dγ1

0+x(t)
)∣∣ � ψr(t),t ∈ (0,1),x ∈ Ω.

(64)

Substep (iv2) Prove that QN(Ω) is bounded.
Denote

H(t) =
(1− t)δ−γ3−1

Γ(δ − γ3)
− (1− t)δ−1

Γ(δ − γ3)
.

One has

QN(x)(t) = Q

(
f3
(
t,x(t),Dγ3

0+x(t)
)
,

∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt,

∫ 1

0
h3

(
t,x(t),Dγ3

0+x(t)
)
dt

)
=

(
J3t

2−δ ,0,0
)
, (65)

where the constant J3 is defined by

J3 =
(∫ 1

0

[
H(t)q3(t) f3

(
t,x(t),Dγ3

0+x(t)
)
+h3

(
t,x(t),Dγ3

0+x(t)
)

−g3
(
t,x(t),Dγ3

0+x(t)
) Γ(δ )

Γ(δ − γ3)

]
dt

)

× 1∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)s2−δ ds

.

It is easy to see from (64) that QN(Ω) is bounded.

Substep (iv3) Prove that KP(I−Q)N : Ω → E is compact, i.e., prove that KP(I−
Q)N(Ω) is relatively compact.

Let P : X → X and Q : Y → Y be defined by (61) and (62). For (u,a,b) ∈ ImL ,
let

KP(u,a,b)(t) =
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s)u(s)ds

− tδ−1

(
a+

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)u(s)ds

)

− tδ−2

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s)u(s)dsdt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds
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+ tδ−2

(
a+

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)u(s)ds

)

×
∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

. (66)

for (u,a,b) ∈ ImL.
One sees KP(u,a,b) ∈ E and Kp(u,a,b) ∈ KerP . Then KP : ImL → D(L)∩KerP

is well defined.
Furthermore, for (u,a,b) ∈ ImL , we have (LKP)(u,a,b)(t) = (u,a,b) . On the

other hand, for x ∈ Ker P∩E , we have KPL(x)(t)x(t). Then KP is the inverse of L :
D(L)

⋂
KerP → ImL . The isomorphism ∧ : KerL → Y/ImL is given by

∧(ctδ−2) = (ct2−δ ,0,0), c ∈ R.

Then

Kp(I−Q)N(x,y)(t)
=: x1(t)

= Kp(I−Q)
(

f3
(
t,x(t),Dγ3

0+x(t)
)
,

∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt,

∫ 1

0
h3

(
t,x(t),Dγ3

0+x(t)
)
dt

)

= KP

(
f3
(
t,x(t),Dγ3

0+x(t)
)
,

∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt,

∫ 1

0
h3

(
t,x(t),Dγ3

0+x(t)
)
dt

)

−KP

(
J3t

2−δ ,0,0
)

=
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds−

∫ t

0

(t− s)δ−1

Γ(δ )
q3(s)s2−δ ds× J3

− tδ−1
∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt

+ tδ−2
∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

− tδ−1
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

+ tδ−1
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds× J3

− tδ−2

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s) f3
(
s,x(s),Dγ3

0+x(s)
)
dsdt∫ 1

0 (1− s)δ−1q3(s)sδ−2ds

+ tδ−2

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s)s2−δ dsdt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3
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+ tδ−2
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

− tδ−2
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3.

It follows that

Dγ2
0+x1(t)

=
∫ t

0

(t − s)δ−γ3−1

Γ(δ − γ3)
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

−
∫ t

0

(t − s)δ−γ3−1

Γ(δ − γ3)
q3(s)s2−δ ds× J3

− tδ−γ3−1 Γ(δ )
Γ(δ − γ3)

∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt

+ tδ−2
∫ 1

0
g3

(
t,x(t),Dγ3

0+x(t)
)
dt

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

− tδ−γ3−1 Γ(δ )
Γ(δ − γ3)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

+ tδ−γ3−1 Γ(δ )
Γ(δ − γ3)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds× J3

− tδ−γ3−2 Γ(δ −1)
Γ(δ − γ3−1)

×
∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s) f3
(
s,x(s),Dγ3

0+x(s)
)
dsdt∫ 1

0 (1− s)δ−1q3(s)sδ−2ds

+ tδ−γ3−2 Γ(δ −1)
Γ(δ − γ3−1)

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s)s2−δ dsdt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3

+ tδ−γ3−2 Γ(δ −1)
Γ(δ − γ3−1)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

×
∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

− tδ−γ3−2 Γ(δ −1)
Γ(δ − γ3−1)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds

×
∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3.

To complete this step, we must prove that KP(I−Q)N(Ω) is bounded and equi-continuous
on each subinterval [e, f ] ⊆ (0,1] and equi-convergent at t = 0.
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For easily reading, we give the following estimation:

|J3| �
∫ 1
0

[
H(t)q3(t)Mr +h3ψr(t)+ φr(t)

Γ(δ )
Γ(δ−γ3)

]
dt

∫ 1
0

[
(1−s)δ−γ3−1

Γ(δ−γ3)
− (1−s)δ−1

Γ(δ−γ3)

]
q3(s)s2−δ ds

=: Mr.

Firstly, use (64), we can prove that both t → t2−δ |x1(t)| and t → t2+γ3−δ Dγ3
0+ |x1(t)|

are bounded on [0,1] . So KP(I−Q)N(Ω) is bounded.

Second, for each [e, f ] ⊆ (0,1] , and t1,t2 ∈ [e, f ] with t2 > t1 , we can prove that

|t2−δ
1 x1(t1)− t2−δ

2 x1(t2)| → 0 uniformly on Ω as t1 → t2,

|t2+γ3−δ
1 Dγ3

0+x1(t1)− t2+γ3−δ
2 Dγ3

0+x1(t2)| → 0 uniformly as t1 → t2.

So KP(I−Q)N(Ω) is equi-continuous on each subinterval [e, f ] ⊆ (0,1] .

Third, we can prove that

∣∣∣∣t2−δ x1(t)−
(
−

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s) f3
(
s,x(s),Dγ3

0+x(s)
)
dsdt∫ 1

0 (1− s)δ−1q3(s)sδ−2ds

+

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s)s2−δ dsdt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3

+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

−
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3

)∣∣∣∣
→ 0 uniformly on Ω as t → 0.

Similarly we can show that∣∣∣∣t2+γ3−δ Dγ3
0+x1(t)

−
(
− Γ(δ −1)

Γ(δ − γ3−1)

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s) f3
(
s,x(s),Dγ3

0+x(s)
)
dsdt∫ 1

0 (1− s)δ−1q3(s)sδ−2ds

+
Γ(δ −1)

Γ(δ − γ3−1)

∫ 1
0 (1− t)δ−1q3(t)

∫ t
0

(t−s)δ−1

Γ(δ ) q3(s)s2−δ dsdt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3

+
Γ(δ −1)

Γ(δ − γ3−1)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3

(
s,x(s),Dγ3

0+x(s)
)
ds
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×
∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

− Γ(δ −1)
Γ(δ − γ3−1)

∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)s2−δ ds

∫ 1
0 (1− t)δ−1q3(t)tδ−1dt∫ 1
0 (1− s)δ−1q3(s)sδ−2ds

× J3

)∣∣∣∣
→ 0 uniformly on Ω as t → 0.

Hence KP(I−Q)N(Ω) is equi-convergent at t = 0. Then N is L−compact. The proofs
are completed.

Suppose that
(I5) there exist nonnegative functions φg,φh ∈ L1(0,1) and bi-nondecreasing

functions ∏ f ,∏g : [0,∞)× [0,∞)→ [0,∞) such that∣∣ f3 (t,tα−1u,tα−γ2−1v
)∣∣ � ∏ f (|u|, |v|),∣∣g3

(
t,tα−1u,tα−γ2−1v

)∣∣ � φg(t)∏g(|u|, |v|).
(67)

(I6) there exists a constant M > 0 such that t2−δ |x(t)| > M for all t ∈ (0,1)
implies that

∫ 1

0

[(
(1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3(s,x(s),D

γ3
0+x(s))

−a
Γ(δ )

Γ(δ − γ3)
g3(s,x(s),D

γ3
0+x(s))+h3(s,x(s),D

γ3
0+(s))

]
ds 	= 0.

(I7) there exists a constant M0 > 0 such that

c
∫ 1

0

[( (1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)

−a
Γ(δ )

Γ(δ − γ3)
g3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)

+h3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)]

dsdt > 0 (68)

holds for all |c| > M0 or

c
∫ 1

0

[( (1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)

−a
Γ(δ )

Γ(δ − γ3)
g3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)

+h3

(
s,csδ−2,c

Γ(δ −1)
Γ(δ − γ3−1)

sδ−γ3−2
)]

ds < 0, (69)

holds for all |c| > M0 .
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THEOREM 5.1. Suppose that (I1)-(I6) hold. Then BVP(12) has at least one
solution if

A0r f +B0rg < 1, (70)

where

A0 = max
{

4B(δ+l2,k2+1)
Γ(δ ) , B(δ−γ3+l2,k2+1)

Γ(δ−γ3)
+2B(δ+l2,k2+1)

Γ(δ−γ3)
+ |Γ(δ−1)|

|Γ(δ−γ3−1)|
B(δ+l2,k2+1)

Γ(δ )

}
,

B0 = max
{

2, Γ(δ )
Γ(δ−γ3)

+ |Γ(δ−1)|
|Γ(δ−γ3−1)|

}∫ 1
0 φg(s)ds,

r f = lim
v→+∞

Π f (v,v)
v , rg = lim

v→+∞
Πg(v,v)

v .

Proof. Let E , Z L and N be defined above. By (I1)-(I6), from Lemma 5.1, L be
a Fredholm operator of index zero and N be L−compact on each open nonempty set Ω
centered at zero. We seek fixed point of the operator equation L(x) = N(x) . To apply
Lemma 2.2, we should define an open bounded subset Ω of E centered at zero such
that (i), (ii) and (iii) in Lemma 2.2 hold. To obtain Ω , we do three steps. The proof of
this theorem is divided into four steps.

Step 1. Let Ω1 = {x ∈ E ∩D(L)\KerL, L(x) = λN(x) for some λ ∈ (0,1)}. We
prove that Ω1 is bounded.

In fact, if Ω1 is unbounded, then there exists two sequences {xn ∈ E
⋂

D(L) \
KerL} and {λn ∈ [0,1]} such that L(xn) = λnN(xn) and N(xn) ∈ ImL and ||xn|| → ∞
as n → ∞ . Then⎧⎪⎪⎪⎨

⎪⎪⎪⎩

Dδ
0+ xn(t)
q3(t)

= λn f3
(
t,xn(t),D

γ3
0+xn(t)

)
,t ∈ (0,1),

lim
t→0

t2−δ xn(t)− xn(1) = λn
∫ 1
0 g3

(
t,xn(t),D

γ3
0+xn(t)

)
dt,

lim
t→1

t2+γ3−δ Dγ3
0+xn(t)−Dγ3

0+xn(1) = λn
∫ 1
0 h3

(
t,xn(t),D

γ3
0+xn(t)

)
dt.

Hence there exists a constant ϒ ∈ R such that

xn(t) =
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s) f3(s,xn(s),D

γ3
0+xn(s))ds

−
(∫ 1

0
g3

(
t,xn(t),D

γ3
0+xn(t)

)
dt

+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3(s,xn(s),D

γ3
0+xn(s))ds

)
tδ−1 + ϒtδ−2.

Then

∫ 1

0

[( (1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3(s,xn(s),D

γ3
0+xn(s))

+h3
(
s,xn(s),D

γ3
0+xn(s)

)− Γ(δ )
Γ(δ − γ3)

g3
(
s,xn(s),D

γ3
0+xn(s)

)]
ds = 0.
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It follows from (I6) that there exists t0 ∈ (0,1) such that |t2−δ
0 xn(t0)|� M. By (36), we

have

t2−δ
0 xn(t0) = λnt

2−δ
0

∫ t0

0

(t0− s)δ−1

Γ(δ )
q3(s) f3(s,xn(s),D

γ3
0+xn(s))ds

−
(∫ 1

0
g3

(
t,xn(t),D

γ3
0+xn(t)

)
dt

+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s) f3(s,xn(s),D

γ3
0+xn(s))ds

)
t + ϒ.

Then

|ϒ| � |t2−δ
0 xn(t0)|+ t2−δ

0

∫ t0

0

(t0− s)δ−1

Γ(δ )
q3(s)| f3(s,xn(s),D

γ3
0+xn(s))|ds

+
∫ 1

0
|g3

(
t,xn(t),D

γ3
0+xn(t)

) |dt

+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)| f3(s,xn(s),D

γ3
0+xn(s))|ds

� M + t2−δ
0

∫ t0

0

(t0 − s)δ−1

Γ(δ )
sk2(1− s)l2Π f (s2−δ |xn(s)|,s2+γ3−δ |Dγ3

0+xn(s)|)ds

+
∫ 1

0
φg(s)Πg(s2−δ |xn(s)|,s2+γ3−δ |Dγ3

0+xn(s)|)ds

+
∫ 1

0

(1− s)δ−1

Γ(δ )
sk2(1− s)l2Π f (s2−δ |xn(s)|,s2+γ3−δ |Dγ3

0+xn(s)|)ds

� M +2
B(δ + l2,k2 +1)

Γ(δ )
Π f (||xn||, ||xn||)+

∫ 1

0
φg(s)dsΠg(||xn||, ||xn||).

Then we have

t2−δ |xn(t)| � t2−δ
∫ t

0

(t− s)δ−1

Γ(δ )
q3(s)| f3(s,xn(s),D

γ3
0+xn(s))|ds+ |ϒ|

+
(∫ 1

0
|g3(s,xn(s),D

γ3
0+xn(s))|ds

+
∫ 1

0

(1− s)δ−1

Γ(δ )
q3(s)| f3(s,xn(s),D

γ3
0+xn(s))|ds

)

� M +4
B(δ + l2,k2 +1)

Γ(δ )
Π f (||xn||, ||xn||)+2

∫ 1

0
φg(s)dsΠg(||xn||, ||xn||).

Similarly we get

t2+γ3−δ |Dγ3
0+xn(t)|

� B(δ − γ3 + l2,k2 +1)
Γ(δ − γ3)

Π f (||xn||, ||xn||)+ |ϒ| Γ(δ )
Γ(δ − γ3)
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+
|Γ(δ −1)|

|Γ(δ − γ3−1)|
(∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)

+
B(δ ,k2 +1)

Γ(δ )
Π f (||xn||, ||xn||)

)

� B(δ − γ3 + l2,k2 +1)
Γ(δ − γ3)

Π f (||xn||, ||xn||)

+
[
M +2

B(δ + l2,k2 +1)
Γ(δ )

Π f (||xn||, ||xn||)

+
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)

]
Γ(δ )

Γ(δ − γ3)

+
|Γ(δ −1)|

|Γ(δ − γ3−1)|
(∫ 1

0
φg(s)dsΠg(||xn||, ||xn||)+

B(δ ,k2 +1)
Γ(δ )

Π f (||xn||, ||xn||)
)

.

It follows that

sup
t∈(0,1]

t2−δ |xn(t)| � M +4
B(δ + l2,k2 +1)

Γ(δ )
Π f (||xn||, ||xn||)

+2
∫ 1

0
φg(s)dsΠg(||xn||, ||xn||),

and

sup
t∈(0,1]

t1+γ2−α |Dγ2
0+xn(t)| � M

Γ(δ )
Γ(δ − γ3)

+
[
B(δ − γ3 + l2,k2 +1)

Γ(δ − γ3)

+2
B(δ + l2,k2 +1)

Γ(δ − γ3)
+

|Γ(δ −1)|
|Γ(δ − γ3−1)|

B(δ + l2,k2 +1)
Γ(δ )

]
Π f (||xn||, ||xn||)

+
[

Γ(δ )
Γ(δ − γ3)

+
|Γ(δ −1)|

|Γ(δ − γ3−1)|
]∫ 1

0
φg(s)dsΠg(||xn||, ||xn||).

Then

||xn|| � M +M Γ(δ )
Γ(δ−γ3)

+A0Π f (||xn||, ||xn||)+B0Πg(||xn||, ||xn||). (71)

It follows that

1 �
M+M Γ(δ )

Γ(δ−γ3)
||xn|| +A0

Π f (||xn||,||xn||)
||xn|| +B0

Πg(||xn||,||xn||)
||xn|| .

From ||xn|| → ∞ as n → ∞ , let n → ∞ . It follows from above inequality that 1 �
A0r f +B0rg, a contradiction to (70). It follows that Ω1 is bounded.

It follows that Ω1 is bounded.

The remainder of the proof is similar to that of the proof of Theorem 3.1 and is
omitted.
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THEOREM 5.2. Suppose that (I1)-(I4) and (I6) , (I7) and
(I5) ′ there exist nonnegative functions φg ∈ L1(0,1) and nonnegative numbers

A f ,Bf ,Cf ,Ag,Bg,Cg such that∣∣ f3 (t,tα−1x,tα−γ2−1y
)∣∣ � Cf +Bf |x|+Af |y|,∣∣g3

(
t,tα−1x,tα−γ2−1y

)∣∣ � φg(t)[Cg +Bg|x|+Ag|y|],
(72)

holds for all (x,y) ∈ R
2 , t ∈ (0,1) .

Then BVP(12) has at least one solution if

A0(Bf +Af )+B0(Bg +Ag) < 1 where A0,B0 is defined in Theorem 5.1. (73)

Proof. The proof is similar to that of the proof of Theorem 3.2 and is omitted.

THEOREM 5.3. Suppose that (I1)-(I4) and (I5)′ hold and

lim
v→+∞

inf
t∈(0,1),u∈R

[(
(1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3(s,sδ−2u,sα−γ3−2v)

− Γ(δ )
Γ(δ − γ3)

g3(s,sδ−2u,sα−γ3−2v)+h3(s,sδ−2u,sα−γ3−2v)
]

> 0,

and

lim
v→−∞

sup
t∈(0,1),u∈R

[(
(1− s)δ−γ3−1

Γ(δ − γ3)
− (1− s)δ−1

Γ(δ − γ3)

)
q3(s) f3(s,sδ−2u,sα−γ3−2v)

− Γ(δ )
Γ(δ − γ3)

g3(s,sδ−2u,sα−γ3−2v)+h3(s,sδ−2u,sα−γ3−2v)
]

< 0.

Then BVP(12) has at least one solution if (73) holds.

Proof. We need to proof that (I6) and (I7) in Theorem 5.2 hold. The proof is
similar to that of the proof of Theorem 3.3. Then the proof follows from Theorem 5.2.

REMARK 5.1. We can give examples for the functions f2,g2 and h2 : (0,1)×
R

2 → R which satisfy the assumed hypotheses (I1)-(G7). The details are omitted.
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