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STABILITY OF POSITIVE SOLUTIONS
TO p&2-LAPLACE TYPE EQUATIONS

J. TYAGI

(Communicated by Peter L. Simon)

Abstract. In this article, we first show the existence of a positive solution to

—Apu—oAu=A(u— f(u)) inQ,
u=0 on dQ,

by the method of lower and upper solutions and then under certain conditions on f, we show the
stability of positive solution.

1. Introduction

Let us consider the following boundary value problem
—Apu—oaAu=g(x,u) inQ, (L.1)
u=0 ondQ,

for some oo € R*, where Q C RV is an open, smooth and bounded subset, N > 2 and
2 < p < oo. Solutions of (1.1) are the steady state solutions of the reaction diffusion
equation

uy = div(A(u)Vu) + g(x, u), (1.2)

where A(u) = o+ |[Vu[P~2. This equation has applications in science and engineering,
see [1] for chemical reactions, [22] for plasma physics, [6] for biophysics and solid
states.

For the existence and uniqueness of a positive solution to (1.1), in case & =0, we
refer the reader to [12]. In case v = 1, (1.1) appears in the investigation of soliton like
solutions of

iy = —Apy — Ay +g(x, y), (1.3)

which was dealt by G. H. Derrick [10] as a model for elementary particles.

Problems involving the operator —A, — A have not been studied much so far. For
instance, using the fibering method or the mountain pass theorem, N. E. Sidiropoulos [21]
obtain the existence of a nonnegative solution of (1.1) for g(x, u) = a(x)u?~' —b(x)u*~",
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where p < 2,1 < ¢ and s < 2*. For the existence of three non-negative solutions of
(1.1) with indefinite nonlinearities g(x, u), we refer the reader to [20]. We refer to
[6, 15, 16] for a class of equations involving —A, — A,, where the existence and regu-
larity of the weak solutions are discussed.

Recently, there are some investigations on the stability of solutions to equations of
type (1.1) (when o = 0, see [26] and the references therein). We refer the reader to the
work of V.Benci and D.Fortunato [2], where they establish the existence, nonexistence
and stability results for solitary-wave or kink solution to partial differential equations
with variational structure. The authors considered the nonlinear wave equation

Vi — A+ G (y) =0 for y: R* — RF

and a system in which the nonlinear wave equation is coupled to Maxwell’s equation.
In [26], we obtain a stability theorem for a class of quasilinear elliptic equations of the
form

—Apu=a(x)u— f(x,u) inQ,

u=0 ondQ,

where a € L”(Q), f € C(Q xR, R) and f € C'(Q x R, R) in the y variable such that

flxy) > @7\%07@61@.

The main aim of this paper is to see whether the stability theorem of [26] can be
extended to the following problem:

{—Apu— oAu=A(u— f(u)) in Q,

1.4
u=0 ondQ, A >0, 14

which has a number of applications, see [1, 6, 22].

In fact, using the method of upper and lower solutions as in [17], we show the
existence of a positive solution to (1.4) and by extending the results of [26], we obtain
the stability theorem to (1.4). We remark that when o =1 = A in (1.4), our existence
results are extension of earlier research work.

‘We make the following hypotheses on the nonlinearity:

(H1) Let f € C(RT,R) and for any 7y > 0, there exists A > 0 such that

[t — f(r)| <A, Vre€|0,1).

(H2) f(0) <0 and there exists 3 > 0 such that 8 = f(B).

H3) f'(y) > L2 vo<yeR.

The organization of this paper is as follows: Section 2 deals with the existence of
a positive solution to (1.1) and qualitative results to an eigenvalue problem associated
with (1.1). In Section 3, we show the stability of positive solution.
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2. Auxiliary results

In this section, we show the existence of a solution to (1.1) by the method of
lower-upper solution and also discuss the qualitative results to an eigenvalue problem
associated with (1.1). Let g(x,#) be a Carathédory function on Q x R with the property
that for any 7o > 0, there exists a constant A such that |g(x, )| <A fora.e. x € Q and
all ¢ € [—19,10).

A function u € WhP(Q)NL~(Q) is called a (weak) lower solution of the problem
(1.1)if u <0 on dQ and

/\Vu\p_2VuV¢dx+ a/ VuV(})dxé/g(x7 u)pdx
Q Q Q

for all ¢ € C°(Q2), ¢ > 0. Similarly, we can define upper solution by reversing the
inequality signs.

PROPOSITION 2.1. Assume that u and u are respectively lower and upper solu-
tions for (1.1), with u < u a.e. in Q. Let us consider the associated functional

E(u) = l/ \Vu\pdx—i—g/ |Vu|2dx—/ G(x,u)dx,
pJa 2 Ja Q
where s
G(x, s)z/ glx, r)dr.
0

Let
M={uc WOI"p(Q)\gé u<ua.e.inQ}.

Then E attains the infimum at some point u € M and u is a solution of (1.1).

Proof. The proof is adapted from [9] orp. 17[22] which deal with the quasilinear
and semilinear cases, respectively. Since the proof is short and interesting, so we re-
peat it here. By coercivity and weak lower semicontinuity, one can easily see that the
infimum of E is achieved at some u € M. Let ¢ € C°(Q), € > 0, and define

ve := min{u,max{u, u+€0}} =u+ed — ¢+ ¢,

where
0f :=max{0,u+¢ep—u} and ¢¢:=—min{0,u+€ed —u}.

Since u minimizes E on M and E is a C! functional on Wol’p (Q), so we have <
E'(u), ve —u >>0, which gives

(< E'(u),¢% > — < E'(u), ¢ >).

<E'(u), ¢ >> -

2.1)

Since u is an upper solution and —A,, is monotone, we have

<E'(u), 0° >><E'(u) - E'(w), ¢* >
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>e [ / (|VulP~2Vu — |VaP~2Va) Ve
Qe

(V- Vavo| e [ et —gtwmllol, @2

€

where Q¢ = {x € Q: u(x) + edx > u(x) > u(x)}. Now |Q¢| — 0 as € — 0, the last
inequality implies that

<E'(u), 9° >>0(¢) as € — 0.
Similarly,
<E'(u), g ><0(g) ase -0

and by (2.1), we get
<E'(u), ¢ >>0.

Replacing ¢ by —¢, one concludes that u solves (1.1).
Using the ideas as in [17], we show the existence of a positive solution to (1.4).

THEOREM 2.2. Let (H1) and (H2) hold. Then (1.4) has a positive solution.

Proof. By (H2), it is easy to see that u = 0 is a subsolution of (1.4). In fact, using
the fact that £(0) < O, it is a strict subsolution of (1.4). Again by (H2), one can see
that @ = f8 > 0 is an upper solution of (1.4). Now since (H1) holds so an application of
Proposition 2.1 yields the existence of a positive solution to (1.4).

REMARK 2.3. We remark that in the above theorem, f(0) < 0 is used to construct
a strict subsolution to (1.4). In case f(0) = 0, using the similar ideas of [17], it seems
possible to construct positive subsolution and therefore one can establish the existence
of a positive solution to (1.4), by lower-upper solution method. We leave this as an
exercise for interesting reader.

Next, we discuss the existence of first eigenvalue and qualitative questions to the
following weighted eigenvalue problem

_ _ — P2y i
{ Apy — oAy = Ac(x) | yP 2y inQ, 03

y=0 ondQ,
where ¢ € L*(Q) and it may be allowed to be of sign changing nature.
LEMMA 2.4. Let

M= {ue W (Q) Il)/gc(x)wdx: 1.

Then M is a weakly closed subset of WOl Q).



Differ. Equ. Appl. 5 (2013), 549-559. 553

Proof. Let u, — u weakly in WOI”’(Q). We claim that u € M. Since u, € M, we

have
1

— | c(x)|u,|Pdx = 1.
> el

Since WOl "P(Q) is compactly embedded in LP(Q), u,, — u strongly in LP(Q). Up to
a subsequence (still denoted by {u,}), u,(x) — u(x) a.e. x € Q and there exists & €
LP(Q) such that |u,(x)| < h(x) a.e. x € Q. Now using the fact that ¢ € L™(Q), by
Lebesgue dominated convergence theorem, one can see that

1 1
lz—/cx u pdx—>—/cx ulPdx.
L etlulrar— < [ et

This implies that }—) Joc(x)|u|Pdx =1 and therefore u € M.
Using similar arguments as in [25], the next lemma deals with the first eigenvalue
of (2.3).

LEMMA 2.5. Let

ll(c):inf{L(%|Vu|p+%|Vu|2)dx
Cuew,P(Q) andl/ c(x)|ulPdx = l}. (2.4)
0 »Ja

Then A(c) is achieved and Ay (c) is the least positive eigenvalue of (2.3). Moreover,
A(c) = D(u) for some u € M if and only if u is an eigenfunction associated with
Ai(c), where

1 1
c1>(u)=/(—\wv’+—|vu|2)dx
Qp 2
and
1
M={ueW Q) —/ c()|ul?dx = 1}.
pJa
Proof. Let us define the functional associated with (2.3):
E: M — R by
1 o 2
E(u) = —/ |Vu|pdx+—/ |Vul“dx, ue M.
pJa 2 Ja
By Lemma2.4, M is a weakly closed subset of WO1 "P(Q). Ttis easy to see that E is co-

ercive and weakly lower semicontinuous functional on M. Then by Theorem 1.2 [22],
E is bounded from below on M and attains its infimum, denoted by m, i.e.,

E(m) :n}/l[nE.
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One can also see that E is continuous, Gateaux differentiable and the derivative of E
is given by

<E'(u),v >:/Q\Vu\1”2Vu.Vvdx—|— Oc/QVu.Vvdx,

Yu,v € Wy P (Q). Itis easy to see that E' is continuous on W, ¥ (Q). Then by standard
Lagrange multiplier rule, the minimizer m solves (2.3) in the weak sense.

LEMMA 2.6. Suppose that u is a weak solution of

(2.5)

—Apu—aAu=>b(x) inQ,
u=0 ondQ,

where b: Q — [0, ) is a L”(Q) function. Then u >0 in Q.

Proof. Let
Q" = {x € Qu(x) >0} and Q" ={xeQlu(x) <0}.

Let u™ = max{u, 0} and u~ = max{—u, 0}. The weak formulation of (2.5) with test
function u~ yields

/ \Vuf\pdx—i-a/ \Vu7|2dx=—/ b(x)udx.
Q- Q- Q-

This implies that Vu~ = 0 in Q and so u~ is constant in Q. By standard regularity
theory, u is continuous in Q and therefore is #~. Since u~ = 0 on dQ. This implies
that = =0 in Q and hence u = u™ > 0. This completes the proof.

From [13, 14], the following “Strong maximum principle” holds.

LEMMA 2.7. Let u € WOI"p(Q) be a nonnegative weak solution of
—Apu—oAu=Aa(x)uinQ; u=0ondQ, (2.6)

where 0 < a € L*(Q). Then either u=0 or u>0 in Q.

PROPOSITION 2.8. The eigenfunctions associated with A\ (c) are either positive
or negative in Q.

Proof. Let u € M be an eigenfunction associated with A;(c). Then u achieves
the infimum in (2.4). Since ||Vl|ul||, +||V|ul|]2 = |[Vul|p + ||Vul|> and |u| € M, it
follows that |u| achieves the infimum in (2.4) also and therefore, from Lemma?2.5, |u|
is an eigenfunction for A;(c). By Lemma 2.7, we conclude that |u(x)| > 0, Vx € Q and
therefore u is either positive or negative in €.
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3. Stability

In this section, we consider the stability of nontrivial weak solutions of (1.4). The
weak formulation of (1.4) is the following:

/(\Vu\”_2Vu.V¢+aVu.V¢)dx:7L(/ u¢dx—/f(u)¢dx), Vo eClQ), 3.1
Q Q Q

where C!(Q) is the space of C! functions in Q having a compact supportin Q. A so-
lution u of (1.4) satisfies (3.1) and by the well-known elliptic regularity theory, thanks
to [7, 8] for C1*(Q) regularity (o € (0, 1)) of solutions to (1.4) with positive non-
linearities, which are independent of x and to [11, 18, 23] for the same regularity of
solutions to (1.4) where the solution u is assumed to be in WO1 P(Q)NL=(Q).

In this paper, we assume u to be in C1%(Q).

The functional associated with (1.4) is

E:Wy"(Q) —R defined by

E(u) = l/ |Vu|pdx+g/ \Vu\%lx—i/ u2dx+7t/ F(u)dx,
pJo 2 Ja 2 Jo Q
where §
F(s) = / F(o)dr.
0

In order to define the stability of solutions to (1.4), let us consider the weighted Sobolev
space with weight
w(x) = [Vu(x)[P 2.

As in [7, 19, 24], let us denote the space by Hvlv’z(Q), which is defined as the closure

of C1(Q) or (C*(Q)) with respect to the ||.| Hl2(q) Norm defined as follows:

HVHH;J(Q) L= HVHLZ(Q) + HV"HLa,(Q)

(/Q v(x)|2dx> : + (/Qw(x)|Vv(x)|2dx) : .

We define Hvlv’é(Q) to be the closure of C! () with respect to the Hé’z(Q) -norm.
The linearized operator L, associated with (1.4) at a given solution u is defined
by the following duality:

Ly:v e Hyo(Q) — Ly(v) € (H,§(Q))', where

Ly(v): y € Hy3(Q) — Ly(v, w) and

Lu(v, y) = /Q (VulP"2(Vv.Vy) + (p — 2) [Vl (Vi Vo) (Va. Vi)
+aVv.Vy — Avy + A f (u)vy)dx.
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It is easy to see that L, is well-defined and the first eigenvalue of L, is given by

L, (v,
A=  inf # (3.2)
ver!2(@),v0 Jo vidx
For the details of spectral theory of linearized p-Laplace equations, we refer to [3]. We
notice that the stability of the solution to (1.4) can be defined without its associated heat
equation. We recall that a solution u of (1.4) is said to be stable if

/ ((p—Z)Vup_4(Vu.Vv)2+|Vu|p_2Vv|2+a|Vv2
Q
—7Lv2+lf’(u)v2>dx>0, (3.3)

for every v € CC1 (Q), (see[3, 4]). We remark that the left hand side of (3.3) is nothing
but the second variation of the energy functional E () and we point out that for p # 2,
it is well-defined only in the weighted Sobolev space, see [5].

Actually, (3.3) implies that the principal eigenvalue of the linearized equation as-
sociated with (1.4) is nonnegative and hence the solution u of (1.4) is stable.

In the ensuing theorem, we show the stability of a positive solution to (1.4).

THEOREM 3.1. Let (H1)-(H3) be satisfied. Then the positive solution u of (1.4)
is stable.

Proof. Since (H1)-(H2) hold so by an application of Theorem 2.2, (1.4) has a pos-
itive solution u € WO1 "P(Q)N L~ (Q) and by regularity theory, u is in C1»%(Q). Let for
any v € CH(Q), we take

2
%
0=
u
as a test function in (3.1). Since
2uvVy —v2Vu
Vo = — 2

so from (3.1), we get

_ 2 2
/ VulP -2V, [214\/Vvu2 v Vu} dx—|—06/ Vi [Zquv . v Vu] I
Q Q

u
2
:/lvzdx—l/ de.
Q Q u
This implies that

2uvVy — 12V 2uvVy — 12V
0— / VulP 2V, [w} dxt / Vi [w] I
Q u Q u
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—l/gvzdx—kl/gf(t)vz

2| Vu|P~2Vu.V 2|\Vu|P~2Vu.V 2
:/[v ul u.Vv v |Vul u u—lvz—i-)tf(uu)v}dx
Q

u u?

20Vu.Vv  v*Vu.Vu
+ o / — > dx
Q u

u

A I A A D AN L TR

— (VuVu) T (Vi) ]

\vj 2
—l—/ (Vu.Vu) pT(Vu Vv) 2dx+/ a|Vv\2 (u_v )
Q u

2 b -4 ?
_ /Q [_ il (’;)V - (V(V“'V“) —(Vu.Vu)p‘tVu.Vv>

u

vVu 2
+|Vu|p_4(Vu.Vv)2} dx+/ {awﬂ—a(T—v ) }dx. (3.4)

From (3.4), we see that

2
A ['V”'M(V”-W +afVvf? —WM@] dx

) 2 2
_/ [( v(Vu. Vi) (vu.vu)’l“vu.vv> +a<vvﬁ—vv> ]dx
u

(3.5)
Since
[Vul> |V > (Vu.Vv)?,
so we get
/ = 2)IVulP (Vi Vv)? + [VulP 2| Vo] dx
>/[(p 2)|VulP~4(Vu.Vv)? + |VulP~(Vu.Vv)?]dx
(3.6)

_ / (p— D)|VulP~4(Vie.Vv)]dx
Q

> / (IVulP~4(Vee.Vv)dx
Q

From (3.5) and (3.6), we get
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/ |:(p )| VulP A (Vi V) 4 (Va2
Q

2
+ o V|2 —M%A@Px >0. 3.7)

Now by hypothesis (H3), we obtain

/ |:(p —2)|VuP A (Vi V) 4 (Va2
Q

+a| V> = + lf/(u)vz} dx>0, (3.8)

which completes the proof.
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