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EXISTENCE AND CONCENTRATION OF GROUND STATE
SOLUTION TO A CRITICAL p-LAPLACIAN EQUATION

XUDONG SHANG AND JIHUI ZHANG

(Communicated by Claudianor C. Alves)

Abstract. In this paper, we consider the existence and concentration behavior of positive ground
state solution to the following problem

—h”A,,u—l—V(x)\u\”*zu:K(x)\u\q72u+\u\”*72u, xeRN,
ue WhP(RM), u>0, xe R,

where £ is a small positive parameter, 1 < p < N, max{p,p* — %} <q<pt,p = NN—fp

is the critical Sobolev exponent, V(x) and K(x) are positive smooth functions. Under some
necessary restrictions, we show that for small 4 > 0, the equation has a positive ground state
solution. Furthermore, we establish the concentration property of such solutions when / tends
to zero.

1. Introduction and main results

In present paper, we consider the existence and concentration behavior of positive
ground state solution to the following problem

— BPA U+ V() ulP = K (x)ul?2u+ [u]” 2u, xeRY,

(1.1)
uer’p(RN), u>0,xeRY,

where £ is a small positive parameter, A,u = div(|Vu|P~2Vu) is the p-Laplacian,

l<p<N, p-——}<g< d ="
p max{p,p p_l} g<p’ and pi=om
is the critical Sobolev exponent, V(x) and K(x) are positive smooth functions with
V(x) bounded below by a positive constant and K(x) bounded.
We note that problem (1.1) with p =2 arise when one seeks for the standing wave
solutions of the following nonlinear Schrédinger equation
¢

_h2
L 0P _ —h” B o2 .
ih ot 2m A§0+W(x)(p Y‘(P‘ Q, x e RY.
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We can see [15] and the references therein for more background.

The nonlinear Schrodinger equations have been extensively studied in recent years,
obtained numerous results on existence, multiplicity and concentration behavior of the
positive solutions, see for example[2, 6, 7, 8, 9, 10, 16, 17, 20, 21]. Wang and Zeng
in [26] studied the following nonlinear Schrédinger equation with competing potential
functions

— P Au+V (x)u = K (x)|ulPu+ Q(x)[ul*"%u, xRV, (1.2)

where 2 < g < p <2N/N —2, V(x) has a positive lower bound, K(x) is positive and
bounded, Q(x) is bounded and allowed to change sign. By min-max argument, they
proved existence of a ground state solution and studied the concentration behavior of
such solutions, obtained a necessary condition for location of concentration of positive
bound state solution of (1.2).

Very recently, several papers have appeared about the p-Laplacian problems, we
can see[3, 4, 5, 11, 12, 14] and there references. Alves and Figueiredo in [3] studied
the following class of problem

— WP A u+V(X)|uPu= f(u), xeRN. (1.3)
V(x) is a continuous function satisfying

Veo = liminfV (x) > inf V(x) =V, > 0.
[x] o0 xERN

Under some assumptions on f, they established the existence, multiplicity of solutions

to (1.3). Moreover, they proved that solutions of (1.3) which concentrate around a

global minimum point of V. In [11], do O considered the quasilinear critical problem

—RPAu+ V()P = fu)+uP T xeRY, (1.4)

where f isa C' function and satisfying some necessary conditions, V € C(R",R) and
there exists an open bounded subset Q C RV such that

infV (x) > infV (x) = Vg > 0.
infV (x) > infV(x) = Vo

Using the penalization method, the author studied the existence of bounded state which
concentrate around a local minima of V as h — 0. Furthermore, Figueiredo and Fur-
tado in [14] using Ljusternik-Schnirelmann theory obtained multiplicity result of prob-
lem (1.4). In [12], the author established the multiplicity and concentrations of positive
solutions for the supercritical problem

—hPApu+ V() ulP 2w = [ul?ut AfuP u, xeRY,

where 1 <p <N, p<qg<Np/N—p<s,and V is a positive continuous function.
Based on the above reviews and observations, we know that the existence of pos-

itive ground states along with the concentration behavior of solutions to the problem

(1.1) has not been studied. More precisely, motivated by the argument used in [26, &],
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we will consider the existence and concentration behavior of positive ground state solu-
tions of quasilinear problem with competing functions. We will prove that solutions of
(1.1) which concentrate around a global minimum points of a ground energy function
G(&), which is defined to be the ground energy associated with the equation

— Apu+V(E)ulP2u = K(E)|ul? 2u+ul” 2u, xeRY, (1.5)

where & € RV is regard as a parameter instead of an independent variable.
In this paper, we assume
(V) V(x) is a continuous function in RY and
inf V(x) =V, >0.

XERN

(K) K(x) is a positive and bounded continuous function in RV .
Now, we consider the following equation with constant coefficients

— Apu AlulPu = w7 Pu A+ |uP "2, xe RV, (1.6)

The functional is defined as
1 1 1 "
qu—/ Vup—l—?Lupdx——/ uqu——/ ul? dx. 1.7
W) = [ (Vul Ay [l [ (17

Define ¢(A,u) = inf,e 4 I(u), where .4 is the Nehari manifold with

N = {uer’p(RN)\{O}:/RN(Vu”+7L|u”)dx:/RN(uu|’1+|u1’*)dx.}(1.8)

By the Sobolev embedding theorem, ¢(A, 1) is finite and positive. Furthermore, using
the similar proof of Lemma 2.2 of [26], we obtain that ¢(A, ) satisfy a monotonicity
property: If A} < A2, W = Ua, then ¢(A1,42) < (g, o).

Next, for each & € R, we consider the functional associated to problem (1.5)
given by

5l/t _l u u )C—l u x—i u : X
B = [V V@~ [ K@ tax— 2 [ e 19)

RN
Define the ground energy function of by

G(&)=c(V(§).K(§)) = inf I*(u),

ue s
where .#¢ is the Nehari manifold defined as (1.8). By the continuity of V, K and
Sobolev embedding theorem , we know that G is a continuous, positive map. By [13],

we know that for each & € RV, problem (1.5) possesses a ground state solution.
Define

= inf I”(u),
==



580 XUDONG SHANG AND JIHUI ZHANG

where

1

1 1 .
1°°(u)=—/ (\Vu\”+Vm|u\”)dx——/ Km\u|qu——*/ ul?” dx,
p JRN q JRN p* JRN

l‘ir‘ninf V(x) = Ve, llirlnian (%) = Koo,
X|—o0 [ X| —>00

and always assume V., < e. The main result of this paper is stated as follows:

THEOREM 1. Assume

inf G(&) < Ce, (1.10)
ECRN
then problem (1.1) has a positive ground state solution uy, for small h > 0. Moreover,
if x;, € RN is maximum point of uy,, then

JimGs,) = Glw) = inf G(&)

The plan of this paper is as follows. In Section 2, we present some notation and
some technical results, including the estimates for the critical levels and the geometric
hypotheses of the Mountain Pass Theorem. In Section 3, we show that the correspond-
ing energy functional satisfies the Palais-Smale condition and the existence of ground
state solution. Finally we establish the concentration property of the ground state solu-
tion when £ tends to zero.

2. Notation and preliminaries

In this section, we will use the following notation frequently. The letters C,C/,C5, -
denote positive constants, Bg(0) denotes the ball centered at the origin with radius

R>0, |- ||l denotes the norm in L™. Let us consider the energy functional associated
with problem (1.1)
Inu) = 1/ (WP \Vaal? 4V () |u]P)dox — l/ K() [l 9dx — i/ Wl dx, 2.1)
p JRN q JRN p* JrN

which is well defined on the Banach space Xj,, where
X, = {u e WHP(RN) /RN hP\VulP +V (x)|u|Pdx < oo}
endowed with the norm
lullx = /RN(h”IVMI”JrV(X)IuV’)dX~

We can always assume that critical points of J;, are nonnegative functions since Jj is
even. Furthermore, let us define the Nehari manifold associated to J;, by

J%,:{ueXh\{O}:/RNhI’|Vu|I’+V(x)|u\”dx:/RN\u|p*dx+/RNK(x)|u\‘1dx}.
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Now, we start recalling that the functional J,, satisfies the mountain-pass geometry
conditions and its proof is standard.

LEMMA 1. The functional J;, satisfies the following conditions:
(i) There exist B,p >0, such that J,(u) > B if ||u|x, =p.
(if) There exists an e € X, with ||e||x, > p such that Jy(e) < 0.

From the Lemma above, by virtue of the mountain pass theorem without the Palais-
Smale condition ([25]), there exists a sequence {u,} C X}, satisfying Jj,(u,) — ¢, and
J;l(un) —0in X, ' at the minimax level

cp = inf sup Ju(y(z)) >0,
v€lie0,1]

where T' = {y € C'([0,1],X3,) : ¥(0) = 0,¥(1) = e}. By the same proof of Lemma 2.1
in [26], We have the following lemma

LEMMA 2. Forany u € X;,\ {0}, there exists a unique t, > 0 such that t,u € Nj,.
Moreover, Jy(t,u) = max;>oJ,(tu).

In order to show the existence of ground state solution, we first define the ground
state energy associated with J, by

cp= Mlgr% Jn(u).

Next, we define another minimax value

*k

;"= inf supJ,(tu).
R e S

As in Proposition 3.11 of [22], we shall have the following equivalent characterization
of Cp.

— Ak k%
LEMMA 3. ¢, =c¢, =¢,".

We denote by S the Sobolev constant, that is

P
S:inf{W—piL@:uer’p(RN),u#O} (2.2)
RN u X)P

and S is attained by the functions

E P
Mg(x) = —p?

(€ + [P/ (-1) 5"

for any x € RV, £ > 0. Now, we recall the concentration-compactness principle due to
Lions.
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LEMMA 4. ([18]) Let {u,} converge weakly to u in W"P(RN) such that |u,|""
and |Vu,|P converge weakly to nonnegative measures v and pu on RV respectively.
Then, for some at most countable set J, we have
(i) v =[ul"" +3;e; Vb,

(ii) = |Vul? +Xjes 1i6y;,

N
(iii) Svjp* < Uj, where x;j € RV, 5xj is the Dirac measure at xj, and v; and U; are
constants.

Making the change of variable x — hx, we can rewrite (1.1) as the following
equivalent equation

— Apu+V () [u|P"u = K (hx)|u|f™2u + lulP" ~u, xecRV. (2.3)

We know that its solution are the critical points of the functional given by

1

I(u) = I—)/RN(|Vu|p+V(hx)|u\p)dx—é/RNK(hx)\qux—l%/RN\u|p*dx, 2.4)

which is well defined on the Banach space Ej,, where

E, = {u e whP(RN) /N V(hx)|ulPdx < 00}
R
endowed with the norm
Jul = [ IVl +V ()} .
RN
Next we state the result which provides an appropriate estimate on the minimax level.

LEMMA 5. Assume the assumptions (V) and (K) hold. Then the number cj, sat-
isfies

N N/
0<cp< —SVP,
Cp N

Proof. Given € > 0, we consider the function

¢ (x)
wel) = i 24 Vel

we (x)

~ Twe@)[l

where ¢ € C5(RY,[0,1]) be such that 0 < ¢(x) < 1 and ¢(x) =1 on B(0,1), ¢(x) =0
in RV\ B(0,2). Then, as &€ — 0, we obtain the following estimates inspired by [1].

)

/RN |Vve|Pdx = S+ 0(eNP/P). (2.5)
CerP~!, if N > p?,
/RN velPdx < 4 CeP~Vlog(1/), it N = p?, 2.6)

CeN-r/p, if N < p2.
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0(g(p—1)/17~(N—q(1\’—p)/p))7 ifg>p*(1—1/p),
/RN vel%dx = { 0(eW-Pa/P’ log(1/€)), it q=p*(1—1/p), (2.7)
O(S(N_p)q/pz), ifg<p*(1—-1/p).

Define

tP 14 P
t) =1t =—/ VvelP +V(h Pd——/ K(h dx — —.
g(t) = I(tve) » RN(| Vel (hx)|ve|?)dx 7 Jan (hx)|ve|?dx iz

It’s easy to see that g() attains its maximum at some 7 € (0,00) with g (z¢) = 0. That
is

0=g(te) =1l (/RN(IvaI” + V(hx)lvgl”>dx—tg*"/RN K(hx)|vg|qu_zg"ﬂ> ,
it implies that,
/RN(IVvslpﬂLV(hx)lvsl”)dx =1’ /IR ., K (hx)|ve|%dx+t2 7. (2.8)
Thus, we have
W< [ (el V(e 29

by Sobolev embedding theorem and (2.5), there exist an A > 0 independent of & such
that

te <A. (2.10)

Thus, by (2.8) and (2.9), we obtain

q4-pr
[ Vet K| [ 09l 4 vObel)ax| " [ elras.
RN RN RN

Choosing € small, by combining (2.5), (2.7) and (2.10), it follows that

o S
tf P> 5
Hence,

p

alte) < %/ (IVvel? +V () ve|?)dx

RN
| mingepo2) K(¥) <§> %/ el — it
q 2 RV P
p*

1,
P Py — qgy _ &
RN|VV5| dx—i—C/RN|vg| dx C/RN|vg| dx P (2.11)

*

P
le
<=
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Consider the function

5

tP tP
s(t) = —/ VvelPdx——,
p JR¥ P

1
we know that 7 = ([gn |Vve|Pdx) P~ is an maximum point of s(z) and

§(7) = % (/RN |vvg|de) 3

Thus, by (2.9), (2.11), g > max{p,p* — ﬁ} and inequality

(1+€)7 alP + (1+1/e)P b,  for 1< p < oo,

la+b|P <
la|P +|b|P for 0<p<1,

Va,b € R and € > 0, we have

N— —1 (N—p)
CQSTP +C28p71 —ClspT(Niq Pp ), if N>p2,
1 w N— _1 (N-p)
glte) < NS” + Cstp +C4£”’1|10g£|—C16p7(NJ 7 ), if N:pz,
N— —1 (N=p)
C5£Tp —ClepT(N_q e )7 if N <p2.

N
We conclude from the above that, for € > 0 small enough, I;(feve) < %S ? . By the
relation (2.1) and (2.4), we conclude the result. O

By the proof of Lemma 3 and 5, it is easy to see that 0 < c. < %SN/p and 0 <
G(&) < LsN/p.
3. Existence of a ground state solution to (1.1)

In this section, we shall study the existence of ground state solution. To begin
with, we first show some compactness results for the functional J,,. Let {u,} C X;, be
a (PS). sequence of Jj,, i.e

Tn(un) — ¢ and J, () — 0, 3.1)

with ¢ < %SN/P. We have

e+ o(1) = Jy(un) $<J;<un>,un>

1 1 1 1 *
= (G ally+ (2= =5) [l

P q q p RN

1 1

>(———>u L.
372 [lunlx
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Hence {u,} is bounded X, then there exists a u € Xj, such that
u, —uweaklyin X, and  u,(x) — u(x) ae. in RV, (3.2)
In order to prove that u,, — u strongly in Xj,, we first show the following lemma.

LEMMA 6. For h >0 small, if ¢ < IV oo, then
[ K@lwldx— [ K@lultax,  p<q<p
RN RN

Proof. By the boundedness of {u,} and Sobolev embedding theorem, we have

up — u in L§ (RN) for p <s < p*. Hence, we only consider

lim lim K(x)|uy|?dx =0. (3.3)

R—con—oo ‘X‘ZR

We claim for any € > 0, there exists R > 0 such that

limsup P\ Vup|P +V (x)|un|Pdx < €.

n—oo J|x|>R

Otherwise, for some subsequence {uy,, } and some 6 > 0 such that
/H 1P Vit |P 4V (5) |t | > S (3.4)
xX|>R
Take p > 0 such that ¢ < hVe(Vo — p, Ko —p) = ¢, . Let R(p) > 0 be such that

V) >Ve—p, K(x)>K.—p for|x| =R(p). (3.5)
It is not difficult to show that there exists r > R(p) satisfying
/ (P Vit P+ V (x) it |P)dx < p, (3.6)
r<|x|<r+1
for any k. Let n € C*(R",[0,1]) be such that n =1 for |x| <r, n =0 for |x| >

r+land 0<n <1, |Vn| < g Define wy = nuy,, and vy = (1 —n)u,, . A direct
computation shows

| ) ) = (yowe), wi| < € / o VY Ol (37
and
|, vi) = (), | < € / et OV VOl . @8)

Using (J, (it ), wi) = o(1) and (3.5)-(3.8), we have

(Tawi)swe) = O(p) +o(1),  (J(ve) ) = O(p) +o(1). (3.9)
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Thus, by (3.1), (3.9) and Sobolev embedding theorem, we obtain
c+o(1) = Jp(un,) = Jn(wi) +Ju(vi) + 0(p) = Jn(vi) + O(p). (3.10)

From (3.4), we have

LG+ VOlr)dy = [ (Vi [PV () )

[x|>r+1

+ (RP[Vvel? +V (x) e )dx

r<|x|<r+1

> 8. (3.11)

By Lemma 2, there exists 6; > 0 such that 6y, € 4}, it follows from (3.11) that 6;
has a positive lower bound. Hence, by (3.9), we have

Jn(Okvic) = Jn(vi) + O(p) +o(1). (3.12)

Let i (x) = Oy vi (hx) and let #; be such that 7V, € AP, where 4P denote the solution
manifold defined as (1.8) by V.. — p and K., — p. Hence, we have

W [V 4 (Vo= p) ) = [ (7198l + (Vo= p) Bl
< / (W[ V(80| +V (x)| vy |P)lx
_/ (%) BV + [Bevel ) lx
< /RN((Koo-i-P)|9ka|q+|9kvk|p*)dx
= hNAN((Kw+p)|vqu+ 7l )dx
Thus, by 7V, € AP, we obtain
0 [ Kot pliltdrt [l v [ (K p) Bl el )

it follows that #; < 1. Furthermore, by (3.1), (3.10), (3.12) and vy € A4},, we get

lp
Wep <HY| L [ (V74 (0= s

17*
S kvl [ e @
p*

l‘
= [ HIVO? (Ve p) B

p*
——/ wt+p |9ka|qu——/ |6pve|?” dx
p N
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tp
< / 1P [V 6| + V (x)| Ovi|Pdx
p JRN

IZ tf* *
_k Iy — K P
p /NK(x)|9kvk| dx— - /N [Ocvic|P dx

P
e

p (/RN (K (x)|6rvi]? + ekvk|p*)dx>

*

il oo M »
_g/RNK(x)mm dx_?/Rkam dx

1 .
<= (/ (K ()| Ok vie|? + | Orvie|? )dx>
)4 RN

1 1 .
—— K(x qudx——/ Ovi|? dx
q/RN()|kk| p*RN\kk\

=Jn(0vi) = Jn(vi) + O(p) +o(1)
<c+0(p)+o(l).

Letting k — e and p — 0, we have hVe¢.. < c. This is a contradiction. Hence, by the
Gagliardo-Nirenberg inequality, we have (3.3). Thus,

/ K(x)|ttn] 9l — / K()|ul9dlx. (3.13)
RN RN
Thus the Lemma is proved. O

LEMMA 7. [en |tn|P dx — [an |u|P" dx.

Proof. Let v,(x) = u,(hx), then Jj,(u,) = h"I,(v,). By the boundedness of u,,
we may suppose that v, — v weakly in Ej;. By Lemma 4, we assume that

|Vn|p* — V= |V|p* +ZJEJV16)(I,
(3.14)
[Vou[P = 0 = [Vo|P + 3 e 116y,
Take x; € {x; € RN, j € A}, ¢; € CJ(RN), for € > 0, such that
¢; =1 on B(xj,€), ¢; =0 on RV \ B(x;,2¢) and V¢; < 2.

From (3.1), we have lim,, (I;l(un), oju,) =0, that is
/RN |an‘P—2vn<vaV¢j>dx+/RN |Vun‘1’¢jdx+/RNV(hx)|vn‘1’¢jdx

— q4. Py,
_/RNK(hx)|un\ q)jdx—l—/RN|un\ ¢jdx+o(1).

By (3.14) and Sobolev embedding theorem, we have



588 XUDONG SHANG AND JIHUI ZHANG

i p—2 . P ;
lim RN\VV,,\ vn<an,V¢J>dx—|—/RNV(hx)|v| (Z)‘,dx—F/RN ¢;du

n—0o0

- /RN K(hx)|v|‘1¢jdx+/RN 0;dv.

It follows from the Holder inequality and the boundedness of {v,} that

0<

lim / V0[P 20, (Y, V) dx
RN ’

n—oo

(p=1/p 1/p*
< c(/ an”dx) (/ vnl’dx) 0
RN B(Xj,28)

as € — 0. It hence follows from (3.14 ) and (3.15) that, as € — 0,

Vi Z M
We thus conclude from Lemma 4 that
vi=0 or v; ZSN/p.

Assume v; # 0 for some j € A, by (3.1), (3.14) and Lemma 4,

n—0o0

. 1 1 1 .
= ,}E}L {(1—)—5> /RNK(hx)|v,,\qu+N/RN|vn\P dx}

1 1 1 « 1
> (———) K(hx)|v|qu+—/ v|P dx+ —SN/P
P q/JrRN N Jr¥ N

1
> —§N/p
N )

h Ve = lim (I (vn) — %<I;,(Vn)7vn>)

which is impossible. Thus, v; =0 for all j € A. Hence,

/N |va|?” dx — /N v|P dx.
R R

Thus the Lemma is proved. O

(3.15)

LEMMA 8. For h > 0 small, the functional Jy, satisfies the (PS). condition pro-

vided ¢ < hV ¢, .

Proof. The weak convergence of (3.2) implies that J,;(u) =0, by Lemma 6 and

Lemma 7, we have

n—oo

:/ K(x)|u|‘1dx+/ u|?" dx
RN RN

lim [ B[ Vin]? + V() un|Pdx = Tim ( / K(x) [t 9+ / |un|P*dx>
RN n—oo RN RN
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- / 1P [Vul? + V () |u|dx.
]RN
Hence, u, — u strongly in X;,.0

LEMMA 9. For h > 0 small,

limsupcy, <HY inf G(&).
h—0 EcRN

Proof. For any & € RV, let o(x) = w(V(&),K(&),x) be a ground state solution
of (1.5). Define ¢ € C5(R™,[0,1]) such that ¢(s) =1if 0 < s< 1, and @(s) =0 if
s>2. Let

o) = ol EN (%),

Then,
In( @ (x)) :hN<ll;/RN(|V((p(hx)w(x))p+V(hx+5)|§0(h|x|)w(x)|1?)dx
- - [ KOs+ ot o) ar—— [ |<o<h|x|>w<x>|P*dx).

Let 7 — 0, it is easy to check that
Jev (IV(@(h|x]) @ (x))|P +V (hx + &)@ (hlx|) o (x) |7 )dx
— Jev([Vol? +V(8)|o|P)dx,
Jey K(hx+ &)|@(hlx]) o (x)|%dx — [pv K(E)|w|dx,
Jew [@(hx))@(x)[7"dx — [fan |@]7 dx.

By the definition of @y, we can find a L > 0 large enough such that J,(Lay,) < 0.
Hence, we can construct a path g,(¢) =tLay, t € [0,1]. By Lemma 2, we have

< —
Cn S max Jn(gn(?)) Mmax Jn(tLa,)

= g 1 ( [ (vl +v@oma- 2 [ k@)otar

0<r<1 p
tL)?" .
—Q/ o] dx+0(1)>
p RN
= 1Y(G(§) +o(1)).
Since £ is arbitrary and the smallness of /4 is independent of £. O

Proof of the existence of Theorem 1.1. By Lemma 1, 8 and 9, the standard Moun-
tain pass theorem implies that problem (1.1) has a nontrivial nonegative solution. Then,
a Harnack’s inequality of [23] implies that it’s a positive ground state. O
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4. The concentration of the ground state

In this section, u;, is always referred to a positive ground state of (1.1). We see

v (x) = up(hx) is always a positive ground state of

1, xe RN,

—Apvp+ V(h)c)vf_l = K(hx)vz_1 + vi*_
Conversely, u,(x) = v4(3) is a positive ground state of (1.1).

LEMMA 10. There exist R,6 > 0 and a sequence {y,} C RN such that

liminf [vp|Pdx = o > 0.
h—0 " JBg(yp)

Proof. We observe that since

_ 1,
hNey = Iy(vi) — 5<Ih("h)»"h>

1 1

- (———)/RN(|Vvh\”+V(hx)|vh|p)dx+(1 i)/RN val?"dx.

P q q p*

It follows from Lemma 9, {v;,} is bounded as 4 — 0.
If for any R > 0, there is a sequence /4, — O such that

lim sup |V, |Pdx = 0.
N RN JBR(y

Then from Lemma 1.1 in [19], we conclude that
v, — 0 in LS(RY) for s (p,p*).

Moreover, it follows from I,;(vhn) =0 that

/(|Vvhn|p+V(hnx)|vhn\p)dx:/ K(h,,x)|vhn\qu+/ \vhn\p*dx.
RN RN RN

Assume that [ > 0 be such that
/N(an P+ V (hnx) v, [P)dx — 1.
R

If 1 >0,by(4.1)and (4.2), let n — oo

/N |th|17*dx — 1L
R

Hence, from (4.3) and (4.4), we have

[

. _N T _ ¢
Y}E}(}ohn Ch, = },}E}Iololhhn (vhn) - N

4.1)

4.2)

(4.3)

(4.4)

(4.5)
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By (2.2), we have

<=

This combine with (4.5), we have

L 1
lim /i, Vey, > NSN/I’.

n—o0

N
This contradicts with G(§) < 1S and Lemma 9. Thus, [ = 0. But ¢;, > 0 and Jj, is
continuous, we see that [ £ 0. It is a contradiction. The lemma is proved. O

Now, let wy, (x) = v (x+y,) = up,(hx+ hy;,) . Then, by Lemma 10, wy, # 0. Hence,
wy(x) is a positive ground state of

— Apwi+V (hx+hy)w! ™ = K(he+ hy,)wd ™ 4wl xeRY. (4.6
LEMMA 11. For small h > 0, then the sequence {hyy} is bounded.

Proof. Suppose that there exists a subsequence ki, — 0 such that |A,yp,| — .
Obviously, w, = wy, is bounded in W'»(RV). Then, up to a subsequence, w, — w
weakly in Wlﬂp(RN) wy, — w strongly in L, (RY), p <s < p* and w, — w a.e in
RY. From Lemma 10, w # 0. By (1.10), we choose € > 0 small such that

f=c(Voo—€,K.—€) > inf G(E). 4.7
( )> jnf G(&) @7)
According to the assumption |f,yy, | — o=, we have

Apw — (Voo — ;)w‘”—1 + (Ko + %)wq_1 +wP'>0 in H L.
In particular,

/ (VWP + (Voo — &) ]?)dx < / (Koo — ) w|dx + / WP dr.  (48)

RN RN RN

Take 6 > 0 such that 6w € 4%, by (4.8), we have 0 < 1. Thus, by Fatou’s lemma,

6r
< (|Vw|p—|—( o — €)|W|P)dx

p
or .
——/ o+ €)|w|7dx — / [w|? dx
p* JrN

or
< liminf {—/ (IVwn|P + V (hpx + hyyy ) lwn|P )dx
hp—0 )4 RN

e K hnx—|—hn n n 3dx——* n *d
" P / Wy ! X
q /RN ( Y )| ‘ * RN‘ ‘
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1
gliminf[—/ (VWal? 4+ V (g + ) [wa P )dlx
hp—0 | p JRN

1 1 .
——/ K(h,,x+hnyn)|wn|qu——*/ [w|? dx]
q Jry p* Jry
=liminfh Ve, < inf G(&).
minfh, “ep, < inf, ()

This contradicts with (4.7). Hence, {hy,} is bounded. The lemma is proved. O

Proof of the concentration of Theorem 1.1. By Lemma 11, there exist a subse-
quence /1, — 0 such that x, = hyyp,, — X0, wa = wy,, — w weakly in WHP(RY) and
a.e in RN where w > 0, # 0. Applying the regularity result due to [24], we have
wy — w in CL%(RN), where o € (0,1), and

loc
—Apw+V(xo)w ! = K(xo)w 4+ wP ! xe RV,
Consequently, by Lemma 9 and Fatou’s lemma,

inf, G(&) < Gxo)

1 1 1 1 "
<(21_2 P P o P
< (p q)/RN(WM 4V (x0) W] )dx+(q p*)/RN|W| dx

11
gliminf[(———)/ (IVWal? +V (x0)|wa|”)dx
n—soo p q/ JrN

1 1 ]
(G e

(/1 1
<1 7 P P
\hfljol-}p _<p q> /RN(WW"' +V(x0)|wnl?)dx
11 -
_(___)/ | dx
q p*/IRY 1
(/1 1
< limsup (———)/ (IVwn|P + V (hpx + x,) [wa| P )dx
noes | \p g/ JRN

~(Gg) [l

= limsuph V¢, < inf G(&).
p n hn gGRN (g)

n—00

This implies that G(xo) = infz cpv G(§). Moreover, by the above inequality and Lemma
7, it implies that

/RN(|VW,1|’1—|—V()CO)|W,,|”)dx—> /RN(|VW|q+V()C0)|W|p)dx.

Hence, w,, — w strongly in wlp (RN ). In particular, as the result of [ 11, 12], we obtain
wn € L7 (RN), Wyl < C, and

lim wy,(x) =0 uniformly in n. 4.9)

[x[—e0
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Now, we claim that there exists a 6 > 0 such that ||wy|l. > 6 forall n. If we assume,
contrary to the claim, that ||w,|| — 0. Then by (4.6), we have

/(|an|p+V(x0)|wn|p)dx<HKH.X,/ |wn|qu+/ Iwa|?" dx.
RN RN RN

It follows that w,, — 0 in W!?(RY), which is impossible. Then claim is true.
Let z, be the global maximum point of w,, by (4.9) and the claim above, we
obtain that z, € Bg(0) for some R > 0. Thus the global maximum point of u,(x) =
X—Xp

up, (x) = wp( o ) given by X, = hyz, +x,. Since {z,} is bounded, we know that
Xn — X0 as n — oo Thus, lim,—.. G(X,) = G(x) = infz gy G(§). O
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