ifferential
quations
& Paeplications
Volume 5, Number 4 (2013), 595-611 " doi:10.7153/dea-05-35

EXISTENCE AND MULTIPLICITY OF SOLUTIONS TO
A p(x)-LAPLACIAN EQUATION WITH NONLINEAR
BOUNDARY CONDITION ON UNBOUNDED DOMAIN

Q1A0 Liu AND DUCHAO L1U

(Communicated by Qihu Zhang)

Abstract. We study the existence and multiplicity of positive solutions for the nonlinear bound-
ary value problems involving the p(x)-Laplacian of the form

{—div(a(x)Vu”(")ZVu) +b(x)|ulPW2u = f(x,u) inQCRY,

a(x)|Vu|P®)-2 % =g(x,u) onI'=0Q,

where Q C RY is an unbounded domain with non-compact, smooth boundary T' = 9Q, p €
COl(Q) and 1 < p~ < p(x) < p™ <N, a,b are suitable weights. By using the variational
methods, we prove that there exist multiple solutions provided f and g are given appropriate
assumptions.

1. Introduction

In this paper, we study the existence and multiplicity of solutions for the nonlinear
elliptic boundary value problem

—div(a(x)|Vu[PY2Vu) 4+ b(x)|u[?Y2u = f(x,u) inQC RN,

(1.1)

a(x)|Vu|1’(x)’2% = g(x,u) on'=0Q,
where Q C RY is an unbounded domain with non-compact, smooth boundary T" = 9Q
(for example Q is a cylinder domain); % is the outer unite normal derivative; p(x) €
COHQ), 1< p~ <px) <pt <N,0<ap<alx) € L(Q),and b(x) is a positive and
continuous function defined in RY , such that

c C
ey ST S @

where ¢,C are two positive constants; f(x,u) and g(x,u), are two Carathéodory func-
tions defined on Q x R and I" x R respectively, and satisfy
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(f0), £(-,0) =0, |f(x,0)] < fo(x)+ fi(x)[t]99~!, and

1<q™ <qlx) << %71

where f; are nonnegative, measurable functions which satisfy the hypothesis: There

exists a function oy (x) defined in RV such that —N << o << q(x) NN; ’Z)(? —N, and

for w; = 0 we have

1
I+[)*1 >

q(x) 1

0< filx) <Cpwi  ae.x€Q,i=1,2, and f; € La0-1(Qw, ™),
where Cy is a positive constant;
(80). 8(+0) =0, |g(x,)| < go(x) +g1(x)}e|"™~", and

(N—1)p(x)
N—p(x) ’

where g; are nonnegative, measurable functions which satisfy the hypothesis: There

exists a function 05 (x) defined in RV such that —N < 0 << r(x) N;(’jc ()X) —~N+1,and

L<r <r(x)<<

1
for Wy = W , WE have

r(x) 1
0<gi(x) <Cowy ae.xeT,i=1,2, andgg € LT (Qw, ™),

where C, is a positive constant.

Throughout this paper, we also assume that

(fy), lim, o L0 =

(f2), 3M; > 1 and 6, > p™, such that, 0 < 6,F (x,z) < f(x,1)t for all || > M,
ae xe€Q;
(f3), f(x,—t) = —f(x,t) forall x € Q;r € RV;

(g1), lim;_g ‘ ;"’Eﬁ’fl = 0 uniformly in x;

(g2), My > 1 and 6, > pt, such that 0 < 6,G(x,1) < g(x,2)t, for all |¢t| > M,
ae. xel;

(gS)’ g(x7 _t) = _g(xvt)'

The p(x)-Laplace operator in (1.1) is a special case of the divergence form oper-
ator —div(a(x, Vu)) which appears in many fields such as nonlinear electrorheological
fluid (see [21]) and elastic mechanics (see [28]), the nonlinear boundary condition de-
scribes a flux through the boundary which depends on the solution itself in a nonlinear
manner. For the physical motivation of such boundary conditions, we refer to [17].

In recent years, many authors have studied the nonlinear boundary problems in-
volving the p(x)-Laplacian when Q is bounded or unbounded domain, see e.g. [11,

0, uniformly in x;

"'We say f(x) << g(x) on Q to indicate the fact that inf,cq(g(x) — f(x)) > 0.
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15, 24]. When p(x) = p (p is a constant), there have been numerous studies on the
p-Laplace equation, we refer the readers to see [2, 3,4, 6,7, 12,22, 23, 25, 26] and the
references therein. More precisely, In [2, 12], the authors studied the ”convex concave”
case; and in [3], P. Amster, M. C. Mariani and O. Mendez used the degree theory and
the upper and lower solutions method to studied the nonlinear bounded problem. A.
C. Cavalheiro’s paper [5] and K. Pfliiger’s papers [18, 19, 20] studied the existence of
solutions to the p-Laplace equation with nonlinear boundary conditions by using vari-
ational methods. We notice that the method used in [5, 18, 20]is base on K. Pfliifer’s
works of the compact embedding and compact trace of the weighted Sobolev space de-
fined on unbounded domain (see [19]). For the p(x)-laplace equation, the correspond-
ing problems are new and interesting. J. H. Zhao and P. H. Zhao in [25, 26] studied the

Np(x

p(x)-Laplace equation with the case f(x,u) = |u] N*’;fg())‘)_zu which is a critical case. X.
L. Fan in [10] studied the existence solutions of the Dirichlet problems p(x)-Laplacian
equation. Q. H. Zhang [27] studied the radial solutions of the p(x)-Laplacian problem
in RV . For other problems for the p(x)-Laplacian, we refer the readers to [9, 10, 27].

This paper is divided into three sections. In section 2, we recall some basic facts
about the weighted variable exponent Lebesgue and Sobolev spaces. In section 3, we
give the main results, which contains four Theorems and a Corollary corresponding
to f,g both are ’sublinear” (Theorem 1); ’superlinear” (Theorems 2 and 3) and f,g
satisfy “convex concave” case (Theorem 4 and Corollary 1).

2. Weighted variable exponent Lebesgue space and weighted variable exponent
Sobolev space

Let Q C R" be a domain with non-empty boundary dQ, denote

L7(Q)={peL”(Q): essxiggfzp(x) > 1}.

For p € L7 (Q), denote

p~ =p (Q) =essinfieqp(x), p*=pT(Q) =esssup,cqp(x).
Let w,vp,v; are positive measurable real valued and a.e. finite functions defined
in RY. For p € L7(Q), define

LPY(Q;w) = {u|u : Q — R is measurable and / w(x) |u(x)[PWdx < oo}
Q

with the norm

17()6)(1)6< 1}.

u(x)
A

1l 2 = ¥y 20 = 0 {2 > 0 /Q w(x)

When w(x) = 1, we denote L’ (Q) instead of L’ (Q;w) and denote |u] p(x).Q in-
stead of [ul (), q,-
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Define
WhPO Qv v) = {u € LPY (Q;v0) : [Vu(x)| € LY (Qs01)}
with the norm
||u||W1~,I’(X)(Q;VO.,V1) = ”u”l,p(x),Q,vo,vl = |u|p(x),Q,v0 + |Vu|p(x),(2,vl~
When vo =v; = 1, we denote W'»(V(Q) instead of W'»)(Q;1,1) and [|ul|; (.0
for the norm on it.
As usual, we denote C,C;,i = 1,,2,---, by the generic positive constants through-
out his paper. We also assume throughout this paper that C5(Q) be the space of

Cy (RN) functions restricted on Q, and E be the weighted Sobolev space as the com-
pletion of Cy () under the norm

lul| = inf A>o:/ VP00 4 (14 )P0 2P0 < 1
ol 2 P

and from the assumptions in Section 1, it is easy to verify that the norm

lulle = mf{?t>0/ X[V 27 <x>|§|P<X>dx<1}

is an equivalent norm of || - ||.
On the basic properties of the space U’(x)(Q;w) and E, we refer to [1, 8, 14, 15]
for more details. Here we only display some facts that will be used later.

PROPOSITION 1. (See [8, 14].) The spaces L’ (Q;w) and E are separable and
reflexive Banach spaces.

PROPOSITION 2. (See [8, 14, 15].) Set ¢(u) = [ow(x)|u(x)[P@dx, for u,u; €
Lp(x)(Q;w), we have

(1)Foru7é0,|u|p Qw_l<:>¢(%) L
) [ulp) 0w < 1(_ L>)e o) <l(=1>1);

!
(3) If [u p(x) Q0 > 1, then |u|p Jaw S o(u) < |”|§(x),(2,w’
() IF |u| () 00 < 1, then |u| Jaw SO <Julb o
(5) hmk—>°°‘”k|p Qw_0<:>hmk—>oo¢(”k) 03

(6) | p). 0w — < O(ur) — 0.

Similar to Proposition 2, we have

PROPOSITION 3. Set /() = [ (a(x) [Vae(x)|P) + b(x) u(x) [P ) i, for u,uy €
E, we have

(1) For w0, |ullp = A < 1(%) = 1;

Q) lulle<1l(=L>1) < Iu) <l(=1;>1);
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G If [Julle > 1. then [JullZ < I(u) < ||ul%
" _
(D If ||u|lg < L, then ||u||§ <I(u) u||§ ;
(5) limy_.. |[ug || g = 0 limy_o I (1) = 0
(6) Huk”E —> oo <:>I(I/Lk) —> oo,

<
< |

PROPOSITION 4. (See [15].) If 1 < p(x) < g(x) < +o0,0 < w(x) < v(x) ae. x €
Q, and |Q| < oo, then
|u(x)|p(x),9,w < C|u(x)|q(x),9,v7
where C is independent of u.

Let L9¥)(Q;w;) and L"™ (I';w;) be the weighted variable exponent Sobolev spaces
with weight functions w; = (1 + |x[)%™) i = 1,2, 0; € C(RV), then we have following
embedding and trace embedding theorem.

PROPOSITION 5. (See [15].) Let Q be a (boundid or unbounded) domain in RY
with smooth boundary, p,q,r € L7 (Q) and p € C*1(Q), p* < N, then

NN

(04] (x) N N

—N < oy(x) < N(p(x)—1), RO

then the embedding E < LI™)(Q;wy) is continuous; if the two inequalities above are
replaced by

. N N o (x) N N
essinfyeq(—— — —— +1) > 0 and esssup —+—— - —=+1) <0,
xe (q(x) p(x) ) XEQ( q )
then the corresponding embedding is compact.
Q) If 1 < r(x) < oo, %—%Hwand
esssup( onx) N-1 N
we@ rlx) - or(x) pl)

then the corresponding trace embedding is compact.

PROPOSITION 6. (see [9]) Denote
1
I(u) = / ——(a(x)|Vu[P™ 4 b(x) [u[PW)dx, forallu e E.
a p(x)
Then I € C'(E,R) and the derivative operator I’ of I satisfies

<I'(u),v >= / (a(x)|VuulPD =2V uVy + b(x) [u] P9 2uv)dx,
Q

and we have

(1), I' : E — E* is a continuous, bounded and strictly monotone operator;

(2), I' is a mapping of type (S), i.e., if u, — u in E and limsup,_,., < I'(u,) —
I'(u),up —u><0, then u, — u in E;

(3), I' : E — E* is a homeomorphism.
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3. Main results and proofs

DEFINITION 1. We say that u € E is a weak solution of Problem (1.1) if
/ (a(x)| VP72V uV v + b (x) [u| P 2uv)dx = / fxu)vdx+ / g(x,u)vdl,
Q Q r

holds for Vv € E. The corresponding energy functional of problem (1.1) is

u) = La)c u|P) ) u|P™)dx — x,u)dx — X, u
)= [ =7 @) T+ bl )as = [ s [ Gaar.

where F and G denote the primitive functions of f and g with respect to the second
variable, i.e., F(x,1) = [§ f(x,5)ds,G(x,t) = [;g(x,s)ds.

We notice that the operator J is a C' functional and the critical points of J are
weak solutions of the problem (1.1). We denote by N¢,Nr,Ng,Ng the corresponding
Nemytskii operators. Under the assumptions (fy), (go), we have

LEMMA 1. The operators

q(x

Np: LI (Qywy) — LAT (Qyw! ™), Np: LI9(Qyw)) — LY(Q);

r(x) 1

Ng . Lr(x) (1—‘7 W2) — [rn)-1 (1"7 W21*r(x) )7 NG : Lr(x) (1"’ WZ) N Ll (1—*)

are bounded and continuous.

Proof. We only prove the statements of Ny and Nr, the arguments for N, and Ng
can be obtained in a similar way.

Let ¢/(x) = q(qx()le and u € LYY (Q;w)), then by assumption (fy)

1
N[
’ 1 ’ _1
<24 (x)—1 (/Qfg(X)wllq(x)dx+/Qf1f1 (x)|u‘q(X)qllfq(x) dx)
<2901 <c+cf /Q WQu|q(x)dx)
<o) 1 (c+cf Ji w1|uq<x>1dx)
S JQ
i (x)-1
Qi c+cf/ w79~ dx
Q

1
<2071 (C+cf/ W1|uq(")_1dx>.
TJQ
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This shows that N is bounded. In a similar way, we obtain

/\NF /fo\u|dx+/f1|u|q

< ‘f0| lx ‘u|q(x),9,w1 —l—Cd‘/QW1|M|1(X)dx,

1—q(x)

q,(x)vngl

which implies that Nr is bounded. The continuity of these operators follows from the
well-know properties of Nemytskii operators.

THEOREM 1. If (fy), (89) hold and q*,r" < p~, then the Problem (1.1) has a
weak solution.

Proof. From (fy), (go), the above Lemma 1 and Proposition 5, we have for ||u|/g >

L,
T(u) = /Q %(a(x)WuW(")+b(x)|u|p("))dx— / Flx,u)dx — / G(x,u)dl
> [ ao1Vul? ) b))~ [ (ol + = Al
- /F (80(6)+ e ()l
>l = il — o Mkl 05 0,
—c2|u|,(x)_rm 8 max{lu, er,|u|:<2>,r,wZ}
>— Ll = Camax{lulygg, e 17 s 1
 max{ [l (o) raun s 4070 ey 140 oy )
p—+u ullf —C(llulle+ s+l + lally -+l )
>l (alf + el
e T —
where
¢ = 1l L C=lg )= .
q,(xmwll—qm P ()T 21—r<x> 1—r(x)

Since g%, rT < p~, so the operator J is coercive, and from Proposition 6 and Lemma
1, it is easy to verify that the operator J is weakly lower semicontinuous. Thus J has a
minimum point « in E, i.e., u is a weak solution of (1.1).
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LEMMA 2. If (fy), (£2), (80), (g2) hold, then the operator J satisfies the (PS)
condition.

Proof. Let {u, € E} is a (PS) sequence, i.e.,
[ (un)|| <M,  J'(un) —0asn— e,

we want to prove that {u,} has a convergence subsequence {uy}. Define

Kr(u) = / Flowdy,  Ke(u) = / G(x,u)dT.
Q r
Hence, the directional derivative of the operator J in direction v € E is
<J'(u),y >=<TI'(u),y>— <Kp(u),v > — < Kg(u),v>,

where < Kj.(u),v >= [ f(x,u)vdx, < Kj(u),v >= [rg(x,u)vdl" and < I'(u),v > is
the same as in Proposition 6.

Clearly, under the assumptions (fy) and (ggp), by using Proposition 6, we have
I' : E — E* is continuous; From Proposition 5 and Lemma 1, we know Kpg(u) and
Kg(u) are both weakly continuous and their derivative operators are compact.

On the other hand, for k large enough, we have | < J'(uy),u; > | < ||lux||g, and
under the assumptions (f3 ), (g2), we have (for convenience, we suppose that ||ui||g >

1)
1
M+ (][ =T (i) — 7 < J (), ug >
1 1 - 1
Z(F - §)||”k||§ - /Q(F(x»”k) - gf()@ ug )uy)dx
- [[(Glxu) - B

1 1 -
2 . _ P
(=l

where 6 = min{ 6,6, }, this shows that {u;} is bounded in E.
To show that {u;} is a cauchy sequence, we use the following inequalities for
E.n eRYN (see[9, 20]).

E—nP <C(EP2E—n|P?n)(E—m), forp>2; 3.1)

E—nP<CEP2E— P n)(E=n) (€] +n|)* P, forl<p<2 (32)
Assume ||u, —ug||g < 1, then we can obtain that in the case p > 2,
i = 1< [ (@) Vit = VP + )ty — 7))k
Q

LC(< I (upyuy —wg) > — < I'(ug),un — g >)
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LC(< I (tn) sty — ug > — < J' (), un — ug > + < Kp:(u)
+ KG ()t — ug > — < K (ur) + K (ug), tn — g >)

SC(1V" () [|£#) + I (i) | £+ + | K (1) — K (i) || £+
+[1KG (un) — K (i) | £) [t — g || -

Since J'(ux) — 0 and KJ.,K(; are compact, there exists a subsequence of {u;} which
convergence in E .

For the case 1 < p~ < p(x) <2, we use (3.2) and the Holder’s inequality to obtain
that

||un—ukH125 <C| < I (up,uy —ug) > — < I'(ug), up — ug > |
- - + +
xmax{|[uallz + lwllz Nunllp + llwllz }-

Since ||ug||z is bounded, the same arguments as the above yield a convergent subse-
quence.

THEOREM 2. If (fy), (f1), (£2), (80), (81), (82) hold and g~ ,r~ > p™, then the
Problem (1.1) has a nontrivial weak solution.

Proof. 1t is easy to show that problem (1.1) satisfies all the geometric assump-
tions of the Mountain Pass Theorem (see [23], Theorem 2.10), and the solution is the
Mountain Pass solution.

By Lemma 2, the operator J satisfies (PS) condition on E. Since

Np(x) (N—1)p(x)

+ - + -
pT<qg <qx)<<———— and pT<r <r(x) <<
R e WS

from Proposition 5, the embeddings E < LP " (Q;w;) and E < L? (T;w,) are com-
pact.

From the assumptions (fy), (f), (g0), (g1), we observe that for any given € > 0,
there exists a Ce > 0 such that |F(x,u)| < &fo(x)[u|P" + Cefi(x)|u]9®) and |G(x,u)| <
£90(x)|u|?" + Ceg1 (x)|u|"™ , consequently, the inequality

1
J(u) 2 o

~ [ (egolul?” + Ceglufs)ar

/(“(x)‘vu‘p(x)+b(x)\u|p("))dx—/(Sfo\u|p++cgf1|u\q("))dx
Q Q

1 + + - -
>3 lullz —eCillullz —CeCalllully + Il )

holds for ||u||g < 1, and the right hand side is strictly bigger than 0. Hence, when &

and ||u||g = p sufficiently small, we have J(u) > 0. In order to use the Mountain Pass

Theorem, it remain to show that there exists ug € E, ||u||g > p satisfies J(up) <O0.
From (f,), (g,), it follows that

F(xu) > Glul®,  VxeQ,|ul >M;
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G(x,u) > Cylu|®, VxeT,|ul > M.

for o € E\ {0} and 7 > 1, we have
1
J(ro :/—ax Vio|PY + b(x)|ro|"™)dx
(1) Qp(x)(()l | (e @]”)
Q

—/F@mmw—AQ&MMF

<" [ (aVol) + bl de - it [ wijof’ds
—O%AWMWH

— —oco ast— +oo, since B > pT.

Notice that there still holds J(0) = 0, hence J satisfies the geometric conditions of the
Mountain Pass Theorem, and the operator J admits at least one nontrivial critical point.

LEMMA 3. (see [9]) Let E be a reflexive and separable Banach space, then there
exist {e;} C E and {e; C E*} such that

E =span{ej|j=1,2,---}, E"=span{ej|j=1,2, -},
and
<el,e;>= L=,
DETT0, i

; ; — . N . — .
For convenience, we write E; = span{ej},Yk = @,'zlEj,Zk = @/:kEj.

LEMMA 4. (see [9], Lemma 4.9) If q,r € L7 (Q) and

Np(x)

P <y
N —p(x)

l<q <qlx) <<

denote

oy = supf|ulyc .o lulle = Lu€Ziks B =sup{lul ) u,:llulle = 1,u € Zi},
then limy_... oy = O,Iimkﬁm ﬂk =0.
THEOREM 3. If (fy), (f3), (f3), (80), (82), (g3) hold and g~ ,r~ > p*, then J

has a sequence of critical point {u, } such that J(u,) — 4o and the problem (1.1) has
infinite many pairs of solutions.

Proof. Under the assumptions (fy), (f2), (f3), (g0), (g2), (g3), it is easy to show
that J is an even functional and satisfies (PS) condition, we will prove that if k is a
large enough, then there exist px > 7 > 0 such that

(A1) : b = inf{J (u)|u € Zs, |[ulle = W} — o, (k— o)
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(A2) s ap = max{J(u)|u € Yy, ||ul|lg = pr} <O

The assertion of the Theorem can be obtained by the Fountain Theorem (see [23],
Theorem 3.6), we assume that ||ul|g > 1.
(A1), Forany u € 7, denote [|ul|q = [u]q(x).Qw, [|#llr = [u]+(x),r,w, for simplicity, then

T(u) = /Q pL(a(x)WuV(x)+b(x)\u|1’<x))dx— / Flx,u)dx — /F G(x,u)dl

(x)

1 - 1
>—||ul|% —/ Sfou +—f1u‘1 )dx — /gou—l— glu”

1 - C,
>¢M@—/uw+—wqu/’w+—mw”>

)4 Q

1 - C -
>p—+HMH§ —Cillulla— q—'fmax{llullf-z lulldy 3

Cy -
= Coflullr = = max{Jully s ulr }

L{lullf —cl—j—f— =i fulla <1 Julr< 1
) elaliz —cl———<c2——>||u||r 1f||M||Q<1»HMHr>1
T e €Dl ~Co= it fulla > 1l <
Lullp — (€ + Dllulldy — (Co— ) ullf if [ufla > 1,lu ur

1 Cr C ot
p—+H ully (C1+q—_+Cz+r—f)'maX{Hqu lellr }-

1f max{[|ull&, . |lullf } = |uf§ . we have

J(u) = FHMHE —Cllull&;

1

+ 1 +
F”u”E —Coyf FIIMH%’

" 1
choose ¥ = (Coy! g™)r —a" , then

1 1 1
J(u) <— (Cak gt)yr - —Coz,’{ﬁ(Coz,iﬁqJ’)f”*ff+
p
1 1 )
=———)p—o k — o0),
<p+ q- ( )

because of p™ < ¢~ and oy — 0 as k — oo.
1f max{|ul|S , Jullf } = lullf . we have

1 - +
J(u) ZFHMHZ = Cllullr
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1 - + 1 +
>p—+HuH§ —CBi p—+||u||2,

1
choose % = (CB; )77, then

1) < (e = k=),

because of p™ < r~ and B — 0 as k — .

(A2), From (f2), (g2), we have

Fx,1) <Glt|® —Cy, VxeQ,r] > My;
G(x,1) <Cs|t|®> —Cs, VxeT,|t| >M,.

By 6, > p*,6, > p*

= La)c ulP¥ ) |u[P))dx — x,u)dx — X,u
1) = | o @V bl [ Fsias— [ Geaar

1 +
<[y~ [ (Calul® —Co)ax— [ (Cslul® —Ce)ar
P Q r
1
<—fully’ G5 [ Jufar—Cs [ juf®dr+-c.
P Q r
Notice that dimY; = k implies that all norms are equivalent in Y;, hence we have

1 + 0 2}
J(u) <;HMH§ = Glullg = Gsllullg +C
— —oo as |ul|g — oo forucyy,

because of p™ < 0, 6,. So we can choose p; big enough, then the proof of the Theo-
rem 3 is completed.

To study “concave and convex” problem, we focus on the form

{— div(a(x)|VuP®=2Vu) + b(x) [u[PW"2u = A f(x,u) inQ C RV, 33)

a(x)|Vu|p(x)’2% = ug(x,u) onl' = 0Q,

where u,A € R, and Q C R” is still an unbounded domain with non-compact, smooth
boundary T'; p(x), a(x), b(x) as the Section 1; f(x,u) and g(x,u) are Carathéodory
functions on Q x R"” and I" x R". For the Problem (3.3), we have the following theo-
rem:

THEOREM 4. If (fy), (£2), (£3), (80), (83) hold and g~ > p™,r™ < p~, then
(a) for every A > 0,u € R the problem (3.3) has a sequence of solutions {uy} such
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that J;hﬂ(uk) — 00,k — oco;
(b) for every 1t > 0,1 € R and in ( fy), (go), we have

G0 = AN gl n)] = g @)
the problem (3.3) has a sequence of solutions {uy} such that

J;w(uk)<0 and J;L7H(uk)—>0,k—>oo.

Proof. The proof of part (a) follows by the Fountain Theorem, and part (b) follows
by the Dual Fountain Theorem (see [23], Theorem 3.18).

(a). It is sufficient to prove that J,”l(u) satisfies the (PS) condition, other proofs
are similar to the proof of Theorem 2. Assume

{un} CEJy 4 (un) < M,J,(u,,) — 0asn— oo,

Let ||u||z > 1 for convenience, by the conditions (fy), (f2), (g¢), Lemma 3.1 and
Proposition 5, we have for n big enough

1
M+ |Jullg = J(un) — o <J (up),up >
1 1 1
- _ p(x) p(¥)
> (5= g0) 7 @V b
—l/ (x,un) f(x Uy )ty )dx

— [,L/(G(x7 Uy) — eig(x7 un)un)dr

> (=gl =1 [ (Gloan) = gt Jun)ar
><—1 1>H 2~ (4o H/ 8 )ar
= — — )||Un n U,
p+ 0 E u gol ()
1 1
>(— — — pr
> (=gl

1 (o
(14 glul (clunm—max{unr Talf 1)
1 1 P r r
> (= — ) lwall = Clual(lualle + Nl + llall ),
pt 6

where C; = Cy(go). Since 6, > p™,r™ < p~, itis easy to verify that {u,} is bounded
in E.

(b) By the Dual Fountain Theorem, we only need to prove that: there exits py > % >0
such that

(B1) @ :=inf{J; ,(u)|u € Z,||ullg = pr} >0
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(B2) by:= max{]kﬁu(u)\uEYk,HuHE:yk}go;
(Bg) dy = inf{J;W(u)\uEZk,HuHEgpk}—>0,k—>oo;
(B4)  Jj u(u) satisfies the (PS)¢ (see [23], Definition 3.17) conditionVC € [dj,,0[.

Now, we show that the above conditions hold.
(B1) Let u € Z, for convenience, we may assume that ||u||g < 1, then

J?L“u(u):/Qﬁ(a(xHVuV’(x)—|-b(x)‘u|1’(x))dx

f1 81
) w4 dy — ol e

1 + C - + Gy - +
ullf ~ q—imax{uuuga el ¥ = maxlullf [l

> =
1 + Cr - - gt +
> —lullp — —=max{og [Jullf ,of [lullE }
P q
C, - ~ ot +
— = max{f [lullz . B llullE }

1 + C - + C — +
> el (L (e of )+ Emax(B B ) ) lulle

N
= —|lulz —Cllulle.

1
Choose py = (pTC)r*-1, then we have

1
T u(u) = (Pk) T Cpy
1 1 1
> O ~C(p )7 =0,
which implies that (B ) holds.

(By)ForueY, and u >0, €R,

Jou(u) :/Q ﬁ(a(xﬂVuV’(x) + b(x)|u|P™))dx

_/1/ L|u\‘1(")dx—u/%|u|’(")dr

< —lullp + 21 [ wifuftds =2 [afuar,

Notice that dimY; < e, r™ < p~ and g~ > p™, we find that (B,) holds if we choose
Y > 0.
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(B3) From the proof of (B;) and Y; NZ; # @, we know for u € Z, ||ullg < pk
small enough,

C - + C r— r+
i) > = (L max(af o)+ (B B )l

: 9 at r~ prt :
since max{oy o } — 0 and max{f] ,B; } — 0. That is (B3) holds. Moreover,
from the above proofs, we can choose that p; > ¥ > 0.

(B4) Now we prove the (PS)¢- condition holds. For the sequence {u,;} C E such that
nj—eo, iy €Yoy Sy y(un) =€y y ‘,Yn/- (ttn;) = 0.
Assume |[Ju,; || < 1, for n big enough, we have
P 1 1
C+ 1+ [lun, |z = Jp pu (un;) — = < T (Ut ) s tinj >

11 - 1 1 .
> (g = Dl llp 4 [ (osh— )l

rt 2 qx)
[ = gl ar
H R 81ju
11 - 204
- _ po_ 2 ()
> (g = Dl llp ~ 22 [ il as
11 -2 X
> (5 = Dl llf =226 [ mlal™ds
L1 2 A
P ’ q
> (o5 = )l — ~ = Crmax{ay Y

where o defined in Lemma 4, and we get that {u,;} is bounded in E. Going if
necessary to a subsequence, we can assume that u, ;U inE,as E = U_ann ;> We can
choose v, € Ynj such that Vn; — U, hence

lim < Ji#(un_/)mnj —u>

nj—eo

. / . !/
= lim <J; ,(un;),ttn; — vn; > +n£1111w < T (ttn;) s vny —u >

nj—oo

T 1 _
_nljlgloo < J}t,“u |Ynj (Mnj),unj —u>=0.

From Proposition 6, we conclude that Up; = U. Furthermore, we have Ji_ “(Mn,) —

J; ().
Taking arbitrary vy € Y, notice that when n; > k we have

< J}L’u(u),vk >=< J;hﬂ(u) —Jﬁﬁu(u,,j),vk >4 < J}L’u(unj),vk >

i
= <Jyp () =I5 () vie >+ < J5 ‘Ynj (ttn, ), v >
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—0 asn; — oo

Hence J;W(u) = 0, this shows that J; , satisfies the (PS)¢ condition for every C €

[dk,,0[. This completes the proof of Theorem 3.
From the the proof of Theorem 4, we can obtain the following corollary of another
concave and convex case problem.

COROLLARY 1. If(fy), (f3), (80 ), (82), (83) hold and g < p~,r~ > p*, then
(d") for every A > 0,11 € R the problem (3.3) has a sequence of solutions {uy} such
that J;L#(uk) — o0,k — oo
(b") for every u > 0,4 € R and in (fy), (go), we have

060 = AN, JgCrn)] = g1 (),
the problem (3.3) has a sequence of solutions {uy} such that

Doulm) <0 and Ty (ug) — 0,k — oo
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