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POSITIVE SOLUTIONS FOR SINGULAR NONLOCAL BOUNDARY VALUE
PROBLEMS INVOLVING NONLINEAR INTEGRAL CONDITIONS

BAOQIANG YAN, DONAL O’REGAN AND RAVI P. AGARWAL

(Communicated by Qingkai Kong)

Abstract. In this paper, using the fixed point theory on a cone and Leray-Schauder fixed point
theorem, we present some existence results for singular nonlocal boundary value problems in-
volving nonlinear integral conditions. Our nonlinearity may be singular in its dependent variable
and it is allowed to change sign.

1. Introduction

In this paper, we consider the existence of positive solutions of nonlinear nonlocal
boundary value problem(BVP) of the form

=" =q)f(t,y(1)), € (0,1) (L.1)
with integral boundary conditions
V0 =050 =abl = [ 0s)Paacs) 12)

involving a Stieltjes integral, which generalizes the boundary conditions in [9-10].
J.R.L. Webb, G. Infante, G.S.Goodrich discussed the existence of at least one posi-
tive solutions and multiplicity of positive solutions for BVP(1.1)-(1.2) under the non-
linear boundary conditions or the case § = 1 and f(¢,y) is positive and continuous
on (0,1) x [0,4e0), that is, f has no singularity at y = O(see [6, 8, 13-14]). But
the study of singular boundary value problems (singular in the dependent variable) is
very important and there are many results on the existence of positive solutions(see
[1-4,11-12,15]). Inspired by the above works, we consider the case that f is singular
at y =0 and may be sign changing. In order to get the existence of positive solutions
for BVP(1.1)-(1.2), we establish some new conditions. Using the fixed point theorems
on a cone and the Leray-Schauder fixed point theorem, some new existence results are
obtained for the BVP(1.1)-(1.2).

Our paper is organized as follows. In Section 2, we present some lemmas and pre-
liminaries. Section 3 discusses the existence of multiple positive solutions for BVP(1.1)
-(1.2) when f is positive. In Section 4, we discuss the multiplicity of positive solutions
for the semi-positone BVP(1.1)-(1.2). In sction 5, we present the existence of positive
solutions of BVP(1.1)-(1.2) when f is changing sign and singular at y = 0.
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2. Preliminaries
Let C[0,1] = {y:[0,1] — R|y(¢) is continuous on [0, 1]} with norm

= t)].
Iyl max. ly(2)]

It is easy to see that C[0, 1] is a Banach space. Define

P = {y € C[0,1]]y is concave and nonincreasing on [0, 1]
with y(t) > 0 forallz € [0,1]}.

It is easy to prove P is a cone of C[0,1].

LEMMA 2.1. (see [7]) Let L be a bounded open set in real Banach space E,
P beaconeof E, 86 € Q and A: QNP — P be continuous and compact. Suppose
AAx #x, Vx € dQNP, A € (0,1]. Then

i(A,QNPP)=1.

LEMMA 2.2. (see [7]) Let Q be a bounded open set in real Banach space E, P
beaconeof E, 0 € Q and A: QNP — P be continuous and compact. Suppose Ax £ x,
Vx € dQNP. Then

i(A,QNPP)=0.

LEMMA 2.3. (see [5]) Let E be a Banach space, R >0, Bg ={x € E : ||x|| <R},
F : Bg — E be a continuous compact operator. If x # AF(x) for any x € E with
x| =R and 0 < A <1, then F has a fixed point in Bg.

LEMMA 2.4. Let y € P. Then

y(0) = (A =0)llyll for 1€10,1]. (2.1)

Proof. For t € (0,1), since y(r) > 0 is nonincreasing on (0,1), we have y(0) =
|ly|| - From the concavity of y, we have

y(0) =y(1=1)0+12-1) = (1 =2)y(0) +2y(1) = (1 = 1) y[|-
Then (2.1) is true. The proof is complete. O

Now we present following conditions for convenience:
(C1) A is of bounded variation with a positive measure, 0 < fol dA(s)<1,0<B <1,
(&)
for each constant r > 0 there exists a function v,

continuous on [0,1] and positive on (0,1) such that
f(t,y) = wi(2) on (0,1) % (0,7]
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(G3) 1
g€C(0,1), ¢>0 on (0,1) and /0 (1=1)q(t)dt < o,

(C4)
£:10,1] x (0,00) — (0,e0) is continuous.

REMARK 2.5. From (Cy4), if y € C(]0, 1],R) is a solution to BVP(1.1)-(1.2), it is
easy to see that y € C([0,1],R) N C?((0,1),R). Then the solution space to BVP(1.1)-
(1.2) must be at least C([0,1],R)NC?((0,1),R).

3. Multiplicity of positive solutions for singular boundary value problems with
positive nonlinearities

In this section, we consider the existence of multiple positive solutions for BVP(1.1)
- (1.2). To show that BVP(1.1)-(1.2) has a solution, since f may be singular at y =0,
for y € P, define

1
(Tcy)(t):a[y]—I—/O k(t,s)q(s)f(s,max{c,y(s)})ds, 1 €[0,1], ¢>0 (3.1)
where
k 1=, 0<s<t <
(Z’s)_{l—s,ogzgsgl.

REMARK 3.1. The idea of the definition of 7. comes from [1-2, 10].

LEMMA 3.2. Suppose (Cy)-(Cy) hold. Then T : P — P is continuous and com-
pact for all ¢ > 0.

Proof. Tt is easy to prove that 7. is well defined and (7;.y)(z) > O for all 7 € P.
For y € P, we have

(Toy)"(t) <O on (0,1)
{(Tcy)’(O)zo, T.y)(1) = ayl, (3.2)
S0
T.y(t) is concave and nonincreasing on [0, 1]. (3.3)

Consequently, ¢ : P — P. A standard argument shows that 7, : P — P is contin-
uous and compact(see [5-8,13]). O

THEOREM 3.3. Suppose (Cy)-(Cy) hold and the following conditions are satis-
fied:

0< f(t,y) <gW)+h(y) on [0,1] X (0,00) with

g > 0 continuous and nonincreasing on (0,0),

h >0 continuous on [0,e0), and g (3.4)

nondecreasing on (0,00)
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and
sup ! /r dy > b (3.5)
- et B )
re(0,+es) {1 + %} corb 8(Y)
hold; here
1 1
o :/ dA(s), bo :/ (1—1)q(t)dr; (3.6)
0 0
there exists an a € (0, %) such that
im LY (3.7)

y—>+o<) y

uniformly on |a,1 —a]. Then BVP(1.1)-(1.2) has at least two positive solutions.

Proof. Choose € >0 and r > 0 with & < min{1,cor?} and

1 T dy

[ ZL o, (3.8)
h(r) /Crﬂ

{1+g(r)} orb 8()

From (3.7), there exists an R > r such that
f(t,y) 2 N"y,Vy >R, (3.9)

where
2

a (1= s)q(s)ds

Let
Q= {y e Cl0, ][]yl <r},

R
Q; = {yecho. 1yl < -+

For y € P, define

(Tey)(r +/ k(t,5)q(s)f(s,max{e,y(s)})ds, 1 €[0,1],

where k(t,s) is defined in (3.1). Lemma 3.1 shows that 7 : P — P is continuous and
compact.
Now we show that

y# ATy, ¥y € d0Q NP,A € 0,1]. (3.10)
Suppose that there is a yp € dQ; NP and A € [0,1] with yo = AoTeyo. Then, yo

satisfies
{ o+ Aog(t) f(t,max{e,yo(t)}) =0, 0<t < 1, G.11)
¥6(0) = 0,y0(1) = o[yo]. '
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Then yj(t) <0 on (0,1) and y)(0) =0, yo(1) = alyo] < 7P [} dA(s) = corP < r. For
€ (0,1) we have

max{e,yo(t)

i )
0 < glmaxteolt)) {” g(max{e,yo(1)}) } W G
< g(max{e.yo()}) {1+ 5 bq(1), 1 € (0,1).

Integrate from O to ¢ to obtain

340 < stmaxteao@h {1+ 50} [ as1as <o) {1+ 291 ["a(spas

and then integrate from 0 to 1 to obtain

/ay;;))gcé—i) S {H_g}/ol(l—s)q(@ds,

which together with o[yo] < cor® means that

/C(:rﬁ g% g/ar[yo]% S {1—'—%}/01(1—5)61@)61&

This contradict (3.8), which yields (3.10) is true. Lemma 2.1 implies that
i(T, Q1 NPP)=1. (3.13)

Next we show
Tey Ly for y € PNJLY,. (3.14)

Suppose that there exists a yg € PN1d€, with Tz yo < yo. Then, [[yo] = £. Also
since yo(¢) is concave on [0, 1] (since yp € P) we have from Lemma 2.4 that yo(z) >
(L—1)|lyol = (1 —1)& for + €]0,1]. Also for s € [a,1—a] we have

R
yo(t) EaE =R, Vi€lal—d,
which together with (3.9) yields that
ft,yo(t) = N"yo(t) =2 N*R,Y t € [a,1 —d. (3.15)

Then we have using (3.15),

v0(0) = T2 y0(0) = ayo +/ (1= 5)q(s) f(s,max{e, yo(s)}) ds
/ (1—15)qg(s) f(s,max{e,yo(s)})ds
/ (1-5)q(s) f(s.y0(s)) ds
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R

1-a
>N*;a/ (1—s5)q(s)ds

R
> —=lyol,
a
which is a contradiction. Hence (3.14) is true. Lemma 2.2 guarantees that
i(T:,QNP,P) =0,

and so .
(T, (Q —Q))NPP)=—1. (3.16)

Now (3.13) and (3.16) imply that there exists a y; € QNP and a y, € (Qy — Q) NP
such that

Teyr = y1, Tey2 = y2.
Define

1 = {x € C(0.1].R)NC" (0. 1),R) NC((0, 1), (0,+)) NC¥(0,1). )
| x satisfies x” (1) +q(t) f(t,max{e,x()}) =0, 0 <t < I,
1
X(0)=0, x(1) = afy] = / B (5)dA(s), Ve >0},
0
Since y1, y» € H, we know that H # 0. Let T = infyeyy minc|o, ) x(¢). Now we

show that
c>0.

In fact, if x € H, there are two cases to consider:
(1) ||x|]| > 1. Lemma 2.4 implies that

x(1) 2 (L= > (1-0), 1€ [0,1]

(1) = ol + /0 (e, 5)q(s) £ (s, max{e,x(s)} )ds > /0 "1 5)PaA(s), 1e0,1].
(2) 0 < |jx|| < 1. Then (C,) means that
x(t) = alx]+ /01 k(t,s)q(s)f(s,max{e,x(s)})ds
> [ k)5 (s = 3000, 1< 0.1]
0
and so

(1) = o] + /O  k(t.5)q () f (s, max e, x(s)})ds > /O 1y{f(s)dA(s), refo,1].
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Then X X
e> min{/o (1— s)ﬁdA(s),/O 7 (s)dA(s)} > 0.

Let 0 <& <c and € <r(r is defined in (3.8)). (3.13) and (3.16) guarantee that
there exists a y; € QNP and a y, € (Q; —Q;) NP such that

Teyr = y1, Teya = yo,

i.e., y; and y, satisfy

(a0 emienoh =0 o<<1 o)
1(0) =0,y1(1) = a[y], '
y2+q tmax{&‘yz( )}):O, 0<r<1,
and min,c(o 1 y1(¢) =€ > €, min,c[g 1) y2(¢) > € > €. And then

Y +q(t) ft.y1(6) =0, 0<t <1,
{y’i(O) = 0.3/(1) = afy] (3.19)
and

Vo +q(t) f(t,y2(1) =0, 0<t <1,
{yi(O) = 07)12(12) = ofya]. (3.20)

(3.19) and (3.20) guarantee that y; and y, are two positive solutions. O

EXAMPLE 3.4. Consider
VIO + O () +y2 (1) =0,0 <1 < 1, (3.21)
/ l 1
V0)=0,5(1) = [ VA (5)aA(s),a4(5) = Las. (322)
where 0; >0, & > 1. Let
q(t) =, f6,y) =y +y%2, g(y) =y, h(y) =y>,
1 1
= [ dA(s) ==, bo=—H.
o= / — 0Tk
It is easy to see that (C;)-(Cy4) and (3.4) hold. Since
1 Lo 1—($H)at!
LY SO NP il
1+’;E—}§ 12 g(y) 2(1+ &)

( )5 1+1
letting tp < ZW we have

1 r 1
sup 7/ dy>/ 1 —1)q(t)dt = by
re(0,4) 14 E; cor? &() o( )ate)
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for all u < Uo, which means that (3.5) is true. Moreover, since

t
tim L0 _ .
y—tey

uniformly on [0, 1], (3.7) is true.
Then, Theorem 3.1 implies that (3.21)-(3.22) has at least two positive solutions.

4. Multiplicity of positive solutions for singular semi-positone boundary value
problems

In this section, we consider the case

flt.y)=F(t,y)=v(), t€(0,1),
where the conditions (C1), (C3), (C4) for F(t,y) instead of f(z,y) hold and y €
C((0,1),(0,+)) 1
w(t) = /0 k(t,5)y(s)ds < oo, 1 € [0,1]

throughout this section, where k(z,s) is the same as one in (3.1).

THEOREM 4.1. Suppose the following conditions are satisfied.:

0 < Flt,y) < g0) +h(y) on [0,1] x (0,) with
g > 0 continuous and nonincreasing on (0,o0),
h >0 continuous on [0,%), and f,
nondecreasing on (0,0),

there exists a function Wi,
continuous on [0,1] and positive on (0,1) such that (4.2)

F(t,y) = Wae, (t) on (0,1) x (0,4cy],

with X
| =9ayc, (s)ds > 261
and | Py
re(er o) 1+ gz Jeor? g(3y)
hold; here
1 1 1
c0=/ dA(s), ¢ :/ ¥(s)ds, boz/ (1—1)q(r)dr: (4.4)
0 0 0
there exists an a € (0, %) such that
F
im 20 _ (4.5)
yote

uniformly on |a,1 —a]. Then BVP(1.1)-(1.2) has at least two positive solutions.
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Proof. From (4.3), choose r > 2c¢y, € >0 with € < min{%corﬁﬁ} with

1 od
—m/ S (4.6)

h(r) - JeorB g(4
1+g(r) or g(zy)

From (4.5), there exists an R > r such that
F(t,y) = N"y,Vy >R, (4.7)

where
2

a [l (1= s)q(s)ds

Let
Q ={yeclo,1]llyll <r},

2R
Q, ={yeClo,1]|[ly]| < 7}~

For y € P, define

(Ten) (1) = oly ~ '+ [ K0, 9)a(5)F (5, max{e, (s) —w(s)) s, 1€ [0,1),
where k(z,s) is defined in (3.1) and

N —w(t), if —w 0,
(@) = w(2)] ={§ft) " ifﬁg—wggzo.

Lemma 3.1 guarantees that 7 : P — P is continuous and compact.
Now we show that

vy # ATy, ¥y € 0Q1NPA € [0,1]. (4.8)
Suppose that there is a yo € dQ; NP and Ay € [0,1] with yo = AgTzyp. Since
yo(t) = (1 =1)]|yol[ = (1—1)2c; and

w(t) = /Olk(t,s)y(s)ds <1 —t)/o1 ¥(s)ds

C1 1
—ei(1—-1)= <L (1= 1) |yoll < =30(0).
Cl( t) ||yOH( I)Hy()” 2)’0(’)

we have |
yo(t) —w(t) = EyO(t)v te [07 l]

Since yq satisfies

{y3+loq(z)F(t,max{e, o(t) —w(®)]*}) =0, 0<t<1, 4.9)
¥0(0) = 0,y0(1) = a[[yo — w]"]. '
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we get y1(1) <0 on (0,1) and y)(0) =0, yo(1) = o[[yo — w]*] < P [ dA(s) < P
For 1 € (0,1) itis easy o see that

y0) < glmaxe, o) —w(ol ) { 1+
< g(max{e, o) — w1+ g—:}qm, (e (0.1).

Integrate from O to ¢ to obtain

540 < smax(e, o)~ wio D {1+ 253} [ g(s)as
<stmaxte, o@D {1+ 29 } [ a(o)as

1+
<atgpin {1+ 25} ["gs)as

and then integrate from 0 to 1 to obtain

/ay[(;:iw}*] g(dyy) s {1 ’ %}/ol (1=5)q(s)ds,

1
2

which together with a[[yo —w]*] < a[yo] < cor? yields

Lot il <20
corB g(5y)  Jallvo-wl] g(3) g(r)

This contradicts (4.6), which means that (4.8) is true. Lemma 2.1 implies that

i(T.,Q NP,P)=1. (4.11)

Next we show
Tey Ly for y € PNJQ,. (4.12)

Suppose that there exists a yo € PNdQ with Tz yo < yo. Then, [lyo|| = 2. Also

since yo(r) is concave and nonincreaing on [0, 1] (since yo € P) we have from Lemma
2.4 that yo(z) = (1 —1)||yol| = (1 —1) %R for + €[0,1]. Also for s € [a,1 —a] we have

1 1 2R
Do(t) =w(B)]" > Eyo( ) > Z3T =R,Vit€lal—ad],
which together with (4.7) yields that
F(t,max{e,[yo(t) —w(®)]") = N"[yo(t) —w(®)]* = N*R,Vt € [a,1 —a].  (4.13)

Then we have using (4.13),

0(0) > Texo(0) = ] + [ (1 5)a(s) Fls,max{e, yo(s) - w(s) })ds
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1-a
> [ (1=9)q(s) Fls.max{e, [yo(s) —w(s)]"}) ds
= [ 194 PG bofs) — wis)) )

> N*R/a1 a(l —s)q(s)ds

2Ra [l-a

:N*7§ ; (1—=s)qg(s)ds

2R
> — =yl
a

which is a contradiction. Hence (4.12) is true. Then Lemma 2.2 guarantees that
i(T:,QNP,P) =0,

and so
i(Te, (Qy — Q) NPP) = —1. (4.14)

Now (4.11) and (4.14) imply that there exists a y; € Q; NP and a y, € (Q, —Q;)NP
such that

Teyr = y1, Teya = 2.
Define

H= {x e C([0,1],R) NCL([0,1),R) N C((0, 1), (0, 4o0)) NC2((0,1),R)
|x satisfies x” () + q(¢)F (t,max{g, [x(t) —w(t)]*}) =0, 0 <t < 1,

X(0) = 0,x(1) = a[fx—w]] = /01([x(s) —w(s)])PA(s), Ve > 0}.

Since yi, y2 € H, we know that H # 0. Let € = infyey min, (o yj[x(¢) — w(t)]".
Now we show that
c>0. (4.15)

In fact, if x € H, there are two cases to consider:
(1) ||x|| = 4c; . Since

(1—1) / Ys)ds =1 (1—1), (4.16)

we have

w(t) < 4—401(1—l) —HXII(l—I)

Lemma 2.4 implies that

(t) — w(t)]* > Sx(t) > %4c1(1 ) =3ei(1—1), 1€ [0,1]

EER
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and so
x(t) = affx—w|" ]+ /Olk(t,s)q(s)F(s7max{£, [x(s) —w(s)]*})ds
> /1(301(1 —$)BdA(s), 1 € [0,1).
0
Then |
(t) — w(o)]* > %x(t) > %/0 Ger(1—s)PdAs), t € 0,1, (4.17)

(2) 0 < |Jxy|| < 4c;. Then (4.2) means that

40) =l w]' )+ [ (1 5)a(5)F (s max{e, [es) — w(s)])ds
> [ (1= 95w, (5)ds > 201, 1€ (0,1,
which together with x € P implies that
x(t) = (1—1)||x]| = 2¢1(1—1), t € [0,1]. (4.18)
From (4.16) and (4.18), we have

wt)<c(1—1)= 12c1(1 —1)< zx(2), 1 €10,1]

N | =

and so

Then

[x(2) —w(@)]" = Ex(t) > %/Ol(cl(l —s))ﬁdA(s). (4.19)

(4.17) and (4.19) guarantee that

1 /1
e> 5/ (c1(1—))BdA(s) > 0.
0
Then (4.15) is true.
Let 0 <& <c and € <r(r is defined in (4.6)). (4.11) and (4.14) guarantee that
there exists a y; € QNP and a y, € (Q; —Q;) NP such that

Teyr = y1, Tey2 = y2,
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i.e., y; and y, satisfy

V! +q(t) F(r,max{e, [y (1) —w(t)]*}) =0, 0<1 <1,
{yi (0)=0,y1(1) = o[[y1 — w]*], (4.20)

Vo +q(t) F(t,max{g,[y2(t) —w(t)]*}) =0, 0<zt <1,
{yi(O) =0,y2(1) = e[[y2 — w]*], (4.21)
and
1) —w@®)]* > €, va(t) —w(@)]" > €, r€]0,1].

Hence, y; and y, satisfy

VI+q(t)F(t,yi(t) —w(t) =0, 0<t <1,
{Y%(O)ZO,yl(ll):(x[yl—W] (4.22)
" () F(t,y2(t) —wl(t))
y//_|-qt F(t,y2(t)—w(t)) =0, 0<t <1,
{yi(o)zoa}h(l):a[yg—w], (4.23)

Let x1 (1) = y1(¢t) —w(t), x2(t) = y2(t) — w(t). It is easy to see that x; and x, are
two positive solutions of BVP(1.1)-(1.2). O

EXAMPLE 4.2. Consider

y”(t)—i—,u(y_z(t)—ky‘sz(t)—ﬁ%) =0,0<r<1, (4.24)
1 1 1
¥'(0) =0, y(1) =/0 (v(s))2dA(s),dA(s) = 5 ds, (4.25)

where 6 > 1. Let

q(t) =, F(t,y) =y 2 +y2, g(y) =y 2, h(y) =y%,

1 1
€0 / 2’ 2”7
1 1
= = 1 — = —
"= Too0 1= /0 (=976 = 1560
It is easy to see that (Cy), (C3)-(C4) and (4.1) hold, and since F(z,y) > @ 1) = (250)?
and |
/ (1—5)g(s)(250)%ds > 2c1.
0
Then (4.2) is true.

Since
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. 1-4
letting tlp < 2-5;*, we have

1 r 1 1
sup 6] / s dy>/ (L—=1)g(r)dt = by
re(2cy,+oo) 1+ ( ) { 2 0

for all u < o, which means that (4.4) is true. Moreover, since

lim f(t,y)

y4>+oo y

= +oo

uniformly on [0,1], (4.5) is true. Then, Theorem 4.1 implies that (4.24)-(4.25) has at
least two positive solutions.

5. Positive solutions for singular boundary value problems with sign-changing
nonlinearities

(H1) f(t,y) € C([0,1] x (0,+00),(—o00,+o0)),
(H2) a(r) € C([0,1],(0,+)), (1 —1)g(t) € L(0,1],

(H3) there exist F(y) € C((0,4-20),(0,420)), G(y) € C([0,+00),[0,+00)) such that
[(t,y) SFQY)+G().

(S1) f(t,y) = a(t) hold for 0 <y < b,

(S2) F(y) is decreasing in (0,+o0),

(S3) there exist R > 1, such that f oRP F p- (1 F(( ))) US> [0(1 = s)g(s)ds, where
G(R) = max[o g G(s).

For y € C[0,1], we define T as

(190 = [ 6O)PA) + [ Kr.s)glo) s max{(6))ds. 1 € 0.1,

where % < min{R,5}.
From a standard argument, we have the following result.

LEMMA 5.1. Suppose (Cy), (H1)-(H3) and (S1)-(S2) hold. Then the operator
T is continuous and compact from C[0,1] to C[0,1].

THEOREM 5.2. label5.1 Suppose (C1), (H1)-(H3) and (S1)-(S3) hold. Then
BVP(1.1)-(1.2) has at least one positive solution y € C[0, 1] with

kﬁgy(t)gR,te[O,l]. (5.1
0
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Proof. Let Q= {y € C|||y|| <R}. For y € dQ, we now prove that

V(1) £ A(Ty)(1 A/ $))BdA(s) +A/ k(t,5)q )f(s,max{:—o,y(s)})ds (5.2)
for 7 €[0,1] any A € (0,1).

Suppose (5.2) is not true. Then there exists y € C[0, 1] with ||y||=R and 0 <A < 1
such that for 7 € [0,1],

V() = /1/ $))BdA(s) +x/ k(t,5)q(s )f(s7max{k%,y(s)})ds. (5.3)
It is easy to see that y/(0) =0, y(1) = 4 [y y?(s)dA(s).

We first claim that y(r) > JL% forany r € [0, 1].
Suppose there exists an 11 € (0,1) with y(n) < JL%. Let

. b
1 =inf{s; : y(s) < AE,VS € [r1,m]},
b
71 =sup{t; : y(s) < /IENS € n,nl}.
There are two cases to consider:

(1) =0 and y; = 1. Then, y(0) < A,f—o, y(1) < k% and y(¢) < k% for all
€ (0,1), which implies

Y'(t) =—Af(, )<Ot€(0 1)

and so y(¢) is concave down on [0,1]. Since y'(0) =0, we have y'(r) < 0 for all
€ (0,1), which implies that |y(1)| = R. However (C}) guarantees that

\—M/ 5))PdA(s) \<Rﬁ/|dA )| <R.
This is a contradiction.

(2) 1o >0 or 3 < 1. We assume that ¥ > 0. Then, y(y) = JL%, y(n) < k%
and y(r) < k% for all 7 € (W, %), which implies

b
y//(t) = _x’f(tvg) < 07t € (%)7’)/1)

and so y(r) is concave down on [}, 1]. If y1 = 1, from ||y|| = R, the concavity of y()
implies that |y(1)| = R. However (Cy) guarantees that

1 1
\y(l)\=|7t/0 yB(S)dA(s)|<R’3/O [dA(s)] <R.
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This is a contradiction. If 7 < 1, we have y(y1) = k%. Then the concavity of y()

implies that y(r) > 4 % . This is a contradiction also.
Next we claim that

ko dy G(R), [!
/cORﬁ Fly) < (1+ W)/o (1—s)q(s)ds. (5.4)

Since y(1) = A[f, yP (s)dA(s)] < coRP < R and y'(0) = 0, there exist 7* € [0, 1)
such that y(t*) =R, y'(+*) = 0. Setting ' =sup{r* :t* €[0,1),y'(t*) = 0,y(¢*) = ||y|| =
R}, weobtain’ €[0,1),y'(t') =0,y(r') = |ly||=R. Let r; =inf{O <7 < 1|y(r) = y(1)}.
It is easy to see that ¢’ <#; < 1 and y(r) > y(#;) forall ¢t € (¢',7;). Furthermore we get
a countable set {#;} of (0,1] such that

1. /> 2ty >tmo1 > - >ls >t >B =0 >, by — 1,
2. y(ti) = y(t2ig1), Y (2i) =0, i=1,2,3---,

3. y(¢) is strictly decreasing in [ta;,t2;—1], i=1,2,3--- (if y(¢) is strictly decreasing
in [f/,11], put m=1;1ie, [t2,11] = [t',11]).

Differentiating (5.3) and using the assumptions (H3), (S1)-(S3), we obtain

V() = lq(t)f(t,max{:—o,y(t)})
< Aq(f)(F(max{%,ym})+G<max{%,y<z>}»

G(max{L,
:Aqa)F(max{%,y(z)})(H%) (55)
— ko’
< gOFmax{ 5O} +%>
< q(t)F (1)) (14 %), t € lhitaio1), i=1,2,3--.

Integrating (5.5) from #y; to ¢, we have by the decreasing property of F(y),

_/r;y”(S)dS < (1+ %)/;Q(S)F(y(s))ds <F((n)(1+ %)/[; q(s)ds,
for t € [ta,t2i 1), i = 1,2,3---; that is to say

—y'(t) <F(y(t))(1+ %)/;q(s)ds, t € [taitaim1), i=1,2,3---. (5.6)

It follows from (5.6) that

GR), [ GR). "
o < Fa) [ a0ds< 1+ e gt (57)
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for ¢ € [fo;,t2i-1), i =1,2,3---

On the other hand, for any z € (0,1) with y(z) > ¢oRP, we can choose iy and
Z € (',11) such that 2’ € [t2;),12i—1), ¥(Z') = ¥(z) and z < Z'. Integrating (5.7) from
ti 10 tai—1, i =1,2,3...ip— 1 and from 1;, to Z’, we have

y(t2i) (R o1 [t
/ D4+ 8B /q(s)dsdt, i=1,2,3io—1,  (58)
y 0

(ti-1) F () h F(R)" Juy

and

() 1
/ dy 1+— /20/ s)dsd. (5.9)
¥(t2ig) ( )

Summing (5.8) from 1 to ip — 1, we have by (5.9) and y(f2;) = y(t2:+1), that

(@) dy _ G(R) /11/ G(R)
—_— s)dsdt < / / s)dsdt.
/y(m o) SUTER) (s F(R) q(s

Since y(z) = y(7'),

Y@ dy GR). [ [t
/ym) Wg(”m)/z /Oq(s)dsdt. (5.10)

Letting z — ¢ in (5.10), we have

Fody [t dy G(R), [ [1
/coRﬁm gé(n)m < (1+ﬁ)/ / q(s)dsdt
R

Ii(R)//q s)dsdt
(l—l—g(—g)/ (I —s)g(s)ds.

Then, (5.4) is true, which contradicts f > (1+ 7y G( R )fo (1 —s)q(s)ds. Hence
(5.2) holds.
It follows from Lemma 2.3 that T has a fixed point y in C. Using y and 1 in place

of y and A in (5.3), we obtain easily % <y(t) <R,r€[0,1]. And y satisfies that

8 O

1 1
y(0) = [0 @)+ [ kes)a6)f(sy(s)ds, 1€ 0.1)
i.e., y is a positive solution for BVP(1.1)-(1.2). The proof is complete. O

COROLLARY 5.3. Suppose the assumptions of Theorem 5.1 hold. If further f(t,-)
is non-increasing in (0,4o0) for each t € (0,1) and B = 1, the solution of BVP(1.1)-
(1.2) is unique.
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Proof. Suppose yi(t) and y,(z) are two solutions of BVP(1.1)-(1.2) . We need to
prove that y; (t) = y2(¢), € [0,1]. Let z(t) = y1(t) — y2(t),7 € [0,1].

We claim that z(r) = 0,7 € (0,1). In fact, if it is not true, without loss of generality,
we assume z(f9) > 0 for some 7y € (0,1). Let 13 = max{r € (0,9),z(t) = 0},14 =

mln{t S (to, )a ( ) O}
There are two cases to consider:
(1) 13 =0, 14 = 1, which implies that z(r) >0, 7 € (0,1) and

1
0 1) = dA(s) < dA(s
<z(1) /0 2(s) tlen[(f)wlc]z / ) < tren[(z)l)l(]z( ).

Then

=Z'(t) = q(t) f(t.31(1)) —q(0) f(1,32(1))
< 0,vr € (0,1),

which yields that z() is convex on (0,1). Since Z'(0) = 0, we have z(¢) is nondecreas-
ing on (0,1). And so z(1) = max,c[p)z(¢). This contradicts z(1) = fol z(s)dA(s) <
maxe (o 1] 2(t)-

(2) 13 20, 14 < 0, which implies that z(r) > 0, t € (13,24), z(t4) = 0. Then

—=2"(1) = q(0)f(t,y1(1)) —q(t) f(2,2(r))
< 0,V € (13,14),

which yields that z(7) is convex on (3,14). If 3 > 0, we have z(r3) = 0. This con-
tradicts max,c, ,,12(t) > z(t3) = z(t4) = 0. If 13 = 0, we have Z'(13) = 0 and z(z) is
nondecreasing on (#3,%4), which together with z(#4) = 0 means that z(#) < 0 for all
t € (t3,14). This contradicts z(z) > 0 forall ¢ € (13,13).

Hence we get y;(t) = y2(1),t € [0,1]. Thus the result is proved. O

EXAMPLE 5.4. Consider

1 1
" - 2 ) _
y (t)+4(cos t+y2(t) (1)=0,0<r<1, (5.11)
y(0) =0, y(1 / v(s)dA(s),dA(s) = sds, (5.12)
Let
1 1, ) 1 1 11
== = = - =142 F(y)=—, b=, a(t) = —.
q(t) = g, [(t,y) = cos Y G(y)=1+y" F(y) = b=3,alt)=~

It is easy to see that (H1)-(H3) and (S1)-(S2) hold. Let R =2. We have

2 8 G(2), ! 21
=3 (g [, (el =T,

1 F

so (S3) holds. Corollary 5.1 implies that (5.13)-(5.14) has at least one positive solution.
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