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GLOBAL ATTRACTIVITY RESULTS FOR COMPARABLE SOLUTIONS
OF NONLINEAR HYBRID FRACTIONAL INTEGRAL EQUATIONS

BAPURAO C. DHAGE

(Communicated by Sotiris K. Ntouyas)

Abstract. We present a couple of global attractivity and asymptotic stability results for the com-
parable solutions of a certain hybrid functional nonlinear fractional integral equation with a linear
perturbation of first kind on the unbounded intervals of real line under some weaker partially Lip-
schitz and partially compactness type conditions. We employ a new partially measure theoretic
fixed point theorem in our analysis and develop an algorithm for the solutions. We claim that the
results are new to the literature.

1. Introduction

The topic of fractional calculus and fractional differential and integral equations
is of current interest and have received significant attention of many mathematicians
all over the world because of their occurrence in several areas of physical sciences
(cf. Podlubny [13] and the references therein). The object of this paper is to discuss
attractivity and stability results for comparable solutions and develop an algorithm for
the following functional nonlinear fractional integral equation (in short HFIE)
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where f:RL xR—-R, k : Ry xRy = R4, g: Ry xR—R, a,pB,y: Ry — R,
are continuous functions, 1 < g <2 and I is the Euler gamma function.

By a solution of the HFIE (1.1) we mean a function x € C(R+,R) that satisfies
the equation (1.1), where C(R,R) is the space of continuous real-valued functions on
R;.

The above nonlinear fractional integral equation in question has rather general
form and includes several classes of functional, integral and functional integral equa-
tions considered in the literature (cf. [1, 3, 6, 10, 11] and references therein). Let us
also mention that the functional integral equation considered in [3, 6] is a special case
of the equation (1.1), when o(¢) = B(¢) = y(t) =t and g = 1. Note that the existence
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theorem for the HFIE (1.1) may be proved via a hybrid fixed point theorem on the lines
of Kranoselskii [10] under the mixed Lipschitz and compactness type conditions. But
in this case we do not get any information about the behavior of the solutions as well
as there is no way to approximate the solutions by successive iterations. It is with this
motivation, we present some qualitative analysis such as attractivity and stability of
comparable solutions along with an algorithm for the solutions of HFIE (1.1) defined
on unbounded interval of the real line.

Our investigations will be carried out in the partially ordered Banach space of
real functions which are defined, continuous and bounded on the right half real axis
R4 . The partially measure of noncompactness used in this paper allows us not only
to obtain the existence of comparable solutions of the mentioned functional integral
equation but also to characterize the comparable solutions in terms of uniform global
ultimate attractivity and to develop an algorithm for the solutions. See Appell [1],
Banas and Goebel [2] and Banas and Dhage [3]. This assertion means that all the
possible comparable solutions of the nonlinear fractional integral equation in question
are globally uniformly attractive in the sense of notion defined in the following section.

2. Auxiliary Results

Let (E,=,|-||) be a partially ordered normed linear space. It is known that E
is regular if {x,} is a nondecreasing (resp. nonincreasing) sequence in E such that
X, — x* as n — oo, then x, < x* (resp. x, = x*) for all n € N. The conditions guar-
anteeing the regularity of £ may be found in Nieto and Lopez [12] and Heikkild and
Lakshmikantham [9] and the references cited therein. The following definitions have
been introduced in Dhage [5] and are frequently used in the subsequent part of this
paper.

A subset S of E is called partially bounded if every chain C in S is bounded.
Again S is called uniformly partially bounded if all chains in S are bounded with a
unique constant.

Note that every bounded subset of a partially ordered normed linear space is uni-
formly partially bounded and uniformly partially bounded set in E is partially bounded,
but the converse implications may not be held.

DEFINITION 2.1. A mapping .7 : E — E is called isotonic or monotonic if it is
either monotone nondecreasing (resp. non-increasing), that is, if x <y implies Zx <
Ty (resp. Tx = Ty)forall x,y€E.

DEFINITION 2.2. (Dhage [7, 8]) A mapping .7 : E — E is called partially con-
tinuous at a point a € E if for € > 0 there exists a 6 > 0 such that || Tx— Ta|| < €
whenever x is comparable to a and ||x—a|| < 6. .7 called partially continuous on E
if it is partially continuous at every point of it. It is clear that if .7 is partially continu-
ous on E, then it is continuous on every chain C contained in E. .7 is called partially
bounded if .7 (C) is a bounded subset of E for all totally ordered sets or chains C in
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E . Finally, .7 is called uniformly partially bounded if .7 (C) is a uniformly bounded
subset of E for all totally ordered sets or chains C in E.

2.1. Partially measure of noncompactness

If C is a chain in E then the symbol C stands for the order-closure of C in E
defined by C =infCUCUsupC provided infC and supC exist. The supC is an el-
ement z € E such that for every € > 0 there exists a ¢ € C such that d(c,z) < € and
x < z for all x € C. Similarly, infC is defined in the same way. Then C is again a
chain, called the closed chain in E . Thus, C is the intersection of all closed chains con-
taining C. Moreover, we denote by P (E), Ppa(E), Prep(E), Pen(E), Ppacn(E),
Prep.cn(E) the family of all nonempty and closed, bounded, relatively compact, chains,
bounded chains and relatively compact chains of E respectively.

We accept the following definition of partially measure of noncompactness in par-
tially ordered normed linear space given in Dhage [7].

DEFINITION 2.3. A mapping u? : Ppg4(E) — Ry = [0,00) is said to be a par-
tially measure of noncompactness in E if it satisfies the following conditions:

12 0# ()" ({0}) € Prepan(E),
2 pr(©) = (o),
3¢9 u” is nondecreasing, i.e., if C; C C; = u?(Cy) < u?(C), and

4° If {C,} is a sequence of closed chains from %}, .,(E) such | that Gy C Gy
(n=1,2,...) and if lim u?(C,) =0, then the intersection set Co. =(_; C, is
Nn—oo
nonempty.

The partially measure y” of noncompactness is called sublinear if it satisfies
59 uP(Cr+GCy) < uP(Cr)+uP(Cy) forall Ci,Cr € Ppgn(E), and
6° uP(AC)=|A|uP(C) for A € R.

REMARK 2.1. The family of sets described in 1° is said to be the kernel of the
measure of noncompactness j1P and is defined as ker u? = {C € Py 1(E) | ur(C) =
O}. Clearly, ker u? C P,.p 1(E). Observe that the intersection set C from condition
4° is a member of the family ker u”. In fact, since u?(C.) < u?(C,) for any n, we
infer that u”(C.) = 0. This yields that C. € ker u”. This simple observation will
be essential in our further investigation of measure theoretic fixed point theorems in
partially ordered normed linear spaces.

EXAMPLE 2.1. Define the functions o”,B? : Ppgn(E) — Ry by

i=1

o?(C) = inf{r >0 ‘ ¢ =|JG, diam(Gy) < rVi} :
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where C € P4 cn(E) and diam (C;) = sup{||x—y|| : x,y € G;}; and

n
BP(C) = inf{r >0 ‘ cc U%(x,-,r) for some x; € E} ,
i=1
where Z(x;,r) ={x € E : ||x; —x|| < r}. Itis easy to prove that a” and 7 are partially
measures of noncompactness called the partially Kuratowskii and ball or Hausdorff
measures of noncompactness in E respectively. The partially measures of noncom-
pactness o and B are full or complete in the sense that (1?) ' ({0}) = Pyepen(E).

The above two partially Kuratowskii and Hausdorff measures of noncompactness
of and B? are sublinear and enjoy the maximum property in E. The verification of
this claim is same as classical Kuratowskii and Hausdorff measures of noncompactness
and so we omit the details. In the following we prove some hybrid measure theoretic
fixed point theorems (in short FPTs) in partially ordered normed linear spaces for their
further use in the subsequent sections of the paper.

2.2. Measure theoretic FPTs

DEFINITION 2.4. A mapping .7 : E — E is called a partially nonlinear & -set-
contraction if there exists a upper semi-continuous nondecreasing function y : Ry —
R, such that for any bounded chain C, .7 (C) is a bounded chain and pu? (7 (C)) <
w(uP(C)), where y(r) < r, for r > 0. The function v is called a & -function of the
operator .7 on E.

It is proved in Dhage [6] that if y is a & -function, then y" () =0 forall r € R .
We need the following definition in what follows.

DEFINITION 2.5. (Dhage [6]) The order relation < and the metric d on a non-
empty set E are said to be compatible if {x,} is a monotone, that is, monotone nonde-
creasing or monotone nonincreasing sequence in E and if a subsequence {x,, } of {x,}
converges monotonically to x* implies that the whole sequence {x,} converges mono-

tonically to x*. Similarly, given a partially ordered normed linear space (E,=,|-||),
the order relation < and the norm || - || are said to be compatible if < and the metric d
defined through the norm || - || are compatible.

The following applicable hybrid fixed point theorem for monotone mappings is
the key tool for proving the main existence and attractivity result for the HFIE (1.1).

THEOREM 2.1. Let S be a non-empty, closed and partially bounded subset of
a regular partially ordered complete normed linear space (E,=,||-||) such that the
order relation < and the norm || - | are compatible. Let . : S — S be a partially
continuous, nondecreasing and partially nonlinear & -set-contraction. If there exists
an element xq € S such that xy < T xo or xo = Txy, then T has a fixed point x* and
the sequence { T"xy} of successive iterations converges monotonically to x*.
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Proof. The proof is given in Dhage [7]. Since the proof is not well-known, we give
the details of it. Assume first that there exists an element xo € S such that xg < Jxg.
Define a sequence {x,} of points in E by

Xpi1 =T xp, n=0,1,2,.... 2.1
Since .7 is nondecreasing and xy < 7 x, we have that
Xp xS R Sy X (2.2)

Denote C, = {x,Xp+1,...} for n =0,1,2,.... By construction, each C, is a
bounded and closed chain in E and C, = 7 (C,—1), n=0,1,2,.... Moreover,

CGDOCiD-DC, D (2.3)
Therefore, by nondecreasing nature of u” we obtain

1P (Co) =P (T (Co1)) S WP (Cae1)) S WP (UP(Cr2)) < - <Y (UP(Co)). (2.4)

Taking the limit superior as n — o in the above equality (2.4), in view of Lemma
3.1 we obtain that

lim 7 (G,) < limsupy” (u”(Go)) = lim y" (u”(Co)) = 0. (2.5)
—oo s oo

Hence, by condition (4°) of u?, Co =(V71Cy #0 and Cw € Py (E).
From (2.5) it follows that for every € > 0 there exists an ny € N such that u”(C,) < ¢,
Vn Z ny.

This shows that alo and consequently Cy is a compact chain in E. Hence, {x,}
has a convergent subsequence. Further since the order relation < and the norm | -
| are compatible, the whole sequence {x,} = {7 "xo} is convergent and converges
monotonically to a point, say x* € Cy. Since the ordered space E is regular, we have
that x,, < x* for all n € N. Finally, from the partial continuity of .7, we get

T =T <lim xn> — lim Ty = lim xps 1 = X°.
Similarly, if the condition xo = 7 xo holds, then following the above arguments it
is shown that .7 has a fixed point. This completes the proof. O

REMARK 2.2. The regularity of E and the partial continuity of .7 in above The-
orem 2.1 may be replaced with the stronger continuity condition of the operator .7 on
E.

COROLLARY 2.1. Let S be a non-empty, closed and partially bounded subset of a
regular partially ordered complete normed linear space (E,=,||-||) such that the order
relation < and the norm ||-|| are compatible. Let  : S — S be a partially continuous,
nondecreasing and partially nonlinear k-set-contraction with k < 1. If there exists an
element xy € S such that xy =< T xy or xo = T xqy, then T has a fixed point x* and the
sequence {T"xo} of successive iterations converges monotonically to x*.
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REMARK 2.3. If the set S of all solutions to the operator equation Jx =x is a
chain in partially ordered Banach space E, then all solutions belonging to S are com-
parable. Further, if u?(S#) >0, then u?(Sz)=u?(7S7) < y(u?(Sz)) <u’(Sz)
which is a contradiction. Consequently, S & € ker u”. This simple fact has been uti-
lized in the study of qualitative properties of dynamic systems under consideration.

REMARK 2.4. Suppose that the order relation = is introduced in E with the help
of an order cone % in the Banach space E by x <y <= y—x & J (see Heikilla
and Lakshmikantham [9]). The element xo € E satisfying xo < .7 x¢ in above Theorem
2.1 is called a lower solution of the operator equation x = Zx. If the operator equation
x = 7 x has more than one lower solution and set of all these lower solutions are com-
parable, then the corresponding set S of solutions to above operator equation is a chain
and hence all solutions in S are comparable (cf. Dhage [7]).

Before giving a further generalization of Theorem 3.1, we state a useful definition.

DEFINITION 2.6. A nondecreasing mapping .7 : E — E is called partially u”-
condensing if for any bounded chain C in E, u?(.7(C)) < u?(C) for u?(C)>0.

We remark that every partially compact and partially nonlinear & -set-contraction
mappings are partially condensing, however the reverse implications may not hold.

THEOREM 2.2. Let (E,=,||-||) be a regular partially ordered complete normed
linear space such that the order relation =< and the norm || - || are compatible. Let
S be a non-empty, closed and partially bounded subset of E and let 7 : S — S be a
nondecreasing, partially continuous and partially condensing mapping. If there exists
an element xy € S such that xy < T xy or xg = T xg, then T has a fixed point x* and
the sequence { T"xy} of successive iterations converges monotonically to x*.

Proof. The proof is standard and hence we omit the details.

REMARK 2.5. We note that the proof of Theorems 2.1 and 2.2 do not make any
use of linear structure of the underlined normed linear space E, and therefore, Theo-
rems 2.1 and 2.2 also remain true in the setting of the partially ordered metric space
E. Thus, in view of this fact, we obtain the following fixed point results in partially
ordered metric spaces.

THEOREM 2.3. Let (E,=,d) be a regular partially ordered complete metric space
such that the order relation < and the metric d are compatible. Let S be a non-empty,
closed and partially bounded subset of E and let T : S — S be a nondecreasing, par-
tially continuous and partially condensing mapping. If there exists an element xo € S
such that xy = Txg or xo = Txg, then  has a fixed point x* and the sequence
{T"x0} of successive iterations converges monotonically to x*.

Note that Theorem 2.3 unified the following known hybrid fixed point principles
in partially ordered metric spaces which are also useful from the point of view of appli-
cations to several nonlinear equations of dynamic systems of nonlinear analysis.
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COROLLARY 2.2. (Dhage [6]) Let (E,=,d) be a regular partially ordered com-
plete metric space such that the order relation < and the metric d are compatible. Let
S be a non-empty, closed and partially bounded subset of E and let 7 : S — S be
a nondecreasing, partially completely continuous mapping. If there exists an element
xo € S such that xy < T xg or xo = T xg, then T has a fixed point x* and the sequence
{T"x0} of successive iterations converges monotonically to x*.

COROLLARY 2.3. (Dhage [6]) Let (E,=,d) be a partially ordered complete met-
ric space such that the order relation < and the metric d are compatible. Let S be a
non-empty, closed and partially bounded subset of E and let 7 : S — S be a nonde-
creasing, partially nonlinear & -contraction mapping. If there exists an element xy € S
such that xy = Txg or xo = Txg, then  has a fixed point x* and the sequence
{T"x0} of successive iterations converges monotonically to x*.

2.3. FPTs of Krasnoselskii and Dhage type

Before stating the main results, we need the following definitions in what follows..

DEFINITION 2.7. Let (E,=,||-||) be a partially ordered normed linear space. A
mapping 7 : E — E is called partially nonlinear % -Lipschitz if there exists a & -
function y : Ry — R such that

17 x = Tyl < wlllx—yl) (2.6)

for all comparable elements x,y € E, where y(0) =0.If y(r)=kr, k>0, then T is
called a partially Lipschitz with a Lipschitz constant k. If k <1, .7 is called a partially
contraction with contraction constant k. Finally, .7 is called nonlinear & -contraction
if it is a nonlinear & -Lipschitz with y(r) < r for r > 0.

Before going to the main fixed point result we prove a useful lemma which we
need in what follows.

LEMMA 2.1. Let (E7j, Il - ||) be a partially ordered complete normed linear
space. If  : E — E is a nondecreasing and partially nonlinear 9 -Lipschitz map-
ping, then for any bounded chain C in E, we have

o (TC) < y(o (C)) @7

where o is a partially Kurotowskii measure of noncompactness and  is an associ-
ated P -function of 7 on E.

Proof. The proof is similar to standard result for usual nonlinear & -Lipschitz
mappings with Kurotowskii measure of noncomactness ¢ in the Banach space E. We
omit the details.
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DEFINITION 2.8. An operator .7 on a partially normed linear space E into itself
is called partially compact if .7 (C) is a relatively compact subset of E for all totally
ordered sets or chains C in E. .7 is called partially totally bounded if for any totally
ordered and bounded subset C of E, 7 (C) is arelatively compact subset of E. If 7 is
partially continuous and partially totally bounded, then it is called partially completely
continuous on E'.

REMARK 2.6. Note that every compact mapping on a partially normed linear
space is partially compact and every partially compact mapping is partially totally
bounded, however the reverse implications do not hold. Again, every completely con-
tinuous mapping is partially completely continuous and every partially completely con-
tinuous mapping is partially continuous and partially totally bounded, but the converse
may not be true.

THEOREM 2.4. Let S be a non-empty, closed and partially bounded subset of a
regular partially ordered complete normed linear space (E,=,||-||) such that the order
relation < and the norm || -|| in E are compatible. Let <7; : E —E and %; : S—E
for 1 <i<kand 1< j<lI, be two systems of nondecreasing operators such that for
each i and j,

(a) <7 is partially nonlinear 9 -contraction,

(b) Z; is partially completely continuous,

k !
(c) Zﬂf}x—k Z%,xeSforallxe S,
i=1 j=1

k
(d) Y W (r) <rforr>0,and
i=1

(e) there exists an element xy € S such that
k

! k !
X0 2 Y dixo+ Y, Bixg or xo= Y, dixo+ Y, Bjxo.
i=1 j=1 i=1 j=1
Then the operator equation

2%x+2$/x=x (2.8)

has a solution x* in S and the sequence {x,} of successive iterations defined by
k !
Xn+1 = Zinxn + 2 '%jxna

i=1 j=1

for n=0,1,...; converges monotonically to x*.
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Proof. Define the operator .7 : S — E by
k !
Tx= Z@ﬂ-x—f— Z Bix.

i=1 j=1

Then, using Lemma 2.1 it is proved that .7 is a & -condensing mapping on S into
itself. Now the desired result follows by a direct application of Theorem 2.1. O

Let (E,=,||-]|) be a partially ordered normed linear algebra. Denote
Et={x€E|x=0} and # ={E*CE|uwe€E"forall u,veE"},

where 0 is the zero element of E .

LEMMA 2.2. (Dhage [5]) If ui,up,vi,vy € % are such that uy <vy and up < vy,
then ujuy < vivs.

DEFINITION 2.9. An operator .7 : E — E is said to be positive if the range
R(Z) of 7 issuchthat R(T) C .7 .

For any two chains C; and C; in E, denote
G = {x cFE |x =cic, c; €Crand ¢ € Cz}.

Then we have the following lemma.

LEMMA 2.3. If Cy and C, are two bounded chains in a partially ordered normed
linear algebra E, then

o (C1G) < |G| &P (Cr), +[|Cil [ (C) (2.9)
where ||C|| = sup{||c|| | c € C}.

THEOREM 2.5. Let S be a non-empty, closed and partially bounded subset of a
regular partially ordered complete normed linear algebra (E,=,| -||) such that the
order relation < and the norm | - || in X are compatible. Let <f; : E — X, $; 1S —
H and €;:E — E for 1 <i<kand 1< j<I, be three systems of nondecreasing
operators such that for each i and j,

(a) < and €; are partially nonlinear 9 -Lipschitz with 9 -functions Wo; and Y,
respectively,

(b) %B; is partially completely continuous,

k !

(d) ngix%ix—l— 2 Gixe S forall xS,

i=1 j=1

k 1
(¢) Y My (r)+ 2 Vi, (r) <r, r>0, where M; = || %;(S)||, and
=1

i=1
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(e) there exists an element xo € S such that
k l

k I
X0 =< Eszfixo Bixo+ 2 Cixo or xo = Zszfixo Bixo + 2 Cixo.

i=1 j=1 i=1 j=1

Then the operator equation

k !

N AixBix+ Y Cix=x (2.10)
i=1 j=1

has a solution x* in S and the sequence {x,} of successive approximations defined by

k 1
X+l =

Xn Bixp + 2 ngxm
i=1 j=1

for n=0,1,...; converges monotonically to x*.

Proof. Define the operator 7 : S — E by

k I
Tx= 2&7})6%’,-)6—1— 2 Cjx.
=1

i=1

Then, using Lemmas 2.1, 2.2 and 2.3 it is proved that .7 is a partially continuous
and o -condensing mapping on § into itself. Now the desired result follows by a direct
application of Theorem 2.1. O

3. Attractivity and Stability Results

Our considerations will be placed in the Banach space BC(R,,R) consisting of
all real functions x = x(¢) defined, continuous and bounded on R . This space is
equipped with the standard supremum norm

[Ixl| = sup{|x()] : # € Ry }. 3.1

Define the order relation < in BC(R,R) as follows. Let x,y € BC(R4,R). Then
by x <y we mean x(z) < y(¢) for all t € Ry. It is clear that (BC(R4+,R), <, -||) is
regular and the order relation < and the norm || - || are compatible in BC(R.,R).
Further (BC(R4,R),<) is also a lattice so that every pair of elements in it has a least
lower bound and a greatest upper bound. (cf. Nieto and Lopez [12]). See also Carl and
Heikkilé [4] and the references therein.

For our purpose we introduce a handy tool for the partial measure of noncompact-
ness in the space BC(R4,R) which is useful in the study of the solutions of certain
nonlinear integral equations. To define this partial measure, let us fix a nonempty and
bounded chain X of the space BC(R;,R) and a positive number 7. For x € X and
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€ > 0 denote by @’ (x,&) the modulus of continuity of the function x on the interval
[0,T] defined by

o’ (x,&) = sup{|x(t) —x(s)| : 1,5 € [0,T], |t —s| < e}
Next, let us put

T —00

o’ (X,e) =sup{w’ (x,e): xe X}, ol (X)= lil‘%(x)T(Xﬁ), ap(X) = lim ol (X).
E—

The partially Hausdorff measure of noncompactness 3?7 is very much useful in
applications to nonlinear differential and integral equations and it can be shown that
BP(X) = $y(X) for all bounded chain X in BC(R,R). Thus @y is a handy tool for
B? in BC(R4,R). See Dhage [5] and the references therein for the details.

Now, for a fixed number 7 € R and a fixed chain X in BC(R4,R), let us denote
X(t)={x(r):xeX}.
Again, for a fixed real number ¢, denote

X(t)—c={x(t)—c: xeX}

and
8(X (1)) = X (1) — | = sup{[x(r) —c| : x€ X} .
Denote
8 (X(1)) = sup&y(X (1)) = sup|X(1) ~¢
and

8,(X) = lim &7 (X (¢)) = limsup |X () — c|.

T —oo [—o0
Similarly, let
0(X(¢)) =diamX (t) = sup{|x(t) —y(¥)| : x,y € X}.
Let us denote

8T(X(r)) =sup&(X(r)) = sup diam X (r)

t>T t>T

and
8:(X) = lim 67 (X (¢)) = limsup diam X (7).

T—o0 f—o0

Finally, consider the functions ,ulf and u? defined on the family of bounded chains
in BC(R+,R) by the formula

up (X) = max {an(X), §(X) } (3.2)

and
u? (X) = max {a(X), 5.(X)}. (3.3)
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It can be shown that the functions ! and u/ are a partially measures of noncom-
pactness in the space BC(R.,R). The components @y, 8, and @y, &, are called the
characteristic values of the partially measures of noncompactness ) and ul respec-
tively in BC(R4+,R).

REMARK 3.1. The kernel ker uf of the measure pf consists of nonempty and
bounded chains X in BC(R,R) such that functions from X are locally equicontinu-
ous on R, and the thickness of the bundle formed by functions from X tends to zero
at infinity. This particular characteristic of ker u/ has been useful in establishing the
global attractivity of the comparable solutions. Similarly, the kernel ker u/ of the mea-
sure (1 consists of nonempty and bounded chains X in BC(R,R) such that functions
from X are locally equicontinuous on R, and the thickness of the bundle formed by
functions from X around the line x(¢) = ¢ tends to zero at infinity. This particular
characteristic of ker ,uf has been useful in establishing the global asymptotic attrac-
tivity and stability of the comparable solutions for the considered functional fractional
integral equations.

In order to introduce further concepts used in the paper let us assume that Q is a
nonempty chain of the space BC(R,R). Moreover, let Q be an operator defined on
Q with values in BC(R,R). Consider the operator equation of the form

x(r)=0x(t), r e Ry. (3.4)

DEFINITION 3.1. We say that comparable solutions of the equation (3.2) are glob-
ally attractive if for arbitrary comparable solutions x = x(r) and y = y(¢) of the equa-
tion (3.2) in the space BC(R.,R) we have that

lim [x(r) —y(r)] =0. (3.5)

f—o0

In the case when limit (3.2) is uniform with respect to the set of comparable solutions,
i.e., when for each € > 0O there exists 7 > 0 such that

x(t) —y(r)| < e (3.6)

for all x,y € BC(R4,R) being the comparable solutions of (3.2) and for t > T, we will
say that the comparable solutions of the operator equation (3.2) are uniformly globally
ultimately attractive defined on R .

The equation (1.1) will be considered under the following assumptions:

(Hp) The functions o, 3,7:R; — R are continuous and satisfy o.(¢) > and B(r) <
t forallr e R,

(H{) The function k is continuous and nonnegative on R x R .
(H,) The function F : Ry — R, defined by F(¢) =|f(¢,0)| is bounded on R with
Fy=supF(t).

>0
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(H3) There exist constants L > 0 and K > 0 such that

0< flt.0) = f(1,y) < %
for all r € R and x,y € R with x > y. Moreover L < K.
(H4) There exists a number ¢ € R such that f(r,¢) =c forall t € R;.
(Hs) g(#,x) is nondecreasing in x foreach r € R .
(Hg) There exists an element u € C(J,R) such that
)< ftratao) = = [ g utro)as
forall r e R..
(H7) There exists a function »: Ry — R such that |g(7,x)| < b(r) for all + € Ry
B(r) Kr.s)

and x € R. Moreover, we assume that lim — 1
f—00 ([ — 5) —-q

The hypotheses (Hg ) through (H7) are standard and have been widely used in the
literature on nonlinear differential and integral equations. The special case of the hy-
pothesis (H3) with L < K is considered recently in Nieto and Lopez [12]. Now we
formulate the main existence result for the integral equation (1.1) under above men-
tioned natural conditions.

b(s)ds=0.

THEOREM 3.1. Assume that the hypotheses(H)-(H3) and (Hs )-(H7) hold. Then
the functional fractional integral equation (1.1) has at least one solution x* in the space
BC(R,R) and the sequence {x,} of successive approximations defined by

BO k(1
w(t) = f(t7xn,1(a(z)))+r(lq) / (tk_(ts*)l)q g(s, 51 (V(s))ds, 1 € Ry, (BT)

for each n € N with xy = u converges monotonically to x*. Moreover, the comparable
solutions of the equation (1.1) are uniformly globally ultimately attractive defined on
R;.

Proof. We seek the solutions of the HFIE (1.1) in the space BC(R,,R). Consider the
operator Q defined on the space E by the formula

B(1)

0x(1) = Flt4(@O) + s [ GE st ds € Re B8)
0

Observe that in view of our assumptions, for any function x € E the function Qx is
continuous on R . As a result, O defines a mapping Q : E — E. We show that O
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satisfies all the conditions of Theorem 3.1 on E. This will be achieved in a series of
following steps:

Step I: Q is nondecreasing on E.
Let x,y € E be such that x < y. Then by hypothesis (H3) and (Hs), we obtain

B() Ky
0x(1) = F(@0) + s [ oy (s ds
B(r) s
)+ [ G £l ) s
= 0y(1)

for all # € Ry . This shows that Q is a nondecreasing operator on E.
Step II: Q maps a closed and partially bounded set into itself.
Define an open ball %(xo,r), where r = ||xo|| + L+ Fy+ = Let X be a chain

I'(q)
in E and let x € X be arbitrary. Since the function v: R. — R defined by

W(t) = /O - (k(ti’s)b(s)ds (3.9)

r—s)l—a

is continuous and in view of hypothesis (H7), the number V = sup,( v(¢) exists. More-
over if x > 0, then for arbitrarily fixed 7 € R, we obtain:

Bt Ky
lt) = 030) < o)+ 1 x(@)] + = [ A tsatoas
o (t

T'(q —s)tma
B() s
< o)+ o)~ SO0+ s [ S bisyas
Lix(a() V()
< PO e et T )
< ol +L+Fo+%
=r (3.10)

Similarly, if x < 0, then it can be shown that |xo(z) — Qx(r)| < r forall 1 € R, . Taking
the supremum over 7, we obtain ||xo — Qx|| < r for all x € X. This means that the
operator Q transforms any bounded chain X in E into a bounded chain in E. More
precisely, we infer that the operator QO transforms a chain X belonging to E into the
chain Q(X) contained in the ball %(xo,r). In particular, Q defines a mapping Q :
P(B(x0,7))) — Pen(B(x0,r))) and that Q is partially bounded on S = %(xo,r)
into itself. Therefore, if Q has any fixed point x* in E, then it must belong to S =

P(xo,r). As aresult, any solution of the HFIE (1.1) existing in S is a global solution
defined on R .

Step II1: Q is partially continuous on S.
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Now we show that the operator Q is partially continuous on the ball B(xo,r). To
do this, let us fix arbitrarily € >0 and let X be a chain in #(xo,r). Take x,y € X C
PB(xg,r) such that x >y and ||x—y|| < €. Then,

|0x(t) = Oy(1)| < | f(r,x(ex(r))) = f(t,¥(ex(1)))]

1 B k(z,s) BO  k(r,s)
+F(q) /0 (t—s)l-a g(S,X(Y(s)))ds—/O (1 —s)4 g(s,y(v(s)))ds

B() Ky
< 0@ = Fes O]+ s [ o leatrs)ds

B(t) s
fr e )l

['(q)
(a(r))] 2 (B0 k(r,s)
R /0 20 p(s)ds

_ Lol -y

S B W) (o) | 1@
Lx—yl 2

SE+ho T Y

2
<Le+ mv(l).

Hence, in virtue of hypothesis (H7) we infer that there exists 7 > 0 such tha v(¢) <
€

——— for ¢t > T. Thus, for t > T we derive that

2/I(q)

|0x(1) — Oy(1)| < (L+1)e . (3.11)
Further, let us assume that 7 € [0,7]. Then, evaluating as above we get:
|0x(1) — Oy(1)| < | f(t,x(ex(2))) — f(t.y
L1 /ﬁm k(t,s)
['(q) Jo

(=9t
) )
1 1

(a(2)))]
2 Llg(s,x(r(s))) — &(s,y(¥(s))) 1 ds

Lix(e(t)) — y(e(t))]
T KA+ x(a(t) = y(e(r))]
Lot k(,s)
577 ) T ) — sl (v ds
CcTY
I(g+1)

)
(

< e+ ol (g.¢€), (3.12)

where we have denoted
C =sup{k(t,s) : t,5€[0,T]},
and

of (g,€) = sup{|g(s,x) —g(s,y)| : 1,5 € [0, T], x,y € [-nnr], [x—y| < €}.
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Obviously, in view of continuity of 3, we have that Br < eo. Moreover, from
the uniform continuity of the function g(s,x) on the set [0,7] x [—r, 7] we derive that
o] (g,€) — 0 as € — 0. Now, linking (3.10), (3.12) and the above established facts we
conclude that the operator Q maps partially continuously the ball Z(xo,r) into itself.

Step IV: Q is a nonlinear 9 -set-contraction w.r.t. the characteristic value .

Further on let us take a chain X belonging to the ball A(xy, r). Next, fix arbitrarily
T >0 and € > 0. Let us choose x € X and t1,1, € [0,T] with |[r, —#;| < €. Without
loss of generality we may assume that x(c(71)) > x(c(r2)). Then, taking into account
our assumptions, we get:

0x(11) — Ox(12)| < | F(11,x(x(t1))) — £ (12, x(e(t2)))]

1 B(t) k(ty,s) B(r2) k(12,s)
T /0 (tl_s>1,qg(s,x(y(s)>)ds— /O Wg(&x(y(s)))ds

< |f(tx(a(n))) = £, x(e(12))]
B(r1) s B(t1) s
R /0 (,fYI;)Rqg(svx(Y(S)))dS— / Mg(&x(y(s)))ds

I'(q) 0 (p—s)l-a
1 B(t1) k(t27s) B(1) k(lz,s)
T /O o _s>1,qg(s,x(y(s)>)ds— /0 Wg(&x(y(s)))ds

<|f(,x(a(n)) — f(o,x(a()))]
1 B k(ry,s) k(r2,s)
/ ’(t l :

W 1—5)1 4 (1, —s)14

|Ig(s.x(x(5)))] ds

‘/ (2 _tz’ =g lg(s,x(y(s)))|ds
< |f t,x(a(t))) — f(r2.x(a(n)))|

AR U k(t2,s) GT
+r(¢1)/0 (tl—s)l—q_(tz_S)l_q‘b(S)ds+m|ﬂ(tl)—ﬁ(f2)|.

(3.13)

where GI' = sup{|g(t,s,x)| :# € [0,T],s € [0, Br],x € [~r, 7]} which does exists in view
of the fact that the function g(z,s,x) = (,]i(f)ilq g(s,x) is continuous on compact [0, 7] x

[0, Br] x [—r,7]. Now from (3.13) we obtain,

Llx(ou(1y)) — x(a(t
K+ |x(a(n)) —x(a ()|

LS}
~—
~—

|0x(12) — Ox(t1)| < | f(t1,x(ee(t1))) — f(t2,x(e(t1)))| +

1 Br k(l‘17S) k(tz,s)
’ I'(q) /0 (t1—s)1=9  (n—s)l-4 ‘ b(s)ds
G/
+m‘ﬁ(¢1)—ﬂ(t2)\

Lo (x,0" (a,¢))
T K+ 0" (x,0" (a,€))

of (f.€)
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" 1"(161) /oﬁT

where we have denoted

K s T
(tlk 81;)1)(1 B (tzk gzs,)l)q b(s)ds+ —— o7 (B,2)

['(q)
(3.14)

o’ (o, &) = sup{|a(tr) — a(ty)| : 11,02 €[0,T], |2 —11] < €},
0" (v,e) =sup{|B(2) — B(t1)|: 11,02 €[0,T], 12— 11| < €},
and
o (f,€) =sup{|f(t2,x) — f(t1,x)| : t1,12 € [0,T], [l —11| <&, x € [-r,r]}.

From the above estimate we derive the following one:

o (0(X).¢) < Lo (X, 0" (o,€))

T
SKror (ol (we) T U

1 Br k(l‘],s) k(1‘27s) GZ" ,
- I'(q) /0 (t1—s)t-a - (2 —s)“’i’b(s)ds—’— T'(q) o (B,e). (3.15)

k(t1,s k(tr,s
Observe that o (f,€) — 0 and (tl(—[;jl)"l - (tzﬁ’gl),q

a simple consequence of the uniform continuity of the functions f and (z —s)?~! on

the sets [0,7] X [—r,r] and [0,T] x [0, Br] respectively. Moreover, from the uniform

continuity of o, B on [0,T], it follows that o’ (or,€) — 0, @’ (B,€) — 0 as € —

0. Thus, linking the established facts with the estimate (3.13), we get o} (Q(X)) <
Lol (¥)

K+ ol (X)

— 0 as € — 0, which is

. Consequently, we obtain

an(0(x)) < 2 2X)

Step V: Q is a nonlinear 2 -set-contraction w.r.t. characteristic value &, .

Now, taking into account our assumptions, for arbitrarily fixed # € R, and for
x,y € X with x >y, we deduce the following estimate (cf. the estimate in Step III):

B() s
(©00) - @) < flrxtote) - sieto)|+ 255 [ o lonsyas

Lix(e(r) —y(e(t)] | 2v(r)
T K+ x(aln) = y(a()]  T(q)

From the above inequality it follows that

' Ldiam (X (a(z))) | 2v(t)
diam (QX (1)) < % Fdiam (X (a (1)) | T(q) "

for each ¢t € R... Therefore, taking the limit superior over t — oo, we obtain
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5.(0X) < L limsup,_... diam (X (ct(2))) - Lé.(X) (3.17)

= K +limsup, . diam (X (o(2))) ~ K+6.(X)’

Step VI: Q is a partially nonlinear 7 -set-contraction on S.

Further, using the measure of noncompactness uf defined by the formula (3.3)
and keeping in mind the estimates (3.16) and (3.17), we obtain

u2(0X) = max {a(0X), 6.(0X)}
L ay(X) Lo.(X)
S maX{K+ (X)) K+ 5C(X)}
Lul(X)
S K+l (X))

(3.18)

This shows that Q is a partially nonlinear & -set-contractionon S with & -function

y(r)= KL——ii:r . Again, by hypothesis (Hg ), there exists an element x) = u € S such that
X0 < Oxp, that is, x¢ is a lower solution of the HFIE (1.1) defined on R, .

Thus Q satisfies all the conditions of Theorem 2.1 on S. Hence we apply it to the
operator equation Qx = x and deduce that the operator Q has a fixed point x* in the
ball @(xm r). Obviously x* is a solution of the functional integral equation (1.1) and
the sequence {x,} defined by (3.7) converges monotonically to x*. Moreover, taking
into account that the image of every chain X under the operator Q is again a chain
Q(X) contained in the ball %(xo,r) we infer that the set .7 (Q) of all fixed points of
Q is contained in %(xg,r). If the set .#(Q) contains all comparable solutions of the
equation (1.1), then we conclude from Remark 2.3 that the set .% (Q) also belongs to
the family ker uf . Now, taking into account the description of sets belonging to ker uf
(given in Section 3) we deduce that all comparable solutions of the equation (1.1) are
uniformly globally ultimately attractive on R . This completes the proof. O

Similarly, we can prove the following result concerning the asymptotic stability of
the comparable solutions.

THEOREM 3.2. Assume that the hypotheses (H) through (H7) hold. Then the
functional HFIE (1.1) has at least one solution x* in the space BC(R1,R) and the
sequence {x,} of successive approximations defined by (3.7) converges monotonically
to x*. Moreover, the comparable solutions of the equation (1.1) are uniformly globally
ultimately asymptotically stable to the line x(t) = ¢ defined on R .

Proof. As in Theorem 3.1, we seek the solutions of the HFIE (1.1) in the space E =
BC(R,R). Define the closed bounded set S = Z(xo,r) and define the operator Q on
S into itself by (3.8). Then proceeding as in the Step IV of the proof of Theorem 3.1
it can be proved that the inequality (3.16) is held. Next, we show that Q is a nonlinear
2 -set-contraction with respect to the characteristic value &,. Let X be asetin S. Now,
taking into account our assumptions, for arbitrarily fixed # € R} and for x € X with
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x > ¢, we deduce the following estimate:

B() s
(@)0) | < f(rata) - S+ s [ s

Lix(e()) —c|  v()
S K+ x(a() —c[  T(q)

From the above inequality it follows that

LIX () e, v()
K+X(a@)—d " T(g)

for each r € R . Therefore, taking limit superior over ¢ — co, we obtain

W) =

Llimsup, ., | X () —c|
= K+ limsup, . |X(¢) —c|
_ L&X)

K+ 8(X)

0X (1) —c| <

(3.19)

Further, using the measure of noncompactness ] defined by the formula (3.2)
and keeping in mind the estimates (3.16) and (3.19), we obtain

up (0X) = max{wy(0X) , 5,(0X)}
Lao(X) L& X)
gm“{K+m@VK+&WJ
Ly} (X)
CKAu(X)

(3.20)

This shows that Q is a nonlinear & -set-contraction on S with a & -function

L
y(r) = # Again, by hypothesis (Hg ), there exists an element xo = u € S such
r

that xo < QOxg, that is, xo is a lower solution of the HFIE (1.1) defined on R, . The
rest of the proof is similar to Theorem 3.1 and now we conclude from Remark 2.3
that the set .#(Q) belongs to the family ker ui). Now, taking into account the de-
scription of sets belonging to ker u! (given in Section 3) we deduce that the equation
(1.1) has a solution x* and the sequence {x,} of successive iterations defined by (3.7)
converges monotonically to x*. Moreover, all comparable solutions of the HFIE (1.1)
are uniformly globally asymptotically stable to the line x(z) = ¢ defined on R, . This
completes the proof. O

If ¢ =0 in Theorem 3.2, it reduces to the existence result concerning the asymp-
totic stability of the solutions to zero and all comparable solutions if exist have the same

property.
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REMARK 3.2. The conclusion of Theorems 3.1 and 3.2 also remains true if we
replace the hypothesis (H3) with the following one:

(H3) There exists a continuous and nondecreasing function ¢ : Ry — Ry such that

ng(tvx)_f(tvy) < (P(x—y)
forall x,y € R, x >y, where ¢(r) <r for r > 0.

In the following we give a numerical example to illustrate the abstract theory de-
veloped in this paper.

EXAMPLE 3.1. Consider the nonlinear hybrid fractional integral equation with
linear perturbation of first type,

1 — 1/2
x(1) :tan_lx(2t)+r(;/2)/() (tt2+)1 g(5,x(3s))ds (3.21)

forall r € Ry, where g: Ry X R — R is a function defined by

1, if x<1,

8le-) 2 ks
x+1

We shall show that all the hypotheses of Theorem 3.1 are satisfied by the functions
involved in HFIE (3.21). Here, o/(t) =2t, B(r) =1t and y(¢r) = 3¢ and so, a, 3,y are
continuous on R into itself and satisfy o/(z) >t and B(¢) <¢ for all + € Ry. Thus,
hypothesis (H ) is satisfied.

Again, f(t,x) = tan~!x so that f is nondecreasing in x and continuous on R x
R. The kernel k(z,s) is given by k(z,s) = ﬁ Obviously k is continuous and non-
negative on R, x Ry and so (H;) holds. Next, g(z,x) is defines a continuous and
nondecreasing function in x for each ¢ € R . Moreover, f(7,0) = 0. So the hypothe-

ses (Hy), (H4) and (Hs) are held.

Now, we show that f is partially Lipschitz on Ry X R. Let x,y € R with x > y.
Then,

1
0< f(t,x)— f(t,y) =tan 'x—tan"'y = -
ft,x) = f(t,y) =tan” x—tan" 'y 1+§2(x y)
forall y < & < x, and so hypothesis (H’ 3) is satisfied with ¢ (r) = 1 &2 +r§2 forO0<&<r.

Furthermore, |g(7,x)| <2 forall # € R, and R. Therefore,

v(t)=2/0t(t_sﬁ-lds:i- d

241 3 241

[S1I9%

Therefore,

limv(r) = lim

f—o0 f—o0
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and so hypothesis (H7) of Theorem 3.1 is satisfied.

Finally, it is easy to prove that u = 0 is a lower solution of the HFIE (3.21) on
R, and hence the hypothesis (Hg) is held. Thus all the conditions of Theorem 3.1 are
satisfied and by a direct application, we conclude that the HFIE (3.21) has a solution x*
and the sequence {x,} of successive approximations defined by

X1 (1) = tan™ ' x, (20) + ! /t (—s)'/2 (s,%,(35)) ds (3.22)
n+1 - n F(3/2) A 12 + 1 88, Xn 3 .
forall # € Ry converges monotonically to x*, where xo = 0. Moreover, the comparable

solutions of the HFIE (3.21) are uniformly asymptotically attractive and stable to zero
defined on R .

REMARK 3.3. The existence theorems proved in Section 3 may be extended with
appropriate modifications to the linearly perturbed generalized nonlinear hybrid frac-
tional integral equation,

B() Ky
X(l) = f(tax(al (t))a s ,)C((Xn(t))) + r(lq) ‘/0 (tk_(t;)l)_qg(&x()/l (S))v .. ’Yn(s)))ds
(3.23)

for all t € Ry, where 04,3, : Ry - R, i=1,2,....,n, k : R. xR,y - R,
f,g : Ri xR" — R are continuous functions and 1 < g < 2.

REMARK 3.4. The existence theorem for the HFIE (1.1) may be proved using
Theorem 2.4 under weaker Carathéodory condition. Finally, we remark that the study of
the present paper may be extended to other types of nonlinear hybrid integral equations
with different linear and quadratic perturbations of first and second type.

4. Conclusion

In this paper we have been able to weaken the Lipschitz condition to partially Lip-
schitz condition and continuity to partially continuity of the nonlinearities which oth-
erwise are considered to be very strong conditions in the existence theory for nonlinear
differential and integral equations. However, in this situation we needed an additional
assumption of the monotonicity on the nonlinearities involved in the considered integral
equation in order to guarantee the required characterization of asymptotic attractivity
or asymptotic stability of the comparable solutions defined on unbounded interval of
real line. The advantage of present approach over the previous ones lies in the fact that
we have been able to develop an algorithm for the solutions of the considered integral
equations which otherwise is not possible via classical approach of measure of non-
compactness described in Banas and Goebel [2] and several related papers. Another
interesting feature of our work is that we generally need the uniqueness of the solution
for predicting the behavior of the dynamic systems related to the considered nonlinear
fractional integral equation, however with the present approach it is possible for us to
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discuss the qualitative behavior even though there exist a number of solutions of the
dynamic systems in question. Finally, while concluding this paper we mention that the
results presented here are for a linearly perturbed Volterra fractional integral equation,
however analogous study can also be made for any nonlinear fractional integral equa-
tion related to global asymptotic attractivity and stability using the similar arguments
with appropriate modifications.
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