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ON THE EXISTENCE OF ASYMPTOTICALLY STABLE SOLUTIONS FOR
A MIXED FUNCTIONAL INTEGRAL EQUATION IN N VARIABLES

LE THI PHUONG NGOC AND NGUYEN THANH LONG

(Communicated by Jurang Yan)

Abstract. The aim of this paper is to study the existence of asymptotically stable solutions for a
mixed functional integral equation in N variables. This is done by using a fixed point theorem of
Krasnosel’skii type in the Fréchet space and the new integral inequalities with explicit estimate.
In order to illustrate the results obtained here, an example is given.

1. Introduction

In this paper, we establish the existence of asymptotically stable solutions for the
mixed functional integral equation in N variables of the form

) =V (50, [ Vi (el 00)ay) + [ Flsaloatar (L

where x € RY = {(x1,....xy) €RY : x; > 0,...,xy = 0},

V:RYXE* - E,Vi:AXE —E; F:RNXE—E,
o1, 02 : RY — RY are continuous,
A={(x,y) €R?N:y € B}, By = [0,x1] X ... x [0,xn],
the functions oy, 0> : Rﬁ — Rﬁ are continuous with 0 (x) € By, Vx € Rﬁ,

E is a Banach space with norm |[-|.

It is well known that, nonlinear integral equations and nonlinear functional inte-
gral equations have been some topics of great interest in the field of nonlinear analysis
for a long time. Since the pioneering work of Volterra up to our days, integral equa-
tions have attracted the interest of scientists not only because of their mathematical
context but also because of their miscellaneous applications in various fields of science
and technology, see [18]. The special cases of (1.1) occur in mechanics, population
dynamics, engineering systems, the theory of “adiabatic tubular chemical reactors”,
etc. For the details of such problems, it can be found in, for example, Corduneanu [6]
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or Deimling [7]. It also can be found some applications of integral or integrodiffer-
ential equations to various problems occurring in contemporary research, such as the
following integrodifferential equation is encountered in the mathematical description
of coagulation process [6], under certain simplifying assumptions

f(t,x) :fo(x)+%/OI/Ox‘b(x_y’y)f(s’x_Y)f(s:)’)dyds
_/t /mf(s’x)‘b(Xa)’)f(s,y)dyds.
0 Jo

In general, existence results of integral equations have been obtained via the fun-
damental methods in which the fixed point theorems are often applied, see [1] — [18]
and the references given therein. Recently, using the technique of the measure of non-
compactness and the Darbo fixed point theorem, Z. Liu et al. [10] have proved the
existence and asymptotic stability of solutions for the equation

x(t)y=f (t, x(1), /(:u(t,s,x(a(s)),x(b(s))) ds) ,teER,L.

In [2], using a fixed point theorem of Krasnosel’skii, Avramescu and Vladimirescu
have proved the existence of asymptotically stable solutions to the following integral
equation

u(t) :q(t)—l—/olK(t,s,u(s))ds+/OOOG(t,s,u(s))ds, {ER,,

where the functions given with real values are supposed to be continuous satisfying
suitable conditions. In case the Banach space E is arbitrary, recently in [14], [15], the
existence of asymptotically stable solutions to the following integral equations

(1) = q(1) +f(t,x(t))+/OtV(t,s,x(s))ds+/OOQG(t7s7x(s))ds, teR,,

or

u(x,y) = q(x,y) +f(x7y7u(x,y))+/Ox/()yV(x7y7s7t,u(S»t))dsdt

+ / / F (x,,5,1,u(s,1)) dsdt, (x,y) € R,
0 0

also have been proved by using the fixed point theorem of Krasnosel’skii type as fol-
lows.

THEOREM 1. [12]. Let (X,|-|,) be a Fréchet space and let U, C: X — X be two
operators. Assume that

(i) U is a k— contraction operator, k € [0,1) (depending on n), with respect to a
family of seminorms ||-||, equivalent with the family |-|,,;

(ii) C is completely continuous;
S 0, vneN.

I,

(iii) lim
x|, —o

Then U + C has a fixed point.
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In [11], Lungu and Rus established some results relative to existence, unique-
ness, integral inequalities and data dependence for solutions of the following functional
Volterra-Fredholm integral equation in two variables with deviating argument in a Ba-
nach space by Picard operators technique

u(x,y) = g(x,y,h(u)(x,y)) —|—/Ox/Oyl('()c7y7s7t,u(s,t))dsdt7 (x,y) € Ri.

In [16], based on the applications of the Banach fixed point theorem coupled with
Bielecki type norm and the integral inequality with explicit estimates, B. G. Pachpatte
studied some basic properties of solutions of the Fredholm type integral equation in two
variables as follows

a b
M()C,y) :f(x,y)+~/0 A g(x,y,s,t,u(s,t),Dlu(s,t),Dzu(s,t))dtds.

With the same methods, in [17], the existence, uniqueness and other properties of
solutions of certain Volterra integral and integrodifferential equations in two variables
were considered.

Applying the Banach fixed point theorem, in [8], El-Borai et al. have proved
the existence of a unique solution of a nonlinear integral equation of type Volterra-
Hammerstein in n— dimensional of the form

po(er) = fnn) +2 [ t | PR @) (2.5,00:0) dys,

where x = (x1,...,x,), y= (¥1,.--,¥n); WU, A are constants. After that, in [1], M. A.
Abdou et al. investigated the following mixed nonlinear integral equation of the second
kind in n— dimensional

o(et) = A [ Kery)y(ty.0 <y,>dy+x//Gmk<xy>y<ry,¢<y, v)) dydr
Wi /0 F(t,7)0(x, 1) + f(x,1),

where x = (x1,...,X,), ¥ = (¥1,..-,vx). Also using the Banach fixed point theorem, the
existence of a unique solution of this equation was proved.

This paper consists of four sections and the existence of solutions, the existence
of asymptotically stable solutions for (1.1) will be presented in sections 2, 3. The
main tools are Theorem 1.1, Propositions 2.1, 2.2, and the new integral inequalities, see
Lemma 3.1 as below. Finally, we give an illustrated example. The results obtained here
may be considered as the generalizations of those in [10], [14].

2. The Existence of Solutions

Let X = C(RY;E) be the space of all continuous functions on RY to E which be
equipped with the numerable family of seminorms

ul, = sup fu(x)|, n=1.
x€[0,n]V
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Then X is complete with the metric

d(u,\)) = Z::l 2_"“!_7‘4"

and X is the Fréchet space [13]. Consider in X the other family of seminorms ||-||,,
defined by
Jull, = [l + [l m > 1,

where

ul, = sup u(x)],
x€ [0, b <

july, = sup e MBI (),
x€ [0, b >

x|, = x1+ ... +xn,
Y € (0,n) and h, > 0 are arbitrary numbers. ||-||, and |-|, are equivalent because
e MmON=I) 1| < Jul|, < 21ul,, YueX, Vn>1.

Based on the construct of such (X, [-],), the following are valid. It is useful
to prove existence of solutions for some nonlinear functional integral equations in the
space of all continuous functions on RIX with values in a general Banach space. So
is to (1.1). For an exhaustive knowledge, we refer the reader to the work [6], wherein
many methods in order to solve of nonlinear integral equations in abstract spaces can
be found and applications were given.

PROPOSITION 2.1. (Banach, see [3], [4]) Let (X, |-|,) be a Fréchet space and
let ®:X — X be an L,— contraction on X with respect to a family of seminorms |-||,,
equivalent with |-|,,. Then ® has a unique fixed point in X.

The details of the proof can be found in Appendix of [13].

PROPOSITION 2.2. Let X = C(RY;E) be the Fréchet space defined as above and
A be a subset of X. For each n € N, let X, = C([O,n]N;E) be the Banach space of
all continuous functions u : [0,n)N — E with the norm

jul, = sup fu(x)]
x€[0,n]V

and Ay = {ulj v 1 u € A}.

The set A in X is relatively compact if and only if for each n € N, A,, is equicon-
tinuous in X, and for every x € [0,n|", the set A,(x) = {u(x) : u € A,} is relatively
compactin E .

The proof of Proposition 2.2 is similar to that in Appendix of [12], it follows from
the Ascoli-Arzela’s Theorem, (see [9], p. 211).
We suppose that the following hypotheses are satisfied:
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(A1) There exist a constant L € [0,1) and a continuous function @y : RY — R,
such that

\V (x;u,v) =V (x;1, v)| < Llu— it + oo(x)|v— v, Vx € RY, Yu,v,u,v € E;
(A2) There exists a continuous function @; : A — R such that
Vi (3, y30) — Vi (5,9 )| < 01 (3,9) [u— 1], ¥(x,) € A, Y, i € E

(A3) F is completely continuous with the property: for all bounded subsets I;, I
of Rﬁ and for any bounded subset J of E, for all € > 0, there exists § > 0, such that

Vx,x €1y, |x—x|; <8 = |F(x,y;u) — F(x,y;u)| <&, V(y,u) € L x J;

(A4) There exists a continuous function @, : RiN — R such that for each bounded
subset / of Rﬁ, the following conditions hold:

/IR sup @ (x,y)dy < eo,

IX xel
and
IF (x,y;u)| < an(x,y),¥ (x,y;u) € [ x RY x E;
(As) o1, 02 € C(RY;RY), with 0y(x) € By, forall x € RY and
lim dy=0,VneN.
n_>0+ yE[OJZ]N, |0'1(J’)|1<7”I
REMARK 1. — Assumption (As) can be valid when o;(x) =x or oj(x) = ax,

0<a< 1. Indeed,
(i) In the case of o) (x) =x. We have

dy
/y€[07n]’v7 yli<n
g/ dy= // dyy...dyy
Rﬂv\)’\léﬂ

RY, yi+...4+3v<n
n 77*)’1
:/ an [
0

n n Y1
= d)h/
0 0

n n y1 N=Y1=V2==IN-3 (1 — V1 — vy — ... — Yv_r )2
_/O dyl/o / M=y1—» YN-2) dyy_a

N—=y1—y2——YN-1
dyn

1”I “Y1=Y2 7 TYN-2
M—=y1—y2—...—yn-1)dyn—1

dyn—3

2
n n Y1
AT
0 0

N—=yY1—y2—---—YN—4 (1" -y —Y2— ... —yN73)3
3!
n n Y1
AT AR
0 0

N—=Y1—y2—---—YN-5 (1" -y —Y2— ... —yN74)4
41

dyn-—4
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n n-yi N=y1—=Y2——YN—k—1 Nn—y1—Y2— .. —YN_k k
=/ dyl/ dyz-.-/ ( ' ) dyn_i
0 0 0 k!

77)” N-2
_/ yl/ (n— y1 Y)z') dys

M m=») M ¥
—/O Wdyl—mﬁo,asnﬁo_k.

(ii) In the case of o] (x) = ax, 0 < a < 1, itis clear that

n N

/ / dy < () _ "
< —

ye[o,nw.way\l@ 0.V, [yl <2 N!  Nla¥

—0asn —0..

THEOREM 2. Let (A;) — (As) hold. Then the equation (1.1) has a solution on
RY.

Proof. First, we consider the equation

ulx)=VvV (x,u(x), V1 (x,y,u(oy (y)))dy) ,XE Rﬁ, 2.1

By
and show that it has a unique solution u = &. Writing (2.1) in the form

u(x) = du(x), x € RY, (2.2)
where

Du(x) =V (x u(x),

For all u, v € X, assumptions (A;), (A2) lead to

L (x,y,u(o1(y )))dy), (x,u) € RY x X. (2.3)

|Du(x) — Bv(x)| < Llu(x) —v(x)|+ wo(x)/B o1 (x,y) [u(01(y)) —v(01(y))| dy.

Let n € N be fixed. Forall x € [0,n]Y, |x|; < %, with %, € (0,n) chosen later. By
o1(x) € By, Vx € [0,n]", we can estimate as follows

N
_ X
ute) ~ v < L=l +n (52) i, < (10,2 Y

in which B o B
On = @y D1y, oy = sup {wo(x) : x € [0,n]V},

Cbln = sup {Cl)l(X,})) : (x7y) € An}?
An={(x,y) €10,n]*N :y € B,}.
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So

n

|Du— v, < (L—I— a)n—N) |u—vl,, .

Furthermore, for all x € [0,n]", |x|; > 7, we have
|Pue(x) — Bv(x)| < Lfu(x) —v(x)|+ @n/B lu(01(y)) —v(o1(y))ldy

= Llu(x) —v(x)|+ . lu(o1(y)) —v(o1(y))|dy
ot =21

+ u(o1(y)) —v(o1(y))dy.
By, lo1(3)1 <

By the inequalities

0<embli=m) <1, Vxe [0,n]", [xl; = ",

with £, > 0 is also chosen later, we get
|Du(x) — Dv(x)| e Hli=m)
< Le M=) |4 (x) — v(x)|

+ @, [ [u(01) = (1)) dy
By, [o1 (V)12

+ u(01(3)) = (01 ()] ]
By, |01 <%
SLlu—vl,

i (;)n/ 11O = ) o =hnll91 =) (3 (1)) — v(071 (1)) | dy
By, lo1(0)[ =W

+ @y lliom) [ ju(1(3)) (01 ()| dy
By, [o1(V)1 <
< Llu—v], + @ u— %/B . o 0h=I1) gy
xy |O1 1= in

_|_a_)ne*hn(‘x‘1*7n) |M—V| dy

n /B o1 ()] <t

=Llu—v|,, + o, |lu—v], Ji+ @pe =) |y — V], Ja.

On the other hand

Jl :/ ehn(‘o_l(y)‘l*‘x‘l)dy
By, [01(y)] 120

bli=h) gy < / b= gy

<],
By, [01()]1 =% x
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X1 (X2 XN
= ¢l /0 /0 /O bt gy, dyy . dyy

X] X2 XN
— e—hnlxll/ ehn)’ldyl/ ehHYZdyz.“/ eth’NdyN
0 0 0
= LNefh”lxll (eh”x' — 1) (eh”xz — 1) (eh”xN — 1)
hn

1 ( —h —h —h 1
=—(1l-e "’“) (l—e "X2>...(1—e "XN><—.
hy hy

By (As), forall x € [0,n]", the following property is valid

n= ar< | dy = @u(1) — 0, as %y — 0.
By, |o1(0) |1 < ye[0.n]N, o1 (v)|} <t

|Du(x) — Dv(x)] e m¥i=1)

<L|”_V|hn+a_)n|”_v|h,,/ (1o 0)h=l) gy
By, |0'1()’)|1>7n

Fae e, [
By, |0'1()’)|1<7n

=Llu—v|, +o,lu—v], Ji+ @pe” =) |u—vl, J>

_ 1 _
< Llu—v|,, +@plu—vl, Wy + On [u—vl, Ou()

= (L4 @ ) vl + @) =,
So
0=, < (L4 G ) Il + G000
Consequently,
|Pu — Dvl|, = |Pu— D[, +|Pu— Dy,

YN

— ey 1 "
< (e oy luvly (14 0 ) v+ )

_ _ _ 1
= (L—I— a)n%ﬁ-wn(pn(yn)) |”_V|y,, + (L—I— a)nh—N> |lu— vl
<Lyllu—vl,,
where
N _ 1
L, = max L+a)n—N+a),,qon(y,,),L+a),,—N .
N I
Choosing h;,,, ¥, such that

1 _ 1—-L
hn>Nm - 0<yn<n,0<%+qon(yn)< 5.

=y,

(2.4)
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then L, < 1, so ® isa L,— contraction operator on (X, [|-||,,). Apply Proposition 2.1,
@ has a unique fixed point u = &. Hence, u = & is a unique solution of (2.1). With the
transformation u = v+ &, we can write the equation (1.1) in the form

v(x) = Uv(x) +Cv(x), x eRY, (2.5)
where
Uv(x) = =& () +V (x,v(x) + £ (x), [5, Vi (x,3,v(01 () + & (01())) ) ,

Cv(x) = Jay F (x.3,v(02(y) + &(02(y)) ) dy, x € RY.

(2.6)

The operator U is a L,— contraction, with respect to a family of seminorms ||||,,.
Indeed, fixed an arbitrary positive integer n € N. We have

00) = U0) =V (x00) + 609, [ Vi (100(010) + &1 )
v (x500) 809, [ Vo010 + Elor0) ).

For all x € [0,n]", |x|; < 1,
[Uv(x) =Ui(x)| < L|V(x)—‘7(x)|+wo(x)/3 o1 (x,y) [v(01(y)) — #(o1(y))|dy

_ oy .
< <L+wn1ﬁ |v—v\yn,
leads to
Uv— U, < Lt v =7
Yn\ nNN Yn'

For all x € [0,n]", |x|; = 1,

il — _ . _ 1 .
UV(x) = U3 () e < @, () v — 7], + (L+wnh—,v) v =7,

SO
~ — ~ ey 1 5
0= Usly, < @) o= 1 + (L iy ) o=,
n

This implies that
1Oy = Ul < Ln [y =71, -

and then U is a L,— contraction operator with respect to ||-||,, .

The operator C : X — X is completely continuous. It can be proved by using
(A3) — (As), via the dominated convergence theorem and Proposition 2.2. The details
are as follows.

(i) For any vg € X, let {v,,} be a sequence in X such that Wlllglo Vi = V0.
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Let n € N be fixed. For any given € > 0, because

/R sup @ (x,y)dy < o,

Y x€[0,n]V

there exists 7, € N such that

€
/]RN\S @ (x,y)dy < /RN\S si:)lp]Nwz(x,y)dy < 7 Vx € [O,n]N, 2.7)
+ \Pn + \Wn xe|0,n

where S, = {y e RY : y7 +y3+ ... +y% < T2}
Put K = {vu(02(y)) +&(02(y)) : y € Sy, m € Z4 }, then K is compact in E.
Indeed, let {(vm_,. +&)(0o2 (yj))}j be a sequence in K. We can assume that lim y; =

Jj—reo

yo and that lim v, +& =vo+&. We have
J—oo

|(vm; +E)(02(v7)) — (vo + &) (02(y0)) |
< |m; +8)(02(3))) = o +8)(02(y))) |
+](mo+&)(02(y)) = (vo+ &) (02(30)) |
< Jvmy = ol +[(vo+E)(02(3))) = (vo+ &) (02(30))

)

which shows that lim (v, +&)(02(y;)) = (vo+&)(02(y0)) in E. It means that K is

i
compactin E.
For & > 0 be given as above, by F is continuous on the compact set [0,7]V x S, x
K, there exists & > 0 such that forevery u, u €K, |u—u| <9,

€

£ N
< 2mes(Sy)’ Y(x,y) € [0,n]" X S,.

|F()C,y;14) —F()C,y; IZ)|

By lim sup [(vin+&)(02(y)) — (vo+&)(02(y))| = O, there exists mq such that

m—eo yeq

(v +E)(02(y)) = (o + &) (02(y))[ < 8, ¥y € Sa.

Hence, for all x € [0,1]", for all m > mg, we obtain

for m > my,

|Cm(x) = Cvo (%) </S IF (.33 (vim +8)(02()) ) = F (x,3: (vo + &) (02(y)) ) |dy

+2 @ (x,y)dy
RY\Sy
& &
+2- =g,

< mes(Sy) X mes(sy) 24

80 |Cvyy — Cwo),, < €, for all m > my, it means that C is continuous.
(ii) Let € be a bounded subset of X. We have to prove that for n € N,
(a) The set (CQ), is equicontinuous in X,,.
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(b) For every x € [0,n]", the set (CQ),(x) = {CV]j v (x) 1 v € Q} is relatively
compact in E. Let n € N be fixed. Consider any € > 0 given. Then, (2.7) holds with
T, € N as above.

Proof of (a) : Forany v € Q, forall x, x € [0,n]",

ICv(x) — Cv(F)] < /

F(x,y;(v—!—é)(@(”))

n

—F(%y;(v+&)(02(y)) )dy
[ (@) o) dy @28
RS,
According to (2.7), (2.8) and (A4), (CQ), is equicontinuous on X,.
Proof of (b) : Let {Cvi|jg,v (%) }x, v € Q, be a sequence in (CL),(x). We need

show that there exists a convergent subsequence of {Cv][g v (X) }x-
Put

S={(v+8)(0a(y)) :veQ, yES,}.

Then S is bounded in E and consequently the set F([0,n]N x S, x S) is relatively
compactin E, since F is completely continuous.
The sequence {F (x,y; (vi +&)(02(y)))}, belongs to F([0,n]N x S, x S), so there

exists a subsequence {F (x, y: (v, + &) (@) ) },- and ¥(x,y) € E, such that
7 (x93 0+ £)(0200)) ) = Wlxy)| = s j— . 29)
Morever, by (As), we get
’F (x,y; (v, +E)(2()) ) ’ < o (x,), Y(x,y) € [0,n]Y x S,
Thus
[F G5 (v 4+ 8)(0200)) = W)

<[P0y (g + €) (02000 | + ()|
< 2m(x,y), Y(x,y) € [O,n]N xSy, (2.10)

w(x,-) €L (S,).

Using the dominated convergence theorem, (2.9) and (2.10) lead to

J;

It means that, for given € > 0, there exists jy such that for j > jo,

J;

F (x93 (v, +8)(02(0)) ) = ¥(x.y)|dy =0, as j — .

F (%33 (v, + €)(0200) ) = Wlxy)|dy < 5.
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Consequently, for j > jo,

Cy; (x / W (x,y dy‘ ‘/ x,y; (vi; +8)(02(y )))dy—/sn‘l’(w)dyl

<| [ # (s 4 210@0N v [ P

Lo F (5050, +8)(02000) )
< [ JF (e + €)(0200) ) — ()

+/N

RN\S,,
/ x d< —|—8<8

2 RS, WAy <5+

Note that {Cvkj (x)} _is a subsequence of {Cwi(x)},. Then, (CQ),(x) is rela-
J

tively compactin E.

Applying Proposition 2.2, C(Q) is relatively compact in X. Therefore, C is com-
pletely continuous.

Finally, we show that Vn € N|

F (%530, +€)(020)) ) |y

c
lim 1€Vl

|V|)1_>°° ‘v‘n

2.11)

By (A4), forall x € [0,n]", we get

I < [ IF ey (00 dy < [ sup @a(xydy <o
RY RY x€[0,n]V
It follows that (2.11) holds.

Applying Theorem 1, the operator U + C has a fixed point v in X. So, Equation
(1.1) has a solution u =v+& on R’X. Theorem 2 is proved.

3. The Existence of Asymptotically Stable Solutions

Based on the notion of asymptotically stable solutions to the functional equation
mentioned in [2] with citations and notes, we use the following definition and also note
that it is stated on spaces of functions defined on R{X not necessarily bounded.

DEFINITION. A function # is said to be an asymprotically stable solution of (1.1)
if for any solution u of (1.1),

lim |u(x) —i(x)| =0. (3.1

el =t
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In this section, we assume (A;) — (As) hold. Then, by Theorem 2, (1.1) has a
solution on Rﬁ. On the other hand, if u is a solution of (1.1) then v = u — & satisfies

(2.5). This implies that for all x € RY
V)l < [Uv(x)[+ [Cr(x)],
where Uv(x), Cv(x) asin (2.6). Using (A;) — (As) and note that

600 =V (E0. [ Vit (@0Nay).

we obtain for all x € RY,

bl SLPWI+ o) [ oney)r(@ldy+ [ oa(xy)ay

It implies that

1< [ ) lv(on () ldy+a),
with ) )
a(x) = E/RN @2 (x,y)dy, r(x,y) = T @o(x) @1 (x,).

We need prove the following auxiliary result.

LEMMA 1. Let w, a€ C(RY;Ry), and r € C(A;Ry), r(x,y) < r(x,0) <

Vy € By, Vx € RY, and 0y € C(RY;RY), oy (x) € By, Vx e RY. If
W) < [ rlvy)w(or()dy+at),
forall x € RJL then

o — k
(i) w(x) < a(x)+rx) Y (O ) / a(y)dy,

k=0 (k)™ -+

(ii) w(x) < @(x) + 7(x)exp( F(O)x1...x) / a(y)dy,

X

forall x € RY, where a(x), 7(x) are defined by

a(x) =a(x)+a(oi(x)), r(x) =r(x,0)+r(oi(x),0).

Proof.
By B()'l(x) C By, r('xay) < r(x,O), Vy € By, Vx€ RI—Xa

W) < alw) +7(x.0) [ w(or()a,

X

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

r(0,0),

(3.7)

(3.8)

(3.9)

(3.10)
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w(oi(x)) < a(o1(x)) +V(01(X)’0)/ w(o1(y))dy (3.11)
01 (x)
< a(o1(x)) +r(01(x),0) ; w(o1(y))dy,
then

W) < )+ 70 [ wlob)dy < )+ 7o) [ Wy, Ga2)

where
w(x) = w(x) +w(oy(x)). (3.13)

Put

AW(x) = 7(x) / W(y)dy, ¥ € C(RY:R,). (3.14)

X

It follows from (3.12) and (3.14) that

w(x) < a(x)+Aw(x) < alx)+A(a+Aw) (x) (3.15)
n—1
= a(x) +Aa(x)+A%w(x) < ... < a(x) + ZAI‘HE()C) + A" ().
k=0
By induction, we obtain
F(0)xy...xn)F
A g(x) < f@)% / a(y)dy. (3.16)
So
n—1
wix) < wx) < alx)+ Y A ax) + A (x) (3.17)
k=0
nl (F(O)xl...xN)k (F(O)xl...xN)”
<alx)+r(x 7/5 d—|—77x/w dy.
(x) + 7 ( );Zo @ (v)dy o (x) [, WO)dy
For Xy > 0 is given, we have
F0)xr..xon)E | (FO)XY)
(r(0)x N’“N) < (r( ),3) , Vx € [0,Xo]", Vk € N. (3.18)
(k') (k!)
The positive series Y ;. M converges and then Y7 (0 on)t converges
p k=0 " (k)N g k=0 (kN g
- k
uniformly on [0, X,]" . By the continuity of the function x % on [0, X",
the sum of the series ¥;” W is continuous on [0,Xo]". On the other hand,

Xo > 0 is arbitrary, so the sum of this series is continuous on Rﬁ. Note that

(r(0)xy...xn)"

7 — 0 as n— oo foralle]RJL
(n!)
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it implies from (3.17) that

& (F(0)xy...xn )k
w(x) < w(x) < ae) + F(x) Y, QL)

P (S :

The inequality (3.8)(i) is proved. Then the inequality (3.8)(ii) follows by

= k = k
0< (7(0)xy...xn) < (7(0)x1...xn) ,VxERI_X.
(k)N k!
Consequently
S (FO)xpxn)t & (F(0)xp..xn)
D (r(O)x NxN) <Y (r(O)x...xy) =exp(7(0)x1..xy ), Vx € RY.
= (k) k=0 k!

Thus

w(x) <w(x) < alx)+ r(x)exp(7(0)xy...xn )/ a(y)dy, forall x € RY.

X

Using (3.8) (ii) with w(x) = |v(x)|, we obtain

[v(x)| < a(x)+ r(x)exp(7(0)xy...xy )/ a(y)dy,

X

for all x € RY, where 7(x), a(x) are defined by

a(x) = a(x)+a(oy(x)),
F(x) = r(x70> +r(61(x)70)7
aw) = 7 [ ey

(o) = o) (),

Then, we obtain the main theorem in this section.

THEOREM 3. Let (A1) — (As) hold. If

lim  |@(x) + 7(x) exp (F(0)x1..xn ) / a(y)dy} 0,

|x|1_’+°° By

- N
/ a(y)dy, forall x € RY.

201

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

where r(x), a(x) are defined as in (3.24), then every solution u to (1.1) is an asymp-

totically stable solution.
Furthermore,

(3.26)
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Remark 2. We present an example in which @y, ®;, @, o) satisfying the as-
sumption (3.25) given as above. Let

(1-L)y
il
1+ Brexp(n Y )+ B2l
(I-L)ey
b
1By exp(7 1Y)

o1 (x,y) =

wo(x) = 0 (x,0) =

exp(=p ;)
A
1+|)’|22

vl = \/y}+ ...+ Y%, o1(x) = Oix,

where oy, Bi, B2, Y1, 12, A1, A2, O; are positive constants with A; > N, A, > N,
o
0<bi <L m>gridgg:
(i) Calculating the functions r(x,y), a(x):

w(x,y) =

1 o
r(x,y) = mpoo(x) w1 (x,y
y) = (e 6y) = V1+Brexp(n nfy )+ﬂz\v\N+'¢1+ﬁ1exp(mx|1)
r(x,y) < r(x,0) = m <r(0,0) = 75
a(x) = ﬁfk’i @ (x,y)dy = ! YZMI f]& 1+\y\

_ exp(=pld)) o N ldy
=7 1L WJo /12 =oexp(—nlxl;),
_ oy perVldy

0 = 1-L JO 1+r12 ’

where @y is the area of unit sphere in RV.
(i) Calculating the functions a(x), [z a(y)dy, r(x):

a(x) = a(x)+a(o1(x)) = oz [exp (=12 |x[;) +exp(—12|01x],)]
<20pexp(—6ip)x],) — 0, as |x|; — +oo;

_ 2062 —0 -0 2062 N
a(y)dy < —— (1 —e 1) (1 — e 1) , Vx e RY;
/x (613)" (6172)" ’
Fx) = r(5,0)+ {01 (6),0) = ——2 ¢ —
L Brexp (nlxtt) 1+ Brexp (6l
2 2
< - < Pexp (—917/1 |x|llv> ;

1+ﬂleXP<9m le) B

and
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It follows that

N
F(x)exp (F(0)xi..xy ) < ( 0171 |x[; ) exp (12_'(_)%1 |])\C,_|1\1/>

< e
=St (- om - grigy] W) o

as |x|; — oo, since y; > W. Then (3.25) holds.

4. An Example

Let us illustrate the results obtained by means of an example. Let E = C([0,1];R)
be the Banach space of all continuous functions v : [0,1] — R with the norm

vl = sup [v(z)|, veEE.

SIS

Then, for all u € X = C(R2;E), for any x € R, u(x) is an element of E and we
denote

u(x)(t) =u(x,1), 0<r < 1.
Consider (1.1) in form
)=V (59, [ Vi (o)

- /Ra Fyu(oO)dy x€ B2, (@&.1)

where o0;(x) = ox, 0< 6, <1, i=1,2; By =10,x1] x [0,x;]. Giving the continuous
functions V, Vi, F as follows.
(i) Function V : ]R?|r x E? — E,

V(1) (1) = 201 — ky)uts (x, )+ ky ()| +e 70 w(0)], 0<e < 1, (x,u,v) €RE x E2,

with u,(x,1) = P \xh and ¥, k; are given constants such that 0 <k; <1, y>
(i1) Function V| :AX E — E,

(1 —m&%'

= ¢ 2Py (x.£)sin _ul)
Vi(eyn)(t) = e D, (e.1)s (n 1 )

0<r <1, (x,yu) EAXE, A={(x,y) e RZ xR2 :y € B,}.
(iii) Function F : RZ x R? xE — E,

F(xy)(t) =4 (ki = 1) e . (x.1)sin (gfo % ‘“) ’

02(y),s
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0<r <1, (x,yu) GRixRixE.
We prove that (A}) — (As) hold. It is easy to see that (As) holds, see Remark 1.
— Assumption (A;) holds, by for all (x,u,v), (x,u,v) € RZ x E2, V¢ € [0,1],

IV (x,,v) =V (x, 10, v) || < Ky [|u— ]| + oo (x) [|v = v]|, V(x,u,v), (x,u,v) € RZ x E?,

with @p(x) = e THIT,
— Assumption (A) holds, for all (x,y,u), (x,y,it) € AxE, A={(x,y) € R% x
R2 :y€ By}, Vt€10,1],

Vi (e, y,u)(8) = Vi(x,y, ) (1) ] < e’z‘y“u*(w)u

T
*(Gl (y)at)
[_|_e\01()’)\1
[—}—el)“l
re=Mi 1 ela®h-bl;
e Pl
[—}—elx‘l
21e Pl ||y — g

u(r) — u(t)]

< me 2P | — |

oo —

N

= o (x,y) lu—al],
in which
o1 (x,y) = 2me” M=,
— Assumption (A3) is also fulfilled. Indeed, First, we can show F : Ri X Ri X
E — E is continuous.

Next, we show F :R% x R2 x E — E is compact. Let B is bounded in R? x
R2 x E, we deduce from

1 u(s
F(x7y7u)(t) = 4(k1 — l)ei2|y|lu*(x7t) sin (g/o st> ’

) (x,y) = 4(1 — kp)e W20
4(1—ky) =M, Y(x,y,u) €B,

[LACHRDIES
<

that F(B) is uniformly bounded in E. For all 1, 7, € [0,1], V(x,y,u) € B,
F(x7y7u)(tl)_F(xayau)(t2)

_ — efz\)’h h—h in E 1& s
=4k -1) (1 + &) (1 ehh) (2/0 u*(Gz(y%S)d)’

SO

[ty —t1]
([1 —|—e|x‘1) ([2 —|—e|x‘1)
<A1 —ky) |2 —11],

IF(x,y,u)(t1) — F(x,y,u) ()| < 4(1—ki)e 2Ph
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it implies that F'(B) is equicontinuous.
Finally, for all bounded subsets I, I, of Ri and for any bounded subset J of E,
for all € > 0, there exists 6 > 0, such that
Vx,x €1},|x— x|, < 0 = |F(x,y;u) — F(x,y;u)| <&, V(y,u) € L x J;
We get the above property since
||F(x,y,u) —F()?,y,lzt)H < 4(1 _kl) ‘x_'ﬂl )

Vx, x € I}, V(y,u) € I, x J. Indeed,

F(x7y7u)(t) _F(f’y’u)(t)

=4(k; — 1) e P iy (x,1) — un(,1)] <g/01 10 ( ;2(5; ),8) S)

|f|l _elx‘l T 1 u S
—d(ky —1)e 2D ¢ i —/ s),
(ki =1) (t—i—e‘xh)(t—i—e\xh 2 Jo u.(02(y),s)

S0
e — b |

(t + el (1t + elh)

(1= kp)e 2P| 5], — x|

(1—ky)|x—x,.

|F(x,y,u) () — F(%,3,u)(£)] < 4(1 —ky)e Pl

<4
<4
Assumption (A4) is also clearly, by for all bounded subset I C R? , V(x,y;u) €
IxR2 xE, Yt €[0,1],
4(1 —ky)e2h
[+e‘x|l
4(1 — ky)e  Mi=2ble = @y (x, y),
/ supy (x,y)dy < 4(1 —k )/ e Mgy = 1 —k; < oo,
R R}

i xel

IF (x,y;u) (1)] < 4(1—ki)e P, (x,1) <

N

since fR2+ e—2|y|1dy _ %
On the other hand, the condition (3.25) is true. Indeed,
CUO(X) = e*)/lxﬁ,
o1 (x,y) = 2me Fhi=blr,
(x,y) = 4(1 —kp)e Pi=2bl,
(i) a(x) — 0 as |x|; — +oo:

1
1—Kk Ri

a(x) = o (x,y)dy
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1
= 4(1—k *‘xh/ “2Whigy =P vx e R?;
l_kl ( l)e Rie y e X =+

and )
a(x) =a(x)+a(oy(x)) = e 4 gm0l .

(i) 7(x)exp (r(0)xixz ) [p, a(y)dy — 0 as |x[; — +eo:
(ii1) [p, a(y)dy is bounded:

/ﬁ(y)dy=/ e"y"der/ e Mgy
B, B, B,
1 _ _
= (e (e ) 4 (1= )1 —e )
1

(iiz) r(x)exp(r(0)xixz ) — 0 as |x|; — teo:

1 2r

r(x,y) = 1_—klw0(x)wl(x7y) = 1—k

(x) = r(x,0) + (o1 (x),0) _2r [e—y\x\%—ml 1 e 18RI -G,
ar

1K
<
1—k
4

2
e*)’\xh*\x\r\)’h ,

~2 12
e 101 xl7 ,

as |x|; — oo, since y— >0

T
(1-k)57
The result is

F(x) exp (F(0)x1 2 ) /B a(y)dy — 0 as |x|; — +eo,

X

(3.25) follows. Theorems 3 holds for (4.1). For more details, it is not difficult to show
that the following equation

() =V (x,5<x>, [ v <x,y,5<ol<y>>>dy) xeR2
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has a unique solution & defined by

E:RY—E, E@)(1)=E(x1)=———, W €0,1], 42)
[—f—elx‘l
and
.2 o -
u i RY = E, u(x)(t) = ui(x,t) = TR v € [0, 1], (4.3)
is the solution of (4.1). Furthermore
Jim_ ()~ £ )] = tim_e~Hr =0,
X| | —roo x| o0

Consequently, & and u. as in (4.2), (4.3) are asymptotically stable solutions of

@.0).
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