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(Communicated by Ferruccio Colombini)

Abstract. We study the initial- boundary value problem for the complex pseudodifferential equa-
tion of Sobolev type on a half-line

du+Alu®°u+Ku=0,x€eR", >0,
u(0,x) = up (x), x eRT,

where 0 <o <1, A €C,
1 i
Ku = 3 '[ime”xK(p)ﬁ(np)dp‘
the symbol K(p) is defined as

n

K(p)= (-1 pT1(p* —a}) ",
=i

n€N, Rea; >0,j=1,2...,n, 0(x).. The aim of this paper is to prove the global existence
of solutions to the inital-boundary value problem and to find the main term of the asymptotic
representation of solutions in the subcritical case,when the nonlinear term of the equation has
the time decay rate less then that of the linear terms.

1. Introduction

We consider the initial-boundary value problem on a half-line for the nonlinear
pseudodifferential equation

{8,u(t,x)+JV(u)+Ku=0,xeR*,t>0, (1.1

u(0,x) = up (x), x € R,

with a subcritical nonlinearity A (u) = A |u|°u, 0 < 6 <n, A € C. Here the pseu-
dodifferential operator K is defined as

1
Ku=— PR (p)ul(t,p)d
“T o /4006 (p)alt, p)dp,
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with a rational symbol

n

K(p)= (1" p"TI(»* —a)) ",
=1

n€N, Rea; >0,j=1,...,n and ¢ is the Laplace transform of ¢ defined by

b(p)= [ o

Equation (1.1) is a pseudodifferential form of wave equations for media with a strong
spatial dispersion, which appear in the nonlinear theory of the quasy-stationary pro-
cesses in the electric media (see [12]). For example, the equation of the form

(1-02) = e — A (1—02) |u*u (1.2)

describes the creation, propagation, and collapse of so-called electric domains in semi-
conductors. In the case of the whole line we can invert the operator (1 — 83) , so that

we arrive to equation (1.1) with a symbol K(p) = pé’—il. Note that in the case of the
Cauchy problem equation (1.2) is equivalent to its pseudodifferential form (1.1). For
results concerning the Cauchy problem for nonlinear pseudoparabolic type equations
see [3], [4],[5], [14], [15]. The large time asymptotic of solutions to the Cauchy prob-
lem was obtained in papers [10], [13]. Recently much attention was drown to the study
of the global existence and large time asymptotic behavior of solutions to the Cauchy
problems for nonlinear equations in the subcritical case , when the nonlinearity has a
slow time decay property comparing with the linear part of the equation (see papers [1],
[2], [7], [11] and literature cited therein).

One of the most important developments in the theory of pseudodifferential oper-
ators is a generalization of the Cauchy problem to the case of the initial-boundary value
problem on a half-line. The boundary value problems are more natural for applications,
however their mathematical investigations are more complicated. It is necessary to an-
swer the question: how many boundary values should be given in the problem for its
solvability and the uniqueness of the solution?

For the general theory of nonlinear pseudodifferential equations on a half-line with
analytic symbol we refer to the book [6]. As far as we know there are few results in
the case of subcritical nonlinear pseudodifferential equations with analytic symbol on
a half-line (see papers [8], [9] and literature cited therein). We give a review of these
works. In the paper [8] it was studied subcritical nonlinear nonlocal equations on a
half-line

du+BluPu+Ku=0,x>0,t>0, (1.3)

where B € C and the order of nonlinearity p € (0,0/). The linear operator K is a
pseudodifferential operator defined by the inverse Laplace transform as follows

oo [o] Hj-1
Ku = i/ eP*Eqp* (ﬁ(p,t) -y W) dp. (1.4)
j=1

C2mi e
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Note that the symbol K(p) = Eqp® is analytic in a right-half complex plane. It was
obtained that for small initial data in L! solution of Dirichlet problem for equation
(1.3) has the same time decay in L™ norm comparing with case of the corresponding
Cauchy problem. Also the main term of the asymptotic depend on the mean value of
the solution . Explicit asymptotics for solution of Kuramoto-Sivashinsky-type equation
on a half-line in the case of inhomogeneous symbol K(p) = p*> — p* and nonlinearity
N (u,uy) =u®uf ,p > 10,06 > 0 was obtained in paper [9]. It was proved that for small

initial data in L1?N L solutions decay as til*ﬁ in L™ and the main term of the
asymptotic depend on the first moment of the solution.

In this paper we present a further development of the theory of subcritical nonlin-
ear pseudodifferential equations on a half-line with a nonanalytic symbol, considering
the case of rational symbol

n

K(p)=(—-1)""p* (> —a3) "

Jj=1

We prove global in time existence of solutions to the initial-boundary value problem
and find the asymptotic behavior of solutions for large time. The main difficulty in the
study of equation (1.1) on a half-line is that its symbol K(p) is nonanalytic, therefore
we can not apply the methods of book [6] directly. To prove the well-posedness of
problem (1.1) we use the integral representation for sectionally analytic function and a
theory of singular integro-differential equations with Hilbert kernel. Thus we show that
we do not need any boundary data in problem (1.1), whereas if we rewrite equation (1.1)
in the pseudoparabolic form, then n boundary data should be posed in the problem for
its correct solvability (see [6]). For example, to prove the well-posedness for equation
(1.2) we need to put one boundary datum, whereas no boundary value is necessary in
the case of equation (1.1). Since very often model equations of mathematical physics
are derived only by using the corresponding dispersion relation (see, e.g. [16]) and have
a pseudodifferential form, we address a very interesting question to Physicist: which
problem is more adequate for describing the physical phenomena?

Now we state the main result of this paper. By C(I;B) we denote the space of
continuous functions from a time interval I to the Banach space B. The usual Lebesgue
space is denote by L?, 1 < p < oo, the weighted Lebesgue space L!“ is defined by

L= {9 € L (RT); (19 |Lpa = [[(x)* @llpp <},

where (x) = /1 +[x%, @ > 0. Denote

Gz/ xup(x)dx|,

R+

~ 1 feo (71)n+1p2n px
G(x)zE[.e e’ pdp

and
n= Rel/+xe/1/((~3(x))dx > 0.
R
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THEOREM 1. Let 1 > 0. Assume that the initial data uy € L> NLY+ g ¢
(0,1) are sufficiently small |Juo||y~ + [|uo||p11+a < €, and n(1—¢€"'n) < o < n.
Then the initial-boundary value problem (1.1) has a unique global solution u(t,x) €
C ([O,oo);L°° OLI’H“). Furthermore there exist some constant A , a real constant w
and a function V € LYY NL* such that

H (u () A5 R eloloety (-t‘zlﬁ» ‘

where t=1-2, y=ltmin(a,n—o0).

<Cr&5aY (1.5)

We organize the rest of our paper as follows. In Section 2 we obtain some prelim-
inary estimates for the Green operator and prove the well-posedness of the linearized
problem (1.1). Section 3 is devoted to the proof of Theorem 1.1.

2. Preliminary lemmas

Let ¢(g) be a complex function, which obeys the Holder condition for all finite ¢
and tends to a definite limit ¢ (o) as g — oo. Then Cauchy type integral

L= ¢(q)
FO =35 =2
constitutes a function analytic in the left and right semi-planes. Here and below this
functions will be denoted F*(z) and F~(z), respectively. This functions have the
limiting values F*(p) and F~(p) at all points of imaginary axis Re p = 0, on ap-
proaching the contour from the left and from the right, respectively. These limiting
values are expressed by Sokhotzki-Plemelj formula

F*(p)—F~(p)=9(p). (2.1)

All the integrals are understood in the sense of the principal values. Now we consider
the linear initial boundary-value problem on a half-line

ou+Ku= f(t,x), xe RT, t € RT, 59
u(0,x) =up(x),x € RT. (2.2)

Denote by ¥ ()
900 =2 {* (§(0)=6(-p)) }. 23)

THEOREM 2. Let
up € L' (RM), f(t,x) € CO(RT, L' NC).

Then solution of (2.2) has the following form

u(t,x) =9 (t) uo+ /Ot% (t— 1) f(T)dT.
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Proof. To derive an integral representation for the solutions of the problem (2.2)
we suppose that there exists a solution u(z,x) of problem (2.2), which is continued by
zero outside of x > 0:

u(t,x) =0 forall x<0.

Let ¢(p) be a function of the complex variable p, which obeys the Holder condition
for all finite p and tends to 0 as p — dieec. We define the operator

B0 =5 [ —olg)g

27 J i g —2
We have for the Laplace transform
Z{Ku} =P{K(p)L{u}}.
Since .Z {u} is analytic for all Re ¢ > 0 we have
u(t,p) =2 {u}t =Pult,p). 2.4

Taking Laplace transform with respect to the space variable we get

{ P (9t q) + K (q)iilr,q) — f(1,4) ) dg =0, x ER¥ 1 >0, 0s)
u(0,p)=1u9(p), xeRT,
We rewrite the equation (2.5) in the form
ohii(t,p)+K(p)alt,p) — [ (1,p) = ¥(t,p), (2.6)
with some function ¥(z,p) = O((p) ") such that
P~ {¥(t,p)} = 0. 2.7)

Applying the Laplace transformation with respect to time variable to problem (2.6) we
find forRe p >0

(&, P (ﬁo(p) +7Ep) +‘T‘(§»p)>~ (2.8)

Here the functions u(é p), (&, p) and f(&,p) are the Laplace transforms for ult,p),
¥(z,p) and f (1, p) with respect to time, respectively. We will find the function ‘P(é D)

using the analytic properties of function # in the right-half complex planes Re p > 0
and Re & > 0. We have for Re p = 0 the sufficient condition

joo

W(E.p)= VP A& q)dg 2.9)

i — D
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Here and below PV means the Cauchy principal value of the singular integral. Taking
into account the assumed condition (2.7) and making use of Sokhotzki-Plemelj formula
(2.1) we perform the condition (2.9) in the form of nonhomogeneous Riemann problem

Q' (2,p) = %map) _K(p)AT(E.p), 2.10)

where the sectionally analytic functions functions Q(z,&) and A(z,&) given by formu-
las

Q(&,2)= %m/i:oﬁ%‘?(&p)d% (2.11)

1ol %
A&,z / , dq. 2.12
€= 5 [ g (M@ 7ED) e @1
Itis required to find two functions for some fixed point &, Re & > 0: QT (z,&), analytic
in Re z <0 and Q (z,£), analytic in Re z > 0, which satisfy on the contour Re
p =0 the relation (2.10).Note that bearing in mind formula (2.11) we can find unknown
function ®(p, &) which involved in the formula (2.8) by the relation

¥(E.p)= %(m(é,p)—ﬂ(é,m). (2.13)
We introduce the function
W=K(p)+¢.

There are exist n roots ¢;(&) of the equation K(p) = —&, such that Re¢;(§) >0
for all Re& > 0, and limg_,.. ¢;(§) = a;. Therefore the function W(p,&) can be
represented as the ratio of the functions Y (p) and Y~ (p) constituting the boundary
values of functions, Y (z) and ¥~ (z), analytic in the left and right complex semi-plane
and having in these domains no zero

Y*(é p)

W(&,p)= “E.p)

(2.14)

/—\

These functions are given by formula

vtepy 116 D= 0i(0)

_j=1 (p_aj)

) B n (p—f—aj)
Y~ (&,p) —,1;[1(5 +1)(p+9;(&))

)

Replacing in equation (2.10) the coefficient of the Riemann problem W (&, p) by (2.14)
we reduce the nonhomogeneous Riemann problem (2.10) in the form

QFEp) _QEp) L
YFE.p) Y- (E.p) TrRPIA(Ep) (2.15)
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Since %K (p)AT(E,p) satisfies on Re p = 0 the Holder condition, it can be uniquely
represented in the form of the difference of the functions U*(&,p) and U~ (&,p),
constituting the boundary values of the analytic function U(&,z), given by formula

U,z)= i./iw LLK( JAT (&, p)dg. (2.16)

27 J o q—2z YT

Therefore the problem (2.15) takes the form

Q7 (¢.p)

W‘FU (&,p)=

UED ey

&)

. . QF ..
The last relation indicates that the function # + U™, analytic in Re z < 0, and the

function ?—l + U™, analytic in Rez > 0, constitute the analytic continuation of each
other through the contour Re z = 0. Consequently, they are branches of unique analytic
function in the entire plane,which has zero in the point z = oo .According to Liouville
theorem this function is zero. Thus we get

Qt=y*tuT, (2.17)
Q=¢Yy U,

From (2.17) under (2.14) the difference limiting values of solution of (2.10) are given
by formula

_ K(p)
QF—Q =—— _yty* 2.18
K(p)+¢& (-18)

Replacing the difference QT — Q™ in the relation (2.13) by formula (2.18) we get
B(Ep)=—1U".

It is easily to observe that ‘T’(é p) is boundary value of the function analytic in the
left complex semi- plane and therefore satisfies our basic assumption (2. . Having
determined the function ‘P(é p)from (2.8) we determine required function &

~ 1 =
n=————|uo(p)+f(E,p —Y*U*). (2.19)
e (W) +7(E
Via (2.1) we rewrite last formula in the form
=Y U, (2.20)
where
0 (89 = 5= [ o Gola) + F(€.0)
T o) g—zv 4

Note that the function « is the limiting value of an analytic function in Re z > 0.
Note the fundamental importance of the proven fact, that the solution u constitutes
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an analytic function in Re z > 0 and, as a consequence, its inverse Laplace transform
vanish for all x < 0. Taking inverse Laplace transform of (2.20) with respect to time
and inverse Fourier transform with respect to space variables we obtain

1) = [ Glex () dy+ 2.21)

+/Otdr/OmG(t —1,x,5)f(7,y)dT,

where

G(t,x,y) = ———Lm 5’[lmepr (&I (&, p.y),

2mi 2mi
1 [i= e ? 1
————dq.
16,2y) = 2mi /ﬂboq—zY*(é,q) a4
Using Sokhotzki-Plemelj formula and Cauchy Theorem we get

1=
G(t,x,y) = %/ P KNP gp 4 F(1,x,y). (2.22)
oo
where ) )
l 1 100 100
F(t,x,y)=—=—=—[ d 5’/ Py = (p,E)It d
(t,x,y) 271:1'271:1'/_,-00 Se¥ | Y (P &) (p,&.y)dp
Since by definition Y1 (€, z) is analytic in Rez < 0 via Cauchy Theorem we have
1 oo ety 1
JHEpy) = — 1 / I S 2.23
Cry)=sm. N ) e 223)
ey
S YH(Ep)

In another hand making the change of variable ¢ — —¢ and using obvious identity
Y*(iq-é) =Y (g,&) we obtain

/ R (2.24)
IS S ,
—ieo g —2Y1(&,q)
feo o—qy 1
-/ =~ 4
/—iwq+zY+(§,—q) 1

o o—ay
S e

—io 2

Via estimates (2.23) and (2.24) we rewrite the function F(¢,x,y) in the form
(2.25)

[ ~
F(t,x,y) = _Z_m'/- PO KD =Py g p L F(1,x,y),
oo
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where ) )
- 1 1 i o -
F(tax7y) = __/; dge[;t[ ey (€7p)1+(€7p7y)dpa

2mi 21i

1= e ]
T E0y) — 2m/_iwz—y+@,q)( Y (£ (E.q) +j)dq

=0(z ).

Now we prove that F (t,x,y) is identically zero. Indeed, taking residue in point p =
—9;(5) we get

ﬁ /_ :;e”"Y T pITE py)dp (2.26)
L= 1~

- Z_M/_imep V&P gyl (Epy)p

N 05y (E g L % o)
j=21 Y (ga ¢/(§))K/(_¢j)l (é: ¢Jay)

Since by the definition K(—¢;) = K(¢;) = —& we get
l —_—
K'(—)

Substituting formula (2.26) into definition of F(z,x,y) and changing variable —¢ (&) =
p we obtain

— /(&)

Ft.xy) = —Z A e Y o, T (E )
ZmZ/ dpe KPPy (=K (p), p)I" (=K (p),p,y),

where for £ € (—ico, ico)
Ij={z=-¢j(§)€C, Rez<0,ReK(z) =0}.

Note that by definition
Y (=K(p).p) =0

and therefore B
F(t,x,y)=0. (2.27)

Thus from (2.21) via (2.22) and (2.25) we have for solution u(#,x)

u(t,x) =9 (t)uo+ /0 "9 (=) f(e)ar, (2.28)
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where the Green operator ¢ () is given by (2.3). Proposition is proved.
We introduce operator % (¢) is given by

~+o0

go(t)(b: o Gl (t7x’y)¢(y)dy7
where the kernel
1

. 1
G (t,x,y) = fﬁ 2;. /’ e(,l)nﬂzzn (ez(xfy)fﬂ e v
1J—joo

Denote L .
Go (1,x) = G (t,x,y)|,_o =177 G(xr™ ), (2.29)
where ) 1
6(x) _ i /l e(_l)n+lz2n+utfﬁzdz'
Tl J—io

From [7] we easily get the following

LEMMA 1. Let ¢ €L

1% )0 le <) ) g,

is true for all t >0, 1 < g <eo,1 <1< oo, Furthermore we assume that ¢ € L1174,
then the estimate

1 |, b—a

o1 @®o-sGu@],, < gl

is valid for all t > 0, where 1 < g < oo, b€ [0,1+a] and

U= /O+wx¢> (x)dx.

We now collect some preliminary estimates of the Green operator ¢ (1) defined
by (2.3), in the norms ||¢||; - and ||¢ || 111w, Where w € (0,1), 1 <7 < oo.

LEMMA 2. Suppose that the function ¢ € L= (RT)NLY+4(RY), where a €
(0,1). Then the estimates

1 (1 1
19O ol <) G0 9]l +e 0]l
1_a _
19 (1)6 — 0G0 (1)l < Ct 45 [Blluarsa +e [9llpe

and

_ Ly ba _
| @0o-o60)| , < F 5 9l te ol

are valid for all t > 0, where 1 <r<rj <o ,0<b<a.
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Proof. Note that the Green operator ¢ (r) can be represented as
GO =% 1) +e 0+ 7(1)9, (2.30)

where the remainder
~+oo
A0 = [ Ri(tx=3) =Ry (03 +)0 () dy

with a kernel

| L PN
Ri(tx) =5 [ e"Rilt.p)dp.

where ,
R, (t,p) _ e—K(p)t _eCtp _e—t’

where C = (—1)"*!. From Lemma 1 the operator %, (t) satisfies the estimates of the
Lemma .
Now we estimate the remainder % (). We represent

Ry (t,p) = Kl0N <1 - e_thsz“K(p)t) —e!
forall |p| <1, and
Ri(t,p) = —e O 4o (e(l—mp))t _ 1)
forall |p| > 1, then we see that
in i lCth” 1+ 20\ 3
3R (1,p)| < C 3 () e (1 )
forall Rep =0, r >0, 0 < j<4. Therefore we have
SN VSN S
R (0] <C(x(0)72) 073 o e
_1\ 4 S
<C<x<t> 2n> <t> 2n
for all x € R, # > 0. Applying this estimate by the Young inequality we find
,%(1,1),1
121 (1) Bl < C &) >\ 7)ol
forall 1 <g<r<eand
_1 w
121 ()9l < 4077 ()5 19111+ 16 1)

for all # > 0. Now by representation (2.30) the estimates of the lemma follow. Lemma
2 is proved.
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3. Proof of Theorem 1

We rewrite the initial-boundary value problem (1.1) as the following integral equa-
tion

u(t):%(t)uo—/Ot%(t—T)JV(u(T))dT, G.1)

where the Green operator ¢ of the corresponding linear problem and A4 (u) = A |u|° u.
By standard method we can prove the local existence of weak solutions to the
initial boundary-value problem (1.1) (see, for example, [7])

THEOREM 3. Let ug € LY+ (RY)NL* (RT), a> 0. Then for some T >0 there
exists an unique solution u € C ([0, T]; L1 (RT) ML= (RT)) 10 the problem (1.1).

By Theorem 3, it follows that the global solution (if it exists) is unique. Indeed,
suppose that there exist two global solutions with the same initial data, which are dif-
ferent at some time ¢ > 0. By virtue of the continuity of solutions with respect to time,
we can find a maximal time segment [0, 7|, where the solutions are equal, but for 7 > T
they are different. Now we apply the local existence theorem taking the initial time
T and obtain that these solutions coincide on some interval [T,T;], which gives us a
contradiction with the fact that 7' is a maximal time until which the solutions coincide.
So our main purpose in the proof of Theorem 1 is to show the global in time existence
of solutions. Denote

1gllz = (g I~ +llg () llLr1+a),
and

1 _a
19llx = sup (467 10 ()l + ()5 0 ()0 )
>0
where a € (0,1). Note that the L! - norm is estimated by the norm X

400

1
i
o= [ loumlast [ sl U o rulax @

1
ryn

<COT 9 O)l-+CEOF 19 (1)l <ClDx

In the next lemma we estimate the Green operator in our basic norm X.

LEMMA 3. Let the function f (t,x) have a zero first moment ;" xf (t,x)dx = 0.
Then the following inequality

l

is valid , provided that the right-hand side is finite.

/Ot%(t—r)f(r)dr

<Cl@) fllx
X

Proof. In view of Lemma 2 we get

/Ot%(t—r)f(r)dr

Lw—i—H/Ot%(t—r)f(r)dT

Lll+a
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<Cll) fllx <Cll@) flix
forall 0 <t < 1. We now consider ¢ > 1. By virtue of Lemma 2 we obtain

H/%t—r dr

1

<c / (1 =) 55 (1 (Dl + 1 (D) lpasa) dT

+C [ 1F (@) -ar,

hence using the definition of the norm X we get

/%t—r dr

<Cl Al [ o e
@) flx [ ()74 ae
<l flx

and similarly

/t%— 0)f(t)dt
0 Lll+a

t ; .
<c [IF @ldr<clo iy [
<ad o) £l

for all # > 4. Hence the result of the lemma follows. Lemma 3 is proved.
From Lemmas | and 2 we easily get the following estimates

HGo(f%)

(% )0 =Gol) [ x¢(x>dx>

(% (1)~ % (0)6]| <Cllolly-

<C, (3.3)

(3.4)

o X

1

Also by direct calculation we have for 4 =1-o0,

I (A )= (2)) [ < €l =)l |G+ [l 3.5

We make a change of the dependent variable u (¢,x) = v (r,x) e~ ?0+¥() in equation
(1.1). Then for the new function v (7,x) we get the following equation

Ay 4 PO~V (3= 0OHVIY L K (v) — (¢ — i)y =
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Since for any z € C
EN (ved) = e TRy (v),

we have

PV (pe= 0HVI)Y = =090y ().

We assume that

[ xeon6)~ (o~ i) dx=o.

Then since
[, K= 0,(K(p)7t.p) -0 =0

the first moment value of new function v (z,x) satisfies a conservation law:

d
E/ﬂw xv(t,x)dx =0,

hence [p+xv(f,x)dx = [+ xvo(f,x)dx for all + > 0. We can choose ¢(0) =0 and

v (0) = argidp (0) such that

/ xvo (t,x)dx =
R+

Thus we consider the problem for the new dependent variables (v (¢,x), (1))

/ xug (t,x)dx| =60 > 0.
R+

hv+Kv=—e (N (v) = ¥ [p+ xN (v)dx)
a0 (1) = %e""/’ Re [+ x A (v)dx,
v(0,x) =vo (x), (0) =0,
where
vo (x) = uo(x) exp(—iargilo (0))
and

!
(1) = argilo (0) — é /O ¢ °?Im [ A (v)dx.

We denote /(1) = ¢®? and write (3.6) as

ov+Kv=f(v,h), v(0,x) =vg(x),
dh = §Re [p- xA (v)dx, h(0) =1,

where

(3.6)

(3.7)

(3.8)

We note that the first moment value of the nonlinearity f(v,h) =0 for all 7 > 0. We
now prove the existence of the solution (v(z,x),h(¢)) for the problem (3.8) by the

successive approximations (vy, (£,x),hy, (¢)), m=1,2,..., defined as follows

v+ Kvy, = f(Vm—lahm—l) y Vm (Oax) =0 (X) ,
hm=14% [fdTRe [ps x A (vin)dx

(3.9)
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for all m > 2, where

vi=% (t) V0.
Denote by
o0°
6= n,
u
where

n :Rel/R+x</V(é(x))dx>0,,u= -2

n

Here G (x) is defined as

Glx) =~ [,
Tl J —joo

Note that by condition of Theorem
n(l—eg"™"n)<o<n

and therefore
1

o>¢ .
‘We now prove by induction the following estimates for all m > 1, >0

lvllx < Ce, [[vin (1) = (1) vollx < Ce®™,
| (1)] > CEH

and
/ XVidx = 9,/ Xfmdx = 0.
R+ R+

Via (3.3) and (3.4) , we have

19 (t) vollx < Ce,
[vi =% (t)vollx < Ce*.

Also using (3.10) we get
1
hi (1) = 1+69"/ dTRe/+x</V(Go(x,t))dx
0 R

4 (o2
= 1+66"n/ T ndT
0
=1+"6.

Therefore estimates (3.12) are valid for m = 1. Also since

/ x%vodxz/ xvodx
R+ R+

223

(3.10)

(3.11)

(3.12)

(3.13)
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we easily obtain (3.13) is valid for m = 1. Now we assume that estimates (3.12)-(3.13)
are true with m replaced by m — 1. The integral equation associated with (3.9) is written

as
i ()= ()0 0= 0)f (et (D) 1 ()T,
hm (1) =1+ % f('; dtRe [pi x A (Vin)dx. ’
‘We have
Jrrp @l <l
and

tl_”u/R+x</1/(u)dx < e H e () || ullx <Cllu||§t?

Therefore due to (3.12) and (3.11) we get
[£f (Vin—1(T) s lm—1 (T))HX
H <£c+1 n l£o+2) < Eu <£c+1 n l£o+2) < g0+l

1
<
|hm—1‘ 0

Since f (vim—1 (7),hm—1 (7)) have the zero the first moment value, from Lemma 3 we
get

/Otg(t B T)f (mel (T) -1 (T))d’[

<t f V-1 (2) -1 (7))l < Ce*
X

< Ce.
It follows that
[vinllx < Ce, [[vm (1) =% (1) vol|x < Ce”* (3.15)
We have
hy (1) = 6t* + Ry,
where

Ry = %/Otdrx(ﬂ/(vm) — N (T)w))
+3 /0 AT (N (G (1)) — N (G (D) w0)
n % /0’ dTx (N (9 (1) vo) — N (0Go(T,)))
Via (3.2) and (3.5) we obtain

dr

N (uz)) dx (3.16)

< H<t>7<u1 — ) [+ ) [ &% (27

tHeT

<10 =) ([ + o) L y
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Therefore using (3.15) and || (1) (¢ () vo — % (7) vo)||x < Ce we get from (3.16)
|Ry| < Ce®FH ()M

Hence
| (2)] > COH

forall > 1. Also integrating v, = .# (v,,_1) with respect to x € RT we get
1
/ XV (2,x)dx = / X9 (t) vodx—/ xdx/ G (t—1) fu-1(1)d1
R+ R+ R+ 0
=0.

Therefore

/fom (t,x)dx = /R+ (xJV(Vm)_ "m(et,x) /er/i/(vm)dx) dx=0.

Thus by induction we see that estimates (3.12)-(3.13) are valid for all m > 1. In the
same way by induction we can prove that

1
Vi — vim—1llx < 1 V-1 —vm—2lx,

and
I 1
Sup 81% [ (1) = -1 ()] < 7 vt = -2l
>0

1
+ Z sup ot |hm—1 (t) —hy 2 (t)|
>0

for all m > 2. Therefore taking the limit m — oo, we obtain a unique solution

lim vy, (t,x) = v (t,x) € X,

lim hy, (1) = h (1) = €920 € C(0,)

m-—oo

satisfying equations

{V(l) =9 (t)vo+ [o 9t —1)f (v(7) k(7)) dT,
h(1)=1+% [ydTRe [ x4 (v)dx,

and estimates for 1 > 1

lv(5) =% (t) vollx < Ce,|lv(0)]lx < Ce (3.17)
W (1) > C8*, 8 > et
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We now compute the asymptotics of the solution. First we show the existence of solu-
tions to the integral equation

VO =) g [ i | ca( = W1>F<y>dy, G189
R+ (

CBJo (- 1—2)% (1—z)%
where Vy () =Gy (&), and
F)=AVON-V) [, e/ V(E)dE,

B=2[ env(E)de.
W Jrr

We define successive approximations V| = % (V;) for k=0,1,2,..., where

B R dz 13 yz3
2 E)=Vo(&) 5 [ 17%(1_@;/wGl((I_Z)ﬁ,(l_Z)QFk(y)dy,

Fly) = A (G 0) = Vi) [ & (Ve(E)dEand
Bo=Re [ EN(V(E))dE
By induction we prove the estimates

IVe—Vollz < Ce, Vil <C. Be>Ce™,

and |
Vert = Vidllz < 5 Vi = Vietllz (3.19)

for all k£ > 1. Firstly we have to show that
/ YF (y)dy =0 and / Wi (y)dy = 1. (3.20)
R+ R+

Since [p+ ¥Vo (v)dy =1 by the definition of Fi (y), we see that (3.20) is true for k =0.
We assume that (3.20) holds for some k. Then we have

[ oena@ae=1-2 [ [ e

BiJo J+di (1 - gz Jre

X/ Gl( : ) yZZ’l1>Fk(y)dy:0
R* (I1-2)2 (1—z)2

hence it follows that [+ Fi1 (y)dy = 0. Thus we get (3.20) for any k. Estimates

(3.19)-(3.20) are valid for k = 0. Changing T =tz and y; = Tﬁy and using
_ 1
v =Ivel,
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we get
[Vir1 —Vollz,
Cll/ dz 3 vz
_ﬁ_ /ﬁ/+Gl< T T Fk(}’)dy
k 0 Z+E(1_Z))1 R (I_Z)Zn (I_Z)Zn 7
C o _o _ 1
< — /1: Hgy(r—1)t an<~r 2n>d1
Br || /o X
Since
4 (e} (e}
‘/r"“‘%(t—r)r‘FFk (-T‘ﬁ>d7 gCHtl‘“‘ﬁFkCt‘ﬁ)’
0 X X
and
lp-Cp L ’ H R N
t n (-t 2n <C|lt nVi(t
H W) )|
<Cvi()lg*!
we get

[Vir1 = Vollz < Ce.

By condition of Theorem n(1 —&""'n) < 6 < n and therefore u = (1 —2) > g1,
Thus we have

Bo=TRe [ N (Vi(E)E
_ %Re/IR+ EN (Go(E))dE + %0(30) Sl
Therefore (3.19)-(3.20) are true for any k. Using (3.5) we have

[t 7Hoe (A (1) = (2)) [

K (ul/ xJV(ul)dx—uz/ xJV(ug)dx)
R+ R+ X

< Cl(wr —w)llx (e [Ix + llu2l%)- - (3.21)

_|_

Thus in the same manner we obtain
1
Vet = Villz < 5 IV () = Vit Ol
and therefore estimate (3.19) is valid for any £ > 1. Hence Z is a contraction mapping

and there exists a unique solution V (£) to integral equation (3.18).
We are now in a position to prove asymptotics of solutions v. We prove by induc-

tion H<t>7 (Vk (1) —t7n0V; ((.)fﬁ»HX < Ce, (3.22)
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where y > 0 is small. The estimate (3.22) is true for k£ = 0 since

|07 (w0 -rFevy (<~>r%))H

= H 1)vo—0Gy (¢ < Ce. (3.23)

Dl

We assume that (3.22) is valid for some k. Due to (3.16) we have

dT N (u2)) dx

C
< ﬁt“ 1 = 2) [ (fll|x + lle2I%)

and therefore for > 0, > e°+!

A )

< S V(nvkuxwr el ) [ @7 (vete) - or v () )|

u X
< CeOHI kY,
Then it follows that for ¢ > 1
o 1
g (1) — 09 Bt | = ‘H——Re / / XN (v)dxdt
90‘+1
Re / EN (Vi (E dg’
'1—|— Re/ / / x AN (vi)dxdt
R+
—07 T [ EN(V(E)aE )
R+
+C/t/ N —A (0 *lv(f%)) dxd
6y Ju x| # 00 = (077 0vi () )| e
<1+CetHT, (3.24)

Changing variables such that 7 = zz and ér’ﬁ =7y we have

| L o 1
E/O % (1 — 1)1 VR, (-1’ ﬂ)dr

1
tn ol d : 2
e e d@( L 1>Fk<y>dy
Be Jo 1445 (1~ z)m Jr (1-2)% (1—z)%

1 1 1
it (v () i ().

Therefore we obtain

o7 (6r 7V (%) = v )

X
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<C <t>y<9t'lle+1 ( ) G (t vo+/h 7)% (t —1) fi (7)d7t ) .
/h Y1)~ %) (D))
+C )7 (& (t)vo —“o (1) vo ||x
<CH ( 0( ") =% @m)|
)" ( ——r ”)%(z—r)fk(r)dr .
ﬁkec _c /% (-1 (fk( ) - %Fk(wﬁ))rﬂdr )
+CH G (1) vo— % (1) vo)[Ix
/h 91~ % - ) (D)dr|
=l th+ s

From (3.23) we have I} < Ce. We rewrite

t 9—G+1
L=C (t)”/o (hk‘l(r)— B T‘”)%(t—r)fk(r)dr
X
t —o+1
<l [[er o= @ (% - ) flear
X
Using (3.24) we get
6—G+1 —0o+1
3 I (1) =t + 5 O(1 +Ce® 1)
k k

and therefore we obtain

L < <t>”/(: TH (9[3—6 +£T“7’)
k
xh ' (1)% (t — ) fi (1)d7
X
<ceo2| @7 [ (@ (- 1) (D)t
0 X

Since [p+ xfi (7)dx =0 from Lemma 3 we have for y > 0

ORI R ERTAGY:

<CHI1 'ufk tx HX

and using Ht1 Hfe (2,x ||X < Ce® we obtain

I, <Ce.
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By condition (3.21) and the estimate (3.22) we have

17 (R0 - S (%))

96+1 L
/R+ (fk (T»x)— WFI{ (-l 2n>)dx:0.

Therefore by analogy with the estimate for I, we get for ff; > &~!

and

6° _an) 20 Dar
I = ﬁkeo oo T /% -1 (fk() TZITUFk('T 2"))? )
96+1 1

<7 _ %))

Bo ] /%t r(fk() G+1)Fk(r 2))1’ drx

C 90’+1 1
gﬁkeo <fk() G+1)Fk( n)) <
< Ce.

In the same way we easily get
Iy +1s

VoA

€
Hence by induction (3.22) is true for any k& > O uniformly with respect to k. Taking a

limit £k — oo in (3.22) we get

H<z>Y<v(z)—z—%9V (-z—ﬁ))ngc.s. (3.25)
Via (3.7) we also get

RN Lot
v (0) = argio (0) — /O dth~'m /]R A (v)dx
—/[ﬁ*1(1+1>*1dﬂm/ A (V)dy
0 R+
1
- [ (e @) gt e ) ar
0

xlm/wy,/V(V)dy— %Im/oth‘l(r) (/W)Q/V(v)dx

96+1
_W R+ye/V(V)dy dr.

Therefore
y(r)=owlogr+¥+0(t77), (3.26)

where @ = —%Imfw y A (V)dy and
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w=y0)- [ (o7 @ e
R
—B ' (r+ 1)_1)d71m/+y</V(V)dy
R
—Im/oc 0% 'h (1) (0_6/ x A (v)dx
0 R+
—(t+ 1)(61)/+y</V(V)dy>d1:.
R
Also from (3.24) we obtain
|h() —6°Bt"| < 14+CO° BT, (3.27)
where

B=SRe | EN(V(E)dE.
po IR

Therefore via the formula

w(t,x) =e POV (1 x) = VO 5y (t,%)

and (3.25), (3.26) and (3.27) we obtain the asymptotics of the solution

[t t-temmo (4

with a constant A = 3~ & T . This completes the proof of Theorem 1.
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