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SOBOLEYV SPACES FOR PSEUDOMONOTONE OPERATORS

A. MOKRANE AND G. VALLET
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Abstract. In this paper, we are interested in proving the Lewy-Stampacchia inequality in the
general framework of an obstacle problem for a nonlinear pseudomonotone elliptic operator in

WOl #0) (Q) where p(-) is a log-Holder continuous exponent. Our aim is to adapt to the context
of variable exponent Sobolev spaces a previous work of the first author, based on a penalization
method.

1. Introduction

The inequality of Lewy-Stampacchia has been initially proved by H. Lewy and G.
Stampacchia [11] in the context of the superharmonic problem. Then, a huge amount
of literature has ben devoted lately to this kind of problems; let us cite for example the
two monographs: J. F. Rodrigues [20] and G. M. Troianiello [25] (for general results
on variational inequalities, obstacle problems and their applications) and the references
therein. Since the last two decades, the study of Lewy-Stampacchia inequalities found
arenewed interest, either to prove the inequality by itself, or to help to clarify the regu-
larity of solutions to some obstacle problems, or for applications to concrete problems.
Let us quote below some recent works on this topic.

In[2], A. Azevedo, J. F. Rodrigues and L. Santos considered a model based on a N-
system for linear second-order elliptic equations with sequential constraints. In [4], L.
Boccardo uses a Lewy-Stampacchia inequality in studying G-convergence in unilateral
problems. In [5], S. Challal, A. Lyaghfouri and J. F. Rodrigues consider a divergence
operator of type —div[“l(DDu”")Du] in an associated functional framework based on Orlicz
Lebesgue and Sobolev spaces. They consider entropy solutions to an obstacle problem
for L!-data, derive Lewy-Stampacchia inequalities and show convergence and stability
results for such operators.

In this general formulation, they extend or complete the results of J.F. Rodrigues
for p-Laplace operators [21], J.F. Rodrigues, M. Sanchén and J.-M. Urbano for a p(-)-
Laplacian with variable exponent [22] and J. F. Rodrigues and R. Teymurazyan for
more general Orlicz space [23]. In [18], S. Ouaro and S. Traore also consider entropy
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solutions to similar problem for p(-)-Laplace operator type and L! data, with general
assumptions on the exponent p(-). In [10], C. Leone is interested in obstacle problems
for a strongly monotone and Lipschitz operator A, with measure data. M. Matzeu and
R. Servadeiin [12] and A. Mokrane and F. Murat in [17], consider the case of semilinear
variational inequality with a lower order nonlinear term, and, via Lewy-Stampacchia’s
estimates, they study the Holder regularity of the solution of the problem. Then, M.
C. Palmeri [19] considers the evolution parabolic case. Let us also quote works by
R. Servadei and E. Valdinoci [24] for non-local operators like the fractional Laplacian,
and integro-differential operators in general.

Then, we invite the reader interested in older papers to consult the references cited
in the above cited ones.

In all these papers, the main operator is assumed to be strictly monotone. The
Lewy-Stampacchia inequality is a part of the papers and it is used to derive additional
information, like the regularity of the solution of the obstacle problem under consider-
ation, when the operator allows it.

An other kind of questions is the proof of the Lewy-Stampacchia inequality for a
solution (not unique a priori) of obstacle problems when the operator belongs to a large
class of Leray-Lions operators. The technique needs to be adapted and it is what was
envisaged by A. Mokrane and F. Murat in the papers [13], [14], [16] and [15]; and this
is what we propose to adapt to the context of variable exponent Sobolev spaces. This
allows to consider singular/degenerate pseudomonotone operators, depending on given
sub-domains.

In this paper, we are interested in proving the Lewy-Stampacchia inequality, namely,
in the sense of the Radon measures

0<u=A(W)—F<(f—AW). (L1

in the general framework for a nonlinear pseudomonotone elliptic problem with obsta-
cles of the type

ueK(y):={wew,”(Q): w>y ae inQ},

<A(u),v—u>><f,v—u>, VVEK(W),

(1.2)

where the data are:
- a Leray-Lions pseudomonotone operator A(v) = — div(a(x,v,Dv)), which acts from

WO1 P (')(Q) into W—17'0)(Q) (the definitions of such spaces are given in the next sec-
tion),
- the obstacle y, which belongs to Wlﬂp(')(Q) with v <0 on 9dQ,
- the right hand side f, which is assumed to be such that g = f — A(y) belongs to the
order dual V3, = (W= 170)(Q))" — (w10 (@)t

After this first section, we propose a second one where we recall the framework
of Lebesgue and Sobolev spaces with variable exponents. For the convenience of the
reader, we recall properties used in the sequel, present the assumptions on the data,
derive some technical lemmata and state the main result. The last section is devoted to
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the proof of the result, following the method: setting g = f —A(y) € V;‘,(,), we first
consider the case where

g eW,P(Q)NL=(Q), y e W0O(Q)NL=(Q) with y <0 on 9Q.

In such a case, consider the penalized problem

Alue) (e — )" = f

where f=g" — g~ +A(y). Setting

1 _
=g —g(us—llf),

we prove that z; — 0 in L!(Q). Then, defining ye = é(us — )~ and passing to the
limit in g~ — Ue = z¢ =25 — 2z > —z, , we obtain the Lewy-Stampacchia inequality
g —u=0.

The general case is then obtained by passing to the limit in the sequence of the
solutions associated with the approximation of g~ by g, € WO1 P (')(Q) NL=(Q), £, >0
(the existence of such approximations is also proved by a penalization method) and y
by w, € WHPO(Q)NL=(Q) with y, <0 on 9Q.

The main technical problems are:

- one has to consider different techniques depending on the sets Q; = {x € Q: p(x) <2}
and Q, = {x € Q: p(x) > 2},

- one is not able to use Poincaré inequality with the integrals (the modulus), but just
with the norms.

2. Statement of the main result

In the sequel, we consider a natural number d and a bounded domain Q C R
with a Lipschitz boundary 9Q.

2.1. Variable Lebesgue and Sobolev spaces

For convenience, let us recall some well known properties of the spaces LP()(Q)

and WO1 P (')(Q) which can be found for instance in S. N. Antontsev and S. Shmarev
[1], L. Diening, P Harjulehto, P Hésté and M Ruzicka [6], X. Fan and D. Zhao [7] or
O. Kovacik and J. Rakosnik [9].
In the sequel, we call exponent any measurable function p : Q — [1,+eo[ and we
set p~ = eszinfp and pt =esssupp.
Q

For any exponent p(-) and any measurable function f, we set

Py S = [ 170
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the Luxemburg norm || f|,,) = inf{A > 0/p,, (%) < 1}, and define
L’(Q) = {u: Q — R, measurable/ x — |u(x)|"™ € L'(Q)},

wPO(Q) = {ue LPO(Q) / dpu e LPY(Q),i=1,...,d},
Wy PO (@Q) = Wl @) nw!r0(Q).

1. Endowed with the Luxembourg norm, U’(')(Q) is a Banach space, separable if
pT < oo, In that case,

{LP(')(Q)}/ =1"0(Q)

where
1 1 OO se oo . .
——+——==1 and LP"(Q) is uniformly convexif 1 < p~ < p™ < +oo.
p(x)  p'()

Note also (J. Giacomoni and G. Vallet [8]) that if (f,) C LP()(Q) converges to f
weakly in LP)(Q), then, p,(f,) converges to p,(f) implies that f, converges to
fin LPO(Q).

2. There exists a constant ¢ such that if f € LP0)(Q) and g € L”’()(Q), then the

following Holder inequality holds
17608001 ax <l sl @1

3.1f p* is finite, then, lim u, =0 in LP)(Q) if and only if lim p,,(.\(un) =0.

4. LPO)(Q) — L4)(Q) if and only if ¢(-) < p(-). Moreover, the norm of the embed-
ding operator does not exceed |Q|+ 1.

5. Nemitsky operator in LP*)(Q): If h: (x,1) € Q x R+ h(x,t) € R is a Carathéodory
function such that

px)
g€ 49(), 3a >0, |(x.1)] < g(x) +alf] 10,

and if p(-) and ¢(-) are bounded exponents, then the Nemitsky operator associated to
h is bounded and continuous from L) (Q) to L) (Q).

DEFINITION 1. We say that a bounded exponent p(-) is log-Ho6lder continuous on
Q if there exists ¢; > 0 such that |p(x) — p(y)| < c1log(e+1/]x—y|) forall x,y € Q.

6. Endowed with the norm
H”HWOLP(-) = ||Dul| (),

Wol’p(')(Q) is a Banach space (resp. |[ul|y1,¢) = [|ull () + [[Dul| o) for WEPO(Q)),
separable if p™ is bounded and reflexive if 1 < p~ < p™ < +oo. Moreover, if p(-) is
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log-Hélder continuous with p~ > 1, for any F € [Wol’p(')(Q)]’, there exists (fy, f) €
(LY () ()] such that, for any u € Wol’p(')(Q),

<F,u>=/g{fou—|—f-Du}dx.

In other words [WOLP(')(Q)]’ = W_LP/(')(Q).
7. If p(-) is log-Holder continuous, then Wol’p(')(Q) < LPU)(Q). If moreover, ¢(-)

is an exponent with g™ < oo, then Wol’p(')(Q) — LIO(Q) if ¢(-) < p*(-) == dﬁi[g'().),

where the embedding constant depends only on |Q|, d, clog(p) and g™ .
8. Poincaré inequality: If p(-) is log-Holder continuous, there exists a constant ¢
depending only on d and cjog(p) such that, for any u € WO1 ” (')(Q),

ull oy < cdiam(Q)||u||W01,,,(.).

9. Nemitsky operator in WOI"p(')(Q): Let

h : ('x’ gOagla "7§d) E Q X Rd+1 = h(‘x7€07€17 "75(]) 6 R
be a Carathéodory function such that there exist g € Lr'0) (@) and C > 0 with

d
Ih(x, &0, &1, &a)| < () +C X &P,
k=0

for any (&,&1,..,&4) € RYT! and ae. x € Q. Let a € Z4 with |o| < 1, then the
operator

Ng : WOLI’(')(Q) _ W—l,P’(')(Q)
u— {v € Wol’p(')(Q) — /Qh(x,u(x),Du(x))Dav(x)dx}

is continuous and bounded.

In what follows, we assume that p(-) is a log-Holder continuous exponent such
that 1 < p~ < pt < +oo.

Let us set a technical lemma used in the sequel.

LEMMA 1. 1) Assume that u € Wol’p(')(Q) and that f : R — R is a Lipschitz-
continuous function such that f(0) = 0. Then,

fw) ewy"(Q) and Df(u) = f'(u)Du ace..

Moreover, u € WOI"p(')(Q) — f(u) € WOI"p(')(Q) is a continuous (resp. weakly continu-
ous) mapping.

2) Assume that u € Wol’p(')(Q) and that f, f, : R — R are Lipschitz-continuous func-
tions such that f(0) = f,(0) =0 and ||f,|| <M forall n. Then, if f converges a.e. to
f', then f,(u) convergesto f(u) in Wol’p(')(Q).
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Proof. 1) By definition, if u € W)”")(Q), then u € W)"'(Q). Thus, the clas-
sical chain rule asserts that f(u) € WOI’I(Q) with Df(u) = f'(u)Du a.e.. Then, one
concludes the first part of the assertion by noticing that

L 1rrar < [ 7129w < max 12 L2 [ s,
J 1Dy < max [I7 12 0] [ 1wl
Q Q

If (u,) convergesto u in LP()(Q), then the properties of the Nemitsky operator u —
f(u) in LPO)(Q) yield the convergence of f(u,) to f(u) in LP0)(Q).

If (u,) converges weakly to u in WO1 P (')(Q), then, it converges to u in L") (Q)
and the above convergence holds. Moreover, the above inequalities ensure that f(u,)
is a bounded sequence in W017p (')(Q). Up to a subsequence, f(u,,) converges weakly
to a limit-point v in Wol’p(')(Q). Since f(u,) converges to f(u) in LP()(Q), one gets
that v = f(u) and the result since the whole sequence f(u,) will converge weakly to
£y in W P(Q).

If (u,) converges to u in WO1 P (')(Q), it converges weakly and f(u,) converges
weakly to f(u) in WOI"p(')(Q) and strongly in LP()(Q).

Using again the classical chain rule result in WOI’I(Q), f'(uy)Duy, converge to

f'(u)Du in L'(Q), thus a.e. for a subsequence denoted similarly.

Since (u,) converges to u in Wol’p(')(Q), Du, converges to Du in [LP0)(Q)]¢
and |Du, (x) — Du(x)|?™) converges to 0 in L'(Q). Thus, up to a second subsequence
indexed again by n, there exists i € L' (Q) such that |Du,(x) — Du(x)[P™) < h(x) a.e.
Then,

|Df () = D ()|PV=| f' () Dty — ' () Due| ")
<2 |UF (an) (Dt = D)) |LF (1) = f () D]
<C(p™,p " If =) 1) + [DulPO) = k() € L'(<).
It is therefore possible to apply the convergence theorem of Lebesgue to conclude that

Df (u,) convergesto Df(u) in [LP")(Q)]¢, for the subsequence first, then for the whole
sequence since any subsequence of f(u,) has to converge to f(u).

2) By assumption, there exists a subset A of full-measure in R such that for any s € A,
f1(s) converges to f'(s). Thus, since Du=0 a.e. in {x € Q u(x) € R\A}, one has
that f,(u)Du converges a.e. to f'(u)Du. Since |f,(u)Du| < M|Du/, the dominated
convergence theorem yields the conclusion.

2.2. Assumptions on the operator

Let A be the nonlinear operator of Leray-Lions type acting from WOl PC) (Q) into
its dual W~ 1'0)(Q), which is defined by

A(u) = —div(a(x,u,Du)).
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The function a: Q x R x RY — R? is assumed to be a strictly monotone Carathéodory
function
V(s,£) € RxRY, x+— a(x,s,&) is measurable,
(5,€) —alx,s,&) iscontinuous, (2.2)

fora.e. x € Q,
vE,meRE£NVxeQae, [a(x,s,§) —alx,s,n)][§ —n] > 0.

ie.
We also assume that there exist three constants o > 0, B >0, ¥ >0, a function h in

L'(Q) and a function & in LP()(Q) and two exponents g, r such that, for a.e. x € Q,
(2.3)

forall s € R and for all £ € R? one has 1 < ¢(x),7(x) < ¢ < p~ and
2.4)

alx,5,8)E > 6| & P — 751 + ()],
L }pu)—l.

la(x..8) | < B[R 5[99 + ¢ |

We propose to derive from these assumptions some technical lemmata used in the
sequel. They are somehow classical results, but we propose to give the details of the
proofs in this particular framework: variable exponents and dependence on u for A.

'S

LEMMA 2. There exists a constant C >0 such that, for any u € Wol’p(')(Q),
—C.
WO1~P('):|

. I7+
min [l 1]

(SIRSY

/ a(x,u,Du)Dudx >

Proof. Forany u € W017p(')(£2), since [ |u|?Wdx < 1+ H”“Zq()(g)

/a(mmDu)Dude&/ \Du|p(")dx—)7/ Jua 1) dx — H/;HU(Q)
Q Q Q
N
(2.5)

>a [ 1Dul"dx— [+ [l g | = 1ol

— X q+ _ -
26 | 1D ux = Clly )~ 7= [l

A

where C is related to the embeddings Wol’p( )(Q) — LP0)(Q) — L10)(Q)
C(8) =677,

Assume on the one hand that HuHWOLp(,) > 1. If for any positive 0,

then (2.5) and Young inequality yield
[ ateu DwyDudx > alull?, ., ~C8lul” 1, ~C.C(8)~ 71l -
0 0

% , one gets the required inequality.

Choosing 6 =
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Assume on the other hand that ||u||W15,,(.) < 1. If for any positive 0,
0

_qt

C(8) =877,

then (2.5) and Young inequality yield
_ + + _ -
/Qa(x,u,Du)Dudx > @l ~C3ul ) ~CCO) ==l o
Choosing 6 = %, one gets the required inequality.

LEMMA 3. Forany & > 0, there exist constants C,C(8) > 0 such that, for any
u,ve Wol’p(')(Q),

/a(x,u,Du)Dvdxg S||u||f’ 48 H”l,, +C5+C(5 )/ Dv|PWd
Q

Proof.

(

_ _ r(x) (x)—1
/a(x7u7Du)Dvdx < [3/ [\k(x)\—i—\u( )79+ |Du(x )\]p |Dv|dx.
Q Q
For any & > 0, Young inequality yields

/ a(x,u,Du)Dvdx
Q

_ B D o
<3p+_155/ [|]€(x)‘P(X)+|u(x)|rx +\Du(x)\“}dx
Q
1 1
— o p(x)
+max[6p+_1»6p,_l]/Q|Dv| dx
and, if § = ; -, there exists possibly different constants C C(6) such that
/a(xvuvDu)Dde
Q
< 5/ |Du(x)[P™ dx + 5/ |u(x)|r(x)dx—|—C(§+C((§)/ Dv|PW dx
Q o ,
SS/ Du(x)[PWdx+ &ul|” (_)+C(§+C(5)/ IDv[PW dx
Q Woﬁp o

.
<8l + Slull? i, +CE+C(E) [ |y, (2.6)
0 0

by using Young inequality and WO1 PC) (Q) — L'")(Q). Then, the lemma is proved.
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LEMMA 4. There exist positive constants C 17C_2 such that,

NQ\

/a(x,u,Du)D[u—v]dx > —m1n[||u||p HMan p(-)]—Cl/ |Dy[PWdx—Cs,
Q W, Q
Sforany u,v € Wol’p(')(Q).

Proof. Thanks to (2.5) and Young inequality, for any 8 > 0, there exists C 5> 0,
independent on u, such that

5 Oax— Sllulld"  — -
/Qa(x,u,Du)Dudx> Oz/Q\DuV”‘dx 5”””W01“’(‘) Cs.

Thanks to the first of the three inequalities denoted by (2.6), for any 8 > 0, there exist
C”,C:§ > 0, independent on # and v, such that

/a(x,u,Du)Dvdx < S/ |Du(x)|p(x)dx+(§||u||r+1 p(,)—l-C/—/ \Dv|PWdx+C6,
Q Q Wy’ 5/
and,

/a(x7u7Du)D[u—v]dx—i—Cé——i—C”g

Q

r+ X
@8] [ 1Dur®dx— 5[ ql,,)+||u||WOL,,(,)]—c%/Q|DV|P< Jdx

Then, for a suitable choice of &, and arguing as in Lemma 2 concerning the comparison
of the norm of u in W017p (')(Q) to 1, one gets the result.

We finally assume that for any m € R™ there exist four positive constants 0, By, Y
and §,, and three functions h,,, k,, L, in Lp(')(Q) such that, for a.e. x € Q, for all
seR, t € R with |s| <m, |[f| <m, and |s —¢| < &, for some small &, and for all
& eR?, n e R’ one has

‘é n‘max2,px)

a(x,s, &) —al(x,s, —Nn|= o, ., 2.7
la(x,s,8) —a(x,s,n)][S —n]>0, @ [£ | 17 e
|a(x75:§)—a(x75:77)\
< Bn |km(x>|+|€\+\n\}(p> & — oy, (28)

L+ plx)-1
la(x,s,8) —alx,, )] < als 00D ||+ €] L @9)
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REMARK 1.
1) An example of an operator which satisfies all the above assumptions is the so-called
p(+)-Laplacian, defined for 1 < p~ < p(-) < p™ < oo by

—Ay (1) = —div(|Du[?V) "2 Du).
A more general example is the case where
Au) = =div(b(-,u)|DulPO2Du), e alxs,8) = b(x,s)|§ "W 2E;

if b is a Carathéodory function which satisfies o < b(x,s) < B3, for some 0 < o <
B < o, then hypotheses (2.2), (2.3), (2.4), (2.7) and (2.8) are satisfied; hypothesis (2.9)
is satisfied if b(x,-) is locally Holder continuous with an Holder exponent which is

1
strictly greater than 7o) when p(x) > 2 and than 1/2 when 1 < p(x) <2.
p'(x
Let us mentioned that one can also consider the case of an operator A with an
additional vector field B(-,u) inside the divergence operator.

2) As a consequence of the Carathéorory assumption in (2.2), the growth condition
(2.4), and the properties of the Nemitsky operators in W'7()(Q), one gets the well-
definedness, the continuity and the boundedness of the operator

A:we W, P(Q) - —div(a(x,w,Dw)) € W 0(Q).

Then, the compact embedding of WO1 P (')(Q) in LP()(Q), the properties of Nemitsky

operators in Lp(')(Q), (2.2) and (2.4) allow to prove, by classic arguments, that A is
pseudomonotone.

Moreover, A is coercive. Indeed, if (uz) C WO1 P() () is a sequence of functions whose

norms in WO1 20) (Q) go to infinity, thanks to Lemma 2, for sufficiently large k we have

p -1 ¢

a(x, uy, Duy ) Duy,
/ udx > e — T
Q Wo @) el 100
0

el .0
and A is coercive since p~ > 1.

2.3. The main result

Let y:Q — R bea given function (the obstacle) which is assumed to satisfy
y e whrt(Q), with w<0  onodQ. (2.10)

Let K(y) be defined by K(y) = {v € W()l’p(')(Q) (v > yae. in Q} (note that K(y)
is non empty, since Y™ belongs to K(y)).

Finally, we fix f € W~ 1/'()(Q), define

g=[f—A(y) = f+div(a(x,y,Dy)) (2.11)
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and assume that

where V;,(,) is the order dual space of WO1 P (')(Q), which is defined as the set of those

elements g of W’lvl’/(')(Q) which are also elements of the space of Radon measures
() and are such that g* and g~ belong to W~ 17'0)(Q), or equivalently as the set
of those elements g of W‘LP,(')(Q) which are such that there exist g” and g" (where
the superscripts p and n stand for “positive” and “negative”) such that

g§=8"-g", ,
g ew brO(Q), gP>0, gtew LO(Q), g >0.

Our goal is to prove the following theorem:

THEOREM 1. Under the above assumptions (2.2)-(2.12), there exists at least one
function u, which is a solution of the variational inequality

/ a(x,u,Du)D(v—u)dx > (f,v—u), YveK(y),
Q (2.13)
ueK(y),
and which is such that the distribution | defined by
u = —div(a(x,u,Du)) — f (2.14)
satisfies the Lewy-Stampacchia inequality
u<g = (f+divlax,y,Dy)])". (2.15)

REMARK 2. Theorem 1 states in particular that y is a nonnegative Radon mea-
sure that belongs to W~ 17'0)(Q)N.# (). Then, since according to [6, Chapter 10-11]
any function of W'»()(Q) is p(-)-quasicontinuous and thus measurable for the non-
negative measure (i which belongs to W~1'()(Q), one gets that (u— ) =0 p-a.e.
in Q.

3. Proof of Theorem 1

We will perform the proof of Theorem 1, mainly without distinguishing between
the sets Q; ={x€Q: p(x) <2} and Qy ={x € Q: p(x) > 2}, except for the second
part of the proof of the convergence of z; in L!(€), where some different technicalities
appear in Q; and Q,.
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3.1. Some preliminary results

Here we give two existence results and a density one. Since we propose to adapt
to the context of variable exponents what was proposed by A. Mokrane and F. Murat in
[13, Sections 5-6], we will just focus our attention on the operator A and we invite the
reader interested in the detail of the proofs to consult the above mentioned reference.

Concerning the first two theorems, we recall that since we do not suppose that

2d

7>—a
==

itis not clear whether (1 — y) v belongs to L' (€) when v only belongs to Wol’p(') (Q).

THEOREM 2. Let f € W‘lﬂpl(')(Q), and let a be a Carathéodory function which
satisfies (2.2), (2.3) and (2.4). Finally let y : Q — R be a measurable function such
that

W e Wol’p(')(Q) withv >y ae. in Q. 3.1
Then for each € > 0 there exists at least one ug such that
ue € Wy (Q),  (ue—y)~ € L3(Q),
/Qa(x,ug,Dug)Dvd - é/g(ug —y) vdx = (f,v), (3.2)
e W, P (Q)NIA(Q).
Moreover,
(e — w)~ue € L'(<),

1 _ (3.3)
/ a(x,ug,Dug)Dugdx — —/ (e — W) " ugdx = (f,ue).
Q EJa
Proof. To prove this result, one has just to adapt to the case of variable exponents
the proof of A. Mokrane and F. Murat [13, Th. 6.1] and [13, Prop. 6.1]. Concerning
A. Mokrane and F. Murat [13, Th. 6.1], one just notes that from Remark 1, we know
that A is a coercive pseudomonotone operator. Then, denoting by 7, the truncation at
height n, the operator

B:ww— —div(a(x,w,Dw)) — éTn(w— V)~

is well defined from WO1 P (')(Q) in W-1'()(Q), and is a strongly continuous pertur-
bation of A.

Concerning A. Mokrane and F. Murat [13, Prop. 6.1], one just needs to verify
that the function v = T;(ug)™ (resp. Ti(ug)™) belongs to WOLP(')(Q) NL*(Q), and that
Ti(ug)™ tends strongly to u in Wol’p(')(Q) as k — +oo. Since this is a consequence
of Lemma 1, the result holds.

A result whose proof is similar to the one of Theorem 2 and A. Mokrane and
F. Murat [13, Th. 6.2] is the following one:
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THEOREM 3. Let f e W17 0)(Q), ve Wol’p(')(Q), and let a be a Carathéodory
function which satisfies (2.2), (2.3), (2.4). Then for each € > 0 there exists at least one
Ve such that

Ve € Wol’p(')(Q), ve —v e L*(Q),
1
/ a(x,ve,Dve)Dwdx + s /(vg —v)wdx = (f,w), (3.4)
Q
vw e WP Q) NIX(Q).
Now we give a density lemma for the nonnegative cone of w-Lr'0) (Q), extend-

ing to the variable exponent framework the result of A. Mokrane and F. Murat in [13,
Section 5].

LEMMA 5. The nonnegative cone of WOl PC) (Q) is dense in the nonnegative cone
of WP O(Q).

Proof. For f e W7'0)(Q), >0, we define v, ve and f; by

be Wol,p(~)(Q)7_div(|Dv|P(')—2Dv) =f in 2'(Q),

ve €Wy P(Q), ve—velXQ), WYwew,PQ)nI2(Q),
. 1 (3.5)
/ |Dve|PY) 2Dy Dwdx + —/ (ve —v)wdx =0,
Q € JQ

fe= —é(v£ —v) = —div(|Dve PV 72D ).

Let us note first that the existence of v¢ is ensured by Theorem 3. Then, following the
proof of [13, Section 5], one gets that ve —v <0 a.e.in Q and 0 < fe = —1(ve —v) €

e
1,p(-
Wy "(Q). ) /
It remains to prove that f, strongly convergesto f in W17 (')(Q). Using in (3.5)
the test function (v —v) we obtain

1
/\Dvg\p(')_zDngvgdx—I——/ ve —v|2dx
Q € Ja

= / |Dve|PY) 2Dy Dy dx
Q

| |
< / D P DyPWax,  (3.6)
oG el T P

which implies that

1 . £ [7+ A2 1 £ 2
me[”v HWOI“’(‘)(Q)’HV ||W01.p(-)(g):| +EHV —V“LZ(Q) <C.
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Therefore
V¢ —~1  weaklyin Wol’p(')(Q). (3.7)

Rewriting now (3.6) as

/ [|Dv£|p(')_2Dv8 - \Dv\p(')_zDv] Dlve —v|dx+ l/ ve —v|2dx
Q € JQ

= —/ |Dv|p(')’2DvD[vg —v]dx,
Q
we deduce from (3.7) that

/ [1Dve P2 Dve — [Dv|PY 2Dy D[ve — v]dx — 0. (3.8)
Q

Since J : WO“’(') Q) =R, u— [, ﬁ |Du(x)|P®dx is a proper, convex, continuous and
Gateaux-differentiable mapping, its Gateaux-derivative is the single-valued maximal
monotone operator, from WO1 PC) (Q) to its dual space, defined by

<DJ(u),v>W01‘p(,)(Q) = /Q\Du|p(x)72DuDvdx

for any (u,v) in W()l7p(')(Q).
In terms of DJ, limit relation (3.8) reads as

li§n<DJ(vg) —DJ(v),ve —V) =0

WOLI’(') Q)

and the properties of maximal monotone operators in reflexive Banach spaces (cf. e.g.
V. Barbu [3]) ensure that J(ve) — J(v) and

(DJ(ve), ve) = (DI(v),v) 100

wo '@ 0" @”

Then, the remark, saying that the weak convergence of a sequence in LP(')(Q) along
with the convergence of the modulus implies the strong convergence (J. Giacomoni and
G. Vallet [8, Appendix]), leads to the convergence of Dv, to Dv in LP(')(Q), i.e. of vg

to v in WO1 P (')(Q). Therefore
fe = —div(|Dve [PV 2Dyg) — —div(|Dv|PY2Dy) = fin WP 0O(Q)

as required. This completes the proof of Lemma 5.
We will now turn to the proof of Theorem 1.

3.2. The case where g~ ¢ Wol’p(')(Q) NL=(Q) and y € WHrO)(Q)NL=(Q)
Hypotheses (2.12) on g and (2.10) on y assert that

g=f—Aw) eV, v eWrH(Q) with y <0 on 9.
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In this subsection, we further assume that g = g” — g" where
g ew I OQ), g >0, g W, QNL7(Q). 8" >0, (3.9)
and that
v eWwPO(@Q)NL(Q) with w<0 ondQ. (3.10)
For convenience, we set v* = l//+ . Thus,
v e Wy Q) NL=(Q) with v* > w ace. in Q. (3.11)

3.2.1. Penalization and a priori estimates

Under hypotheses (2.2), (2.3), (2.4), (3.11) and (2.11), consider u,, a solution of
problem (3.2) given by Theorem 2. Using (3.3) and the test function v* in (3.2), we
obtain

/a(xyueyD%)D(ue_V*)dx_l/(us_‘l/)_(ue_"*)dx:<faus—V*>~ (3.12)
Q €JQ

Then, by Lemma 4 and the definition of v*, the following estimate holds:
* 1 — *
/ a(x,ug,Dug)D[ug —v*]dx — —/ (ue — W)~ (ug —v*)dx
Q € JQ
> Emm{”ug ||ug||’v;01‘p(,)} —Cl/ \Dv*|P(X)dx

— O+ - / ‘ 2dx

Here, estimating the second term in the left-hand side of equality (3.12), we used the
fact that v* > v a.e. in Q.
Finally the right hand side of (3.12) is estimated by

Q |

X o
‘(f»ui?_v >| ”wa Lp/(- H”S H _<f»V*> _”DMEHLP +C,
Wy " (@) 4
and from the above computation we deduce that
e 1500 gy S € and [ (e = ¥)" [y < Ce. (3.13)

3.2.2. Proof of the existence result
Define ue = (ug y)~ . From equation (3.2) we deduce that
—div(a(x,ue,Dug)) — Ue = f  in 2'(Q), (3.14)

which in view of the growth condition (2.4) on a, the Holder and Poincaré inequalities
and of the Wol’p(')(Q) estimate (3.13) on ug imply that 1, is boundedin W10 (Q).
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We can thus extract a subsequence (still denoted by €) such that u, — u weakly in
Wol’p(')(Q), and a.e., and fe — p weakly in W—1#0)(Q). Then, using Lemma 1 for
the truncations 7, the sequel of the proof of A. Mokrane and F. Murat [13, Section
4.1.2] holds similarly and we obtain that u solves the variational inequality (2.13) and
that (2.14) holds.

3.2.3. Strong convergence of 7, in L'(Q)

First step. Let us define zo = g" — é(us —y)~ and remark that z belongs to

Wy "Y(Q) in view of (3.9) and (2.10).
Let us fix k>0 and set E; = {x € Q: —k < z¢(x) < 0}. Then, following [13,
Section 4.1.3], we have

e = | < (/8" =) +K)e  on Ee. (3.15)

Setting m = || y||=(q) + [|&"[| 1=(q) +k, supposing € < 1 and taking into account (3.15),
we get

|ly| <mae.inQand |us| <maeonE;. (3.16)

By definitions
. 1 -
g=f+divlalv,y,Dy)), ze =g"— —(ue —y)" and g=g"—g".
Then, (3.2) yields that for any v € WOLP(')(Q) NL*(Q),

/ [a(x,ue,Dug) — a(x, l[/,Dl[/)}Dvdx—l-/ zevdx = (gP,v). (3.17)
Q Q

Moreover, since g" > 0, by definition of z¢, Ee C {x € Q: ug(x) — y(x) <0} and a.e.
in Q

1
D[—Tk(zg)} =Dzelg, = [Dg" + E(Dug _DW)MEy

Thus, by using —T;(z; ) as a test function in (3.17), and since g” > 0, we obtain

1
E/ [a(x,ug,Dug)—a(x,ug,Dl[/)}D[ug—l[/}dx—F/QZng(zg)dx
Ee

< —/ [a(x,ue,Dug) — a(x,us, Dy)|Dg"dx
Ee (3.18)
_/E [a(x,ug,Dl//)—a(x, W:DW)]Dgndx
l £

= /E la(x,ue, DY) — a(x, y,Dy)|[Due — Dy]dx.

Let us set

Q ={xcQ: px) <2}, El =E.NQ,
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Q={xcQ: px) =2}, E}=E.NQ,.
Second step. For x € Q,, we have p(x) > 2, and we deduce from strong mono-
tonicity condition (2.7) and from estimate (3.16) on u, that

1 m
—/ [a(x,ue, Dug)—a(x,ug, DW)|D[us — yldx > Oc_/ \Due—Dy|PYdx. (3.19)
EJE2 € JE?

€

Similarly, the L*(Q) estimates (3.16), the local Lipschitz continuity condition (2.8),
and Young inequality together with the fact that (p(-) —2)p/(-) +p'(-) = p(-) and the
WOI"p(')(Q) estimate (3.13) on ug, yield !, since & is small,

[ latxe. D)~ ate, DD

Eg

< B k(O] + D]+ [DYI121Du DD

O(
il / |Due — Dl//|”

2[3’” px)—1 p(x)=2)p(
b S| o)l 1D+ 0] T g

< [, o a——
)=2)p(x)

1 p()
+ Gt T [ lknt 01+ D] + Dy “H g 7
EE

1
< %/ Dutg — Dy|PDdx + Cer 1. (3.20)
2e JE?

We observe that producing (3.20), with the use of the first inequality of (3.13) we esti-
mated

P)-2)p(
[ 0+ el 10y 5 D

< [ (0] + [Dute| + Dy + D" dx < G

Moreover, using (2.9), (3.16) and the second inequality of (3.13), we get

~ [ latx.ue.Dy) ~ alx. y. Dy D dx

€

Finally using Young inequality, (2.9), (3.16) and (3.15), for sufficiently small € we
have

—0ase—0. (3.21)

—2 [ late e, Dy)—at . DY)IDle — plds
E

€ €

Oy x
2 [ DDyl

"Here and in what follows, C,, denotes nonnegative constants which do not depend on &, but can depend
on m and vary from line to line.

If |k (x)|+ |Dug| +|Dy| =0, add 1 to |k, | to avoid this situation.
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< %/ la(x, ue, DY) — a(x, y,Dy) [P @ dx
€ JEZ
Cm /(x S
< ?/Ezﬁ( )|u8_ ‘I/|1+6m[lm(x)+ ‘D‘//H(p( )=DP' (%) g

< LU+ 06 [ () + DY
< Cpedn. (3.22)
Third step. Define the function F; and the set Z; by
Fo = ()] + |Dute | + DV, Ze = {x € Q: Fu(x) £0}.
Note that Dug(x) = Dy(x) =0 in Q\ Z¢. Therefore, in particular, we have
Dug(x) —Dy(x) =0 in Q\Z. (3.23)
From (3.23), (2.7) and the L*(Q) estimate (3.16) on u, we deduce that

1

2 ] latw.te.Due) — atre. DY)l — yids
1

T e /Elmz la(x,ue, Dug) — a(x, ue, DY)|Dlue — yldx

. %/ |Due — Dy |?

" & JBIZe (Jhu(x)| + [Due| + [Dy|)> "
- Ol ‘Due _DV/|2
T e Elnze |Fe|?~PW

dx. (3.24)

Since because of condition (2.4) and of the inclusions ug, y € W7 9 (Q) the first inte-
gral in (3.24) is finite, the last integral in (3.24) is also finite.

Further, condition (2.8), estimates (3.16), property (3.23), Young inequality with
the exponents g(x) =2/(p(x) — 1) and g(x)/(g(x) — 1) for x € E}, the equality

2-p() +4)

1 P x€Ey,

and the boundedness of {F.} in LP()(Q) yield
l—/l[a(x7 ug,Dug) — a(x,ue, Dy)|Dg"dx
Eﬁ
< B [, IDue—Dy D" ax
E¢

= B /Elmz |Due—D1I/|p(x)_l\Dg"\dx



Differ. Equ. Appl. 6 (2014), 233-254. 251

|Du8_D1I/|p(X) 1 q(x)

< Bnd / ——— dx
—p(x)
E{NZe |Fe | 7

€

o1
+ﬁm/ STWT [|Fg|‘1 |Dg]q dx
Eln

< Due —DyI” )(X)dx

2¢e JElnzZ, |Fe|2—PLx

p_—1
+Cue® [ (Fel+IDg)" s
EfnZe

O |Dug — Dy Pt
<=2 e 1 3= ,
N e /l:flﬁzg ‘Fg|2—p(x) dx+Cpe3-—r, (3.25)

. s
by setting 0 = 57 it
A similar argument as in the previous case yields

—0ase— 0. (3.26)

’_ /E. [a(x,ue, DY) — a(x, y,Dy)|Dg"dx

€

As far as the last term of (3.18) is concerned, using (3.23) and Young inequality, we
obtain

1
‘_E/El [a(x,ug, Dy) — a(x, y,Dy)|D[us — w]dx
1
- ‘——/ [a(x,ue, DY) — a(x, y, Dy)|D[ue — ydx
€ JElnz;
1 Duz —D . P 9
< g/l Ia(x,ug,Dw)—a(x,W,DW)\#| o
E¢NZe 8‘ )
Ot / |Dug — Dy|?
S 54 e . A
2 Jedrze  |Fel>P0)
2
t 2 [ (e, DY)~ alr . DY) PR Vdx (3.2)
Om€ JENZ,

In order to estimate the last term of the right hand side of (3.27), we use again (2.9),
(3.15), (3.16) and the facts that {F.} is bounded in LP*)(Q) and 2(p(-) — 1) 42—
p(-) = p(-). Then for sufficiently small &€ we obtain

l/ la(x,ug, Dy) —a(x, W7DW)‘2|F3‘2_p(')dx
€ JEANZ:

1 o
S E/l V2 lue — W) 0|1, (x)] + [ Dy 2P0 B 2P0
E\NZe

m|>—

(8"l 03 [ 321 (6)| + IDWPPO D1 7O
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< Cpedn. (3.28)

Summing up (3.18)-(3.22) and (3.24)-(3.28), we obtain for an arbitrary k > 0,
/ z2e Ti(zg )dx — 0 as &—0.
Q
and therefore, z; — 0 strongly in L!(Q).

3.2.4. Proof of the Lewy-Stampacchia inequality
Coming back to the definitions of z, and U, we have

_ 1 - -
ZsZZj—Ze:gn_E(ue_‘//) and gn+ze:Z::r+.us>.u£-

Passing to the limit in the above inequality thanks to the strong convergence of z,; to
zero in L'(Q) and the weak convergence in W~17"0)(Q) of {ue} to u, we deduce
that

g = (3.29)
This is the Lewy-Stampacchia inequality that completes the proof of Theorem 1 in the
case of this section, i.e. where g = g” — g" and assumptions (3.9) and (3.10) hold.
3.3. The general case: approximation of ¢ and y and passing to the limit

Let us consider now general data as assumed in hypotheses (2.10) and (2.12). By
Lemma 5, there exists g, such that

2 eWyT(Q), 20, gu—g inW PO(Q). (3.30)

Using Lemma 1 with the truncation 7, at height n, we can assume by a further approx-
imation that each of those functions g, also belongs to L=(Q). Moreover, setting for
every n € N, v, = T,(¥), we obtain

v, eWHPO(Q)NL*(Q), v, <00ndQ, v, —ywinWPO(Q). (331

Define now f, = g™ — g, +A(y,), and let u, be a solution given by Theorem 1 where
f, v and g are replaced by f,, ¥, and g* — g, respectively. Therefore,

Vv € K(W), / a(x,up, Duy)D(v —uy)dx = (fn,v —uy), (3.32)
Q
Up € K(Wn)7 Hn = _diV(a(x»unaDun)) —fus Ma < n (3.33)

Then, following the proof proposed by A. Mokrane and F. Murat in [13, Section 4.2],
one proves that {u,} is bounded in WOl P (')(Q). This and condition (2.4) imply that
{A(u,)} is bounded in W~1#'()(Q). Then we obtain, up to a subsequence still indexed
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by n, that u, converges weakly to a given u in WO1 P (')(Q) and A(u,) and u, converge
weakly to given @ and i in W2 ()(Q). Moreover, since for every n, u, € K(y,),
taking into account the mentioned convergence of u, to u and convergence of Y, to
v in Q, we get u € K(y). This and the definition of y, imply that for every n,
T,(u) € K(y,). Then, by virtue of (3.32), for every n we have

<A(un)7un - Tn(un» < <fn7un — Tn(u,,)>

Hence, using the convergence of {7, (1)} to u in WO1 P (')(Q), the convergence of {f;}
to £ in W 1P'0)(Q), the weak convergence of {u,} to u in WOLP(')(Q) and the weak
convergence of {A(u,)} to @ in W17'0)(Q), we obtain

Limsup(A(uy),u,) < (@, u).

n

Since the operator A is pseudomonotone, the latter inequality along with the weak
convergence of {A(u,)} to @ in W12 ()(Q) implies that ¢ = A(u) and (A(u,),u,) —
(A(u),u). Then, fixing an arbitrary v € K(y), using 7,(v) as a test function in (3.32)
and passing to the limit in (3.32) and (3.33), we obtain that (A(u),v—u) = (f,v—u),
Ww=A(u)— f and u < g . This completes the proof of Theorem 1 in the general case.

REMARK 3. Let us mention that techniques of the same kind can be applied to
the bilateral problem, for example by adapting [16], but one needs ad hoc assumptions
on the operator.
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