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NONTRIVIAL SOLUTIONS FOR SYSTEMS OF
STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS

JOHN R. GRAEF, SHAPOUR HEIDARKHANI AND LINGJU KONG

(Communicated by Philip Korman)

Abstract. Sufficient conditions are established for the existence of at least one nontrivial classical
solution to the boundary value system with Sturm-Liouville boundary conditions

{ _(¢'I’i(u1"<x)))/:)LFMi(xvul:"'7”")hi(u;’<x)) in (avb)v i=1 .
oui(a) — Bui(a) = 0, yui(b) + o (b) =, o

The analysis is based on variational methods and critical point theory.

1. Introduction and preliminary results

In this paper, we study the existence of at least one nontrivial classical solutions to
the boundary value system with Sturm-Liouville boundary conditions

{ _((ppi(u;(x)))/ = A’Fui(xvuh s 7”")hi(u;(x)) in (a7b)7

i=1,...,n, (1.1)
ojui(a) — Bui(a) =0,  %ui(b) + ow;(b) =0,

where A is a positive parameter, p; > 1, ¢,,() = |t|pi_2t, o, % =0, B, 0:>0,h;:
R — [0,00) is a bounded and continuous function with inf,cg #;(t) >0 for i =1,...,n.
In addition, F : [a,b] x R" — R is a function such that the mapping (t1,2,...,t,) —
F(x,t1,t2,...,t,) isin C! in R” forall x € [a,b], F, is continuousin [a,b] x R" for i =
1,...,n,and F(x,0,...,0) =0 forall x € [a,b], where F;, denotes the partial derivative
of F with respect to #;. By a classical solution of system (1.1), we mean a function
u= (uy,...,u) such that, for i =1,...,n, u;(x) € C'la,b], ¢,,(u}(x)) € C'[a,b], and
u;(x) satisfies (1.1).

Problems of Sturm-Liouville type have been widely investigated for some time.
For some recent work, see [3,6,7,8,9, 10, 12, 13] and the references therein. In this
paper, we establish some sufficient conditions under which system (1.1) has at least
one nontrivial classical solution. Our approach is to use variational methods; the main
tool is a local minimum theorem established in [4], which is recalled below. This
lemma and variations of it have frequently been used to obtain multiplicity results for
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nonlinear problems of a variational nature. See, for example, [1,2,4,5, 1] and the
references therein.

We now recall the local minimum theorem that appeared in [4]. For a given
nonempty set X and two functionals ®,¥ : X — R, we define

supueq,fl(rln) "P(lzt) — lP(V)

1) = inf 1.2
Tl(n "'2) v€<l)’ll(r1,r2) Vz—q)(\/) ( )
e o) (w)
() —sup,cqp-1(—c ) Flu
p(ri,rn) = sup : (1.3)
ve®d=1(ry,r) (I)(v) -

for all ri,r, € R with r; < rp. In what follows, we let X* denote the dual space of X .

LEMMA 1.1. (4, Theorem 5.1]) Let X be a reflexive real Banach space, ® : X —
R be a sequentially weakly lower semicontinuous, coercive, and continuously Gateaux
differentiable functional whose Gdteaux derivative admits a continuous inverse on X*,
andlet ¥ : X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact. Let Iy = ® — AY and assume that there are ry,ry € R with
r1 < ry such that
n(ri,r2) <plri,r).

Then, for each A € (1/p(r1,r2),1/N(r1,r2)), there exists ug ; € ®~'(ry,r2) such that
I (ug 5) < I (u) forall ue & (r1,ry) and I//I(MOJL) =0.

Throughout this paper, we let X be the Cartesian product of n Sobolev spaces
WlPi([a,b]), i=1,...,n, ie., X = WhPi([a,b]) x ... x WhPn(]a,b]), endowed with

the norm
n

lull = (s, o)l = Y Muil 1, = (. un) €X,
i=1

where
b 1/pi
il = ( Qi+ haliax) L =1

Then, X is a reflexive real Banach space.
Fori=1,...,n and v € LPi([a,b]), we introduce the notations

b 1/pi
ol = ([ borar)

m; = inf h;(t), M;=suph(t),
teR teR

m=min{m;:i=1,...,n}, M=max{m;:i=1,...,n},

p=min{p;:i=1,...,n}, p=max{p;:i=1,...,n},

so we have M > m > 0. We also let ¢; be the conjugates of p;,i.e., 1/pi+1/qi=1.



Differ. Equ. Appl. 6 (2014), 255-265. 257

For all s € R, let

o [
J,(s)—/o W =l

For each u = (uy,...,u,) € X, let the functionals ®,¥ : X — R be defined by

_ 21 [ / ’ ( /0 ‘e J,-(s)ds) dx

ﬂ' oui(a) o 7%"17(17)
+—’/ b J,-(s)ds+—’/ ’ J,-(s)ds} (1.4)
a; Jo Y Jo
and .
u):/ F(x,up(x),... u,(x))dx. (1.5)

A simple calculation shows that

n api—l ypi—l
! i . i
o= 3 (1w + ool + Lo

| o pi-1 il _
<mwsﬁzQum % mm“+ﬁ4wmﬂ.um

1
mp i B/ o

DEFINITION 1.1. We say that a function u = (uy,...,u,) € X is a weak solution
of system (1.1) if

B[t (o

forany v= (v,...,v,) €X.

The following lemma was proved in [7] (also see [1, Lemma 2.1]).

LEMMA 1.2. (7, Lemma 2.1]) A weak solution to (1.1) coincides with a classical
solution to (1.1).

LEMMA 1.3. ([8, Lemma 2.2]) Let the functionals ®,%¥ : X — R be defined by
(1.4) and (1.5). Then,

(a) @ is sequentially weakly lower semicontinuous, continuous, limHuHHwCD(u) = oo,
and its derivative at the point u = (uy,...,u,) € X is the functional ® (u) given by

ZU Ji(u)(X) W) (@)dx + i (“"’gi(“>>vi(a)—1,-(‘”;:(b))vi(b)}
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Sforevery v=(vi,...,v,) €X.

(b) Y is sequentially weakly upper semicontinuous and its derivative at the point u =
(u1,...,uy) € X is the functional V' (u) given by

/ ZFM, X, up (x U (x))vi(x)dx
SJorevery v=(vi,...,v;) €X.

REMARK 1.1. By Definition 1.1 and Lemmas 1.2 and 1.3, we see that u € X isa
critical point of ® — AW if and only u is a classical solution of system (1.1).

LEMMA 1.4. ([8, Lemma 2.3]) Assume that, for u= (uy,...,u,) € X, there exists
r> 0 such that ®(u) < r. Then, we have

n

n
max Y |ui(x Bi
xe[avbl,-zl ‘ ;

ﬁlﬁfl

ali

1

—Mpr + X/ Mpr (b— a) . (1.7)

LEMMA 1.5. Assume that

(H)  Either p =2 or p<2.

Then, ® : X — X* admits a continuous inverse on X*.

The scalar case of Lemma 1.5 with Dirichlet boundary conditions was provedin [1,
Corollary 2.5]. The system case of Lemma 1.5 with Dirichlet boundary conditions was
proved in [8, Lemma 2.1]. For the general system case with Sturm-Liouville boundary
conditions, the proof is essentially the same. The details are left to the reader.

In this paper, we always assume that the condition (H) holds without further men-
tion.
In the next section, we present our results and their proofs.

2. Main results

For any ¥ > 0, let

n

0(8) =4 (...t €R" = Y| <0
i=1 i

and for any u = (uy,...,u,) € X, let

pi—1
ﬂi i Gi i

i=1

n Pl_l
= <|M1|Lp, (@) + ST Mi(b)|p"> : 2.1
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For a given constant v > 0 and a function u = (uy,...,u,) € X with
vl @ (ZC)
e =4 and e 7é _u,
Mp = mp Mp = mp

we define

LD o) Ot tn)dx = [ F (e un(x), - (x))dx

ay(v) = 2t = P (2.2)
Wy inp O
if v>1,and
su F(x,t1,... ty)dx— |, F(x,u1(x),...,u,(x))dx
(V) = Ja Py ....)e0(v) (x,11 - )1 Jo F (1 (x) (x)) 2.3)

Mp mpH
if v<il1.

THEOREM 2.1. Assume that there exist two constants Vi = 0 and v, > 0, and a
Sfunction w= (wy,...,w,) € X such that

(A1) vfl <0, and ©,/(mp) < vzg/(ﬁl_)) if vp > 1; and vlﬁ <0, and ©,/(mp) <
v /(Mp) if v < 1;

(A2) aw(v2) < aw(vl)'

Then, for each A € (1/ay(v1), 1/ay(v2)), system (1.1) has at least one nontrivial clas-

sical solution ug = (ugy, ... ,upy) € X such that ry < ®(ug) < ry, where @ is defined
by (1.4) and

P P

\%n V5

Ml_, vl>1a ]Wz_a V2>1,
p p

r = B = B 2.4)

P P

\% \%

_—1_, vy <1, _—2_, vy < 1.

Mp Mp

Proof. Let the functionals @, ¥ : X — R be defined by (1.4) and (1.5), respec-
tively. In view of Lemmas 1.3 and 1.5, it is east to see that ® and W satisfy all the
regularity assumptions given in Lemma 1.1.

From (1.6) and (2.1), it follows that ©,,/(Mp) < ®(w) < ©,,/(mp). Then, by
(A1) and (2.4), we have -

ry < ®(w) < rp. (2.5)

From (1.7), we see that

! (_°°’ r2)

forx € [a, b]

n
C < (ug,...,up) EX:2|u,-(x)\ < VQE
i=1 '
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sup Y(u) = sup / F(x,u;(x uy(x))dx

b
a (ty,...tn)€0(V2)

Therefore, from (1.2) and (2.2)—(2.5), we obtain that

SUPyed—1 (—oco,ry) \P(u) - \P(W)

<
n(rl7r2)\ rz—q)(w)
_ J2SupGyayeo(vy F Ot t)dx — P (w)
= ry —®(w)
< aw(VZ)

Note that (A2) implies that a,,(v;) > 0, and so

b
Y(w) > / sup F(x,t1,...,ty)dx.
a (t,....10)€Q(V1)

Then, by similar reasoning, we also have

\P(W) - Supue@*l(foo,rl) lP(u)

p(ri,rm) = O(w) — 11
N W(w) = [2supg, yeow) FOnt,. .. tn)dx
- D(w)—r
P> aw(vl)~

Thus, from (A2),

n(ri,r2) <aw(va) <ayw(vi) <p(ri,r).
Hence, Lemma 1.1 implies that, for each A € (1/ay(v1), 1/aw(v2)), ®(u) — A¥(u)
has at least one nontrivial critical point uy = (ugy,. . ., ug,) in X satisfying r; < ®(ug) <
r. Invoking Remark 1.1 completes the proof of the theorem.

In Theorem 2.1, the conditions (A1)—(A3) are related to the function w € X. A
different function w € X would lead to different conditions. For example, for some 7 >
0, by taking w(t) = (t(x—a),...,7(x—a)) € X and w(t) = (7,...,T) € X, respectively,
from Theorem 2.1, we have the following two results.

COROLLARY 2.1. Assume that there exist three constants vi >0, v» > 1, and
T > 0 such that

v < ; (T”" + f:—i__ll(r(b —a))p') . L Z (T”' L_l(r(b - a))Pf> 1—23

P
i zl G'
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JEsupg, o F@tisesta)dx— [PF(x,1(x—a),..., T(x—a))dx
i~ T (7 + Do)
o S supg, . cov Flx01, tn)dx—faj’lF(x,T(x—a)7...,T(x—a))dx.
: V1 _ 1 2 (‘L’p"-i- 2?1-71 (T(b_a))pi>

Then, for each A € (1/ay 1, 1/azz), system (1.1) has at least one nontrivial classical
solution uy = (o1, ... ,uon) € X such that ry < ®(ug) < ry, where @ is defined by
(1.4), and ry and rp are defined by (2.4)

Vo > 1, and

COROLLARY 2.2. Assume that there exist three constants vy > 0,

T > 0 such that
Pi—l ,YP'—I 1 & pi—
Pi N
Vl < 2 <ﬁp,1 Glp,l) ™5 mﬂgi ﬁipﬁl 1_171'*1
and
b b
b fa Sup(, ..., )GQ(VZ)F(X’I17' - )dx— fu F(.X, T, ”L’)dx
277: T VE 1 OCP —1 y”i71
S ()
b b
<bir: fa Sup(th_..,t,,)EQ(vl) F(xvth )dx— fa F(x77:7 7T)dx
1t = - — .
’ X_IE_L " o prll TPi
Mp mp ﬁpl 1

Then, for each A € (1/by ¢, 1/by 1), system (1.1) has at least one nontrivial classical
uon) € X such that ry < ®(ug) < rp, where @ is defined by

solution uy = (uor,
(1.4), and ry and rp are defined by (2.4)
By choosing vi =0 and v, = v, the following two results follow directly from
1 and T > 0 such

Corollaries 2.1 and 2.2
COROLLARY 2.3. Assume that there exist two constants Vv >

that |
il : v2
o Z (Tp' - (t(b—a))” o
o; P
and
. J2sup, o Ot ta)dx— [V F(x,1(x—a),..., T(x —a))dx
2,7 = i—1
- st (v L eo-ap )
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e JPF(x,t(x—a), Fl.,r(x—a))dx . (2.6)
ﬁ " (Tpi+ :;_71 (T(b—a))l’i)

Then, for each A € (1/c1 ¢, 1/caz), system (1.1) has at least one nontrivial classical
solution ug = (ugy1, - . .,uon) € X such that 0 < ®(ug) < vL/(MPp), where @ is defined
by (1.4).

COROLLARY 2.4. Assume that there exist two constants v > 1 and © > 0 such

that | |
1 & api_ i~ vP
J— ( Yp TPi < -
=1

ﬁpt_l sz_l Mp
and

J2supg, - ayeow) FOutt,. . ta)dx— [V F(x,7,..., T)dx

dz_ = — T
T %_27 _ 1 (1:1 <ﬂ+ y'pl—ll) TPi
p mp=t Bl ol
b
F(x,7,...,7)d
<dygi= Jo POz, D)dx 2.7)

Pt 1 —1 :
1 n )’P .
mp i=1<l3p 1+ 7 )Tp’

Then, for each A € (1/d; ¢, 1/dy 1), system (1.1) has at least one nontrivial classical
solution ug = (ugy1, - . .,uon) € X such that 0 < ®(up) < vL/(MPp), where @ is defined
by (1.4).

REMARK 2.1. Itis easy to see that (2.6) is equivalent to

b mpvL [P F x,T(x—a),...,t(x—a))dx
/ sup  F(x,ty,...,t)dx < mpve Jo F . 7( 21 ( ) ,
“ )50 Wi, (o Do (eo - )
61
and that (2.7) is equivalent to
b mpvLZ hFx‘L',...,de
/ sup  F(x,ty,...,0p)dx < mpvE Jo :1 H) )
- st (S B

In applications, the above equivalent forms are easier to verify.

We now present a simple version of Corollary 2.4 with n = 1. Let «, ¥ be two
nonnegative constants, 3, ¢ be two positive constants, and p > 1. Let f: [a,b] X R —
R be continuous and % : R — [0, ) be continuous with

0<m:=infh(t) <M :=infh(t) <
teR tcR
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Let F be the function defined by
t
Flx,1) = / F(x,s)ds foreach (x,1) € [a,b] X R.
0

For any 9 > 0, set

pennse({mro-ot)}
W()=qteR: t{|<V ap—1+(b_a)" ,

where 1/p+1/q=1.
The following result is an obvious consequence of Corollary 2.4.

COROLLARY 2.5. Assume that there exist two constants v > 1 and © > 0 such

that X X
ol 'yp— p mvP
(Bl’l + Gpl) <= (2.8)
and
su X,t)dx — be,de bp d
ko im f Prew (v) F( )l fl (x,7) <heim 1y l(x T)iic (2.9)
v_”_L(a” G )p 1<a” L )p
Mp mp ﬁp 1 or—1 ﬁp 1 or-1
Then, for each A € (1/ky 1, 1/ky 1), the problem
—(¢,(u)) = Af(x,u)h() in (a,b),
(¢p(u)) (x,u)h(u’) in (a,b) 2.10)
ou(a) — Bu'(a) =0, yu(b)+ou'(b) =0,

has at least one nontrivial classical solution u € W' ([a,b]) such that 0 < ®y(u) <

v2/(MPp), where
C(p-1)8P?
/O sy 4od

TP e s (p—1)]8P2 B o
u) = [/u /0 /0 7%1(5) d6dsdx+a/0
yu(b) ) _
o [~o [f(p—1)§P?
— ~ _— _ déd
* y/o /0 h(s) y

REMARK 2.2. Itis easy to see that (2.9) is equivalent to

b p hF d
/ sup F(x,)dx < —% )fl (. T)dx @.11)
a tew(v) M(g; T+ 5 y )”L’I’

which is easier to verify in applications.

Results corresponding to Corollaries 2.1-2.3 can be formulated similarly and we
leave this to the interested reader.
Finally, as an example, we present the following special case of Corollary 2.5.
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COROLLARY 2.6. Let fi :[a,b] — (0,0) and f» : R — [0,0) be continuous func-
tions such that lim,_ g+ f>(¢)/tP~! = oo. Let h: R — [0,00) be a continuous function
such that

0<m:=infh(r) <M :=infh(r) <
teR teR

Then, for each

Aelo ! su Ve
' Mpfabfl (x)dx v;1) fOvaz(é)dé ’

where

the problem

{ —(¢p()) = A fi(x) f2(w)h(u') in (a,b), (2.12)

ou(a) — Bu'(a) =0, yu(b)+ ou'(b) =0,

has at least one nontrivial classical solution u € WP ([a,b]).

Proof. Let f(x,t) = fi(x)f2(z). Clearly, (2.12) is a special case of (2.10). For
fixed A as in the conclusion, there exists a constant v > 1 such that

- 1 v _ A‘}—’;,
Mpf:fl(x)dx fOva2(§)d§ fubfl( )dxsupteW fon(g) 5

Since lim, o+ 3 £ 2() = oo, we have lim,_,+ L f2(&)de 2( = oo. Then, for the above v, in

view of the fact that F(x,t) = fi(x) [5 f2(s)ds, we see that there exists 7* > 0 such that
(2.8) and (2.11) hold, and

) i (e + Im) i
2 f(x)dxsup,ey ) fo L(E)AE — [P fi(x)dx [§ fr(s)ds  Kiz

forall 7€ (0,7%). By Remark 2.2, (2.9) holds if 7 € (0,7*). Note that lim; .o+ k»r =
oo. The conclusion then follows from Corollary 2.5.
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