ifferential
quations
& Paeplications
Volume 6, Number 3 (2014), 361-381 " doi:10.7153/dea-06-20

EXISTENCE RESULTS FOR SOME NONLOCAL PROBLEMS

PROSENJIT ROY

(Communicated by Jean-Pierre Gossez)

Abstract. We consider nonlocal elliptic boundary value problems of the form
—div (o (x,u)Vu) = A f(u)

with Dirichlet boundary conditions where <7 is a nonlocal function. We prove existence of
nontrivial positive solutions if the graph of the non linear function f is of single positive loop
type. Methods of approximation and Schauder fixed point theorem are the main tools to be used
here.

1. Introduction

Let Q be a bounded, open subset of R? with smooth boundary. We denote by .27,
a nonlocal function defined on Q x L?(Q), p > 1, with values in R such that

X +— o7 (x,u) is measurable Vu € L7 (Q). (1.1)
There exists two constants ag, d.. such that
0<ap< A (xu) <dw ae.xeQ, VuclP(Q). (1.2)
We further assume that the operator
T:17(Q) — L”(Q)
defined by, y
T(u)(x) = </ (x,u) is continuous. (1.3)

The operator T makes sense because of (1.2).
We are interested in the following problem

—div (< (x,u)Vu) =Af(u) inQ

1.4
u=20 on dQ, 14

where A is a positive parameter. We will consider existence results for the problem
(1.4) when f satisfies one of the following two conditions:
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(a) Let 8 >0 and f:R — R be a Lipschitz continuous function satisfying

f'(0)>0,
f(t)>0Vre(0,0) and f(¢r) =0 otherwise, (1.5)
t+— f(t)/t is strictly decreasing in (0, 6].

A typical example of such function would be f(z) =sinz on 0 <7< 7w or 0
otherwise.

(b) f(¢r) =t. Clearly in this case we are considering an eigenvalue problem for the
nonlocal operator.

Here dQ denotes the boundary of Q. Clearly the nature of the problem (1.4) is
non-variational. In [4], Chipot and Corréa have studied the existence results of the
problem

- (x,u) Au=Af(u), (1.6)

with Dirichlet boundary condition. Recently in [11], Chipot and Roy proved the ex-
istence of n solutions if the nonlinear function f has n positive loops, for the same
problem (2.16). They also considered asymptotic behavior of the soultions as the pa-
rameter A — oo. However due to lack of maximum principle (which was available in
[4] and [11]) for our operator, the situation becomes much more difficult. Similar prob-
lems in a local framework were well studied, we refer to [3, 13, 15, 16]. Problems of
such kind in nonlocal settings were considered in [4, 5, 6, 8, 9, 10, 12]. Similar issues
were also studied in the frame work of asymptotic behavior of parabolic equations (see
[6] and [8] ).

The paper is organized as follows. In the next section we prove existence of non-
trivial solution with f satisfying conditions in (1.5). At the end of this section we will
present various examples of local and nonlocal operators .« from the point of view
of application. In the last section we study eigenvalue problem for the same nonlocal
operator.

2. Some generalizations

In this section we study existence of nontrivial solution for the problem (1.4) when

f satisfies (1.5). The condition ¢ +— & is strictly decreasing is generally assumed to
get existence of unique solution for semilinear problems [1].

Let g:[0,0] — R be any strictly decreasing function such that g(0) = 0. Define
Sf(t):=1g(r). It can be easily checked that such a f satisfies the conditions in (1.5).

A solution of (1.4) is understood in weak sense, i.e. a function u € Hé (Q) satis-
fying
/sz’(x,u)Vu-V(Z) :A/ fw)o, Vo< HH(Q). 2.1
Q Q

Our main result of this section is the following:
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THEOREM 1. Under the assumptions (1.1), (1.2), (1.3) and the first condition in

(1.5) then the problem (1.4) admits a positive solution if A > %.

The theorem will be proved as a consequense of several Lemmas. We recall some
basic definitions and properties about mollifiers.

Define for all u € LP(Q),
Ay (x,u) = o (x,u) Yy,

where o7 (x,u) is extended by ag outside Q, y; is the standard mollifier and “x*”

denotes the operation of mollification. From the definition of the operation of mollifi-
cation

o= [ S vy 0dy= [ o 0y )y

Let us recall the definition of standard mollifier y1 . Define y € C*(R?) by
o
x[<—1
W(x) — Cel |x| <1
0 x| > 1,
the constant C is chosen such that [« y = 1. For each positive integer n, set
v (x) = nly ().
LEMMA 1. Foreach u € LP(Q) it holds Vn,
ap < Gp(x,u) € do  a.e. x € Q. (2.2)

Proof. By definition of <7,

o= [ Sy <an [ (0)dy = a

0.4)

As «f is extended by ag outside Q, the other inequality also holds similarly.

LEMMA 2. For each fixed n and x € Q, the mapping u — </,(x,u) is continuous
Sfrom LP(Q) 1o R.

Proof. Let w,, — w in LP(Q), then for fixed x and n,

5 w) = )| < [ 7 () = 7 ()] 1 (x =)y
< 19201y e 117 () = 7 )] -
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The lemma then follows from (1.3).

Consider the problem

2.3)

—div (7, (x,u)Vu) = A f(u) inQ,
u=0 on 0Q.

First we will prove existence of nontrivial solution for the above problem and then pass
through the limit as n — oo, to get existence results for the problem (2.1).

For fixed w € L?(Q), consider the problem

(2.4)

—div (), (x,w)Vu) = A f(u) inQ,
u=0 on JQ.

For fixed w € L?(Q), consider the energy functional J : H}(Q) — R associated
to (2.4), given by

72t = 5 [ hwVaP -2 [ Fw),
where F(t) = [ f(s)ds. Put

my, = inf J[u]. (2.5)
MGH&(Q)

From the standard results of calculus of variation, we know that »]}, is attained by some
function u, € H}(Q), that is

my, = Jy,[ul) (2.6)
and the same function solves (2.4) weakly. The function u;, may not be unique.

Fix an € > 0 small enough such that f'(0) —& > 0. Such a choice of € is possible
since it is assumed that f7(0) > 0. Again using f'(0) >0, u; > 0 and that u; € L (Q)
it is possible to find small z; > 0 such that

f(teur) = (f(0) — €)teuy 2.7)

where u; is as in (3.2).

LEMMA 3. If 0 > 0 be a fixed small positive number and A > ?{T(%)l)f‘z. Then ¥n
and Yw € L*(Q),
5t}
2

where €,t¢ is as in (2.7) and |Q| denotes the d - dimensional Lebesgue measure of the
set Q.

CAF(0)|Q <!, <

w

(2.8)
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Proof. For fixed u € H& (Q), we have from (1.5) and the definition of F,
F(u) < F(0).

Since 7, > 0, we have
Tl > ~AF(9)[].

Now the left hand side inequality in (2.8) follows since u is arbitrary in the above
inequality. For the other side of the inequality, first we estimate the term F(7gu;) by
using (1.5) and (2.7).

F(t{-;l/ll) _ Otsulf(s)ds _ /Otsul f( ) sds > f(tgul) /Otsulsds

tgul
2,2
> Ll (10) - )20 29)

Using u = teu; in (2.5) along with (2.9), we get

ol 2 Mawt? A2
il < J2lte] < 22 [ Floon) < M9 2E (0) ),
Q 2 2
Now if we choose A > ‘;T(M)J"S we have
512
n < _ e
ml, 5

This finishes the proof of the lemma.

REMARK 1. Last lemma says us that for 1 > “""(l'ﬁf, u}, is nontrivial, since

mi), < 0.

LEMMA 4. If A > “MM)” holds then

O<ul, <0, ae xecQ,

where u, is as in (2.6).

Proof. Since f >0 and A > 0 we have
div (e, (x,w)Vul) < 0.

Hence from Strong maximum principle we have, either ], >0 a.e. x € Q or u =0.
From the last remark, we know that ], is nontrivial. Hence we can conclude that
uy, >0ae xcQ.

For the other side of the inequality, let us assume that ], > 6 on a set of positive
measure in Q. Define v € H}(Q) by

v=u,ANO
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where a Ab=min{a,b}. Clearly 0 < v < 6 ae. x € Q. Moreover

n _l ni|2
w=3{ [, commarsf

-2 / F(u), +/ F(O }
{ {uf <6} () {un, >0} (8)

1 1
:-/@%@Mmmaﬁ—x/me—— (e, w) |Vl |2
2 Ja Q 2 J{un >0}

+4 {F(uy,) —F(6)} -
(>0}

e IVOP |

Since F (1) = F(6) forall r > 0, we have

1

< a5 [

Aaoew) Vil 2 < T[],
which contradicts (2.5).
REMARK 2. One should note that if u is any nontrivial solution of (2.4) then

u>0 a.e. x € Q holds from maximum principle.

It is to be noted that if « is any solution of (2.4), then u € L*(Q), follows from
elliptic regularity theory [14]. Next lemma is a well known result, we refer to [2]. We
will use this lemma without a proof.

uj

LEMMA 5. Let u; and uy be two distinct non trivial solutions of (2.4), then o
and 32 are in L”(Q).
1

LEMMA 6. There exists at most one nontrivial solution to (2.4).

Proof. Let uy,uy € H}(Q) be two nontrivial solutions of (2.4). Fix € > 0. Using

¢1 = (3 —u3)/(u1 +€) € H}(Q) in the Euler-Lagrange equation of u; , we get

/m@mevwzx/ﬂmm. (2.10)
Q Q

Similarly, using ¢ = (u} —u3)/(u2 + €) € H}(Q), in the Euler-Lagrange equation of
Uy, we obtain

| eV Vor =2 [ fa)on. 2.11)
Q Q

Explicit calculations in (2.10) gives

/ o, (x W)Vul . { (ul +8)(2u1Vu1 — 2142Vu2) — (u% _ u%)vul }
Q n\A, (ul +8)2
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- . 212
)L/ ks M +£ (2.12)
Similarly, from (2.11) it follows
/ o, (x W)VI/LQ . { (142 + 8)(2u1Vu1 — 2M2Vu2) — (M% _ u%)VMz }
Q n{Ay (uz - 8)2
—x/ . (213
) e @1

Subtracting the right hand side of (2.13) from the right hand side of (2.12), we get

/ Ay(x,w)Viuy - { (w1 +€)(2u1 Vuy —2usVup) —
Q

(u1 +¢€)?

Zquuz) —

(u? — u3)Vu, }

. { (uz +€)(2u1Vuy —

- /Q;zfn()@w)Vu

(uz +¢€)?

(u? —u3)Vu, }

20,240 23 +2¢
:/Q%(x,w)wlz{w}+/g%(x,w>vm2{7”ﬁ“2+ 2”1}

(u1+¢€)? (u2+€)
—2/ M,,(x,w)Vul-Vuz{ Mo, }
Q ur+€  u+e
2 2
/Q (e w)] Vi { T nte? ntey
2 “% e
% ) \4 1 -
+/Q (e, )| V| { P (u2+8)2}
—2/ M,,(x,w)Vul-Vuz{ b, }
Q ur+€  u+e
ui 2 un 2
= | ,(x, Vu; — \Y% Vu, — \Y
/Q (xw){ " Uy + & | +\Vin up+é& “ }
Vuy|? |V, |?
A Vi 2.14
€ /Q ) rer T mrer), @MW

Subtracting (2.13) from (2.12), we get

/Qszf'n(x,w){

Vu1 -

2
ll Vu,| +
+&

u
Vuz—
uy+¢€

Vu1

)

2 |VM1‘2
(X,
€ /Q (x W) { u1 + 8)2

|Vu2\2 }
+ 2
(ur +€)

k/ {u1+s_u2bfl}(u%—u§).

(2.15)

Let us denote by .%; and Z; the left and the right hand side of (2.15) respectively. We

want to show that,
Iim.% =1lim%: =0
e—0 e—0
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First note that
Li>— / (2, w)ge (x), (2.16)
Q
where | |2 | |2
Vu Vu
2 1 2
gelx) = ¢ {(u1+8)2 (u2+s)2}'

Clearly g >0 in Q and g, — 0 point wise. For each fixed x € Q as u(x), uz(x) >0,
we have
ge (%) < [Vaur (0)* + Vi (x) .

Since |Vuy(x)> + [Vup(x)|* € L'(Q), we can apply dominated convergence theorem
to get

lim [ @7,(x, w)ge(x) =0.
e—0.JQ

Hence from (2.16),
lim inf % > 0.

Set e = Al + AJg, where

B S)  flu) 2 -
le _/{M1>u2} {u1+8 B u2—|—8}(u1 —uz)

= J)  flu) 2 5
fe = A”lguz} {ul +& u +8} (ul l/lz).

Using (1.5) we estimate Iz from above,

_ flur)  f(ua) 2 2
le= /{u1>u2} {Ml +e uz+£}(u1 —2)

fluz) (Ml—uz)(u%—ug)}
“/wuz} 0> {(M1+8)(u2+8)
u?—l—ug

< SL/ —_—
(>} (11 +€)(u2 +€)

2 2
< sL/ il —|—8L/ o
{u1>up} U2 {uy>up} U1

U U
< ELIQ[([| ==l 21 + [[ == leo | |142] | )
) i

and

Since the right hand side goes to 0 as € — 0. We have

limsupls <O0.
e—0

Using a similar argument for J¢, it can be shown that

limsupJe <O0.
e—0
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Combining the last two inequality, we have

limsup Z, <0
e—0

and hence
lim.% = lim %, = 0.
£—0 £—0

1im/Q{M—M}(u%—u§):o. (2.17)

e—0 ur+& u+E€

f(uy) f(uz)} 2 9
(

This means that

Let us now consider the sequence & = " — —u5). For any fixed
q e(x) {u1+£ o+ £ uy 2) y

x € Q one has

ui u

hg(x)a{M—M}(u%—ug), as € —0. (2.18)

Using f(0) = 0 and the Lipschitz continuity of f, we get

lhe()] < {M+M}<u%+u%> < {M+M}<u%+u%>

ur+€ u+e€ Ui us
< 2L([[ur ||2 + [fuz||2),

where L denotes the Lipschitz constant of f. Hence from dominated convergence
theorem, we obtain
J) fu2) |, 2 5
IRl (G
Q ui u

which is possible if and only if u; = uy a.e. x € Q. This concludes the proof of the
lemma.

REMARK 3. From the last theorem we know that (2.4) has an unique nontrivial

solution. Also from Lemma 3 we have !, is a nontrivial solution of (2.4), for A >

?7(751)1’2 . Hence u, is the only nontrivial solution of the problem (2.4).

THEOREM 2. For A > ’;","(I})l)fg the problem (2.3) admits a positive solution.

Proof. Define the set
fz{uGLz(Q) |0<u<Oae xeQ}.

Clearly .# is a closed convex subset of L?(Q). Fix w € .# . Define the map T : % —
L*(Q) as
T(w)=u,

w

where ]}, is as in the last remark.
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1. 0 does not belong to 7'(.%).
The claim follows from the definition of T .
2. T maps 7 to 7 .

This claim is a consequence of Lemma 4.
3. Continuity of T'.

Let {wy}x C # be such that
wi —w in LX(Q). (2.19)

The Euler-Lagrange equation associated to (2.4) satisfied by wy is given by
/ Ay, w)VT (wg) - Vv = A / F(Tw)y, Wve HL(Q). (2.20)
Q Q

Taking v = T'(wy) in (2.20), we obtain using Holder and Poincaré inequality

N Al 19l
(/QWT(wk)) < 2Lk

where A; is as in (3.2). Thus the sequence {7 (w)}, is bounded in H} (L), hence
there exists a function p € H{ (Q) such that up to a subsequence {wy,, }m of {wi}r, we
have

T(w,)—p  in Hy(Q), (2.21)
VT (w,)—Vp  inL*(Q).

First we show that p is nontrivial. From Lemma 3 we have

t25
2/42% (Wi )|VT (Wi, )| QL/F (W) < -

Using <7, > ag, we have

ag 125
E/Q‘VT(ka X/F (W) < BN

Using the lower semi continuity for the weak convergence of H(} norm and the conti-

nuity of F', we have
2
)
D[ wplP -2 [ Fpy <22 <0
2 Jo Q 2

This proves that p cannot be trivial. Now considering the left hand side of (2.20), we
have

/ ”an()@ wkm )VT(wkm) : VV
Q
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:/ {%(x,wkm)—%(x,w>}vr(wkm).vv+/gfn(x,w)vr(wkm)-vv
Q Q
=0+

We first estimate the term I7".

1< [ i, ) = ) [VT ()| 9

<(, wx,wkm)—m(x,wnzwz)% (/, |VT<wkm>|2)%.

Now using [ |VT (wy,, )|*> < C?, where C = % % , we get

2
I'<c p(x,wy, ) — D, w)2|Vv]? ) . (2.22)
1 Q m

From (2.19) we have
wp, —wae. x € Q.

Since w, < 0 forall n, this implies from Lebesgue theorem that
wy, — w in LP(Q), Vp.
Therefore from (3.1) we have
(X, Wy, ) = p(x,w) ae.x € Q.

Also
| < (x, Wy, ) — ;zfn(x7w)|2\Vv|2 < 4ai\Vv|2, Yy € Hé (Q).

Now since 4a2|Vv|? € L'(Q), we can pass trough the limit in (2.22) using dominated
convergence theorem to get
' — 0.

Also by (2.21),
15"—>/ Gy (x,w)Vp-Vv.
Q

Therefore
/ Iy (x,wy, )VT (wy,,,) -Vv—>/ Gy (x,w)Vp-Vv.
Q Q

Using Lipschitz continuity of f and (2.20), we have

|r@om = [ o

Therefore we have

/Qszf}l(x,w)Vp-VVZJL/Qf(p)v, Vv € HY(Q).
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Hence from the above equation we get T'(w) = p and since the possible limit is unique

we have,
T(wg) — T(w), inL*(Q).

This completes the proof of continuity of 7.
4. Compactness of T
Let w, — w in L*>(€2). We want to show that

T(wy) — T(w) in H}(Q).

Compactness of the mapping 7 then follows from the compact embedding of H(} (Q)
in L?(Q). The Euler-Lagrange equation satisfied by T (wy) is

/ Ay, W )VT (we) - Vv = A / FTw))v, Wy € HA(Q). (2.23)
Q Q
That is
/Q%(x,wk)V(T( ©) — Vv+/ (e, wi) — y (x,w)) VT (w) - Vv
=2 [ AT (o= /Q A, W)VT (w)-Vy =4 /Q {F (T (w) = F(T(w))}r:

Using v =T (wg) — T(w), (1.2) and Lipschitz continuity of f, we have

ao [ V(T =T() P <AL [ [T(w) = Tow)P
+ [ 165w = (o) [V (T (i) = T(e)) VT ()] 224)

Application of Young’s inequality gives

ao [[ V() =T P <AL [ [T (w) =700
+2 /Q |V<T<wk>—r<w>>|2+a—0 | 150 = ) PIVT ().

This implies that

2 [ IV Ten)-T00) u/\rwk T(w)?
e /Q [ (5, W) — o, w) 2 VT (w) 2.

The first integral on the RHS of the above inequality tends to 0 from the last part
and the second integral converges to 0, following a similar argument, that shows the
convergence of the I in (2.22).

Schauder fixed point theorem.



Differ. Equ. Appl. 6 (2014), 361-381. 373

The map T : # — % is compact and .#  is closed, convex set in L?(Q). By
Schauder fixed point theorem 7 has a fixed point. Since the function O doesn’t belongs
to T(#), the above obtained fixed point is nontrivial. This finishes the proof of the
theorem.

Let u, denotes the nontrivial solution obtained for the problem (2.3) for large A .
In the above theorem it should be noted that the choice of A doesn’t depends on n.
Now the goal is to pass through the limit in (2.3) and obtain a nontrivial solution for the
problem (1.4).

Proof of Theorem 1

First of all it is clear that
Ay (x,u) — o (x,u)

for each fixed x € Q and u € L?(Q). This follows from the property of mollification.
The equation satisfied by u,, is written as, for fixed ¢ € H}(Q),

/%(x,un)Vun~V¢:7L/ F(n)9. (2.25)
Q Q

Using ¢ = u, in (2.25), we get

| Vi =2 [ flan)un
Q Q

Since 7, > ag, we have

2 i 2 2
a [ IV < ANl [ wn < AlAlR ([l )
Q Q Q

Now using Poincaré’s inequality, we get

1 1

2 _ AlSIl-1€2

Vu,|? | < =022
</Q| o ) apv/' A

Thus for a subsequence, which we again denote by {n}, there exist ug € H} (Q) such
that
Uy — ug in Hy(Q)

and strongly in L?(Q). The theorem will be proved if we show that ug € LP(Q), Vp >
1, nontrivial and for fixed ¢, the following holds

/%(X»MO)VMO'WP =7L/ f(uo)¢.
Q Q
For all n, one has from Lemma 4 that

0<u,<0,aexcQ.
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This implies that 0 < up < 0 a.e. x € Q from almost every where convergence of u, to
up. Hence ug € LP(Q), Vp > 1.

Now let us start from the left hand side of (2.25).
[ Va9 = [ {(x.t0) ~ 5 (x,0)} Vit -V
Q Q
—|—/ {sz}l(x,uo) —sz(x,uo)}Vun~V¢+/ o (x,u0)Vu, -V
Q Q
=0+ 4L

Clearly from the weak convergence of u, to ugy, we have
L — / o (x,up)Vuy - V.
Q

We claim that both I and I? converges to 0. First we will estimate the term I! .

1< [ 194 (t) = 9 3,00) Vi 99
</ (/ . |£7(x—y,un)—sz'(x—y,uo)|l//ldy) \Vin| V.
Q B(Oﬂﬁ) n

Using [ (x = yyt) = o (v—3,10)] < [l (3,0,) = (3, 10) o and 1) s = 1. we
get n n
1<l () = (0o | Vi V90
<1167 (5tt) = (5,00 | |Vt 2|V 2
< CIVOl2l17 (.t =  (5,0)

1
Alfll-QI2

where C =
aw/h

Now as u, — ug in LP(Q), this implies from (1.3) that
|| (x,uy) — A (x,10) || — O

and hence
I; — 0.

Let us now estimate the term 7.

B1< | |9 (xu0) = (x,0)] [V Vi

< H{ A x,u0) = 7 (x,u0) } VO[] 2|Vt | 2
< Cl{ e (x,u0) — o7 (x,u0) } VO] 2
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As mentioned above in the beginning of the proof, we have
y(x,up) — o (x,up) ae.xeQ.

Also
|ty (x,u0) — o (x,u0)|*| VO |* < 4aZ|V|?

where [V¢|? € L' (Q). Therefore by dominated convergence theorem, we have
[H{(x,u0) = 7 (x,u0) } V@[] 12 — 0.
Thus we have proved that
/ Ay (x,uy)Vu, - Vo — / o (x,u0)Vug - V.
Q Q

The right hand side of (2.25) can be written as

[ rwe = [ (£ =)o+ [ .

Now as n — o, we have

| ) = 7o)y 01 <L [ s = ol10] < Ll = ol 19112 = .

Hence we have

| rwo— [ f)o.

The proof will be completed once we show 1 is not identically equals to 0. For
proving that we use the weak lower semi continuity of the H(} norm, the Lipschitz
continuity of F' and the energy estimates done in Lemma 3. We have

2
tz0
ao/ \vunF—A/ Fun) g/%(x,un)\vunﬁ—x/ Flup) < — 22
Q Q Q Q 2
Again since u, — ug, we have
ao/ |Vuo\2—7L/ F(uo) gnminfao/ |Vu,,\2_a/ Fluy).
Q Q n—eo Q Q
Combining the last two equations we get
128
av [ Vi~ [ Fluo) < ~"2> <0
Q Q 2
which is impossible if #y identically vanishes. In particular, if g is not trivial then it

has to be strictly positive in €. This again follows from the maximum principle.
Since the choice of €, § > 0 is kept arbitrary, this proves Theorem 1.
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SOME APPLICATIONS

Now we turn to examine the kinds of .7 that is suitable to fulfill our assumptions.
For now let %(x,u) denote a Carathéodory function, that is # is defined from Q x R
into R such that

x+— P(x,u) is measurable Vu € R,
u— %(x,u) is Lipschitz continuous a.e. Vx € Q,

with the Lipschitz constant independent of x, and satisfying for some positive constants
0<ap < Bxu) < dew ae.xeQ VuelR.

At first we look at the population distribution model. Let
o (x,u) = Bx, / ). (2.26)
Q

If u denotes the density of population, then the total population is denoted by [, u.
One can also look at the total population of a sub region, by replacing [, u by

/ u where Q' C Q.

Then it is quite obvious that <7 (x,u) defined by (2.26) satisfies our assumptions.
One can also consider non locality of the type

o (1) =a</ggu>

with Lipschitz continuous function a. From the point of view of application when

8=151
Q|

with |Q| denoting the Lebesgue measure of Q and if f(u) is replaced by a force term f
in (1.4), then the global minimization of the appropriate energy functional corresponds
to the displacement of an elastic membrane spanned along the boundary of €, and
submitted to a force f. Uniqueness, non-uniqueness issues for such kind of operator is
studied in [7].

Another important class of nonlocal operator that suits our criterion is as follows.
If Q is a domain of A —rype, that is for fixed 0 < r < diam(Q), there exists a con-
stant A > 0 such that |Q(x,r)| > Ar? where Q(x,7) = QN B(x,r). If a is a Lipschitz
continuous function then the nonlocal operator defined by

() =a (ﬁ Lo, u(y)dy)

also satisfies our criterion.
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3. An eigenvalue problem.

In this section we will work with an weaker condition than (1.3). We assume the
mapping

u+— of (x,u) is continuous from LP(Q) into R, a.e. x € Q. (3.1

It is easy to check that (1.3) implies the above condition. We will restrict ourself to the
caseof p=2.

Let A; and u; denotes the first eigenvalue and first eigenfunction of the problem

—Au1 :llul in Q,
u; =0 on 0Q, (3.2)
up >0, fpui=1.

The main result of this section is the following.

THEOREM 3. Under the assumption (1.1)-(1.2), the problem

—div (< (x,u)Vu) = Au in Q,
u=20 on 0Q, (3.3)
Jouw? =1,

admits a nontrivial solution for some A = A*. Further A* € [agA1,awA1], where Ay is
as in (3.2).

Proof. Fix w € L*(Q) and consider the following problem

—div (< (x,w)Vu) = Au inQ,
u=0 on dQ,
Jaw?=1,

u>0 ae xcQ.

(3.4)

The above problem is an eigenvalue problem for an elliptic operator in divergence form.
From the standard results of elliptic theory, we can conclude that there exists unique
A=A} and u = u, that solves (3.4), where A} denotes the first eigenvalue and u,, is
the corresponding first eigenfunction. It is also well known that A, has the following
characterisation,

e Jadlow) Vel

(3.5)
ueH (©)\{0} Jou?

and u,, >0 a.e. x € Q.
1. Forall w € L*(Q), we have 1! € [agA1,a.l].
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From (1.2) we have

o JalVel o (e w)IVu _ - Jo|Vul®
fgu fguz f9”2

The claim then follows by taking infimum over the set H; (Q2) \ {0}.

Define the set
A
J?:{MGLZ /WV\2 a 1}

The set % is a compact, convex subset of L?(Q). Define the map T : % — L*(Q) as

T(w) = uy,

where u,, solves (3.4). Clearly any fixed point of T is a solution of the problem (3.3).
2. T maps % to .7 .
Fix w € ¢ . From (3.4) and (3.5) we have

M:Lﬂ@MWWH

Now using the last claim and (1.2), we get u,, € 7.
3. T:% — X is continuous.

Let {wy}x C # be such that
wp —w in L*(Q). (3.6)

Since T (wy) € ', the sequence {T(wi)} is bounded in H} (). Hence there
exists a function p € H} () such that up to a subsequence {wy,, },m of {wi}r, we can
have

T(w,) —p in Lz(Q),
T(wi,) —p in Hy(Q),
T(wy,) —p aexe Q. (3.7

Since T (wg,) >0 a.e. x € Q, it follows from the convergence above that
p=>0 ae.xcQ

and [, p? = 1. This implies that p cannot be a trivial function. Since A, € [aoA, @A),
there exists a further subsequence {km_,. }J, of {kn},,, such that

1 *
)Lka/. — Ay

where A} € [agA1,awA1]. The Euler-Lagrange equation satisfied by T(wkmj) is given
by
/427' X, Wi, )VT(wk )WVy = /T Wh, W, VVEH&(Q). (3.8)
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Consider the left hand side of (3.8),

/ o (x, iy, )VT (g, )V
Q J J

——/ {(Qi(x,wkm‘)—zﬁzf(x7w)}VT(wkm_)Vv—|—/(Qi(x,w)VT(wkm_)Vv
Q i j Q Y
:——I{—H{.

We first estimate the term I{ .
HI< [ e/ s, ) = (W) VT o, )|V

< ([ 1ertom,) —ﬂ(x,w>|2|w2)% (f19rom, ) :

Now using o \VT(Wk,,,j)|2 < % we get

a

1 1
. 2 2
7] < (““’M) (/ |\ (x, Wi, ) — ,@f(x,w)|2|vv2) . (3.9)
ao Q J
From (3.1) and (3.6) we have
sz(x,wkmj) — o (x,w) ae.xeQ

and
\sz'(x,wkmj) — o (x,w)|?|Vv]? < 4d2|Vv)?, Wy e H}(Q).

Now since 4a2|Vv|? € L!(Q), we can pass trough the limit in (3.9) using dominated
convergence theorem to get '
I{ — 0.

From (3.7),
Ié' —>/ o (x,w)VpVv.
Q

Therefore
/;zf(x,wkm.)VT(wkm.)VVH/%(x,w)Vva.
Q j j Q

From (3.7) it also follows that
/T(wkm_)v—>/pv.
Q J Q

Therefore we have

/ o (x,w)VpVv = M/ pv,  WweEH(Q).
Q Q
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It is well known [ 14] that the first eigenfunction of the problem (3.4) is its only solution,
that has a strict sign almost everywhere. Since p is nontrivial and p > 0, it has to be
the first eigenfunction and A% has to be the first eigenvalue (4,!). Therefore

/ o (x,w)VpVv = li/ pv,  WEH Q).
Q Q

Hence T(w) = p holds. Since the possible limit is unique, we have

T(wi) — T(w) inL*(Q).

This proves continuity of the map 7.

4. Schauder fixed point theorem.

The map 7 : # — ¢ is continuous where .7 is compact and convex subset of

L?(Q). Therefore from Schauder fixed point theorem the map 7' has a fixed point, that
is T(z) =z for some z € 7.

Non triviality of z follows since [ |T(w)|> = 1, ¥w € . It is also clear from

the definition of 7' that A* = A and hence 1* € [apA1,a-A1]. This finishes the proof
of the theorem.
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