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ON ENTIRE SOLUTIONS FOR AN INDEFINITE
QUASILINEAR SYSTEM OF MIXED POWER

CARLOS ALBERTO SANTOS AND MARIANA RAMOS REIS

(Communicated by Norio Yoshida)

Abstract. We prove non-existence and existence of entire positive solutions for a Schrodinger
quasilinear elliptic system. To prove the non-existence, we combine a carefully-chosen test
function with some results that we proved concerning the positivity of a kind of principal eigen-
value of a eigenvalue problem in R with indefinite weights. Contrary to the existence, the
non-existence results for this class of problems have not been studied very much in recent years.
For the existence we mainly used upper and lower solution methods combined with comparison
principles.

1. Introduction

In this paper, our main purpose is to establish non-existence and existence of so-
lutions for the problem

—Apu+my (x)uP~! = a(x)uP + Ab(x)u" v + f(x) in RY
—Agv+my(x)vI ! = c(x)vP2 + ud(x)vPu® + g(x) in RY (1.1)

|x]|—o0

u,v>0inRY;  u(x),v(x) — 0,

where A, is the usual r-Laplacian operator with 1 < r = p,q < N; a,b,c,d, f,g : RN —
[0,0) are continuous functions; my,my : RY — R are continuous functions which can
change signs; B;, ¥, 8; for i = 1,2 are appropriate real constants; N > 1 and A, >0
are real parameters.

In particular, we note that in our results the coefficients a,b,c and d can vanish in
open sets of RV and m; < 0 will be permitted. This possibility can lead the principal
part of the operator to have a non-coercive behavior.

A solution of (1.1) is understood as a pair of positive functions in C!(R") con-
verging to zero at infinity which satisfy the equations in (1.1) in the distributional sense.

This problem belongs to the class of cooperative systems, because b,d > 0 and
01,8, > 0 too. The study of this class of problems is motivated by various nonlinear
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phenomena, for instance, in the non-Newtonian fluid theory [10], in the generalized
reaction-diffusion theory [13], nonlinear elasticity [4] and references therein.

There is at present a large number of papers and an extensive literature studying
the existence of positive solutions for multi-parameters problems by using several and
different techniques. While the study of nonexistence of positive solutions for this class
of multi-parameters problems including Laplacian and r-Laplacian operators both in
bounded and unbounded domains has not been much intensive.

Problems like (1.1) for smooth bounded domains have been intensively studied in
recent years. We quote for instance Giacomoni et al [12], Zou [32], Zhen [31], Yan and
Lu [27], Chen and Lu [5], Clement et al [6], Velin [25], Ahammou [1] and references
therein.

In these works, many and different techniques have been used to deal with them.
For existence of solutions, the main tools that have been used are variational and topo-
logical methods and for the nonexistence the moving planes, moving spheres techniques
and the classical test functions methods have been considered.

In our result of existence, the direct application of these techniques does not seem
to be so appropriate, because of the possibility of the powers either be very small
(negative) or very large (positive). So, we have principally used the lower-upper so-
lutions technique and comparison principle results. To do this, we constructed an up-
per solution by appropriated parameters and we solved a sublinear problem with the
Schrédinger operator in RY whose solution is already built less than or equal to upper
solution and it is a lower solution of problem (1.1) too.

For the non-existence, first we proved an important result about of the positivity
of a kind of eigenvalue of an eigenvalue problem with Schrodinger operator in RY . So,
combining this result (Lemma 2.4 which was proved by using the classical Picone’s
inequality) and a test function carefully chosen in C7’(Q2), we were able to construct a
contradiction for large parameters by assuming the existence of solutions.

An overview about nonexistence. With regards to powers of problem (1.1), Miti-
dieri [16] (for 8,0, > 1) and Serrin and Zou [22] (for &;,, > 0) showed that problem

—Au=v%in RN
—Av=u® inRN (1.2)
u,v>0in RV,

has no radial solution, if 1/(&; +1)+1/(&,+1) > (N —2)/N. More, it was proved
in [23] that (1.2) admits infinitely many radial solutions provided that 1/(6;+ 1) +
1/(&+1) < (N—2)/N.

That is, the labeled Hardy-Littlewwod-Sobolev hyperbola given by

1 N 1 N-2
S+1 &+1 N

is critical for existence and nonexistence of classical radial solutions. It is conjectured
that it is critical for non-radial solutions too, but this conjecture has not still been solved
completely.
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Still in [16], it was proved that the problem

—Au= auP + py® in RV
—Av=cvP2 4+ qu® in RN (1.3)
u,v>0in RV,

has no classical solutions, if a,b,c,d are positive constants, By, 8,,0;,8 > 1 and

max{ 1 o1 +1 1 o +1 }>N—2
Bi—1"866,—1"Br—1"866—1 N

Later, De Figueiredo and Siracov [1 1] proved that the system (1.3) has no classical
bounded solution, if

B~ Bt N2
i 26, P <

N—-2"
In this same sense, Zhang and Zhu [30] showed non-existence of solutions for a problem
like (1.3), where a,b,c,d are positive constants, 0 < 3;,%,6;, %+ 6 < (N+2)/(N—2)
fori=1,2.

Recently, Wang and Hong [26] improved these results by proving that if (u,v) €
(C*(RM))? is a solution of (1.3), under the hypotheses that a,b,c,d are positive con-
stants, By, B2,01,8 >0 and there exist p, v > N — 2 such that p +4 > max{B;p, v}
and v+4 > max{B,v,Bip},then i =B =06, =06=(N+2)/(N—2) and

=B

(N=2)/2
< ) , xGRN7

o) )(N—2)/2
d+ |x—x|?

d+ |x—x|?

Mﬂ=( and v(x) = (

for some d >0, ¥ € RN and ¢, c, appropriate positive constants.

Motivated principally by the above works, we have proved some results that im-
prove or complement the prior results. In order to state them, we are going to define the
non-negative and continuous function

m(x) = min{a(x),b(x),c(x),d(x)}, x € RY
and we shall assume
(H) —o<Ppi<p-1<n+8 (H) —~<n+6<p-1<p,
(K1) —o<Bh<p—1<p+oh (Ky) —o<p+ob<p-1<pf.

So, our first result is:

THEOREM 1. [Non—existence]: Suppose (H;) and (K;) for some i,j € {1,2},
m # 0, m; continuous functions, p = q and 8 > 0 for i = 1,2 hold. Then, there exist
0 < A%, u* < oo such that the system (1.1) has no solutionfor every (A, u) > (A*,u*)
given, where the size of A*,u* > 0 depends on my,m, and m behavior.
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To highlight the last result and dependance of A*, u* > 0 of m;,m, and m behav-
ior (see, for instance (3.1) and (3.2)), we restate it in a particular case.

COROLLARY 1. Assume that (H;) and (K;) hold for some i,j € {1,2}, my,my >
0, the terms a,b,c and d satisfy |x|Pa(x), |x|1’b( ), [x[Pe(x), |x]|Pd(x) — oo when |x| —
oo and and &; > 0 for i = 1,2. Then, the problem

—Apu = my (xX)uP ™+ a(x)uP + Ab(x)urvO in RY
—Apy = ma(x)vP~ 4 c(x)vP2 + ud(x)v2u® in RN
u,v>0inR";,  u(x),v(x) — i)

has no solution for all A, > 0.

REMARK 1. Theorem 1 and Corollary 1 hold for the more general system

—Apu+my(x)uP~" = a(x)uPrvO + Ab(x)u"v? + f(x) in RV
—Apy+my ()i~ = c(x)vPu® + pd(x)vPu® 4 g(x) in RY

x| e

u,v>0inR";,  u(x),v(x) — 0,

with 6;,8; >0 for i = 1,2, B; replaced by 31+ 6; at (H;) and (H,) and [3, substituted
by B2+ 6, at (K;) and (Kj), respectively and the potentials in x like in Theorem 1
and Corollary 1.

About the existence of solution for (1.1), recently Moussaoui, Khodja and Tas
in [17] applied Schauder’s fixed point theorem in a regularized system to prove the
existence of solution for

—Au+m(x)u = b(x)v? in RN
—Av+my(x)v = d(x)v2u® in RV

u,v>0in RY;  u(x),v(x) i

with 6; <0, —1 <79 <0, & >0 suchthat &+ < 1 and the functions b,d,m;,m; €
Ly (RN) are such that m; (x) > o, my(x) > Py for |x| > R for some OCO,BO,R >0 with
b,d > 0.
For a quasilinear problem, Manouni and Touzani in [9] used the Mountain Pass
Theorem and local minimization for showing the existence of solutions of the problem

—Apu+my (x)uP~" = b(x)u"vO ! in RV
—Agv+ma ()7 = b(x)vOur* ! in RV

[x[—

u,v>0inRY;  u(x),v(x) — 0,

where 1 < p,g<N,0<y<p—1,0<6<g—1, max{(N—p)/N,(N—¢q)/N} <
(y+1)/p*+(6+1)/q" <1, b >0, the functions m;,m, are continuous functions
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which satisfy mj (x) > o9 >0, mp(x) = By >0, x € RN and m (x),my(x) — o when
|x| — eo.

Yin and Yan in [28], by using sub and super solutions methods, showed existence
of solution for small parameters and non-existence for large ones for the following
problem with parameters

—Apu = a(x)uPr + Le(x)v® in RY
—Agv = b(x)VP + pe(x)ud in RV

|x]|—o0

u,v>0inRY;  u(x),v(x) — 0,

where —o < fBj < p—1<08; —0o< fr <g—1< 8 and a,b,c > 0 are appropriate
continuous terms.
Serag and Zahrani in [21] have obtained the existence of solution for the problem

—Apu+my (x)uP~" = b(x) VO + f(x) in RV
—Agv+my ()7 = d(x)vPur! 4 g(x) in RV

u,v>0inRY;  u(x),v(x) iy

They used the lower-upper solution method and considered m;,my < 0; b,d > 0;
/g non-negative appropriate functions and v, 6 > 0 such that (y+1)/p+(6+1)/q=
1.

Using Schauder’s fixed point theorem, Leadi and Marcos in [14], have showed that
the following system has at least one solution,

—Apu+aymy (x)uP~t = Ab(x)v® + f(x) in RV
—Agv +agmy (x)v7 ! = pud(x)u® + g(x) in RV

u,v>0in RY; u(x),v(x) iy 0,

where my,my,b,d > 0; f,g > 0 are suitable functions, 6;,6 > 1, &/p+1/qg=1,
01/q+1/p=1 and appropriate A, > 0 depending on a; and a.
Inspired in these results, we proved the next result that improves or complements
the last results in some sense. To enunciate it, we shall define My, M, > 0 by
My (x) :=max{a(x),b(x), f(x)}, x €R",
My(x) := max{c(x),d(x),g(x)}, x € RV

and assume that the problems

—Apu—+myf (x)uP~t =My (x) in RV
{u>0inRN; u(x) =0 (5
and
—Agv+m3 ()1 = My (x) in RV
{v>OinRN; v(x) i) (>
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have solutions in C!'(R"), where we are denoting by m; (x) = max{m;(x),0} and
m; (x) = max{—m;(x),0} for x € RV.

Additionally, we are going to assume that m; /My € L*(RN),if m; #0; m; /M, €
L=(RN), if m; # 0; to denote by || - || the L=(R")-norm and to consider

Wl
oo [

P150 and 1| M2
el >0 and 1|72

~1
[wa||& >0,

where wy,wy € C! (RN ) are the solutions of problems (1.4) and (1.5), respectively.

THEOREM 2. |[Existence]: Assume that (1.4) and (1.5) have solutions in C' (RV),
(H3), a,c#0, 01,0, 20, —o < 1 < p—1 and —oo < By < g— 1 holds. Then, there
exist (A, ls) > (0,0) such that the problem (1.1) has at least one solution for each
(0,0) < (A, 1) < (A, py) given. Besides this,

(i) di=oo, if n+01<p—1land p+6<qg—1and

(ii) =00, if p+&H<qg—1land y+6 <p—1.

REMARK 2. We proved in the Appendix that problem (1.4) admits a solution in
C!'(RN), if for instance

1
oo s N p—1
/ {sl’v/ tNle(t)dt]’ ds < oo,
0 0 ‘

where M(t) = maxMy(x), t > 0; m{ ,M; € C(R¥) and 1 < p < N. (The same result

[x|=t
holds for problem (1.5), when m; and M, satisfy similar hypotheses. )

This paper is organized into four sections. In Section 2, we give some results
concerning the first eigenvalue of a problem with an indefinite weight. In particular, we
prove that the positivity of this eigenvalue is related to the existence of solution of an
inhomogeneuos problem. In Sections 3 and 4, we prove our main results. Finally, an
auxiliary result is proved in Appendix 5.

2. Auxiliary Results

Due to our approach, to prove theorems (1) and (2), we are going to use the solu-
tion of the problem

{_A,,u+v(x)ul’1 =p(x)inQ, 2.1)

u>0inQ; u=00ndQ,

where Q is a smooth and bounded domain and p,V : Q — R are suitable functions. As
a particular case of a result in [ 18], we have.
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LEMMA 1. Suppose that p,V € L*(Q) are non-negative functions with p # 0
and 1 < p < N. Then there exists a unique u € WOI’p(Q) NCHQ)NC(Q) solution of
(2.1).

Also, we are going to use some facts concerning the following eigenvalue problem,

{—Apu +V(x)urt = 2Ap(x)uP~lin Q 22)

u>0inQ; u=00ndQ,
where p,V are such that
(Hy) p,VeL(Q), wherer >N/pif l<p<Nandr=1if p>N.

We are going to denote by Q. (p) = {x€ Q / p(x) > 0} and to introduce

aa(V,p) :inf{/Q(Vul’+Vu|p)dx/ uew,’(Q),

/ |u|Pdx = 17/pu|pdx=O}.
Q Q

So, for V,p satisfying (Ha), we have —eo < aq(V,p) < oo with o (V,p) < e if and
only if |Q4(p)| < || (see [7]). Besides this, aq,(V,p) < aq, (V,p) if Q; C Q, for
Q1,Q, C Q smooth bounded domains.

It follows from Cuesta and Quoirin in [7, Theorem 7], that

LEMMA 2. Assume p,V satisfies (Hs) and p > 0 with |Q.(p)| > 0. Then there
exists a principal eigenvalue of (2.2) if and only if ao(V,p) > 0. In this case, the
principal eigenvalue is unique and is characterized by

Ma(V,p):= inf{/ (|Vul? +V|ulP)dx / u e WOI”’(Q);/ plulPdx = 1} € (—o0,00).
Q Q

Now, we establish a version of the [19, Theorem 1.2, Lemma 2.3] for our class of
problems.

LEMMA 3. Assume (Hy), p =0 with |Q4(p)| >0, ao(V,p) > 0 and that given
a A €R thereexistsa 0 <v=v, € WZLCP(Q) such that —Apy+VvP=t > ApvP~Lin Q

in the distributional sense. Then A < Ay o(V,p). In particular, if there exists a 0 <w €
Wl})’f(Q) NL>(Q) satisfying —Apw+VwP™1 > pin Q, then A o(V,p) > ||WH£ZEDQ).
Proof. Pick {@u}nen C C5(Q) with @, >0 and @, — ¢; in W, ”(Q), where
o1 = ¢1.o(V,p) > 0 is the first eigenfunction of the problem (2.2) associated to its first
eigenvalue A, o(V,a). So, applying Picone’s identity (see [2]) and density arguments,

we have
of
OS/ V(pn|pdx—/Vv|p2VvV< L)dx
Q Q vP
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/\V(pn|pdx+/V(ppdx /lp oPdx.

Now, making n — oo, we have

Jaop) [ pofav= [ Volax+ [ volax=1 [ polas,
Q Q Q Q

that is, A < A1 q(V,p) because p is non-negative and not identically zero. To finish
our proof, we define for each 7> 0, v(x) = v¢(x) = 1,'Hw||z.,}.(g)w(x), x € Q. So, we
have that 0 < v < 7 and

/Q\Vv|p_2VvV(pdx+/QV(x)vp_l(pdx
1

= 771
IIWH”

1
H’” /P e

[/ |Vw\p_2VwV(pdx—|—/ V(x)wp_l(pdx}
Q Q

[ vt gds,
Q

1
o=l
|| HWHZN(Q)

forall @ € C3(Q), ¢ > 0. So, from the first part, with A = ||wHLm (q» the proof ends.
Now, given functions p,V : RV — R such that p,V satisfy

(Hs)' p,VeL, (RY), wherer>N/pifl<p<Nandr=1ifp>N,

we can define
(X(V7p) = ]}Ln:caBk(va) € [—oo,oo},

because of the monotonicity of o, (V,p) in k=1,2,---, where By is the ball centered
at the origin of the RV with radius k. Besides this, if p >0, [{x€RY / p(x) > 0}| >0
and op, (V,p) >0 forall k=1,2,--- we can let

M(V.p):= 1}2&1173"(‘/”)) € [—o0,00) (2.3)
because A1 5, (V,p) < A15,(V,p).

REMARK 3. We have o(V,p) > 0 if, for instance, p > 0 a.e. in RV, because
|(Br)+(p)| = |Bi| forevery k € N. In particular, we have well-defined 4;(V,p).

REMARK 4. It follows from Lemmas 1 — 3 that A,(V,p) > 0 for p,V € C(RV)
with p,V >0, p#0 and 1 < p < N. In fact, in this case, we note that op, (V,p) >
A18,(0,1) >0 forall k € N. Hence, there exists A1 g, (V,p) and it satisfies

Mg (Vi) = (Wil L=(5):

where wy is the solution of (2.1) given by Lemma 2.1.
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So, as an application the of the last results, we have that

LEMMA 4. Assume (Hy)' with p >0 and |{x€R" / p(x )>O}|>O o, (V,p) >

0 for k=1,2,--- and that given A € R there existsa 0 <v=v; € Wl P(RN) satisfying
—Apy+ VPl > lpvp Vin RN in distributional sense. Then, A < 7L1(V p). In partic-
ular; if there exists a function 0 <w € WZLCP (RM)NL=(RN) such that —A,w+VwP~1 >
p in RN, then A, (V,p) > Hw||z;f7RN).

In the sequel, we are going to use some of the last results to ensure the existence
of solution for the problem

{—Apu+V(x)up‘1 =px)uf inQ 2.4)

u>0inQ; u=0o0nodQ.

So, we have

THEOREM 3. Assume p,V € L™(Q) are non-negative functions with p # 0 and
—oo < B < p—1<N—1 hold. Then, there exists a solution u € C'(Q)NC(Q) of (2.4)

such that .
ﬁ I’*pI*ﬁ
0.< flull < max{1, [(2—p—) Iwpll] "},
where wy, € C'(Q)NC(Q) is the solution of (2.1) given by Lemma 1.

Proof. We are going to follow an idea as in [19] or [20]. Defining

where

v = max{1, [(2—i)2||w,,|| }pfi'zs}

and v( )=® 1(wy(x)), x € Q, we have vECl( )NC(Q), 0 < v(x) =D (wp(x)) <
“H([wpl[ee) € Two, x € Q and v(x) = @~ (wp (x)) =0 on Q.
Besides this, given ¢ € C3(Q) with ¢ > 0, it follows from (®~!(s))’ > 0 and
(@ !(s))” <0, s >0 that
/\Vv|p‘2VvV(pdx+/V(x)vp‘l(pdx
Q
_/ /w 17~ 1|pr|p 2VWPV(pdx

+/V (wp)]P~ L pdx
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= [ 19072V V(@) ()7 )
= [ (o= D)@Y (o) 2((@7) () Vs gl
+ / V(x (wp)]P~ ' pdx

> [ \wp|P—2prw<<1>—1>’<wp>P—1<p>dx
+ / L wp) P pdx.

Since wp (x)[(@1) (wp (x))] < D@ (wp (x)), x € Q holds (to prove this inequality,
first show that ®(¢)[(@ 1) (®(¢))] < D~ 1( (1)), t > 0), it follows

/|Vv\1”2VvV(pdx—|—/V(x)v”fl(pdx
Q Q
> [ 1Vl 29, V(@71 ()" )
+ / v<x>w”*[(@*1>'<wp>1f’*‘<pdx

—/ ) (wp)]P™ 'pdx

p—1
—/p (2——) 2 WB=rHl gy,

So,as B < p—1 and a > 0, we have
/ |Vv\p_2Vquodx+/ V(x)v? L odx
Q Q
/ p (X)W P x> / p(x)WVPpdx. (2.5)
In particular, v is an upper solution of (2.4). Now, since V > 0, it follows
that oq(V,p) > A10(0,1) > 0. So, from Lemmas 2 and 3, we have 4, q(V,p) >
[wp||L7 > 0. Now, define w = ¢; o with
w2~ < min {227, 1/A1a(V.p) }
where ¢ o >0 and A o(V,p) are the first eigenfunction and eigenvalue of eigenvalue
problem (2.2), respectively.
Hence,

/Q\Vw|p_2Vle//dx—|—/QV(x)wp_ll[/dx</Qwﬁ_pHp(x)wp_ll[/dx,

forall y € C5(Q),y > 0. In particular, w is a lower solution of (2.4). Besides this,
it follows from ||w||e < Two, that
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/|Vw\1”2Vle//dx—|—/V(x)w”fll[/dx
Q Q
g/wﬁﬁ’“rg*lp(x)wdx,vw €CT(Q). (2.6)
Q

Now, applying the comparison principle of Tolksdorf (see Lemma 3.1 in [24]),
it follows from (2.5) and (2.6) that 0 < w(x) < v(x), x € Q. Therefore, by the lower
and upper solution principle of Lee, Shivaji and Ye in [15, Lemma 1.8] there exists a
u € C1(Q)NC(Q) solution of (2.4). This completes the proof of Theorem 2.1.

Our main tool for the proof of the existence of solution will be a general method
of lower and upper solution. Consider the system

{—Apu = fi(x,u,v) in RV

2.7
—Agv = fo(x,u,v) in RV, @7

where the functions f; : RY x R x R — R are continuous.
In order to enunciate a version of the lower and upper-solution method for our
class of problems, we will introduce some definitions.

DEFINITION 1. A pair of functions (u,v) € C'(RY) x C'(R") is called a weak
lower solution of the problem (2.7) if

/ Vil?2uV pdx < / (o v) pdx,
RN RN

[ 91 2vyar < [ o) w,
RN RN

forall ¢,y € Cy(RY) with @,y > 0.
Similarly, an upper solution (u,v) of (2.7) is defined by considering the converse
inequality in the above definition.

The proof of the theorem below follows arguments as in [15].
THEOREM 4. Assume that f; : RN x (0,00) x (0,0) — R for i = 1,2 are contin-
uous functions satisfying:

(F1) fi(x,s,t) is nondecreasing in t > 0 for all fixed (x,s) € RN x (0,0),
fa(x,s,t) is nondecreasing in s > 0 for all fixed (x,t) € RN x (0,0),

(F2) given aj,b; € (0,00), i =1,2, with a; < ap, by < by, then
fl(',S,[),fz(',S,f) EL;ZC(RN)
forall (s,t) € [ay,az] x [b1,b2].

Suppose that (u,v),(%,v) are a weak lower-solution and a weak upper-solution, re-
spectively, of system (2.7) with

(u,v) < (@,7) a.e. RV,

Then the problem (2.7) has at least one solution in [u,u] X [v,7].
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3. Proof of theorem 1

The proof of this theorem is based on an argument by contradiction which involves
the results about the positivity of eigenvalues treated early and a special carefully-
chosen test function.

Proof. First, let us define the continuous function M(x) = max{m;(x),m(x)},
x € RV . So, we have by definition, that

ap, (M*,m) > 2y 5,(0,1) >0,

fork=1,2,---
So, since m,M™ € L(By,) forall k> 1 and m#0 in RV | it follows from Lemmas
1-3 that there exists A1 g, (M™,m) for all k > ko for some ko > 0 and it satisfies

Mg (M m) > HwkH for all k > ko,

)

where w; € C1(Q)NC(Q) is the unique solution of (2.1) with V. =M*, p =m and
Q = By given by Lemma 2.1.

So, from (2.3), we have that A;(M™*,m) > 0. Now we are going to define 1* >
0and u* >0 as A* =4 (Mt m), if y+86 =p—1in (H;) for i =1,2; pu* =
AM(M* m),if p+ 8 =p—1in (K;) for j = 1,2 and for the other cases

51 /31
1 +61-B 1 -
A*:Al(M+,M) ;7117;311 ( p 1 ﬁl ) (Yl"‘al p+l> B >0, 3.1)

N +01—PBi 7 +61—PBi

and

Lol (fg—1-B \ (p+t&H—q+1
s (25
W= (MY m) rro-p )\ nro-p

Now, given (A, 1) > (A%, u*), we are going to suppose by contradiction that prob-
lem (1.1) has a solution (u,v) = (uy, 4, V3 ). So defining Ay, hy : (0,00) — (0,0) by

)
q 1-B,
) > 0. 3.2)

Ry (1) = PPl 8=t and (1) = (PPl 4 gt
it follows from (H;) and (K;) for some #,j € {1,2} that
hy (t) > 2 (M*,m) and hy(r) > A (M*,m) forallt > 0. (3.3)
Now, defining
Q= {xeRV;u<v}, Q={xeRV;u>v}

and, for each n, g, : RN — [0,1] by g,(x) = pu((u—v)(x)), where p, : R — [0, ]
chosen satisfying p, € C'(R), p} <0 on (0,1/n), p,(t)=0ift > 1/n and p,(t) =
if # <0, it follows that g, satisfies
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Hence, g, € WP (RN) N L=(RY), ||ga]lw < 1, Vgn = p,, (4 —v)V (1 —v) and

n—ee | 0, if x€Qy,
qn(x) .
1, if xeQ.

Now, define U (x) = min{u(x),v(x)}, x € R¥. Given ¢ € C5(RY) with ¢ >0, it
follows after some calculations that

/ VU|P VUV pdx+ / M (U pdx
RN RN
> \Vu\p_2VuV(pdx+/ my (x)u? ' pdx
Q Q)
+/ \Vv|p_2VvV(pdx+/ mo (x)vP L odx
hmsup L dn (|VulP~2VuV @ + my (x)uP ' @)dx

n—oo

+ hmsup ( — ) (|VVP2VWV o +my(x)v? L o)dx.  (3.4)

n—oo

Since V(q,0) = g,V + Vg, , we have that
/ qn|Vu|p_2VuV(pdx+/ my (x)u? (g @)dx = / \VulP~2VuV (g, ¢)dx
RN RN RV
+/ ml(x)upfl(qn(p)dx—/ (|Vu\p72Vqun)(pdx
RN
- / WP+ 2B+ F() (qu@)dx  (B.5)
_ / (IVu|"~2VuV g, ) pdx
Q)l
and
/ (1—qn)|VV[P VvV @dx + /Nmz(x)vp_l(l — gn)@dx (3.6)
R
= [ (o paapu® + g(x)(1—apds+ [ (V17 2ViVa,) g,
Qp
where Q, = {x € R¥ v(x) < u(x) < v(x)+1/n}.
So, from (3.4), (3.5), (3.6), (|Vv|P~2Vv — |Vu|P=2Vu)V(v —u) > 0 and p’(u —
v) <0 in €,, we obtain, passing to the limit with n — o, that
/ VU|P2VUVgdx+ / M* (0)UP pdx
RN RV

;/ (a(x)iP + Ab(x)u" v ) pdx

+/ )P+ pd(x)v2u®)pdx
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2/ m(x) (Pt + Au" O ) pdx
Q

+ [ mx) (P + w2 pdx
Q)

= [ m@)hy (W odx+ | m(x)hy (v)vP " pdx
Q Q

2/91 min{fzy (¢), hy (£) }m(x)UP ' @dx
+/Q min{/y (1), hy (1) }m(x)UP~ pdx
- /RN min{h; (¢), hy (1) }m(x) U™ pdx.

So, from Lemma 2.4, it follows that min{A; (t),h, (1)} <A (MT,m). But it is impos-
sible by (3.3). This ends the proof.

REMARK 5. In (H;) for i=1,2, we can assume f; = p—1,if 4;(M*,m) < 1.
In this case, we should define A* = 0. In a similar way, we can have in (K ) for
j=1,2 theequality B; = p— 1, if once again A;(M™",m) < 1. Now, we define u* =0.

REMARK 6. In the proof of Theorem 1.1, we have not used the condition
u(x),v(x) = 0 as |x| — oo.

Proof of Corollary 1.1. As a consequence of the proof of Theorem 1.1, to prove that
A* = u* =0 it is enough to prove A;(M*,m) = 0. First, it follows from M < 0 and
properties of the first eigenvalue, that

0< ALBk(MJr,m) = 2’17Bk(07m) < ALBk(O,I’f’l), forall k> 1,

where 7i1(|x|) = i(r) := minj,_, m(x),r > 0.
Hence, by definition, we have

0< A (MT,m) = A1(0,m) < Ay (0,10). (3.7)

Now, suppose, by contradiction, that A;(0,m) > 0. So, by (3.7), we would have
A1(0,7i7) > 0. Considering A := A, (0,7) and taking the unique solution u € C?((0,))N
C'([0,%0)) of the initial value problem

—(PV Tl (P20 = AN Y (r)uP ! in (0, 00)
u(0)=1; u'(0)=0,

it follows that v € C2(R¥\ {0})NC! (RY) defined by v(x) = u(|x|), x € R is a solution
of

(3.8)

—Apu = A(x)uP~! in RN,
u(0)=1.
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On the other hand, we point out that |x|’a(x), |x|Pb(x), |x|Pc(x), |x|Pd(x) — oo
when |x| — oo implies |x|’m(x) — oo when |x| — e. So, as a consequence of this,
we have |x|?7i(]x|) — e when |x| — . Indeed, suppose that there exists r,, — oo
such that liminfr}7(r,) < . We can see that mi(r,) = m(x,) with |x,| =r,. So,
lim |x, |Pm(x,) = lim 7 /(r,) < o, when n — o, what is an absurd, since |x, [Pm(x,) —

So, since |x|Pi(x) — o when |x| — oo, it follows by a result in [3] that the problem
(3.8) does not have any positive entire solution. So, there exists a R > 0 such that
u(R) = 0. With this, v satisfies

—Apu = Aiin(x)uP~! in Bg(0)
u>0in Bg(0); u=0on dBg(0).
Hence, by well-known properties concerning to the eigenvalue problems in bounded

domain, we have
M (07’;1) =A= 2’I,BR(O)(OJ;Z) > M (O,I’f’l)

This is impossible. So, we have showed that A;(0,/#1) = 0. So, from (3.7), it follows
that Ay (M™*,m) = 4;(0,m) =0.

4. Proof of Theorem 2

Proof. First, we are going to construct an upper solution of (1.1) of the form
(#,v) = (twy,twy), for some ¢ =1; , >0, where wy,w; are solutions of (1.4) and
(1.5), respectively. For this, it is enough to find a #; ;, > 0 satisfying

71+61

~1 5 - —1
il B A w11 wal| + 1+ ey /M|

Lz @

and

—1 + - -1 -
tz,p>t%,l||w2||?oz+7U,{2#82||w1||33||w2||§+1+Hmz/MgHwtﬁ Iwa|| 27t (4.2)

So defining &,k : (0,00) — R by
1

h(r) = - S {A P—1-n=8 _ lengltﬁl_)’l_él _t_71_5l]
[[wil[s [[wal]e
and |
k(t) = — [Athflﬂ'réz — |lwa||B2ePr =% _t*}'zﬂsz} 7
[Iwal|e [[wi ]2

A (1 Hmf
1= I | R
Mg,

we have that the existence of 7; ,, > 0 satisfying (4.1) and (4.2) is the same as showing
that h(t; ) > A and k(ty ;) > p for A >0 and u > 0 given.

where

Iwall1),

1’*1> dA :(1— My
o) ang = (1 52|
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Now, denoting by
Im™(g)={t>0/g(t) >0} forg=h,k

and
Im™ (h,k) = {re Im™ (h)NIm™ (k) / h(t) = k(1)}

we are going to consider some cases.

Casel. p—1<y+06 and g—1 <+ 6. We have that h(t),k(t) — —oo if
t — 0 and h(t),k(t) — 0 if t — . Since Im™ (h),Im™ (k) # 0, we have just two
possibilities:

If Im" (h,k) # 0, then take a 79 € Im™ (h,k). So, it follows from the behavior of
h(r),k(r) that we can take A, = . = h(tg) = k(1p) > 0.

On the other hand, if Im™ (h,k) = 0, then we are going to define A, = w. =
min{max,~oh(r), max;~ok(z)} > 0.

Case2. p— 1<y +6 and g— 1 =1+ 6,. Now, we have that h(t), k(1) — —oo if
t—0, h(t) — 0,if t — oo and

1 ms
0 (— Y[ )£~
A VTN || 2= )

Again, we have Im" (h),Im" (k) # 0. So, if Im™ (h,k) # 0 we can consider A, =
L > 0 as the last case. If Im™ (h,k) = 0, we will define A, = (. = max,~oh(t) > 0.

Case3. p—1 <7y +6 and g— 1>y +&,. Since h(t) — —eo and k() — —c, when
t — 0, forsome ¢; € [0,00], h(¢) — 0 and k(t) — oo, if t — oo and Im™ (h),Im™ (k) # 0,
it follows that if Im™ (h,k) # 0, then we can consider A, = t, > 0 as in the case 1. If
Im* (h,k) = 0, we will define A, = U, = max,~oh(z) > 0 as in the last case.

Cased. p— 1>y +06 and g—1> 1+ 0. Since h(t),k(t) — oo, if t — oo and
considering the different subcases f; < ¥+ 6;, Bi =¥+ 6; and B; > %+ &;, fori=1,2,
we can prove that i(r) — —c; and k(t) — —cp, if + — 0, for some cy,¢; € [0,°9].
So, we have Im™ (h) = [hy, o) and Im™ (k) = [k;, ), for some h;,k; > 0. That is, we
can take A, = U, = o.

Thus, in all the cases above, for each (0,0) < (A, 1) < (A, i) given, there exists
at=ty, >0 such that k(ty ,) > u and h(t; ,) > A. Now, computing, we show that
(@,v) = (twy,twy) is an upper solution of (1.1). The other five possible cases are treated
in a similar way.

Below we are going to construct a lower solution of the problem (1.1). Since
a,c,my,my € L”(By) forall k > 1 and a,c >0, a,c # 0, it follows from theorem 3
that there exists (i, vy) satisfying

—Apu+mf (x)uP~" = a(x)uP' in B(0)
—Agv+mJ (x)vI! = c(x)vP2 in By (0)
u,v>0inBg(0); u=v=0o0ndB;(0)
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for all k > ko, for some ko > 0 such that By, O {x € RV / a(x),c(x) # 0}.
So, defining u;(x) = vi(x) =0 for |x| > k, it follows that

up(x) <wup(x) <...

< iu(x), x e RV, (4.3)
vi(x) < va(x)

<o S ugp(x) <ugy (x) <
< Sn(x) S () <

Thus, letting u = I}im up(x), v= I}im vi(x) and following an idea similar to that of

[29, Theorem 1.1], we show that (u,v) satisfies

—Apu+mf (x)uP~! = a(x)uP in RV
—Agv+mg ()~ =c(x)vP2 in RV

[x[—e0

u,v>0in RY;  u(x),v(x) — 0.

So, (u,v) is a lower solution of (1.1) and from (4.3), we have (0,0) < (u,v) <
(i, v). Therefore, by Theorem 4, there exists a (u,v) € C'(RY) x C'(RV) solution of
(1.1) such that (u,v) < (u,v) < (it, V).

5. Appendix

In this Appendix, we are going to sketch the proof of Remark 1.2.

Proof. First, we note that by defining wy (x) = v{(|x|), x € RV, where

1
00 s R —T
vi(r) :/ [slN/ tNlMl(t)dt] ! ds, r>0
r 0

it is easy to check that w; € C'(RV) is a positive upper solution of (1.4) such that
wi(x) — 0 when |x| — oo. B

On the other hand, by Lemma 1, there exists a unique u; € C'(B;)NC(B;) solution
of

(P) —Apu+mf (x)uP~! = My(x) in By,
“lu>o0in By; u(x) =0 on dBy.

Now, considering u; = 0 in R" \ By, we have by a comparison principle that
u (1) Sup(x) <o S (%) Sagyy (0) < oo S wa ), xERY.

So, after some standard calculations, we obtain the result claimed.
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