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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF POSITIVE
SOLUTIONS FOR A CLASS OF (p(x),q(x))- LAPLACIAN SYSTEMS
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Abstract. In this paper, our main purpose is to establish the existence of positive solution of the
following system

u=u®® L Ar@ ) e Q

WS WA 4 I ) - x e

u=v=0, x€dQ,

—Ap(x)
A

where Q C RV is a bounded domain with C? boundary, p(x),q(x) are functions which satisfy
some conditions, —A,u = —div(|Vu[P™~2Vy) is called p(x)-Laplacian. We give the exis-
tence results of positive solutions and consider the asymptotic behavior of the solutions near the
boundary. The approach is based on the sub- and super-solution method.

1. Introduction

In this paper, our main purpose is to establish the existence results of positive
solutions of the following system

—Ap it = U 4 APp@ymE) e Q
v =W 4 ga)yn) -y e Q (L.1)
u=v=0, x€0dQ,

where Q C RY is a bounded domain with C?> boundary, and p,q € C'(Q) are positive
functions, the operator —A,yu = —div(|Vu|PW=2Vy) is called p(x)-Laplacian and
the corresponding problem is called a variable exponent problem.

The study of differential equations and variational problems with nonstandard
p(x)-growth conditions is a new and interesting topic. It aries from nonlinear elasticity
theory, electro-rheological fluids, etc. (see [16,23]). Many results have been obtained
on such problems, for example [1-2,5-8,10,14]. For the regularity of weak solutions for
differential equations with nonstandard p(x)-growth conditions, we refer to [1-2,5-7].
For the existence results for the elliptic systems with variable exponents, we refer to
[8,14,19-22].
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When p(x) = p,q(x) = q(p,q are positive constants), system (1.1) becomes the
well known (p,q)-Laplacian system, such problems have been considered widely, see
[3,13,18] and the reference therein.

In [13], the authors studied the existence of positive weak solutions for the follow-
ing problem

—Apu=Af(v), x€Q
—Apy=2Ag(u), xeQ (1.2)
u=v=0, x€dQ.
Under the condition of
1
M =
i LB o 0
§—s00 Ky
the authors gave the existence of positive solutions for problem (1.2).
In [3], the author considered the existence and nonexistence of positive weak so-

lutions to the following problem

—Apu=2Au®Y, xeQ
—Apy=AubVP xeQ (1.4)
u=v=0, x€dQ.

Recently, in [18], the authors considered the existence and nonexistence of entire
positive solutions to the following problem

—Apu = a(x)u®+ Ac(x)y", xRN
—~Agv =b(x)vP +0c(x)v", xRV (L.5)
u,v>0, xRV andu — 0,v — 0as |x| — oo.

Under suitable conditions, they obtained the following results:

(i) there exists (0,0) < (A, 0;) < (eo,00) such that the system (1.5) has at least
one positive solution, if (0,0) < (4,0) < (A, 6,)

(ii) there exists (0,0) < (A*,0%) < (o0,00) such that the system (1.5) has no posi-
tive solution, if (A1*,0%) < (4,0).

Here we use (4,0) > (1*,0%) to denote L > A*,0 > 0" and the same meaning
for other cases in this paper.

We note that in order to obtain the existence results, the first eigenfunction of
—A, is used to construct the sub-solution for problems (1.2),(1.4) and (1.5). But for
the variable exponent problems, maybe the first eigenvalue and the first eigenfunction
of the operator —A,,(,) do not exist. Even if the first eigenfunction of —A,(,) exists,
because of the nonhomogeneity of —A,,(,), we still cannot to construct the sub-solution
of variable exponent problems with the first eigenfunction. In many cases, the radial
symmetric conditions are affective to deal with variable exponent problems, there are
many papers about the radial variable exponent problems, see [8-9,20,22] and reference
therein. In [19,20], with a condition similar to (1.3), the author discussed the existence
of positive solutions of the following problem

gu=Af(v), xeQ
v =A2Agu), x€Q
u=v=0, xedQ.

—Ap(
—Ap(
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Recently, in [21], the author considered the existence and asymptotic behavior of
positive solutions of the following system

—Ap = APO) (Y0 Ly (x)), x€Q
—Ayyv = 299 (@B 1y (x)), x€Q
u=v=0, xe€dQ.

Motivated by the above results, we study problem (1.1) in this paper. Our aim is
to give the existence and asymptotic behavior of positive weak solutions for problem
(1.1). By a new method to construct sub-supersolution, we obtain the existence of
positive weak solutions for problem (1.1) via sub-supersolution method.

The paper is organized as follows. In section 2, we recall some facts that will be
needed in the paper. In section 3, we give the proofs of main result. We will show the
asymptotic behavior of the positive solutions of problem (1.1) in the last section.

2. Notations and preliminaries

In order to deal with p(x)-Laplacian problem, we need some theories on spaces
LPY)(Q), W) (Q) and properties of p(x)-Laplacian which we will use later(see[6,15-

17]). For any f € C(Q), we write

[T =max f(x), f~ =minf(x).

xeQ x€Q

Denote

LPO(Q) = {u| u is a measurable real-valued funcion, / |u(x)|PWdx < oo}.
Q

We can introduce a norm on LP™)(Q) by

ul () :inf{?t > 0|/Q | @\P@dx < 1}

and (LPY(Q), || p(x)) becomes a Banach space. We call it variable exponent Lebesgue
space.
The space W'7)(Q) is defined by

Wh(Q) = {u € LPO(Q)] [Vu| € LPY(Q)},
and it can be equipped with the norm

HMH = |u‘p(x) + |Vu|p(x)7 Vu € WLP(X)(Q)'

We denote by W, " ™)(Q) the closure of Cy(Q) in WHPM(Q), and we call it variable
exponent Sobolev space. From [6], we know that spaces L' (Q), W'»™)(Q) and
WO1 P ) (Q) are separable, reflexive and uniform convex Banach spaces.
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We define

(L(u),v) = /Q VP2V uVvdx, Vu,v e Wol’p(x)(Q),

then L: W, " Q) - (Wy” ™)(Q))* is a continuous, bounded and strictly monotone
operator, and it is a homeomorphism(see[10,Theorem 3.1]).

DEFINITION 2.1. (1) (u,v) € Wol’p(x) (Q) x WOI’Q(X) (Q) is called a (weak) solution
of problem (1.1) if it satisfies

Jo IVulPO=2VuVpdx = [o®®) 4+ APE)0) odx
Jo V|79 =2VyVydx = fQ(vﬁ( )+ 990y ( ) ydx

forany (¢, y) € W3 "(Q) x w1 (Q).

@) (u,v) € W, " Q) x W, 49 (Q) is called a sub-solution (super-solution) of
problem (1.1) if (u,v) < (=)(0,0) on dQ and

) Jo(u*®) + AP0 ) pdx

Jo |VulP9=2VuV pdx < (
)fg(vﬁ( )+ 610y )ll/dx

Z
Jo | VY[ =2ViVydx < (>

forany (@, y) € W "(Q) x W™ (Q) with (¢, y) > (0,0).

DEFINITION 2.2. Let uy,u; € WP (Q). We say that —A,yuy < —A iz if
forall ¢ € W, ®)(Q) with ¢ >0, we have

/Q Vi, P92V, Vodx < /Q Vo [P 2V, V dx.
Now we give a comparison principle as follows.

LEMMA 2.1. (see [4,Lemma 2.2]) Let uy,up € WPW Q). If

—Aput < —Apu2 and up <uy on 0Q (i.e.(uy —ux)* € WOI"p(X)(Q)),

then uy < up in Q.

Throughout this paper, we assume the following conditions:

(D1) Q c RY is an open bounded domain with C? boundary 9Q;

(D2) p,geC'(Q) and 1 <p~ <p*,1<q <q";

(D3) o, B,m,n € C(Q) satisfying a(x),B(x) >0 and m(x),n(x) >0 on Q;
DHo<at<p —1,0<Bt<g —land (p~—1)(¢g —1)>mn".
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3. Existence of positive solutions

Now, we consider problem (1.1) in a bounded domain € with C? boundary, we
use d(x) denote the distance of x € Q to the boundary of Q. From Lemma 14.16
in [12], there exists a constant 0 < § small enough such that d(x) € C?>(Q35) and
[Vd(x)| = 1, where Q¢ = {x € Q|d(x) < €}.
Then we can denote
Ed(x), d(x)<9;
2
vi(e) =4 &8+ [V E(S T Tdr, 8 <d(x) <28

2

é6_i_fazéé(z(sa—t)l,:ldt, 26 <d(x),

where & > 0 is a constant. Obviously, 0 < v; € C!(Q)(see [21]).
Now we consider the following problem

Ay ow(x) =Uu, xeQ
p(x)
{WZO, X € 09Q (3.1)

and have the following results.

LEMMA 3.1. (see [11]) If the positive parameter L is large enough and w is the
unique solution of (3.1), then for any v € (0,1), there exist positive constants C1,Cy

such that .

1 1
Ciur =1+v <maxw(x) < Gur 1.
xeQ

Proof. By computation, we have
—EPO[(VpVd) InE +Ad), d(x) < §;

2
{Fpd - <2%—;d(> ){(111)15(25%»11 WVpVd+d]}
W=l _q

Xép(X)—l(wT*d) ol 8 <d(x) < 26;
0,20 < d(x).

~Apw¥1(x) =

From Lemma 2.2 of [21], we know that for any v € (0,1), there exists a positive
constant C = C(J,v,Q, p) which is independent on & such that

| = Apvi(¥)] < CEPW~1HY 36 on Q.

If we let CEP'—1HV = %[.1, then vy (x) is a sub-solution of (3.1). By the definition of
vi(x) and Lemma 2.1, there exists a positive constant C; such that

1
E6 =Cur -1+ <maxvy(x) < maxw(x).
x€Q xeQ
The right inequality can be obtained from Lemma 2.1 of [11]. O

Now we have the following result.
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THEOREM 3.1. If (D1)-(D4) hold, then there exists (As,60.) > (0,0) such that
problem (1.1) possesses a positive solution for any (A,0) > (A« 6.).

Proof. According to the sub-super solution method for variable exponent prob-
lems(see [11]), we only need to construct a positive sub-solution (¢, ¢,) and a super-
solution (z1,z2) of (1.1) such that (¢1,¢2) < (z1,22), then there exists a positive solu-

tion (u,v) of (1.1) satisfying (¢1,¢2) < (u,v) < (z1,z2). That’s complete the proof.

Let 0 = 1“2 ,T= In 2,then there exist k; =[; > 1 such that for any k > ky,l > [,

we have 0 < G T<6. Now we assume

¥ 1, d(x) <o
2
01(x) = { & — 14 [0 ko (21) " T g1, 6 < d(x) < 20
_2
ko _ 1 _i_fgckeko(wf‘—t)pfth’ 20 <d(x)

and
e 1 dx) <t

2
or(x) = { T 14 [ 1T (2T T, 1< d(x) <21
2
1 2R (B e, 21 < d(x).

It is easy to see ¢1,¢» € C!'(Q). By computation, we have

(ke )P [p(x) — 1+ (d(x) + ) V() Va (x) + 242,

gt = § { B o lnket® () )WV (0 + ()]}
< (kekoypl -1 (22=) 5T G () < 20

0, 20 <d(x).

When d(x) < o, we can obtain a constant ky > 0 such that for any k > k,, we have

< (27 (s ot +1)

Ink
[(a0)+ =5 ) Vo V() + sup

<p —1L
Then when & > max{k;,k,}, we have
~Ap01 SO G + 700, d(x) < o. (32)
When ¢ < d(x) < 20, since d(x) € C*>(Qs3), there exists C3 > 0 such that
—Ap (91 < C3(ke*)PH) " Ink.
Then there exists k3 > 0 such that when k > k3, we have

C3 (ke )P~ nk < kP,
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Let k. = max{ky,ks,k3}. Similarly, we obtain I,l3 and denote [, = max{ly,l,l3}.

Now we let 0 = M T = % and denote
ks L,
A= o O = fia
(D7 (-1
Then for any A > A., we have
—Ap <K < 4 AP0 5 < d(x) < 26. (3.3)
It is easy to see that
Ay =0< " 4 2P0 26 < d(x). (3.4)

Combining (3.2),(3.3) and (3.4), we can obtain that
A0 <07+ 27097 ae. on Q. (3.5)
Similarly, for any 6 > 6, , we have

—Aym 92 < ¢2 ) 4 gl ¢1 , a.e. on Q. (3.6)

From (3.5) and (3.6), we can see that (¢, ¢,) is a sub-solution of (1.1).
Now we consider the following problem

—A (x)7Z JLI’ Uy, x€Q
—A(), 911 U2, xeQ (3'7)
271=2=0, x€0Q,

where [, [, are positive constants to be chosen. From Lemma 3.1, we have

1
maxz; (x) < C(AP )71
x€Q

and

1
maxz;(x) < Cy(69 )7 1.
xXeQ

For any (A,0) > (A4, 0s), if there exist positive constants f;, Uy satisfying

ot mt
AP Uy = Co(AP )T+ ACH (09 pp) (3.8)
and
" LBt Lt
07 112 > Ca(67 )7 1 + OCS (AP py) 7, (3.9)
then (z1,22) will be a super-solution of (1.1). Since 0 < a™ <p~—1and 0 < BT <

g~ — 1, from (3.8), we can see that L, is large when p; is large. Also from (3.8), we

obtain
mt

D!+ _m_
¢ _GA )P T AG(OT )7 T
Hy Hy '

AP
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From 0 < o < p~ — 1 we have

at
C p+ 1
fim AT
Hi—ee i
Thus, when p; is large, we have
+ + L
APy S2AC (07 pp)a -t
Then by (D4) and when u; is large, we obtain
N P A o ottt
09 Ly > G (67 ) -1 +C, P 719(21),,:1(911 Up)a —1r -1
+ B + ot
= (07 )7 1+ 0C(2AC (07 ) 1)t

+ +

BT nt
> G (07 ) v 1 +60C (AP ) 1.

Thus (3.8) and (3.9) can be satisfied for some i, large enough. We obtained a
super-solution of (1.1).

Now we will show that (¢1,¢,) < (z1,22) in Q.

In the definition of v (x), let & = %(max, _g ¢1 (x) + max, g |V¢; (x)[). From the
proof of Lemma 3.1, we know that when p; is large enough, then

vi(x) <zx), x€Q

So if we still have
¢1(x) <vi(x), x €Q,

the proof will be completed.
Obviously, we have

¢1(x) < 2max ¢ (x) < vi(x), d(x) = 6.
x€Q

Since ¢; —v; € C'(Q;5), there exists a point xg € Qg such that

d1(x0) — vi(x0) = max @ (x) — vy (x)].

xeQ;
If ¢ (x0) —vi(xo) >0, then 0 < d(xg) < &, so we have
Vi (xo) — Vvi(xg) =0. (3.10)
By the definition of v (x) and &, we have
(Vvi(x)[ =& > [Voi(x)], 0 <d(x) <8.
Contradicts to (3.10), then

ma_x[(Pl (x) -V (x)} <0,
x€Qg
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ie.
o1 (x) <vi(x), 0<d(x) < 9.

Then we obtain
o1(x) <vi(x), x€ Q.

By the proof of Lemma 3.1, there exists a positive constant C4 such that

—A,vi(x) < CEPWI~IHY C47Lf+ a.e. on Q.

We choose u = C4AY " in problem (3.1) and according to Lemma 2.1, we have
vi(x) <w(x), Vxe Q.
Again by Lemma 2.1, for any A > A, and y; is large enough, we have
o1 (x) <vi(x) <wx) <zi(x), xe Q.
Similarly, for any 6 > 6, and  is large enough, we have
®(x) < z22(x), x € Q.

That completes the proof of Theorem 3.1.0

REMARK 3.1. Under the conditions (D1)-(D4), if we still have a,b,c,d € C(ﬁ) s
a(x),b(x) are nonnegative functions and ¢(x),d(x) are positive functions, then the fol-
lowing problem

—Ap(yt = a(x)u o) 4 AP (x) vl xeQ
—Ayv="b b(x)VPW + 0904 (x)u"™ | x e Q
u=v=0, xedQ

has a positive solution when (4,0) > (A, 6,) for some (0,0) < (A4, 6.).

If Q=B(0,r) and p(x) = p(|x|),q(x) = q(|x|) are radial functions, where B(0,r)
denotes the open N—dimensional ball with center 0 and radius » > 0. It is a special
case of problem (1.1). Denote by p(x) = |x|, then we have the following result.

COROLLARY 3.1. If Q = B(0,r) is a ball, p(x) = p(|x|),q(x) = q(|x|) are ra-
dial functions and (D2)-(D4) hold, then there exists (A, 6,) > (0,0) such that for any
(A,0) > (A, 6.), problem (1.1) has at least one positive solution.

Proof. The proof of Corollary 3.1 is along that of Theorem 3.1, but since we need
not Lemma 3.1, the proof will be a little different. We give a sketch here.
Let 0= “}f,r = 1;;2 , then there exists k; =11 > 1 such that for any k >k, > [y,
we have 0,7 € (0,r), for any € > 0 small enough, we denote
¥ 1, d(x) <o
2
01(x) = { € — 14 [0 ko (I=Ly i dr, o <d(x) <r—e
2
— 1+ [5 ket (L) -ldr, r—e <d(x) <
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and

2
dr(x) =1 elT—1 +ffd(x) le”(%)q’*ldt, T<d(x)<r—e
2
et — 14 [[FleT(EL) e ldt, r—e <d(x)<r
It is easy to see that ¢;,¢, € C'(Q). By the same discussion in the proof of Theorem
3.1, we obtain (A, 0,) > (0,0), and forany (4,0) > (A«,6.), (¢1,¢>) is a sub-solution
of (L.1).
By directly computation, we can see

r )Lf“l W r 9!1*!12 lm%l
Zl—/p (Tl> dt, ZQ—/l; (Tl> dt

is a positive solution of problem (3.7). Obviously, there exists a { € [0, 7] such that

PPt T TN 1
maxz; = / (—'ult> PO g = ()Ler‘ul)P(C)*l / (_> p)-1 < CS()LI’JF‘ul)p*fl ,
xeQ 0 N 0o \N
where Cs is a positive constant and p; is large. Similarly, we have

1

n
maxz, < Co(079 wp)a 1.
xeQ

Then for any (A,0) > (A, 0.), we can see (3.8) and (3.9) can be satisfied for some
Uy, Uy large enough. Thus we obtain that (z;,z;) is a super-solution of (1.1).

Now, we show that (¢1,¢,) < (z1,z2) in Q.

Since Q= B(0,r), we know d(x) =r—p(x) forany x € Q. Forany € < ¢, when
Uy is large enough, we have

01(x) <z1(x), d(x) <e.

When & < d(x) < r, we can see that ¢;(x) is bounded and

1

AP N TP N e
21 (x) = = Ty dt>/ = )"l — oo, as oo.
1) /,, ( ) ,_,3( ) T

Then
o1 (x) <z1(x), x€Q,

when i is large enough. Similarly, when (i, is large enough, we have
M (x) <z22(x), x€ Q.

Thus (¢1,¢:) < (z1,22), we complete the proof of Corollary 3.1.0
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4. Asymptotic behavior of the positive solutions

In this section, we will discuss the asymptotic behavior of the positive solutions
near the boundary. We shall establish the following theorems.

THEOREM 4.1. Under the conditions of (D1)-(D4) and (u,v) is a solution of (1.1)
which has been obtained in Theorem 3.1, then for any v € (0,1), there exist positive
constants C7,Cg,Co,Cy such that

1

CiAd(x) <u(x) < C9(7Lp+[.11)ﬁ(d(x))v, asd(x) — 0,

_1
Cs0d(x) < v(x) < C10(6’1+[,L2)‘1’*1 (d(x))Y, asd(x) — 0,
where L1, Uy are large constants and satisfying (3.8) and (3.9).

Proof. Obviously, when d(x) — 0, we have
u(x) = 1 (x) = % — 1 > G Ad(x) (4.1)

and
v(x) = ¢ (x) = €W — 1 > Ce0d(x). (4.2)

Define L
v3(x) = k(d(x))", x € Q,

where 0 < ¢ < ¢ is small enough and v € (0,1) is a constant.
By computation, we have

—Apv3(x) = = (k)P v = 1) (p(x) = 1) (d(x) Y DPHTDT (14 TI()), x € Q,

(4.3)
where
M() = d(x)VpVdInkv  d(x)VpVdind d(x)Ad
(v—=1)(p(x)—1) p(x)—1 (v—=1(p(x)—1)
1
+ —
and it is easy to see that IT(x) — 0 as d(x) — 0. Let k = M, when ¢ is

S
small enough, from (4.3), we have

—Apv3(x) = (V)P > A0y,

Obviously v3(x) > z1(x) when d(x) =0 or d(x) = ¢ for ¢ is small enough.
On the other hand, when

max{(1-v)p",(1-v)gt} <1,

we have v3 € WHP0)(Q) nWM(Q.). According to Lemma 2.1, we have v3(x) >
z1(x). Thus

u(x) <Gy (lf.ul) lﬁ(d(x))v, asd(x) — 0.
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Similarly, we have

_1
u(x) < Cro(AP" )7 (d(x))", as d(x) — 0.
Combining with (4.1) and (4.2), we complete the proof. O

If Q=B(0,r) and p(x) = p(|x|),q(x) = g(|x|) are radial functions, we have the
following stronger result.

THEOREM 4.2. If Q = B(0,r) is a ball, p(x) = p(|x|),q(x) = q(|x|) are radial
Sfunctions and (D2)-(D4) hold, (u,v) is a solution of (1.1) which has been obtained in
Corollary 3.1, then

u(x) =0(d(x)), asd(x) — 0,

v(x) =0(d(x)), as d(x) — 0.

Proof. When L is large enough, it is easy to see
AP N s
M(X)<21(X):/ < Nnul )I’() ldt

- )

Together with (4.1), we obtain

“ldr < (%r) F%ld(x).

Similarly, we have

This completes the proof. O
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