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OSCILLATION CRITERIA FOR EVEN ORDER
NONLINEAR NEUTRAL DIFFERENCE EQUATIONS

D. SEGHAR, S. SELVARANGAM AND E. THANDAPANI

(Communicated by Marcia Federson)

Abstract. Some new oscillation results are obtained for the even order nonlinear neutral differ-
ence equation of the form

A(anAmilZn) +qnf(xn70') =0
where z;, = X + ppXq(y)- Our results generalize and improve some of the existing results. Two
examples are provided to illustrate the main results.

1. Introduction

In this paper, we are concerned with the oscillation of all solutions of even order
nonlinear neutral difference equation of the form

A(an A" ' 20) + quf (Xn—c) = 0, n = nyo (1.1)

where m > 2 is an even integer and z, = x, + ppX(,) subject to the following condi-
tions:

(c1) {au} is a positive increasing sequence of real numbers for alln > ng;

(¢2) {qu} and {p,} with 0 < p, < p < o0, q, > 0 are sequences of real numbers for
all n > ny;

(¢3) {7(n)} is sequence of integers such that lim 7(n) = e and o is a positive inte-
n—so0
ger;

1)

(c1) f is a continuous real valued function such that —= > L > 0 for y A0 and L
y

is a constant.

Let 6 = max{o, n;in 7(n)}. By a solution of equation (1.1) we mean a sequence {x,}
nzngo

which is defined for all n > ny — 6 and satisfies equation (1.1) for sufficiently large
value of n. As a customary, a nontrivial solution {x,} of equation (1.1) is said to be
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nonoscillatory if all the terms of {x,} are eventually of one sign; otherwise the solution
{xx} is called oscillatory.

In recent years, there is an increasing interest in studying the oscillatory and
asymptotic behavior of solutions of higher order neutral difference equations, since
such type of equations naturally arise in the applications including problems in popu-
lation dynamics or in cobweb models in economics. The problem of finding sufficient
conditions which ensure that all solutions or all bounded solutions of difference equa-
tions of neutral type are oscillatory has been studied by many authors, see for example
[1,2,3,4,5,7,8,10, 11, 12, 13, 14], and the references contained there in. Most of the
authors consider the case when sequence {p,} in the neutral part satisfying

- 1
ngn<p<1 and 2—:00

n=ny an

But the results on the oscillation of equation (1.1) when the sequence {p,} satisfying

o1
0<pp<p<oo or 2—<°°

n=ng Qn

are relatively scarce, see [1, 2].In particular in [9], the authors considered a continu-
ous analog of equation(1.1) and obtained two results with a restriction on the neutral
term.Further in one theorem they obtained a criteria which implies that every solution
is either oscillatory or tends to zero and will not say when all solutions are oscillatory.
Motivated by these observations in this paper, we establish some sufficient conditions
for the oscillation of all solutions of equation (1.1) when

oo

o 1 1
0 < pn < p <o and either 2—:ooor 2—<oo

n=ngp “n n=ngp “n

satisfied. Therefore our results extend and improve the results in [9] and some of the
the results in [1-5,7,8,10-14].

In Section 2, we present some preliminary lemmas which are needed for our sub-
sequent discussion. Section 3 deals with oscillation results for the equation (1.1) and in
Section 4, we provide some examples to illustrate the main results.

2. Some Preliminary Lemmas

In this section, we present lemmas which will be useful in proving our main results.
Throughout this paper we use the following notation without further mention:

Py = min{Qn75]‘r(n)}7 On =LP,,

and

- 1
(snzza—
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LEMMA 1. Let {u,} be a sequence of real numbers and u, > 0 with {A"u,} be
of constant sign eventually and not identically zero eventually. Then there exist integers
1€{0,1,2,...,m} with (m+1) odd for A"u, <0, and (m+1) even for A"u, >0 and
N > 0 such that

Nu, >0for j=1,2,3....1, 2.1)

and L
(=) Ay >0 for j=1+1,1+2,....m (2.2)

foralln> N.

LEMMA 2. Let {u,} be a sequence of real numbers and u, >0 and A"u, <0
and not identically equal to zero. Then there exists a large integer N > 0 such that
(n—N)m=1)

Uy > WA”’—luzm,l,lnforn >N, 1€{0,1,2,...,m}, (2.3)

where u')) = u(u—1)(u—2)...(u— j+1). Note if further {u,} is increasing, then

1 n \(m-1)
Up = =1 <W> A" Yy, forall n>2""q.

The proofs of last two lemmas can be found in [1].

LEMMA 3. Assume that
|
Sizn() as
and let {x,} be a positive solution of equation (1.1). Then there exists ny > no such
that
20 > 0,Az, > 0,A" 'z, > 0 and A"z, <0 foralln > n

Proof. Since {x,} is a positive solution of equation (1.1) there exists n; > ng
such that x,, > 0 and Xi(n) > 0 for all n > n;. Then by the definition of z,, we have
Zp > 0 for all n > n;. Also from the equation (1.1), we have

Aa, A" 2,) = —quf(xn—c) < O forall n > ng. (2.4)

Therefore a,A™ 'z, is decreasing and of one sign for all n > n;. Since {a,} is positive,
we have either A” !z, <0 or A" 'z, >0 eventually. We shall prove that A"z, >0.
If not, then there exists a constant ¢ < 0 such that

apA" 'z, <c < Oforalln>ny.

Dividing the last inequality by a, and summing from n; to n we get

n

_ _ 1
A 2Zn—Am 2an <c 2 _.

s=ny as
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Letting n — oo in the last inequality, we see that A" 2z, — —oo. That is A" 2z, <0
eventually. Now A" 2z, < 0 eventually implies A" 3z, < 0 eventually. Continuing
this process we get z, < 0 eventually which is a contradiction. Hence A" !z, > 0
eventually. Moreover {a,} is positive and increasing and A(a,A"™ 'z,) < 0 for all
n>ny, we have A"z, <0 forall n>n;. U

The proof of the following lemma can be found in [6].
LEMMA 4. The first order difference inequality

Ayn+ pnyn—2 <0

has no eventually positive solution if

n—1 T T+1
liminf Ds > (—) (2.5)
e s=§ir T+1
or
limsup Y, ps>1. (2.6)

n—e  s—n—1

3. Oscillation Results

In this section, we present some sufficient conditions for the oscillation of all so-
lutions of equation (1.1).

|
THEOREM 1. Assume that Y, — =oo. If

n=ng dn

Y, Py=co, (3.1
then every solution of equation (1.1) is oscillatory.

Proof. Let {x,} be a nonoscillatory solution of equation (1.1). Without loss of
generality we may assume that {x, } is a positive solution of equation (1.1). Then there
exists a n; = ng such that x, > 0, Xg(n) > 0 and x,,_g > 0 for all n > n;. Then from

Lemma 3, we have z, > 0,Az, > 0,A" 'z, >0 and A"z, <0 forall n > n,.
Now , using the condition (c4) in equation (1.1), we see that

Aa, A" '2,) = —quf (Xn—6) < —Lgnxn_o < 0 forall n > ny. (3.2)
Therefore a,A” 'z, is decreasing. Also from the last inequality, we have

Aap, A" '2,) + Lgnxn—o —|—pA(aT(n)Am_lzT(,,)) + LGg(n)PX1(n-0) < 0 forall n>ny.
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That is
A(anA"'24) + LPzn—6 + pA(@gA™ '24(y) <Oforall n>n;. (3.3)
Now summing the last inequality from n; to n — 1, we obtain

n—1
A" 2y — am A"y + LY, Pz + pazA" 2o

s=nj

_Par(nl)AmflzT(,,l) < Oforalln > ny.

That is

n—1
LY, Pzs-o < an A" 'y — anA" 2+ paac(u ) A" g (3.4)
sS=np .

- Par(n)AmflzT(n) < Oforall n > n;.

Since Az, > 0 and z, > 0 eventually there exists a positive constant ¢ such that z,_ ¢ >
c for all n > ny. Using this and the monotonicity of a,A™~ !z, in the last inequality and
letting n — oo, we get

n—1
Y, Py <o, (3.5)

s=nj

which is a contradiction to (3.1). Now the proof is complete. [

REMARK 1. In the last theorem we did not impose any condition on the sequence
{t(n)}. Thatis ,t(n) may be delay or advanced argument. Hence our result is more
general than some of the existing results in the literature.

© 1
THEOREM 2. Assume that Y, — = oo and let T(n) =n+ t. If either

s=ng An

n—1 _ (m—1) o ' o+1
limint Y =90 (L+p)im 1)'< ° ) (3.6)
[ ——) ds— o A« o+ 1

or

n _ (m—1) _
lim sup 2 (s—0) QS} (L+p)(m—1): (3.7

)
n—e s—pn_g ds—o A

where A € (0,1), then every solution of equation (1.1) is oscillatory.

Proof. 1f possible let us assume that {x,} is a nonoscillatory solution of equation
(1.1). Without loss of generality we may assume that there exists n; > ng such that
Xp >0, xg(;) >0 and x,—g > 0 for all n > n;. Now proceeding as in the previous
theorem, we obtain (3.3). That is,

A(anA’"_lzn) +LP2p—g+ pA(aT(,,)Am_lzT(n_G)) <Oforall n > ny. (3.8)



446 D. SEGHAR, S. SELVARANGAM AND E. THANDAPANI

Now, since A” 1z, > 0,A"z, <0, using Lemma 2 there exists ny > n; such that

1 n—o\"m Y
m—1 m—1
Ala,A Zn)"’Qnm (W) A" zh s

+ PA(ar( A" g (nc)) <O foralln >np > 27

(3.9)

Put u, = a,A" 'z,. Then u, >0 and Au, <0 and the last inequality becomes

AQn (n o G)(m—l)
m—1!  ay¢

1 (m—1)

Now put wy, = uy + pug(y). Then w, > 0. Since u, is decreasing and t(n) =
n+ 1T > n, we have

Aup + pu‘r(n)) +

uy—g < 0forall n > ny, forevery A, (3.10)

where

wn < (14 p)uy. (3.11)
Using (3.11) in (3.10), we see that w;, is a positive solution of

20, (n—o)m=h

Aw,, +
" m—1)! (14 play_o

Wn—o < Oforall n > nj. (3.12)

Now we consider two cases when (3.6) or (3.7) holds.
Case (i). If the condition (3.6) holds, then Lemma 4 implies that the inequality (3.12)
has no positive solution, which is a contradiction.
Case (ii). If condition (3.7) holds, again by Lemma 4 we conclude that the inequality
(3.12) has no positive solution, which is a contradiction. This completes the proof. [

ol |
THEOREM 3. Assume that 'y, — =oo and n— o < t(n) < n. If either

n=ng dn

$ (-0)" Yo o \°"
o (s—0)" 0y (S
llrIlIllilfS:;G - > (1+p)(m 1).<G+1> (3.13)

or when 7! (n— o) is nondecreasing,and
n _ (m—1) )
limsup Y w>(l—|—p)(m—l)!, (3.14)
n—eo  s—n—0o as—c

then every solution of equation (1.1) is oscillatory.

Proof. Assume that {x,} is a nonoscillatory solution of equation (1.1). Without
loss of generality of we may assume that x, is a positive solution of equation (1.1).
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Then there exists an integer n; > ng such that x, > 0, Xe(n) > 0 and x,_& > 0 for all
n > ny. Now proceeding as in the previous theorem, we obtain

AQn (n—o)mV)

m—1!  a¢

A(up + putg(n)) + Uy <Oforalln>n. (3.15)

Put w, = u, + PlUr(n)- Then w, > 0. Since u, is decreasing, we have
Wa = Uy + PUg(ny < (14 p)ug(y for 7(n) <n. (3.16)
Using (3.16) in (3.15), we get

_o)m=1)
AO, (n—o0) o

AWn+ (m_ 1)' o t=ln—c

) <Oforalln>n. (3.17)

Thus {w,} is a positive solution of the inequality (3.17).

Case (i). Suppose (3.13) holds, then Lemma 4 implies that the inequality (3.17) has no
positive solution, which is a contradiction.

Case (ii). Suppose (3.14) holds. then again Lemma 4 implies that the inequality (3.17)
has no positive solution, which is a contradiction. Now the proof is complete. [J

THEOREM 4. Assume that
- 1
2 —<eo
n=n an

and n— o < t(n) <n. If either (3.13) or when t~'(n— o) is nondecreasing with (3.14)
holds and for sufficiently large ny; > ng

S (1+p)
limsu = 50,(s—0)" V- T |~ (3.18)
n_’mpszzno (}’l - 2)' ( ) 4as+15s+1

where 0 < A < 1, then every solution of equation (1.1) is oscillatory.

Proof. If possible let {x,} be a nonoscillatory solution of equation (1.1). Without
loss of generality we may assume that x;, is a positive solution of equation (1.1). Then
there exists a n; > ng such that x, > 0, Xi(n) > 0 and x,_¢ > 0 for all n > n;. From
equation (1.1) we see that A(a,A"™ 'z,) <0 for all n > n;. Since {a,} is positive,
A"z, is of one sign for all n > n;.

Case (i). Suppose A" !z, > 0 eventually. The proof for this case is similar to that of
Case (i) of Theorem 3 and hence the details are omitted.

Case (ii). Suppose A" !z, < 0 eventually. Then by Lemma 1, we have A" %z, >0
and Az, > 0. Now define w, by

- anAm—lzn

Wy, = A, foralln > ny > ny. (3.19)
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Then w,, < 0 and

—1 —1
A(anAm Zn) _ n 1A 21
Am72zn Am72zn+lAm72Zn

Aw, = A"z forall n > n,.

Since a,A" 1z, is decreasing and A2z s increasing, we have

A(anAmilZn) W%H

Aw, < — .
Am—ZZn An+1

(3.20)

Using the decreasing nature of a,A™ 'z, we have
A"z < apnA" Tz, foralll >n > ns.

Dividing the last inequality by q; and summing the resulting inequality from n to [ — 1,
we get

-1
1
Am_zZl o Am—ZZn < anAm—IZn 2 _.
s=n S
Letting [ — oo, we obtain
0 < Am—2zn+anAm—lzn6n
A" 17,6,
oo —1< %an&q <O0forall n>ny. 3.21)
Define v, by
Arn Am—lZ "
Yy = T(LT%HT() for all n > ny. (3.22)
We obtain v,, < 0 and
—1<v,06, <0 forall n>ny. (3.23)

Also from (3.22), we get

A (A" 24()) 3 (e A" 2

— m—1
Avy, = Am—ZZn Arn—22n+lArn—22n A n
-1 2
< A(ar(mmAZ S)  Vier (3.24)
A"z Ar(n+1)
Combining (3.20) and (3.24), we obtain
A nAm—l Y 2 Ala nAmflz ; 2
Mt phvy < BOA” T Wt (50 — ), e
A2z, Any1 A"z, Ar(ni1)
Using the inequality (3.3) in the last inequality, we have
Awp+ pAvy < —rZn=0 Yt ) Tuil (3.25)

A" 2z, Gpil Ag(ny)
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Now from Lemma 2,

(n— o)A 27, o (3.26)

In—o =

(m—2)!
Since A” !z, <0 and n— 6 < n, we have
A" 2, < A" s (3.27)

Combining the inequalities (3.25), (3.26) and (3.27), we have

2 2
A0 (n—o)m=2) M1 Vet (3.28)

Aw, + pAv, < —
W PR S T ) Api1l App

Now multiplying (3.28) by §, and taking summation on the resulting inequality from
ny to n— 1, we obtain

" owgi " v
OnWn — OpyWn, + Z —— +pOuVn — POn,Vn, + P Z —

s=ny Gs s=ny s
| n—1 V2 |
+ z Wi 5 +p Y L g,
s=ny 4 s=ny %s+1

EQX 0)"26,<0. (3.29)

snz

Using the increasing nature of {a,}, decreasing nature of {J,} and then completion of
square, we have

5nwn_5nzwn2 +p5nvn 6 2 Vn, 2 Qs Os
S ny
n—1 n—1
1 R~ R
4 s=ny as+15s+1 4 s=ny as+15s+1
or
_ 1+p)
Wy + pOyvu + ——+ 0 s—o)m 2)5—(7
nt PO 2 TR A P w

< 8, Wny + 8y Viny -

By taking limit supremum as n — oo in the last inequality we obtain a contradiction to
(3.18). This completes the proof. [

THEOREM 5. Assume that
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and let t©(n) > n. If either (3.6) holds or when T~'(n— o) is nondecreasing with (3.7)
holds and for sufficiently large n; > ng

n—1 A

limsu —_—
,,_mpszzn‘l (m—2)!

(1+p)

_LTh) (3.30)
4a5110;(541)

Qs(s— )" 25y —

where 0 < A < 1 is a constant, then every solution of equation (1.1) is oscillatory.

Proof. On the contrary let us assume that {x,} is a nonoscillatory solution of
equation (1.1). Without loss of generality we may assume that {x,} is a positive so-
lution of equation (1.1). Then there exists n; = ng such that x, > 0, x¢(,) >0 and
Xp—o > 0 for all n > ny. From equation (1.1), we see that {anAm’lzn} is decreas-
ing for all n > n;. Then there are two cases for A" !z, namely, either A" 'z, >0
eventually or A1z, < 0 eventually.

Case (i). A" ¥z, > 0 for all n > n;. Then the proof is similar to that of case (i) in
Theorem 2 and the details are omitted.

Case (ii). A" 'z, <0 for all n > n;. Then by Lemma 1, we have A" 2z, > 0 and
Az, > 0. Define ¥, by

Ay A" 2e()

e forall n > ny > ny. (3.31)
m— Zn

=

Then %, < 0 for all n > n,. Since a, A"z, is decreasing we have
aT(S)Am_lzT(s) < aT(,,)Am_lzT(,,) forall s > n > n,.

Dividing the last inequality by a;(s) and then summing the resulting inequality from n
tol—1, we get

-1 1

Amisz(l) _Am72zn < aT(n)AmilZT(n Z aT(v) . (332)
Letting, [ — oo we see that
m—2 m—1
0 <A™ 230y S Ag)A zf(n)ér(n). (3.33)
Since A"z, <0, A2z, is decreasing and therefore for 7(n) > n, we have
A" 2z S A" Pz, foralln > . (3.34)
Combining (3.33) and (3.34), we obtain
—-1< Vn6‘r(n) <0 forall n>nyp. (3.35)

Similarly defining w,, by

- anAm_lZn

A forall n > ny
n

Wn
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we get
—1< wn&(n) <0. (3.36)

Now proceeding as in the proof of Theorem 4 we get (3.28). Multiplying (3.28) by
5r(n) and then summing it from n, to n — 1, we get

57:(n)Wn 0; T(ny) Wy + 2 Dol + po; 7(n) pa‘r(nz)vnz
s=n; aT( )
n—1 V2 n—1 W2
+p s+1 + s+1
Sznz 52712 aT( ) S_Z (17:( )

Zst— )m=D§, 5 <0 (3.37)

sn2

Now using the increasing nature of {a,}, decreasing nature of {8,} and then complet-
ing the square, we have

Or(m)Wn — Ot(ny)Wny + POr(n)Vn — p5 () Vi

Z Os(s 8105

s=ny
n—1 n—1
- 1 1 » L <
45 ar(s1)Or(srr) 4 — Ar(s+1)0r(s41)
or
5T(n)wn + p5
_ (1+p)
+ sts— (m=2)§ g
sznz (s=0) w) 4ar(541)0r(s+1)

< Bt(ny)Wny + POr(ny)Viny-
By taking limit supremum as n — oo in the last inequality we get a contradiction to
(3.30). This completes the proof. [
4. Examples
In this section we present two examples to illustrate the main results

EXAMPLE 1. Consider the difference equation
ARA™ (26, +4x,12)) 52" N 2n 4 1)x, 2 =0,n>2 (4.1)

where m > 4 is an even integer. Here p, =4 >0, a, =n, g, = 52" ) (2n+1),
t(n) =n+2 and o =2. Itis easy to see that all conditions of Theorem 2 are satisfied
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and hence every solution of equation (4.1) is oscillatory. In fact {x,} = {(—1)"} is one
such oscillatory solution of equation (4.1).

EXAMPLE 2. Consider the difference equation
A((n+ DnA™ Y x, +2x, 1)) + 2" (n+ 1), 2(14+x2 ) =0,n>1 (4.2)

where m > 4 is an even integer. Here a, = n(n+1), p, =2, ¢, =2"(n+1)?, 6 =2
and 7(n) =n— 1. It is easy to see that all conditions of Theorem 4 are satisfied and
hence every solution of equation (4.2) is oscillatory.In fact {x,} = {(—1)"} is one such
oscillatory solution of equation (4.2).

We conclude this paper with the following remark.

REMARK 2. The results obtained in this paper extend and improve some of the
existing results. First we extend the range of the neutral function p, from the interval

1
0<p,<p<1to0<p,<p<eo. Second ,in the case of Y — < e most of

n=ngy dn
the results obtained so far give the solutions of the equation are either oscillatory or
tend to zero.But we improved this and obtained criteria under which all solutions are
oscillatory.

Acknowledgements. The authors thank the referees for their useful suggestions
and corrections that improved the content of the paper.

REFERENCES

[11 R. P. AGARWAL,Difference Equations and Inequalities, Marcel Dekker, New York, 2000.
[2] R.P. AGARWAL, M. BOHNER, S. R. GRACE AND D. O’REGAN, Discrete Oscillation Theory, Hin-
dawi Publ.Co., New York, 2005.
[3] R.P. AGARWAL, E. THANDAPANI AND P. J. Y. WONG, Oscillations of higher order netural differ-
ence equations, Appl. Math. Lett., 10 (1997), 71-78.
[4] Y. BOLAT AND O. AKIN,Oscillatory behavior of a higher-order nonlinear neutral type functional
difference equations with oscillating coefficients, Appl. Math. Lett., 17 (2004), 1073-1078.
[5] Y. BOLAT, O. AKIN AND H. YILDIRIM, Oscillation criteria for certain even order neutral difference
equation with an oscillating coefficient, Appl. Math. Lett., 22 (2009), 590-594.
[6] I. GYORI AND G. LADAS, Oscillation Theory of Delay differential Equations with Applications,
Clarendan Press, Oxford, 1991.
[7]1 1. KIR AND Y. BOLAT, Oscillation criteria for higher-order neutral delay difference equations with
oscillating coefficients, Int. J. Difference Equ., 2 (2006), 219-223.
[8] N. PARHI AND A. K. TRIPATHY, Oscillation of a class of nonlinear neutral difference equations of
higher order, J. Math. Anal. Appl., 284 (2003), 756-774.
[91 RUBA ALI-HAMOURI AND ALI ZEIN, Oscillation criteria for certain even order neutral delay differ-
ential equations, Inter.J Diffential Equ., 2014, Article ID 437278, 5 pages.
[10] P. SUNDARAM, Oscillation criteria for even order neutral difference equations, Bull. Cal. Math. Soc.,
92 (2000), 81-86.
[11] M. K. YILDIZ AND O. OCALAN, Oscillation results for higher order nonlinear netural delay differ-
ence equations, Appl. Math. Lett., 20 (2007), 243-247.
[12] M. K. YILDIZ AND O. OCALAN, Forced oscillation of higher order nonlinear netuaral difference
equations with positive and negative coefficients, Adv. Diff. Eqn., 2012, Article No. 110.



Differ. Equ. Appl. 6 (2014), 441-453. 453

[13] A.ZAFER, Oscillatory and asymptotic behavior of higher order difference equations, Math. Comput.
Model., 21 (1995), 43-50.

[14] A. ZAFER AND R. S. DAHIYA, Oscillation of a neutral difference equation, Appl. Math. Lett., 6
(1993), 71-74.

(Received November 21, 2013) E. Thandapani, D. Seghar
(Revised July 25, 2014) Ramanujan Institute for Advanced Study in Mathematics
University of Madras

Chennai -600 005

India

e-mail: ethandapani@yahoo.co.in

S. Selvarangam

Presidency College (Autonomous)
Chennai -600 005

India

e-mail: selvarangam.9962@gmail .com

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com



