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BLOWUP ESTIMATES FOR A FAMILY OF SEMILINEAR
SPDES WITH TIME-DEPENDENT COEFFICIENTS

ABNER ALVAREZ, JOSE ALFREDO LOPEZ-MIMBELA AND NICOLAS PRIVAULT

(Communicated by Shangbin Cui)

Abstract. We investigate the blowup and stability of semilinear stochastic partial differential
equations with time-dependent coefficients using stopping times of exponential functionals of
Brownian martingales and a non-homogeneous heat semigroup. In particular we derive lower
bounds for the probability of blowup in finite time, and we provide sufficient conditions for the
existence of global positive solutions.

1. Introduction

In [5], Dozzi and Lépez-Mimbela have estimated the probability of finite-time
blowup of positive solutions and the probability of existence of non-trivial positive
global solutions of the SPDE with constant coefficients

du(t,x) = (Au(t,x) +ultP (t,x))dt + xu(t,x)dW,,
u(0,x) = f(x) >0, xeD, (1.1)
u(t,x)=0, t>0, x€dD,

where B > 0 and x > 0 are constants, D is a bounded domain of R with smooth
boundary 9D, the initial condition f: D — R is of class C* with f #0 and (W),cr
is a standard 1-dimensional Brownian motion on a stochastic basis (97 ZF, (%),;0,?’) .

In order to explain briefly the type of results obtained in [5] let us consider initial
values of the form f(x) =my(x), x € D (where m > 0 is a parameter and  is the
eigenfunction corresponding to the first eigenvalue of the Laplacian on D normalized
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by [pw(x)dx=1), and let u(z,x) be a weak solution of (1.1). Then, using essen-
tially the transformation v(¢,x) = e *"u(¢,x) and It6’s formula one can deduce that
the explosion time p of (1.1) fulfills o, < p < o* almost surely, where

o, = inf{t ;0:/(:exp(xﬁw,—ﬁ(/ll+K2/2)r)dr> 1/(3,,1/31,,&)},
of = inf{l >0: /Otexp(KﬁW,—ﬁ(ll +1<2/2)r)dr> l/(ﬂml3 (fw2(x)dx)ﬁ)}7

and A is the first eigenvalue of the Dirichlet problem for the Laplacian A on D. There-
fore, almost surely the weak solution of (1.1) is global on the event {0, = e}, and
blows up in finite time on {0* < eo}. Moreover we have

P(o" <1) <P(p <1t) <P(o: <1)

for any ¢t > 0, where the random variables o, and o* are given in terms of one and
the same Brownian functional [ exp(kBW, — B(A+ k?/2)r)dr, whose density can be
obtained for every ¢ > 0 from Yor’s formula (see [21], Ch. 4).

Similar results are valid for systems of semilinear SPDEs of the form

duy (1,x) = (A+V1)uy(t,x) +ub(1,x)) di + kyuy (,x) dW,;
duy(t,x) = ((A+Va)uz(t,x) +ul(t,x)) dt + kour (1,x)dW;, xe€D,  (1.2)

with Dirichlet boundary conditions (where p > ¢ > 1, and V; > 0 and k; # 0 are
given constants, i = 1,2). In [4] it is shown that for this kind of systems, the prob-
ability distributions of suitable lower and upper bounds for the blow-up time of (1.2)
are determined, respectively, by Brownian functionals of the form [; e A e?"r dr and
0 e™r v e?Wr dr for appropriate constants a,b.
In this paper we extend the above type of results to the time-dependent semilinear
SPDE

du(t,x) = (%kz(t)Au(t,x) —|—h(t)G(u(t,x))) dt + x(t)u(t,x)dW; (1.3)

with the same Dirichlet conditions as in (1.1) above, where h,k, Kk are continuous func-
tions from R into (0,e0) and G : R — R is a locally Lipschitz function.
Nonautonomous equations of the above type have been investigated by many au-
thors, see e.g. [2, 8, 13, 14, 17, 16, 20, 19]. Existence and uniqueness of local mild so-
lutions, space-time regularity properties, as well as conditions for existence of a unique
global solution have been investigated in [17] and [19] for a wide class of evolution
equations on Banach spaces perturbed by Hilbert space-valued Brownian motions. Sev-
eral notions of solutions for a class of semilinear nonautonomous SPDEs on bounded,
convex, smooth Euclidean domains are discussed in [16], which in many cases turn
out to be equivalent, see also [19]. Since the equations we study here use a simple
time-dependence of coefficients and a noise component which is a scalar multiple of
Brownian motion, the existence and uniqueness of their solutions follows from an easy
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adaptation of the approach used in [10, Sect. 3], where well-posedness of a nonau-
tonomous system of semilinear PDEs is investigated.

Let us explain in brief our main results and the methods we use to prove them. In
the sequel we let A; > O denote the first eigenvalue of the Dirichlet problem for the
Laplacian A on D with associated eigenfunction y normalized by [, y(x)dx=1,i.e.
Ay+ Ay =0o0n D and ylyp =0

Let u be a weak solution of (1.3). Imposing the conditions G(z) > Cz!*P for
z>0, and

h(z) ( ﬁM/kz \ds +_/Ot,<2(s)ds) >c (1.4)

K2 (t

where C,[3,¢ > 0 are constants and v € (0,] is a parameter, we show in Theo-
rem | below that the probability of blowup of u in finite time is lower bounded by
y(u,0)/T(u), where y(u, 0) is the lower incomplete gamma function relative to

o=%5 (), f(X)W(X)dX)ﬁ

with parameter u := (24; +v)/(vB). This is achieved by using the transformation
v(t,x) =e —Jox(s) @Wsy(z,x) and then exploiting the random PDE solved by v.
On the other hand, the existence of global solutions of (1.3) is analyzed using
the heat semigroup (Sy)o<r<icr, of the process ([ k(s)d )te[r .., Where W, is a
d-dimensional Brownian motion killed on leaving D, under the assumptions that G
satisfies G(0) =0 and

G(z) <AB, >0,

for some constant A > 0, and z — G(z)/z is increasing. In Corollary 3 below we show
that if the initial condition f satisfies

Aﬁ/omh(r)exp (ﬂ/ 5)dW, ——/ >||S0,,f£1dr<1 (1.5)

then (1.3) has a global positive solution. In the special setting C = A =1 and f(x) =
py, x € D, where p > 0 is some parameter and under Condition (1.4) we provide
in Corollary 4 an upper bound for the probability that the solution of (1.3) is global.
In case D is a connected bounded C%-domain in R? where o > 0, we show in
Theorem 4 that (1.5) is satisfied under Conditions (4.13)—(4.14). In case of constant
coefficients h(t) = 1, k(t) = v/2 and k() = k > 0 we recover in particular the blowup
and existence results of Dozzi and Lépez-Mimbela [5].

It also follows from our analysis that the presence of noise does not trigger blow-
up, and a higher level of noise modeled by the function k() can actually increase the
regularity of the solution, as can be seen in (1.4) and (1.5). This is in contrast with the
analysis of [11] in which the presence of a centered stochastic term does not prevent
blow-up of the solution.
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Our treatment of (1.3) renders as well an explosion condition for its deterministic
version. That is, if we consider the PDE

du 1
o, (1) = Ekz(t)Au(nx) +h(1)G(u(t,x))

with the same initial and boundary conditions, and the same assumptions on 4,k and
G as for SPDE (1.3), a criterion for explosion of positive solutions of this equation
is given in Section 2, which extends partially the classical result of H. Fujita [6]; see
Remark 1 below.

We remark that, although our approach is based on the methods used in [5], the
nonautonomous equation (1.3) is qualitatively different from its autonomous counter-
part, owing to the fact that it allows for richer dynamics and behaviors that are not
present in the autonomous equation: on the one hand, the coefficients A(¢) and x(z)
allow one to model time-dependent scale variations in the reaction and noise terms. On
the other hand, the linear operators %kz (#)A represent anomalous, time-inhomogeneous
diffusions capable of modifying qualitatively the development of (1.3). As a matter of
fact, the factor k%(¢) in front of A can drastically alter the asymptotic behavior of (1.3),
a phenomenon that might be better understood in the deterministic setting Kk = 0: tak-
ing for simplicity /() = 1 and D =R? one can show, as in [9], that integrability of k>
already excludes existence of global positive solutions of

du(t,x)
dr

1
= 5k2(t)Au(t,x)+ul+ﬁ(z,x), x€eD, (1.6)

for all nontrivial initial values «(0) > 0. From our analysis of Eq. (1.3) one can easily
deduce that also in the case of a bounded smooth domain D, the solution of (1.6)
blows up in finite time whenever k? is integrable and #(0) > 0 is not identically 0, see
Condition (2.17) below.

As in [5], our method to study the finite-time blowup and existence of global
positive solutions of (1.3) is to rewrite this SPDE into the random PDE (2.2) given
in Proposition 1 below. Upper and lower bounds for the blowup times of Eq. (2.2),
which are stopping times for exponential functionals of the form

Y(t) = /0 "m(r)exp (—n(r) +B /O ' K(s)dWs> dr, 10,

are obtained for suitable nonnegative functions m(r) and n(r). The asymptotic behav-
ior of (1.3), i.e. finite-time blowup versus existence, globally in time, of its positive
solutions is then studied by exploiting assumption (1.4) and classical results about the
law of ¥ (c0).

We proceed as follows. In Section 2 we recall some background definitions, cf.
also [5] for details, and we prove some preliminary results on weak solutions and
blowup times. Section 3 deals with the probability of blowup in finite time, while
existence results are presented in Section 4 based on semigroup arguments.
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2. Preliminaries

In this section we identify a random stopping time T which is a blowup time for
(1.3), i.e. any solution u(#,x) of (1.3) blows up before time 7 almost surely in the sense
that

limsup [u(t,x)| = +oo, a.s. on {T < 4oo}.
1T xeD

In the sequel we will use the process (M;),cr, defined by

t
M, = / K (s)dW,.
0

The next proposition shows that u(z,x) can be transformed into the solution of a random
PDE. We refer to § 1 of [5] for the notions of weak and mild solutions of a random PDE.

PROPOSITION 1. Let T be a given stopping time such that (1.3) possesses a weak
solution u on the interval (0, 7). Then the function v defined by

v(t,x) :=e Mu(r,x), t€[0,7), xeD, (2.1)

is a weak solution of the random PDE

o 0)
ot 2

(tx) = %kz(t)Av(t,x) KO0 b MG (Mt x),

v(0,x) = f(x) >0, x€D, (2.2)

v(t,x) =0, t€l0,1), x€dD.

Proof. We proceed as in [5]. Using It6’s formula we write the semimartingale expan-
sion

1 !
e M = 1—/ K(s)e Medw; + %/ K% (s)e M ds, teR,.
0 0
Then we have
[ uepmdr= [ fxewdx
D D
! 1
—|—/ / <§k2(s)u(s,x)A(p(x) +h(s)G(u(s,x))(p(x)) dxds
0 Jp
!
+/ / K(s)u(s,x)@(x)dxdWs, (2.3)
0 Jp
P-a.s. forall ¢ € [0,7) and for every ¢ € C?(D) vanishing on dD. Letting

u(t, 0) ::/Du(t,x)(p(x)dx,
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we rewrite (2.3) as

t =u(0 k2 u(s,A
u(t, ) Q)+ ¢)d

+/h s<pds+/

and for any fixed @, the process (u(t,¢)1jor)(?))ier, is also a semimartingale. Ob-
serve that the cross variation between e~ and u(t, @) is given by

d{e™ u(t,9)) = —Kz(t)efM’u(t, Q)dt,

which yields
vt @) = e Mu(t, )
1 1
= M0u(0.0)+ [ e d(uls. ) + [ uls @) (e™) + (e ulr.0))

/ K2 (s)v(s,AQ ds—l—/ h(s M-‘G(eMv)(s,(p)ds
-5 Kz( Jv(s, @)ds
/k2 Avs(pds+/h MG (M) (s, 9)ds

-3 r<2( )v(s, p)ds 24)
since we have u(0,¢) = v(O, ¢) by (2.1), and v(s,Ap) = Av(s, @) because the Laplace
operator is self-adjoint. Since v is differentiable with respect to ¢ up to eventual blowup
and by uniqueness of weak solution, equality (2.4) shows that v € C*(D) is a weak
solution of (2.2). O

In the development of this section we assume that the locally Lipschitz function
G :R — R, satisfies
Giz)=CP >0, (2.5)

where C,f3 > 0 are constants. Without loss of generality we assume, just like in [5],
that C =1 in (2.5), i.e.

Giz)=7""F,  z>o. (2.6)
For further use we also let
12
- / K (s)ds, K(t) == K(0,1), 2.7
g
1
J(rt) = / k*(s)ds, and J(r):=J(0,r),  rt>0. (2.8)
r

In Proposition 2 we construct a random upper bound 7* for the blowup time of the
solution u of (1.3).
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PROPOSITION 2. Any solution u of (1.3) on the interval (0,7*) exhibits finite-
time blowup on the event {7* < o}, where

1nf >0 : / h(s)e POaK)+I()/25BMs gg > %v(o y) P } (2.9)

Proof.  Since the Laplacian is self-adjoint, writting v(s,y) := [,v(s,x)y(x)dx we
have

Av(s,y) =v(s,Ay) = /Dv(s,x)Al[/(x) dx=—-N /Dv(s,x)l//(x) dx = —Av(s,y).
(2.10)

Moreover, it is well-known (cf. Corollary 3.3.7 of [3]) that y > 0 on D. Now, assump-
tion (2.6) and Jensen’s inequality give

G(eMv)(s,y) = /DG(eM”v(s,x))l[/(x)dx

> /D(eM”v(s,x))Hﬁl[/(x)dx

1+B
> (I+BIMs (/ v(&x)l//(x)dx)
D
eUFBIMs (5 yr) 4B, (2.11)

From (2.4) we obtain, for any € >0,

vit+e,w)—v(t,y)
S

= 5o ([ RO aas 2 [T e G s s
- [T was)

= 5o (2[R 2 [T e G s was
- [T R ds)

> 5 ([ RO s 2 [Tho s P as

— / e K2 (s)v(s, v) ds), (2.12)

where the second equality follows from (2.10), and inequality (2.12) arises from (2.11).
Letting € — 0 in (2.12) shows that

dv
E(h W)

—5 (MR + &2 (0) vt w) + k()P Miv (e, y) P

NIH
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and by means of a comparison argument (see e.g. Theorem 1.3 of [18]) we get

v(t,y) = 1(2), >0, (2.13)
where I(-) denotes the solution of the ODE
I'(t) = —% (MK (1) + K2(0) (1) + h(2)ePM 1 ()P (2.14)
1(0) = v(0, y).

In order to solve (2.14) we use the substitution w = w(z) := I"P() to obtain

- %(Mé (1) + K2(0)) 1(t) + h(r)ePM 1 (1) P

draw 1,
=1'0=goa =g MO,

which simplifies to the linear ODE

w (1) — g(llkz(t) +Kk2(1))w(t) = —Bh(r)ePM, 1

WV
k=)

(2.15)
w(0) =v(0,y) 5.

Multiplying (2.15) by the integrating factor e B(MKO)+/(1)/2 we obtain

4 (e—ﬁw(ww(w)/zw(,)) — _Bh(t)e BKO) @)/ 24BM,

dt
and integrating from O to ¢ on both sides of this equality we get
o BOK @)+ __B / h(s)e BAKGIHI6)/2+BMs g |y (0),
and

w(t) = PR+ ( B / h(s)eBK) <-‘>>/2+/3des),

hence

~1/B
1(t) = e~ (MK ))/2( 0, v)F—p / h(s)e BKO) ())/2+13M.sds> (2.16)

forall 0 <7 < t*, where 7" is given by (2.9). Next, the inequality (2.13), i.e. I(-) <
v(-,¥), shows that 7" is an upper bound for the blowup time of v(-,y), hence the

function
tH/e_M’u(t,x)u/(x)dx
D

also explodes in finite time on the event {7* < eo}. Since [, y(x)dx=1and 1 +— e~
is bounded on [0, 7] if 7* is finite, it follows that the function 7 — ||u(z, -)||-. cannot be
bounded on [0,7*] if T* < eo. Therefore, u also blows up in finite time on {7* < o},
and T* is an upper bound for the blowup time of u. (|

M
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REMARK 1. Setting k(z) =0 forall # > 0 in (2.9) renders an explosion condition
for the deterministic version of (1.3). That is, if we consider the PDE
0 1
22 (t.0) = SR (1) Aule,x) + (1) Glulr ),

with the same initial and boundary conditions, and the same assumptions on 4,k and G
as for SPDE (1.3), then the solution u of this deterministic PDE is non-global provided
that

/h “BAK(s /st>Ev(0 y) P (2.17)

Hence, if h(r)e BMK()/2 ¢ [1(]0,0)), u is non-global when

1/B
/f dx>< / h(s)e PMK(s /2ds> . (2.18)

If h(r)e PMK(/2 ¢ [1(]0,00)), u is always non-global except in the case of f = 0.
If (2.18) holds and in addition k2 = A, then the condition

MNP e sy P
/f x)dx > (2) (1 ’ )

also implies finite-time blowup of u.

3. Probability bounds for blowup

Throughout the development of this section we let y be an eigenfunction of norm
Jp w(x)dx =1 associated with the first Dirichlet eigenvalue A; > 0. That is, we have
Ay+ Ay =0 on D and yl|yp =0.

As a consequence of Proposition 2, in order to find the probability of finite time
blowup of u, we investigate /() defined by (2.16) instead. More specifically, we need
to investigate the law of the functional

/ h(s)e POMK I /24BMs g

In practice we will impose relations on s,k and k so that the above functional reverts
to a functional whose law is known. Theorem 1 provides such a relation and computes
a lower bound for the probability of blowup of (1.3) in finite time.

THEOREM 1. Suppose that h,k,x > 0 are continuous functions on R such that

h(t) —BA1(K(r)/2—J(t)/V)
>c, R, .1
209 e c reRy 3.1

where ¢ > 0 is a constant, v € (0,0| is a parameter; and K(t) = [{k*(s)ds. Then the
probability that the solution of (1.3) blows up in finite time is lower bounded by

) =TS,

(3.2)
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where W= (21 +Vv)/(vB), 6 :=2cv(0,y)B /B and

0
= / y“ileivd
0

is the lower incomplete gamma function.

Proof. Observe that M; = fo K (s) dW; is a continuous martingale and so it can be writ-
ten as a time-changed Brownian motion M; = By, where J(t) = [M](t) = [q k*(s)ds
is the quadratic variation of M, cf. [7, page 174]. Denoting p :=v(0,y) B /B for
simplicity and using asssumption (3.1), we have from (2.9)

IP(T* = -‘roo = (/ h PUHKGIHLs ))/2+I3M‘ds <p 1= 0) (33)

P / BIH5)) Bk )/ BIU 288100 4 <
0 k2(J(s))

<P ( [ enivenrpgs < p/c) | (.4)
0

By the change of variables s — (f3/2)s the probability (3.4) simplifies to

" 4 [~ @ s
P(1" = +oo) <P (E/o o SHICPIRIPR R as < p) C) (3.5)
o 2
_p / o202/ (vB)+28, g BP
0 4c
o 2
_p ( / Was< PP ) (3.6)
0 4c
where i := (24, +Vv)/(vB), B = By — Us, and to get the second line we used the

scaling property of Brownian motlon From [21, Cor. 1.2, pag. 95] and (3.6) we obtain

o 1 ﬁp . 1 ﬁ2 u—1_— _
B(r =) <P 5 < 46)_1 ) =10 67

where P(u,0) :=y(u,0)/IT'(1) and y(u,0) is the lower incomplete gamma function
relative to 0 := ;T‘;) =2¢v(0,y)P /B and with parameter u, cf. e.g. [1], Eq. 6.5.1.

and Eq. 6.5.2. By Proposition 2 we have T < 7% whenever 7 is the blowup time of u.
Hence, from (3.7) we have

P(1 < 4o0) 2 P(1" < 4o0) = 1 —=P(1" = +e0) > P(11,0), (3.8)

as needed. |
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In the next corollary we consider uniformly bounded coefficients A(r) and k(7)
with constant coefficient k(z).

COROLLARY 1. Suppose that h(t) > a,k(t) < b and x(t) = K, where a,b,x €
R.. Then the probability that the solution of (1.3) blows up in finite time is lower
bounded by P(u,0) =y(u,0)/T (1), where y(u,0) is the lower incomplete gamma
function relative to 8 :=2av(0, y)P /(x> B) and with parameter u = (24, +x2)/(x*B).

Proof. Using the assumptions we get
h(t)e—ﬁh(K(t)ﬂ—J(t)/V) > ae BMB? 2=k /)
Hence, condition (3.1) in Theorem 1 is satisfied with v = 2k?/b? and ¢ =a/k>. [0
Next we recover the main blowup result in [5] for the case of constant coefficients.

COROLLARY 2. (see [5] Suppose that h(t), k(t) and x(t) are constant func-
tions with h(t) = 1, k(t) = /2 and x(t) = k € R, for all t > 0. Then the probabil-
ity that the solution of (1.3) blows up in finite time is lower bounded by P(,LL, 9) =
y(1,0)/T(w), where y(u,0) is the lower incomplete gamma function relative to
0 :=2v(0,y)B /(x*B) and with parameter u = (2A; + x2)/(k2B).

Proof. This immediately follows from Corollary 1 by setting a = 1 and b = /2. Note
that for this case we have condition (3.1) as an equality. Hence, (3.4), (3.5), (3.7), as
well as the rightmost inequality in (3.8) will be equalities. (|

4. Existence of positive global solutions

In this section we provide conditions for the existence of global solutions of (1.3)
using semigroup techniques. We consider again the random PDE in (2.2) and this time
assume that our locally Lipschitz function G : Ry — R satisfies G(0) =0, z+— G(z)/z
is increasing, and

G(z) <AZTP, z>0, (4.1)

where A, > 0 are constants. Let W, be a d-dimensional Brownian motion killed on
leaving D, and let us denote by (S, )o<,</cr, the semigroup of the process

1
Xy = / k(s)dWy, 0<r<t.
Observe that for x € D and any f € 2 (D) we have, by the d-dimensional Ité formula,

Sef(x) =E[f(x+Xy)]
1 - 1 t 2
:E{f(x)—k/r k(S)<Vf(x+Xr7s)7dWy>+§/r K (s)Af (x+ Xs) ds
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x)+ 5 /k2 E [Af(x+X.)] ds,
and so

d 1 1 1
55l () = SO B[Af (x+Xp)] = SKOAB[f (x4 Xp,)] = 5K (0AS, f (x).

This implies that S, f solves the heat equation
—u(t,x) = —k2(t)Au(t,x)

with initial value u(0,x) = f(x) and Dirichlet boundary condition. In addition, the as-
sociated transition kernels of this semigroup are given by (P () (x,¥))o<r<icr, » Where
K(r,t) is defined in (2.7) and (Ps(x,y))o<scr, are the transition densities of W; . Taking

k(r) = V2 with r <t in particular, we have a time homogeneous process X,.; = V2W 2W,_,
and its semigroup can alternatively be rewritten as S,; = So;—, or simply as S;_,, which
in case of r = 0 gives the homogeneous semigroup S; of the d-dimensional Brownian
motion with variance parameter 2 that was considered in [5].

Note that from the time-inhomogeneous Markov property we have

SVJSOJ = SO,rSr,t = S07ta 0 Sr<t. (42)

In the next Lemma we restate (2.2) as an integral equation.

LEMMA 1. Eq. (2.2) can be rewritten as
t
v(t,x) = e_J(t)/zSoJf(x) +/ h(r)e_A'I’_J(r’t)/zLS’mG(eM’v(r,-))()c)dr7 4.3)
0

t>0,xeD.

Proof. Using the transformation w = w(z,x) = ¢/)/2y(r,x) where J(¢) is as defined
in (2.8), we get from (2.2) a non-homogeneous random PDE

I _ k(1) s J(0)/29V
EZA R AR T
_K2(1) t)/2
= 001 x)

2
+eJ(’)/2<%k2(t)Av(t,x)— Kz(t)v(t,x)+h(t) MG (M, x))>
:%kz(t)Aw(t,x)—l-h(t) MATO2G( My, x)), 130,

with boundary conditions w(0,x) = f(x) > 0 for x € D and w(f,x) =0 for x € dD.
Consequently, any mild solution v of (2.2) satisfies

v(t,x) = e 2w(t x)
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1
O (So,tf(x) + [ Suah(r)e 106 r) (x)dr)
t
=e70Rsy, f(x) + /0 h(r)e M1 EORS G Mv(r ) (0dr (44

where the second equality is due to [15, Def 2.3, page 106]. ]

In the next Theorem we provide a lower bound 7. for the blowup time of the
solution u of (1.3).

THEOREM 2. Suppose G satisfies (4.1), G(0) =0 and that 7z — G(z)/z is in-
creasing. Let A(t) be defined by

/ -1/B
Ar) == (1 —AB / h(r)eﬁ(M’_J(’)/z)So7,f||g,dr) (4.5)
0
forall 0 <t < T. where

1
T ::inf{t >0:/ h(r)ePM =012\ 5 fl1Bdr > i}. (4.6)
0 ’ AP

Then equation (1.3) admits a solution u(t,x) that satisfies

0 <u(t,x) <A@)M—I 028, . f(x), xeD, 0<t<1..
Proof. Taking the derivative of (4.5) with respect to ¢ we obtain

dA

— ()= A0 P IO 5, fIEA() P,

Integrating this equality from O to 7 and using the fact that A(0) = 1 we get
!
A(r)=1+A / h(r) P02 |5, FIBA(R) FB .7)
0

Suppose now that (7,x) +— V;(x) > 0 is a continuous function such that for any 7 > 0
we have V;(-) € Cy(D) and

e 0280, F(x) < Vi(x) <A(1)e D280, f(x), t>0,xeD. (4.8)
The last inequality in (4.8) implies that
Vi(x) = [V, ()| < [IVill S A@)e 2| f e (4.9)

Now let

R(V)(1,x) := e~ /28,, f(x) + / t h(r)e Mr=I02S, (G(MV, () (x)dr.  (4.10)
0
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Using (4.9) and the fact that z — G(z)/z is increasing, followed by inequality (4.1), we
obtain
R(V)(2,x)

:aWW%Jm+A%meW&<E§g%ﬁWO>ww

1 G MrA 7.](7')/2 S r o
<ewW%J@+/hweMW%m<(e e utl=)y ) ar
0

eMrA(r)e=02|So f ||

1
<e 028, flx) + / h(r)e 028, (A(M A S0, f11) Vi) ) ()
0
Moreover, (4.8) together with equalities (4.2) and (4.7) give

R0 < e 70250, 1)+ A [ )P (0 I0) )P,
x e 10128, (A(r)e /28, . f) (x)dr
= 10253, 4 A [ (el 1) a(0) 0,1
x e W28, f(x)dr
= e O2S001(3) | 1A [ 00 O Ay B sy, 12
=025y, F(X)A(r). 4.11)
Let us now construct a sequence {vf (x) }:;0 of positive functions in the following way:
Set W(x):=e /D28, f(x) and  V7T(x) =R(V)(t,x) forn=0,1,2,....

Clearly,
v (x) SROO)(1,2) = vy (x).

Assume now that v'~!(x) </'(x) forall n> 1,7 >0 and x € D. Since z+— G(z)/z is
increasing we have

G(eMryi=1(. G(eMry(-
Glery1(9) = L) oy  SETAU)
M () M)
Consequently, from the construction above and by definition (4.10) we get
VI(x) = ROV (t,x) < ROV (t,x) =vITH(x), t>0,xeD.

This shows, by induction, that the constructed sequence is monotonically increas-
ing. Furthermore, it is bounded above as shown in (4.11). Hence, by the monotone
convergence theorem the sequence {v}'(x) }::0 has a limit which we denote by v(z,x),
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and the equality v(z,x) = R(v)(¢,x) holds forall x € D and r € (0, 7.), so that v satisfies
(4.3) on (0,7,). Also, this limit satisfies

0 < lim V' (x) = v(1,x) <A(1)e D280, f(x) <

n—oo

for all 0 <7 < 7.. We conclude by applying Lemma 1 and (2.1). U

By virtue of Theorem 2 we now give a condition under which we have a global
positive solution of (1.3) with probability 1.

COROLLARY 3. Assume that f > 0 is such that
AB/ h(r)ePM=I2) 150 FlIBdr < 1. (4.12)
0

Then equation (1.3) admits a global solution u(t,x) that satisfies

M, J(z)/2SOIf(x)
/B’
(1= AB L H(BO—02) 4, £ ar)

Proof. This immediately follows from Theorem 2 since T, = e by (4.6) and (4.12).
|

0<u(t,x) <

t>0.

REMARK 2. Notice that, if

(i) v is an eigenfunction associated with the first eigenvalue A, of the Dirichlet eigen-
AL pr

value problem for the Laplacian A on D, i.e. Sp,y(x) = e Tk (s)ds

r>0,x €D, with [yx)dx=1,

(i) C=A=1 and

(iii) f(x) = py(x), x € D, where p > 0 is a parameter,

y(x) where

then 7, defined in (4.6) and 7* defined in (2.9) are given in terms of the same expo-
nential Brownian functional, namely:

-B
1nf{ S0 - / h(s B(AK(s)+J(5)) /24+BMs g ¢ > %”W”;ﬁ}

T*:inf{ >0 : /h BOUK(s)+1())/2+BMs g > P~ (/uf dx) }

with 7. < 7% ass. since [, Y2 (x)dx < [ W(x)||Y||wdx = || @]

As a consequence of Theorem 2 and in the special setting of Remark 2 we now give an
estimate for the probability of existence of global positive solution of (1.3).
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COROLLARY 4. Under the conditions (i) - (iii) in Remark 2 and assumption (3.1)

of Theorem 1, the probability that a global positive solution of (1.3) exists is upper
bounded by

where 11 == (241 +v)/(vB), 0 :=2c(p||]|~)? /B and

T(1,0):= / Wledy
¢}
is the upper incomplete gamma function.

Proof. Replacing p in (3.3) by p~B|| l[/||;ﬁ/[3 and arguing as in the proof Theorem 1
while working with 7, defined in (4.6), we get P(7, = +o) < 1 —P(u,0) = Q(u,0)
with Q, i and 6 as above and P(u,0) defined in (3.2). We conclude using Theorem 2.

O

For further use in the proof of Theorem 4, we quote the following bounds for the
transition kernels given by Ouhabaz and Wang [12].

THEOREM 3. Let v > 0 be the first Dirichlet eigenfunction of the Laplacian on a
connected bounded C*% -domain D C R, where o0 >0 and d > 1, and let P(x,y) be
the corresponding Dirichlet heat kernel. There exists a constant & > 0 such that, for
any t >0,

1 _ P (x,y) _ (.
max{ 1, —t (d+2)/2} <M sup —— 14 E(1 Ar) TR 2o b
e S ) < e

where Ay > Ay are the first two Dirichlet eigenvalues. This estimate is sharp for both
short and long times.

We now give sufficient conditions for (4.12) using upper bounds derived from Theo-
rem 3 for the transition kernels (Pg (.. (x,y))o<,<rer, of the semigroup (S;)o<,<ser. »
and the first Dirichlet eigenvalue A; > 0 with corresponding eigenfunction v .

THEOREM 4. Let G satisfy (4.1), G(0) =0 and that z — G(z)/7 is increasing,
and let D be a connected bounded CY* -domain in R, where oo > 0. If for some fixed
n with K(n) > 1 and constant m > 0 we have

f) <mSoqy(y), yeD (4.13)
and

eklﬁK(n)

/ Nh(r)e_ﬁ(l1K(r)+J(r)) [24BM; gy ﬁ
0

2
A <m<1 e (sup w(x)) b w<y>dy)
cD

X!

(4.14)
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where & > 0 is as given in Theorem 3, then (4.12) is satisfied and consequently the
solution of equation (1.3) is global.

Proof. Let f > 0 be chosen so that (4.13) is satisfied. Observe that for any # > 0,

02/ () < mS0sS00w(x) = [ Py sxin) (6.3) )
From the inequality above, Theorem 3 then gives

SO,tf(x)

< m/ M (K(t)+K(n)) PK(t)+K(n)(xay) oM (K(t)+K(n))
D v(x)w(y)

)2/ e)Ll(K(t)+K(n)) sup Pr(ny+x(n) (5:3) e—h(K(t)+K(n))
D x,yeD W(x)l//(y)

<m supw(x))2 /D <1+§[1A(K(z)+1<(n))]“’“V%—%—M(K<t>+K<n>))

x et (KOHE) Y04

vy () w(y)dy

v(y)dy

xeD
<m(§ggw(x))2<e‘“<’( M) 4 gem(K )/w
= m(14§)e kM) (ilelg W(X))2e‘““” /D w(y)dy, (4.15)

which is independent of x. Inequality (4.15) implies that the map (z,x) — So, f(x) is
uniformly bounded in x and so

10, e < (14 &)e M5 )<S“Pw ) o /"’ (4.16)

xeD

Multiplying both sides of (4.16) by e~7()/2 we would have

OL|5y, flle < m(1 4 E)e MK ><Supw(x)) KO0/ /W

xeD
{1+ €)e 8 (supyto) e 2 [yt
xeD D
4.17)

Now from (4.14) and the last inequality in (4.17) we get

l>AﬁellﬁK(")<m(l+§ supu/ /l[/ dy)

xeD
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/ h(r)e BOK () /24BMr g
:AB/O h(r)eﬁM’
(14 £)e K (supy() e (ke 0) 2 [ w(y)dy)ﬁdr

xeD

> A [ h)P MO 5o, p B
0

which is precisely (4.12). Global existence of solution to (1.3) now immediately follows
from Corollary 3. ]

REMARK 3. Assuming both (2.5) and (4.1) with C=A =1, ie. G(z) = P

and if D is a connected bounded C1%-domain in R?, the results of both Sections 3 and
4 can be applied to the solution of SPDE (1.3) by virtue of Proposition 1.
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