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Abstract. We consider the initial-boundary value problem for the modified Schrédinger equa-
tion, posed on positive half-line x > 0:

w4+ Ku+ijuPu=0,1>0, x>0;
u(x,0) =up(x), x>0
u(0,t) =h(t), t > 0.

where the operator K is defined as
K(u) = Ottty + A0 | u
with oo € C, A >0 and |d,|" is the module-fractional derivative operator defined by
|0x|"u = RYdyu.

Here R is the modified Riesz Potential

oo

R'u= ! / sign(x—y) u(y)dy.

a5 ] Vil

We study the local and global existence in time of solutions to the initial-boundary value problem.

1. Introduction

We consider the initial-boundary value problemfor a modified Schrédinger equa-
tion with Landau damping on a half-line

w+Ku+iluPu=0,t>0,x>0;
u(x,0) =up(x), x>0 (1.1)
u(0,t) =h(t), t>0.
where the operator K is defined as

K = Oty + A |0x|"u (1.2)
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with o,A € C, y €R and |dy|" is the module-fractional derivative operator giben by
|0y|Yu = RY0,u. Here RY is the modified Riesz Potential
1 7 sign(x—y)

R'u= -
2 (p)sin(57) | T

u(y)dy.

This paper is the first attempt to give a rigorous analysis of the initial-boundary value
problem (IBV problem) for the nonlinear Schrodinger equation with Landau damp-
ing possed on a half-line. It combines the quantum state equation with the fractional
derivative term that produce a wave damping.

Nowadays, both the theory as the applications of the partial differential equations
with fractional derivative are being widely studied. Fractional Schrédinger equation
with & =0 and A =i was discover by Laskin [15], he applied Feynman path integral
approach to the Levy-like quantum mechanical paths. Feynman path integral approach
to quantum mechanics is in fact integration over Brownian-like quantum mechanical
paths.

The Brownian motion is a special case of the Levy y-stable random process, when
Y =2 the Levy y-stable distribution is transformed to the well-known Gaussian prob-
ability distribution or in other words, the Levy motion is transformed to the Brownian
motion. The fractional Schrodinger equation includes the space derivative of order y
instead of the second order space derivative in the standar Schrodinger equation. Thus,
the fractional Quantum mechanical includes the standar quantum mechanial as a partic-
ular Gaussian case at Y = 2. Quantum mechanical paths integral over the Levy paths at
Y = 2 becomes the well known Feynmas path integral. Some physical applications of
the fractional Schrodinger equation are the energy spectrum for a hydrogen-like atom-
fractional “Bohr atom” and the energy spectrum of fractional oscilator in the semiclas-
sical approximation (see [15],[8]).

There exist many works in which has been researched the local and global ex-
istence in time of solutions to the Cauchy problem for nonlinear Scrodinger equation
(NLS), which are the most related to our problem. In the book [3] can us find a study
of several problems of local nature and global nature for the initial value problem for
NLS. In paper [12] showed the asymptotic behavior of small solutions to NLS with
cubic nonlinearity. In the case of the fractional NLS there few works about the well-
posedness of Cauchy problem. For example in [9], [10], [16], [18] the authors used
methods such as Strichartz estimates, Fourier analysis among others and the solutions
appear in the Sobolev spaces, where s is related to the nonlinearity studied in each case.

In spite of the importance to describe several physical problems and, in general,
in application to natural sciences, the study of IBV to linear and nonlinear PDE’s is
less extensive that Cauchy problem. The IBVP have serious analytical difficulties such
as the presence of unknown boundary values in the relevant equations. As far as we
knowthere are not results about the IBV problem for the fractional NLS. Also if we
consider IBV problem for the nonlinear Schrédinger equation the information concern-
ing to this problem is much less than those relating to Cauchy problem. In the paper [4]
the authors considered both linear and nonlinear integrable cases, and initial-boundary
value problems associated with the Schrodinger equation. They present a method of
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solution, which is based on the elimination of the unknown boundary values by proper
restrictions of the functional space and of the spectral variable complex domain. On the
other hand, Fokas [5], assuming that the solution of the nonlinear Schrodinger equation
on the half-line exists, showed that solution can be represented in terms of the solution
of a matrix Riemann Hilbert, and in [6] the authors prove that given appropriate ini-
tial and boundary conditions, the solution of the nonlinear Schrédinger equation exists
globally. In paper [14] was showed the existence of global in time solutions as well
as the asymptotic behavior of this solutions for a IBVP for NLS with boundary data of
Dirichlet type.

In this paper we study IBV-problem for nonlinear Schrodinger equation with Lan-
dau damping. In this case the symbol of the pseudodifferential operator K given by
(1.2)is

K(p)=ap®+Blp|". (1.3)

For a general theory of the initial-boundary value problems for evolution equations
with pseudodifferential operators on a half-line you can see the book [11]. Also, we
can find a few number of publications have dealt with asymptotic representation of
solution to the boundary- initial value problem of nonlinear equation on a half-line, for
example [1], [2] and [13] where the authors have considered homogeneous boundary
value problem.

Since the symbol K given by (1.3) is nonanalytic in the right half plane, we can
not use method of the [11] directly. We adopt the analytic continuation method pro-
posed in the paper [13] to derive an integral representation for the solution of the linear
problem associated with (1.1), reducing this linear problem with a corresponding Rie-
mann boundary value problem. We will show that only one boundary data is necessary
to put in the problem (1.1) for its solubility.

To state precisely the results of the present paper we give some notations. Direct
Laplace transformation is

u(p)=Lu= /eil’xu (x)dx,
0

and the inverse Laplace transformation .2~ ! is defined by

1
= -1 = — X
ulx)=%"u i /iRe u(p)dp.

Remembering the Weighted spaces:
LY (RT) = {0 : @]l <o}, [9llLsw = ()01,
We now introduce the space
Z:=L"" (R")nL~ (R"),
where y1 € (0,1) with the norm

18]l = 1¢llrz + Ol in + (@l
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and
Yg:={9 €Ll :|9lly <},
with B > 1 and the norm

Iolly, = 6], ., +[9]] - + ot + | ©P o] _-

L1
Different positive constants we denote by the same letter C. For simplicity we put

a=iA=1,y= % in (1.2). Now we state the main results.

THEOREM 1. Suppose that u € Z and h € Yg with |luol|z + ||h||Yﬁ < €, where
€ > 0 is sufficiently small and B > 1. Then there exist a unique global solution

we C([0,0):L2 () NC ((o,@;ﬁ’““‘) (R) L (R+)) ,

with U € (0, %) to the initial-boundary value problem (1.1).

2. Preliminaries

We consider the following initial-boundary value problem

u+Ku)=0, x>0, 1 >0.
u(x,0) =up(x), x>0, 2.1
u(0,x) =h(r), >0

where K was given in (1.2).
We define the operator P as

P¢(Z)=—L/ﬁ¢(4) dq, Rez#0,

2mi

i

for a function ¢ of the complex variable g, which obeys the Holder condition for Re
q # 0 and tends to 0 as ¢ — +ic. We can note that P¢ is a analytic function for Re
z# 0. The boundary values of this function are given by

(IP(P):': (p) - zap,liilillle z>OIF)¢ (Z) '

We will show two important lemmas about this boundary values. (see [7])

LEMMA 1. Let ¢ be a function of complex variable z, which satisfies the Holder
condition on iR. Then the boundary values of the function P¢ are such that

Pto(p)—P ¢(p)=0(p), Rep=0. (2.2)

The equality (2.2) is known as Sokhotski Plemelj formula.
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LEMMA 2. Index Zero Let ¢ a function of complex variable z, which satisfies
the Holder condition on iR. If index of ¢ is equal to zero,

Ind ¢ = /iRdln 0(q) =

then, there exist a analytic function X on Re 7 # 0 such that

¢(q)=X_—(;, Re g =0.

Moreover, this function is given, up to an arbitrary constant, by formula

X (z) =exp {i/ Md"}’ Re z#0.

2ni JiR q—2

Proof of these Lemmas can be find in [7].
Setting

—=ip*+/|pl, Ki(p)=ip*+/p. (2.3)

Here and below, we denote the inverse functions ¢ (£) = K ' (§). We define the
sectionally analytic function Y (z,&) by the formula

Y (z,&) =e"@8), Rez#0, (2.4)

where . K(p)LE

p)+
1 R . 2.
Fe)= ZEZ/Rq—Zn<K1(q)+(§>dq’ e >0 -
We introduce the Green operator
L7
910 =5 [ Gl 6 ()dy. 6
0

where the function G (x,y,#) is given by formula

X
Gl = 2 (el 0@ -pe (). e
wh
N L (0) =0 / AC L4 2.8)
P 27i Jiw (9(E)—q) (a—p) Y™ (4. €) '

The boundary operator 5 (¢) is defined as following

200 = 2 (3 Llito @l (e (¢ Vi) -1)8) . @9

In the next proposition, we analyze the linear initial-boundary value problem (2.1).
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PROPOSITION 1. Let the initial data uy € L' (R") and boundary data h € L' (R™).
Then the solution u(x,t) of the initial-boundary value problem (2.1) has the following
integral representation

u(x,t) =9 (t)uop+ 7 (t)h, (2.10)

where the operators 9 (t) and € (t) are defined by (2.6) and (2.9) respectively.
Proof. To derive an integral representation for the solution of (2.1) problem we

adopt the analytic continuation method proposed in the paper [13]. We suppose that
exists a solution u (x,#) for the problem (2.1), such that

u(x,t) =0 forall x <0.

Let W (p,t) be a some complex function such that P~ {¥(-,&)} =0 and [¥(p,&)| <

C{ p>_5, 0 > 0. Applying the Laplace transforms with respect to space and time vari-
ables we obtain for the solution of (2.1)

u(p,&) = m o (p) + K;p)

1(0,8)+im (0,6)+ ¥ (p,&)], 2.11)

where ﬁ(p,é% Y (p,&), @(0,E) and 7, (0,€) are Laplace transforms of u (x,1),
Y (p,t), u(0,r) and u, (0,7) respectively. To find the unknown function ¥ we need to
solve the nonhomogeneous Riemann boundary value problem (see paper [13])

Q+(p,§):IqPTH€Q_ (p,&)—K()A (z,&), forRep=0,Re& >0. (2.12)

with

K()
K()+&
A(z,é)zl?’(m (ﬁo(-)—l—%ﬁ(0,5)+iﬁx(07§)>>. (2.14)

Q(.8) =P( ‘I’(~,€)> (@), 2.13)

We note that

tnd (1’2(5%1%) = 5 f (g(é))iéé) =0

Therefore, from Lemma 2 we infer

K(p)+& Y (p.5)

= . 2.15
K(p)TE ¥ (pd) e

So we can rewrite the Riemann problem (2.12) as
Q+(p7€):Kl(p)—’—ég_(pvé)_K(Z)A_(Zvé) (216)

Y+ (p,&) & r(pd) Y+ (p,&)
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Using the definition of A(p, &) in (2.14) and via Sokhotski-Plemelj formula (2.2), we
rewrite K (z) A~ (z,§) as

K(2)A™ (2,8) = (K(p) +&)A™ (p.&) +w(p,&) —EAT (p, ),

where
K(p)

p

Replacing the last formula in equation (2.16) we reduce the nonhomogeneous Riemann
problem in the form

v (p,&) =iio (p)+ 1(0,8) — it (0,8).

FH(p,&)+UT (p,&)=F (p,&)+U (p,&), forRe p=0,Re £ >0, (2.17)

where the sectionally analytic function U and the functions F™,F~ are defined as

U(z8) ﬂ"(ﬁ (ﬁo(')+%ﬁ(07§)>>7 2.18)
Ft (Z,é) _ Q(Zvé)_éA(Zvéy)v:;lé?(Ové)+iﬁx(07é), Rez<0,
F~(z,&) = Ki (24—% Q(Z’i)(;i?(z’&), Rez> 0.

The relation (2.17) indicates that the functions F*+ U™, F~ + U~ are branches of
a unique analytic function in the complex plane. Moreover, this function has a pole of
order one in infinity. So by the Liouville theorem this function is a polynomial of one
degree A(&)p+B(&). Hence

Q" (p,&)=Y"(p.&)(AE)p+B(E)-U"(p,&))
+EAT (p,&) —ipit(0,8) — it (0,),

@ (08 =gt (P AEPHBE) U (8) + 88 (1.8

However, by definition of the sectionally analytic function Q given in (2.13), Q must
satisfy the Holder condition in consequence this function vanishes at infinity, i.e

Resp—e {p (Y7 (p,§)A(E) =il (0,8)) + (B(§) =it (0,6)} =0, (2.19)
as Y (-, &) is a Holder continuous function, we have

lim Y*(p,&)=1. (2.20)

|p|—ee

From (2.19) and (2.20) we conclude

A(§)=iu(0,¢) 'y B(§) =1ux(0,¢).
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So we obtain

Q" (p,&) =i(pi(0,8) +u: (0,8)) (Y (p. &) 1)
_YJF(p7€)U+(p7€>+€A+(pag)a

Q (p8) = gt (P8 (0.8 4T 0.5)-U (1. E) +E8 (n8),
Via Sokhotski Plemelj formula (2.2) and (2.13) we have
2.8 - K2 @0 (p6) -2 (.8)
= Sy (0.8) 000.8)+ 0, 00.8) - w(p. &) - U ().
Substituting the previous relation in (2.11) we get
B8 = g L 9(0.8) +0,(0.8) U~ (.8)].

Note that the equality K; (p)+ & = 0 have only one root ¢ (&) in Re & > 0 such that

Re ¢ (§) > 0. So, for the analyticity of the function # in the right half-plane we must
to put the following condition

i (8)u(0,8) =it (0,6) = U™ (¢(5),&) =0. (2:21)

With this assumption we only need to put one boundary data in the initial boundary
value problem (2.1). Thus, for example if we consider Dirichlet boundary condition,
1(0,&) = h(t) another unknown boundary data u, (0,7) is completely determined by

e (0,5) =h(5) (&) —iU (9(&),5)-

Finally, we obtain for solution of (2.1)

= Y~ (p.8) T. > - -
up,g)=——+—%\i(p— h()+ (U ,6)=U , ,
(0:8)= 2oy g 1P~ 0 E)FE)+ (U (9().0) - U (.0))]
where K (p), YT (p,€) and U (p,&) are defined by (2.3), (2.4) and (2.18) respec-
tively. Taking inverse Laplace transform with respect to time and space variables, we
obtain (2.10), so Proposition 1 has been proved.

3. Estimation for the Green operator and Boundary operator

The following inequalities will be important to prove some estimates for the Green
operator ¢ (t) and the boundary operator 7 (¢):

o Let a,beC with a## b and y € [0,1] then

1 1 1
— < R 3.1
a—b] < Tar Bl G-D
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e For Rez >0 and 1 € (0,1) we have

™3| <C oM. (3.2)

e For z€ C with Rez>0and y € (0,1) we have

le?—1] <" (3.3)

e Letbe z€ C,Rez#0 and y€ (0,1). Then

1 1
/ ———dg< —. (34)
®lglYlg—z " " 2l
We defined the contours €, j=1,2,as
6 = {& € (=e (30 0) U (0,000 (E+e0)) (3.5)

G = {p € (ooeii(%Jrgz),O) U <O7wei(%+£2)) }

We take the g, & sufficiently small such that the functions ¢ (&) and K (p) are ana-
lytic for £ € 6} and p € 6.

In the next lemma we obtain some estimates of the Green operator ¢ (r) defined
by (2.6) in the spaces L? and L>2(37#)

LEMMA 3. The estimates are valid for 1 € (O, %) , >0

1119 09l < CUIBllL +1191l.).
2 1001 g1y <CO ) (10l + 1011y (100))

provident that the right-hand sides are finite.

Proof. Applying the Sokhotzki-Plemelj formula and changing the contour of the
integration via Cauchy Theorem, we can rewrite the Green operator ¢ () givenin (2.6)
as 4 (1) =% (1) +% (t), where the operators ¥; (), j=1,2 are defined as following

=

%) = [Gi(xy)o 0)ay,

%) = [ Galr—309 ).
with

.
61(5) = (37) [ & [ iR 0= 0D (e ) dpd. 3
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1
Ga (1) = 5~ /Z_Rel"*’“l’)’ dp.reR (3.7)

Here ¢, %> were given by (3.5).

Estimation of ¢ (1): Since Re p < 0 by Cauchy Theorem and the equality
(2.15), we rewrite the function I, ¢ (e~%") given by (2.8) in the next way

o 1 e v 1 1
(P_(P(g))ﬂp,é (e b ) - %/qu—p [Y+(‘l7é)—Y_(Qa§)

1 e 1
S R et L
1 / e v 1 Va— \/‘?

T 2mimq-pY*(g,8) Ki(q )+5

n 1 / e 1 d
— q
2ni Jiw q—@(§) Y (q,8)
Therefore, we infer
Gl (x7y7t) :Gll(xayvt)+Gl2(x7yat)7 (38)

where

1 a4l
Gy (x,7,1) 03/5’/1”“ (p, ¢ dq dp dE,
oy 0 S KT E ra @l Ka(g) & 4P 95

(x 3 o5t Y (p e 1
G (x,y1) =C 161 [62 el o qu—(p(é)Y+(q,§)dqdpd§'
Since K (q)+ & # 0 for & € ) via (3.1) we have
e 1 iV, |
2l DT @ e K@i ” C<|W| @ Withnae(01), 39)

such that 2 — o —2y>0. Applying (3.9) and via estimate

1
Heiﬁ@ <C—, Rep <0,

Ip|2

1.2

the L? (R*) norm of Gy (-,y,?) satisfies

IG11 (-3t )||L2<C/ e /02

since all integrals in the before expression converge, we get

1 1
e K(p)+ &)

dlp| d|&],

1G11 (53,0l <C. (3.10)
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To calculate the L? -norm of Gy; (-,y,7) we have

Laewv &5)‘“" “y_"f’;* ne (%1)

Using that K (p) +& # 0 we use (3.1) with 1 € (%,1) and the above inequality to
obtain

1 1 1
G (e <O [ — | —dip| dig]
b 6 |E} o |p|3 K (p)+E]
in consequence
1G12 (3, 8) [l < Cy7". 3.11)
Hence by (3.8), (3.10) and (3.11) we have
1G1 (5 y )l <Gy
Therefore
11 (1) 912 < /||61 CyD)llez [0 dy < C (9]l + 1@ l-) - (3.12)
0

Estimation of %, (¢) : Applying the Plancherel theorem we have

5000 12 = [|e e 71|

L <|19]]. <ol

and using the interpolation inequality

1 1
¢l < ClPlE= 1915 < C Ul +19ll-)

we get
192 (1) 9l < C([9llLr + 19]lL-) - (3.13)

From the estimates for ¢; and % showing in (3.12) and (3.13) respectively one has
that

1 (1) 91l 2 < C ([l + [[@l]-)-
So the first estimates of Lemma 3 has been proved.

Now we prove the second estimation. Let us denote y = % (% + [,L) NINS (07 %) .
Firstly we consider the case ¢t < 1. By a similar procedure to made in the calculation
of L? norm of ¢ () we get

1% (1) ¢l < ClI@l1 - (3.14)

On the other hand, we can rewrite the function G; (r,¢) in the form

2
1 ) ef(f)
Go(rt) = — pr=ip“t ,=/1Pll g, —
2(r) 21i iRe ¢ P 2mi

. ir\2
/efzt(er%) e Iplt dp
iR
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r\2
_ ) [ewenrilay
iR

2mi

We can change the contour of the integration via the Cauchy theorem:

7(2L 2 Ir - ZL 2 . ir\2
Galrt) = S5 [t VBl S [t ) eV ap, Gas)

2mi

where the contour % is taken such that Re ip> > 0 forall p € €. So we infer

2
IG(-,0)|l2y < C e (%) /e*‘Plzz d|p|.
L2y /€
Since
N2
e—(z) gCﬁ” forye (0,3),
L27 2

and by the substitution w = p+/f we have
16z <CVE [P dpl<C [ e apu,
0 0

in consequence
1
IG ()l 2y <€, forye (0,5), 1< 1.

From the estimation
X" < Cle—y[" +CI7,

and the Young inequality we conclude

192(1) @llL2r <G ) lILar (191l + G G0z 1l -

By (3.17) and (3.18) we get
[2(0) ¢l 2y < C@llL +[@llper) -
Replacing y = % (% + ) in (3.19) we get
19601l 233y <C (10N +1011 1330) -
Now, we consider the case t > 1. We express the function G; as:

Gl (x7y7t) = Jl ()C,y,l) +J2 (.Xf,y,l)7

where

Ly Yr(pE) [ e® 1
Jx,,z:—./e’?’/el’x ’ dq dp dE,
1 (500) (2m) 0 e KT EJra—p g ® 0 P4t

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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(AN o [ 08 e
o) = (55) [, Lt hoa p@ge o0

To calculate the L>7 norm of J; (-,y,t) we use (3.2) and (3.4) with n € (0,1) to
obtain:

1 1
HJI (';)’;f)H 2, SCyfn efcl‘i‘t/
. “ @ |p|2+7 K (p) +&]

1
x | ————d|q| d|p| d|&
g el el 48

1 1
e — ——dlpl dié|.
@ [p| 1 pld |

<Cy "
@

via the sustitution z = &7, z = pt> we get
11 oy 0) gy < Cy~ M= (1221720,
In a similar form to preceding we get
12 (o) |l 2y < Cyfnf(lfzyﬂn).

So, we obtain
|G (-,3,0) [y < Cy e~ (727720,

Therefore for y= % (34 1) and 1 € (0,1) we have

1 )01 31y < CE (0l +100 1y 3)- G2D

Moreover, from the integral representation of G, in (3.15) and the inequality (3.16)
we get

1 ot
1Ga ()l < CEHHY [ e .

¢
Changing the variable: z = pt> we conclude
1G2 ()|l < Ce 1721, (3.22)

As consequence from the estimations (3.18) and (3.22) for y= 1 (3 4+ 1) we conclude

1
(53—
1901l g3y < E (10l + 1011 33 (3.23)
We deduce the second estimation from the inequalities (3.14), (3.20), (3.21) and
(3.23). So the Lemma 3 has been proved.

In the next lemma we estimate the Green operator ¢ (¢) in the Lebesgue space
L~.
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LEMMA 4. The following estimates are true, provided that the right-hand sides
are finite:

R
19 (1) 9ll- < C{3 2 40) > (N0l + 19 ]lpan)
SJor ne(0,1).
Proof. We consider ¢ > 1 and will denote y= § + 1, with u € (0,%) . By the

Cauchy theorem and the equations (3.6) and (3.7) we rewrite the Green function in
the next way

G(xayat>:Gl (xayat>+G2(x7y7t)7 (324)

with

G (x,y,1) = cf,/ o /ﬁ2 Pyt (p,g)z(%;’fgﬂpg (™ —1) dp dE, (3.25)

5 (x,y,1) = Cp / P KW (e7Py 1) dp. (3.26)

were ) and %, givenby (3.5) and C; = 2

i °

Estimation of G (x,y,7) : Using the equality

P __r ¢(5) __9(©)
(g=p)g—9(&) aqlg—p) (@—p)a—0(&) qlg—9¢(&))

we rewrite Gy (x,y,t) as

Gl (x7y7t) = Jl ()C,y,l) +J2 (.Xf,y,l)7

where
. > cr1
1 (x,,1) C3/ é/gzeﬁ 3 s e dqdp d&.
. e Y+<p,é> cr1 1
SURCIR A K) & Jrala—0@) T (g.&) 9997 4%

Estimation of J; (x,y,7) : Making the change of variables £ = —Kj (z) we get

+ —

></ e vl ! dqdpd
z,
®Rq(g—p)Y*(q,—Ki(z))

where C = {z € C: Re K| (z) = 0}. Now, using Cauchy Theorem we obtain

Jl (x7y7t) :Jll (x7y7t) +J12 (x7y7t)a
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with

) Y* (p,—Ki(2))
bt =Cr e TR e TR )

></ e -1 ! dqdp d
Z.
i q(q—p)Y*(q,—Ki(2))
v 1
Jio (x,y,t :C2/ e KPN py* (p,—K (p / ¢ dq dp.
fen)=C | (P =KP)) J e 9= ) 7 (@K @)
‘We can note S
Jll (X»y»l) = Z‘Illk (X»y»l)7
=1
where

1 1
K(p)—Ki(2) ip2+/]p]
e Y —1 1
X dqdp dz.

/i]R q(g—p)Y*(q,0)

1 Y*(p,—Ki(z)) =YY" (p,0)
J X,y :CB/e\/Et_ eP* ) )
112 (x,,) L. N p K(p)—Ki(z)
e P — 1 1
% dqgdp dz.
/iR q(q—p)Y*(q,0)

21 Y* (p,—Ki (z))
_ 3 NG px,” M PN
Jiz (x,,1) C”/iRe vz %e p K(p)—Ki(z)

Ji (x,3,1) C3/ VE / e pY* (p,0)

L bt i)
®q(g—p) YT (p,—Ki(z) Y*(q,0)
o) =G [ V) [ e e
] 1
X /iR ;(q—p) Y-k @) dqdp dz.
Jus (x,,1) :C;/iRe_Kl(Z)tz[& e’”‘p%
] 1
X /iR ;(q—p) Y-k @) dqdp dz.
Using (3.3) for u € (0,1) we get
. —c/fr K1 (2)] Pl
X/ikmd\ql d|pl dlz],
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therefore

3
i vl <@ [ VRt [ TPl
iR ©

p2+\/m)2

1
X | dlal dlpl dlz],
/iR lgl'"*|q — pl
taking w = z> we obtain
111 (3.0 e < CM72 (3.27)
By Mean Value Theorem
112 (5 3,0) | <Cyu/ e VEIy \Z|/, A
" @ |p+/7]
1 _
< [ o dlaldlpl dlz] < 0¥ 2. (3.28)
i |q|' g — pl
In a similar way we have
V113 (3.0) = < CM72 (3.29)

On the other hand, we note

_ 3
114 (53, || < Cy”t/ e ‘th|Z|2/ el
iR 6

p2+\/m‘

1
< [ o digldlpl dlzl <Ot (330)
R |q|'*|q —pl

Changing of variables w = zt> we have
V115 (o3 0) L= < 72 (3.31)

Moreover by analogy to (3.28) it easy to prove

i (0l < o [ eV dialdlp| (3.3
602

1
i lql'#lq - pl
<o [ eVl

€
< Cylit_z(l""“).

Thus from (3.27), (3.28), (3.29), (3.30), (3.31) and (3.32) we get

171 (o3,) | < CyMe 2, (3.33)
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The calculation of L™ norm of J; (+,y,#) can be done in a similar way

172 (3,8 [ = < Cy*e 72 (3.34)
Via (3.33) and (3.34) we infer

1G1 (-,3,) || < CyH272 (3.35)

Estimation of G, (x,y,) : Via the definition of G, given by (3.26) and the inequality
(3.3) for y < 1, we conclude

G2 (bl <O [ el
Changing of variable w = pr> we have
G (-3, ) |- < CyTe 20D, (3.36)
So, for t > 1 from (3.35) and (3.36) we have
19 (1) ||y~ < Ct 2| @1, for ue(0,1). (3.37)
Now, for the case # < 1 we remember the representation of the Green function G as
G(x,y,1) =Gy (x,3,1) + Go (x = y,1),

where the functions Gy,G; was defined (3.6) and (3.7) respectively. By a similar pro-
cedure to exhibited in the previous Lemma, we get that the function Gy (x,y,#) satisfied
in this case that

||G1('7y7t)HL"° <C

Moreover, reminding the definition of the function G, :

1
Ga(nt) = %/%epr#((mt dp,

where the contour % is taken such that Re pr < 0 and Re p? < 0, making use of the
inequality
le?" ||~ < C for p € €,

. . 1
and by the sustitution z = pz2 we get
2 1
IGa(rn)ly <€ [ e WP alp| <t
In consequence for # < 1 we obtain

19 (1) @l < Ct 2 ([l (3.38)

From (3.38) and (3.37) we deduce the estimation of the Green operator in L™ space.
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LEMMA 5. Letus be h € Y, then the following estimates are true
LA (1) hllyz < C [lAlly -
22 1 WAl 243y <ClBly

3.1 () k- < C) 7 Rlly
where 0 < U < %andt>0.

Proof. Remembering that the boundary operator 7 (¢) is defined as

o O =2 (3 L0 =) (1 (7 Vial) -1)7(6)).

‘We note that

k=1
where
(AN e Y (p,8)
jﬁ(t)h—(z—m_) iRe h(é)‘l’(é)/{@ﬂzepmdpdé
(AN e . Y (p,E)
%(l)h—<2_m) /iRe h(é)[@e” Pmdpd§7
(AN e Y+ (p,&)
(1) = (ﬁ) [E@e@ [ eple)
Vidl
R e

VIl
8 /iR q(q—p)(q—¢(5))dqdpd€'

In this proof we only show the estimates for ] (r). We can estimate the other operators
(1) with k =2,3,4 by a similar proceeding.
Applying Plancherel theorem we have

)

| A (0)hllz =€
1

17 Y+(p,€)
LR g T 0 €) dE

consequently for y € (,1) we get

d|&|

2
LP

[EAGLIFES C/iR\/@)ﬁ(g)‘ H%




Differ. Equ. Appl. 7, No. 2 (2015), 221-244. 239

1]
<c [ Erfae)|agl.
iR
from which we conclude that
rons <c (il +[fl,) <cm. 6
To prove the second estimation via a similar procedure to preceding we can obtain

IR 23 (30 < C Al

Now, we will study calculate the L norm of the operator . First, we suppose that
t > 1. We note that

jf(r)h:/otH(x,t—r)h(r)dr, (3.40)

where
H(x,t) =H(x,t1)+ Hy(x,1), x>0, t €R,

with
Hy(x,1) = (2%1.)2/%65’[@ e’”‘%gfg (P—o(8))

V0l 1
) e s e KL

_ 1 : Et xy+(p7€)
H2(x,t)—<2—m,) /I_Re [gzepm(l?—ﬁo(é)) dpdé§.

‘We note that

Vdl 1 B K(q)+& 1
/qu(q—p)(q—w(é)) (g5 /qu(q—p)(q—w(é)) r+(@.6%

_/ i+ & 1
®q(g—p)a—¢(&)) Y (q.8)
Remembering that Re p > 0, Re ¢ (&) > 0 and using (2.15)

K(p)+&  Ki(p)+¢&

Y= (p,g) Y (pS)’

via the Cauchy theorem we have

/ K(q)+¢ L K(p)+6 1
®rq(q—p)(qg—0(&)) Y (q,8) plp—0(&)Y*(p,&)
1 € 1 1

/ > +& P & 1
2a@—p)a—0@)) Y (0,8) T2 2pp @) YT (0,8)
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As consequence we obtain

/‘ Vldl L g
rRq(g—p)a—0(&)) YT (q,8)

_ _K(p)+¢ L - L
plp—0E)) Y (p,&) pe(§)Yt(0,8)

Thus making use of Cauchy Theorem we get

1
Hwr) = 5 /R e de

LNk eﬂ*(n%) pP—9(&)
+<2m’> 4 w(é)[@ pY*(O,é)p(K(p +8)

)
where 6], ¢, are defined in (3.5). Combining the equalities (3.40), (3.41) and the
Cauchy Theorem we conclude

dpdE. (3.41)

A (t)h = h(t) + H(t)h, (3.42)
with )
:/ﬁ@J—ﬂMﬂm,
0
Here

H (x,1) = Hy (x,1) + Ha (x,1) + H (x,1),

where by the Cauchy theorem

i‘j](x,t) = L/ ePX—K(p)tK(p) dp.

21i Jg, )4
S UN e B L Y(pE)
Hz“’”‘(hi) o <p<é>/z»fp 0.8 Kp g rds G

oo (N s \ <75>Y<,¢> 1
Hy(xt) = <%> /%‘le . %ep Y=(0,¢) p(K(p)+§)dpd5'

By directly calculation we obtain

Hﬁl(" <C/ Vi (IP+T> dp<Cr ', (3.44)

Now, using that ¢ () = /(&) and via the inequality (3.1) we have

_ B 1 B
HHz('J)HLN <C[g e C‘é'tlé\[ TSl dp| d|§|<ci?. (3.45)
1 g 2
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Since by Mean Value Theorem

}Y+(p7€) - Y_(07€)} < C|p‘7
and via the inequality (3.2) for § € (0,%) and mediantly the substitution w = &t we
infer

_ B 1
|cn|, . <c [ el | ———p
s @ |ip2+ |pl*

From (3.44),(3.45) and (3.46) we conclude

dp| d|§|<ci?. (3.46)

Hﬁ(~,t) <ol

The above inequality, the equation (3.42) and the definition of Y norm imply that
1A () k| < [A(0) |- + Hﬁ(t)hHLw <Cr il fore>1. (3.47)
Moreover for 0 <t < 1 by analogy to (3.39) it easy to prove
12 @) hll- < Cllally, - (3.48)

From (3.47) and (3.48) it follows the Lemma 5.
In based to book [11] and the results presented in the previous Lemmas we can
infer the next result.

THEOREM 2. Let the initial data uy € Z and the boundary data h € Yﬁ , where
l|luoll, + ||thﬁ =g, € >0 is sufficiently small and B > 1. Then for some T > 0 there

exists a unique solution
ue C([0,T]; L*(R"))nC ((0,T];L**(R*)nL” (R")),
Sor the initial boundary-value problem (1.1).
4. Proof of the Main Theorem
We introduce the spaces
Z:=L*(RY) N LYTH(RY) A L*(RY),
where y1 € (0,%) with the norm
18llz = lielle2 + 1ol 135+l

and
Ypi= {6 €Lt [glly, <o},
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with

lolly, = 9]

Let us define the functional space

X:= {9e C((0,2):L2(R)) N C (0, kLW ®HNL=(RY)) : [9llx <=},

ol + e

Lu!

where
191 = suplo ()l +sup (T O3 o0 g4,y + (1 0 11

By Proposition 1 where ug€ Z, h € Y are such that ||ug||, + ||h||y = € is sufficiently
small. Let us define the operator

;zfu::%(t)uo—/ot%(t—r)ﬂ/(u)(f) dt+ 7 (1) h. @1

We prove that <7 is a contraction mapping on a ball X, = {ve X:[|v|x <p } where
p =2C (|Juo|l, + ||k]ly) - Firstly we need to prove that

t
/%(z— D (Pt <clv. 4.2)
0 X

Since for ve X
2 =213
[VPv][ < IVl VI < {7} 2 (1) 2 vl
3 —3 =613
[VPV]|p- < IVlli- < C{z} 2 (1) Ivlik,

H |v|2vHLL%+H

2 —3(3-u) o —G2m) 13
< Clls P,y < €L} 20 0 O

Pl 4 3esy < € (e IR Il I 1)
C({zy24n) " )2 G ()02 o

Via Lemmas 3 and Lemma 4 we get

7) (v[*v)dt
1.2

< [ (WPl + ] ) ar

<cik [ (@ +{m @) ar
0
<Clvlx-
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gy i) gy (w)
Lze(w)go/ L

< (IPVlls + PVl g ey ) 2

<cfry i g

/%(t—r) (Iv2v)dz
0

1

/g(z—r) (Iv]2v)dz

0

L

C/{t—r} =22 ([Pl + P 1y )

113
<C@) vk -

Thus (4.2) is proved.
By the same way, we can prove that for all v, we X is true

2
SCly=wlx (Vlix +lIwlx)™
X

H / G~ ) (v — wPw)de
0

By Lemma 3 and Lemma 4 we have || () uo||x < Clluol|z, and for the Lemma 5 we
have || (1) h||x < C||h|ly . In consequence for v € X, we get

17 (W)llx < (1 (1) wollx +

[ @ - ONo@az| +1 @l
0

p
C (lluollz+ vl +Iitlly ) < & +p?

<
<p.

Therefore, the operator </ transforms the ball X, into itself. In the same way, we
estimate the difference of two functions v, w € X,

17 (v) = o (w)llx <

/54 (t — 7) (N(v)(7) — N(w) (1)) dt

X
2
< Cllv=wlix (Wl + Iwlly)
1
< Cp*lv—wlix < 5 = wlx,

where p > 0 is sufficient small. Therefore .27 is a contraction mapping in X, and thus
by fixed point theorem there exists a unique solution u€ X to the initial boundary value
problem (1.1). Hence the Theorem (1) is proved.
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