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Abstract. In this article, we study sufficient conditions for existence and uniqueness of positive
solutions to the following coupled system of fractional order differential equations with anti-
periodic boundary conditions

D%u(t) + f(t,v(t),C D* (1)) = 0, “DPv(t) + g(1,u(r),C DP~u(r)) =0, 0<r<1,
u(0) = —u(1),v(0) = —v(1), D u(0) = —D’u(1), DIv(0) = —D9v(1),

where 1l <o, <2,a—p>1,f—qg=>1and0<p,g<1,f,g:[0,1] x RxR — R are con-

tinuous functions and D stands for Caputo derivative. We use Banach and Schauder fixed point

theorems to develop sufficient conditions for existence and uniqueness of positive solutions. We

also study sufficient conditions for existence of multiple positive solutions and conditions for

non existence of solutions. We provide several examples to show the applicability of our results.
We also link our analysis for the problem to equivalent integral equations.

1. Introduction

The study of fractional differential equations has attracted the attention of many
researchers, because of their applications in various fields of science and engineer-
ing. Fractional differential equations arise in the field of physics, electrochemistry,
viscoelasticity, Control theory, image and signal processing.

Recently, the study of existence and uniqueness of solutions to boundary value
problems for fractional order differential equations has attracted the attentions of many
scientists and a number of research articles are available in the literature, we refer to
[1,2,3,4,5,6, 7,8, 9] and the reference therein for some of the recent development
in the theory. The study of fractional differential equations with periodic boundary
conditions has also attracted some attention, we refer to [8, 10].

In [10], the authors have studied existence and uniqueness of solutions for the
following anti-periodic boundary value problem

Dy(1) = f(t.y(t),c D*"'y(1)) for 1€ =[0,b]
¥(0) = =y(b),y (0) = = ()

Mathematics subject classification (2010): 47J05, 92D25, 34A08, 34A34, 34K15.
Keywords and phrases: Coupled system, Fractional differential equations, Anti-periodic boundary
conditions, Fixed point theorems.
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where ‘D%, 1 < o < 2 is the Caputo fractional derivative and f:J xR xR — R is
continuous function. Many problems in applied sciences can be modeled as coupled
system of differential equations with different type of boundary conditions. Bound-
ary values problems for coupled systems with ordinary derivatives are well studied,
however, coupled systems with fractional derivatives have attracted the attention quite
recently. For example Su [11] developed sufficient conditions for existence of solutions
for the coupled system with two point boundary conditions of the form

D%u(t) = f(t,v(t),D*v(1)), DPv(r) = g(t,u(t),D"v(1)),0 <1 < 1
u(0) =u(1) =v(0) =v(1) =0,
where 1 < a,f <2, uv>0,aa—v=1,B—pu=>1,f,¢g:[0,]]xRxR — R are
continuous and D is the standard Riemann-Liouville fractional derivative. B.Ahmad
and Neito [12] extended the results of [11] to a three-point boundary value problem for
the following coupled system of fractional differential equations
D%u(t) = f(t,v(t),D*v(t)), DPv(t) = g(t,u(r),D"v(1)), 0 <t <1
u(0) =0, u(1) = yu(n), v(0) =0, v(1) = yv(n),
where 1 <a,f <2, u,v,y>0,0<n<l,o—v=>1,B—pu>1,m* <1, mbP1<
1,f,8:[0,1] x R x R — R are continuous and D is standard Riemann-Liouville frac-

tional derivative. Wang et al. [13] studied existence and uniqueness of positive solutions
to a three-point boundary value problems for the coupled system

D%u(t) = f(t,v(1)), DPv(t) = g(t,u(1)),0 <1 < 1

u(0) =0=v(0), u(1) = au(&), v(1) = bv (&),
where 1 <o, $<2,0<a, b<1,0<& <1, f,g:1 xR xR — R are continuous and
D is the standard Riemann-Liouville fractional derivative.

Motivated by the above work, we study existence as well as non-existence of pos-
itive solutions to boundary value problems for the coupled system with anti-periodic
boundary conditions of the type

D%u(t) + f(t,v(1)," D% 'v(1)) = 0,

DPy(t) + g(t,u(t), DPu(r)) =0,0 <t < 1 (1.1)

u(0) = —u(1),v(0) = —v(1), D’u(0) = —D?u(1), D?v(0) = —D%v(1),
where 1 <o, <2,0<p,g<1,and f,g e C([0,1] x[0,00),[0,00)) are continu-
ous and “D is the Caputo fractional derivative. We apply Banach fixed point theorem,
Leray-Schauder fixed point theorem and fixed point theorems of cone expansion, to ob-

tain sufficient conditions for existence and non-existence of positive solutions of (1.1).
We also provide some examples to illustrate our main results.

2. Preliminaries

We recall some basic definitions and lemmas from fractional calculus [14, 15, 17].
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DEFINITION 1. The fractional integral of order ¢ > 0 of a function u : (0,e0) — R
is defined by

provided the integral converges.

DEFINITION 2. The Caputo fractional derivative of order g > 0 of a function u €
C"[0,1] is defined by

c L)
D§, u(t) = F(n—q)/o (t—s)‘l—”“ds’ where n = [q],

provided that the right side is point wise defined on (0,0).

The following results needed in the sequel.

LEMMA 1. [10], let & > 0, then 1% °D%h(t) = h(t) + Co+ Cit + ...+ Cp1t""!
forarbitrary C;€R,i=0,1,2,....n— 1, n=[o] + 1

LEMMA 2. [14], Let E be a Banach space with C C E closed and convex. Let
U be a relatively open subset of C with 0 € U and T : U — U be a continuous and
compact mapping. Then either

1. The mapping T has a fixed point in U or

2. There exist u € dU and A € (0,1) with U = ATu

LEMMA 3. [16], Let P be a cone of real Banach space E and let Q, and € be
two bounded open sets in E such that 0 € Q) C Q) C Q. Let A: PN (Q\ Q) — P
be completely continuous operator. Suppose that one of the two conditions holds:

1 ||Aul| < [|ull for all w € PN Iy [|Aul| = ||u

,forall ue PNoQ,

2. ||Aul| Z [lul| for all w € PN IQy; [|Aul| < ||u

,forall ue PNoQ,.
Then A has at least one fixed pointin PN (Q,\ Q).
LEMMA 4. For y € C(0,1], the boundary value problem

D*u(t)+y(t)=0,1<a<2,0<r<1,

1(0) = —u(1), Du(0) = —DPu(1), 0< p <1, @1

has a unique solution
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where
1
—(1—s5)*"! 2 —1)(1 — 5)%P-1
l —
Gol(t,s) = —ﬁ(f—s)o‘l 0<s<r <1,
1
e LT 1+2F( - )(%_1)(1 )Pl 0<r<s<

Proof. In view of Lemma (1), we obtain I* “D%u(r) = —I%y(t), that is,
u(t) =Co+Cyt — 1%y(z).

Using the boundary conditions u(0) = —u(1) and D”u(0) = —DP?u(1), we obtain C; =
1%7Py(1) and Cp = w Thus, we have

1

21, o
u(t) = 5+ S 1) = 1%(0) = [ Gale,s)y(s)ds, 22)
0

where

L(l—s)o‘_l—I—;(Zt—1)(1—s)°“1"‘1

2To 2T — p)

—L(t—s)o‘_l 0<s<t<1

Galt,s) = To mETEI R

1
ﬁ(l—éjail"'m(zt—1)(1—5)0(71?71 ,0<t<s<1
(2.3)

Now, define G(t,s) = (Gal(t,s5), Gg(t,s)), then G(t,s) is the Green’s function
corresponding to the system of BVP (1.1). It is easy to verify the following lemma:

LEMMA 5. The Green’s function G(t,s) has the following properties
e (P)) G(t,5) >0 forall t,s € [0,1] and G(t,s) >0 forall t,s € (0,1);
o (Py) Oma<x1G(t,s) =G(s,s),s €[0,1];

SIS

o (P3) m1n3G(t $) = 7(s)G(s,s) for s € [0,1].

1<y

3. Existence of positive solutions
In this section we investigate the existence of positive solution for boundary value

problem (1.1). Let us define X = {u(r) : u(t) € C[0,1]} and Y = {v(¢) : v(r) € C[0, 1]}
endowed with the norm

. CDOC 1 d — CDﬁ 1
llu| = H}gf]\ (>‘+£}8’h' u(t) and , [|v|| t?[fi‘,’ﬁ‘ ()|+treng)1<| v(t)].
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The product space X x Y is a Banach space under the norm || (u,v)|| = max{||«||,||v||}

1
Defineacone P={(u, v) € X xY :u(t) > 0, v(t) > 0}, Take J = |

7 4_1] and subsets

B = {(uv) € P, minu(e) >yl minv(e) > 5]}
B, ={(u,v) € B: ||(u,v)|| < r}, 0B, ={(u,v) € B: ||(u,v)|| =r}.

In view of Lemma (4), we can write the system of BVP (1.1) as an equivalent system
of integral equations

1
u(t) = /Ga(ns)f(s,v(s)fD“—lv(s))ds, 0<r<I,
0 3.1)

v(t) = ({lGﬁ (t,5)g(s,u(s), DB~ u(s))ds, 0<r<1,

where f and g are continuous, then (u,v) € X x Y is a solution of BVP (1.1) if and only
if (u,v) € X xY is asolution of the above integral equations. Define T: X XY — X x Y
as follows

T (u,v)(1)
1

1
- ( / (Galt,5)f(5,9(s), D" v (s))ds, / (G,;(t,s)g(s,u(s),“Dﬁ1u(s))ds>
0 0

= (T1v(), Tau(t)). (3.2)

Then the fixed point of operator 7' coincide with the solution of system BVP (1.1).

THEOREM 1. Let f,g:[0,1] X [0,00) — [0,00) be continuous, then T : P — P and
T : B — B defined by (3.2) are completely continuous.

Proof. From the continuity of f, g, it follows that 7" is continuous. Let D C P be
bounded set, that is, there exist a positive constant [ > 0 such that || («,v)|| < ¢ for all
(u,v) €D. Let

M = max{|f(t,v(t),*D* ()| +1: 0
N = max{|g(t,u(t), DP " u(r))|+1: 0

Then we have
1
Tiv(0)| = | [ Galr.5)7(s:(5): DY (s)) s

0
1 1

< / Got,5)f(5,(5)),C D“v(s)|ds < M / Go(s,5)ds
0 0
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1
and |Tou(t)| <N [ Gg(s,s)ds. Hence, it follows that
0

1T (u,v)|| = |(Tyv, Thu) || < max{( M/Ga s,s)ds N/Gﬁ s,8)ds)} =

that is, 7(D) is bounded so is uniformly bounded. From the uniform continuity of
G(t,s) on [0,1] x [0,1] it follows that for a fixed s € [0,1] and € > 0, there exist a
constant 6 > 0 such that for |r, — ;| < § we have

& &
|G (t2,5) — G (t1,5)] < i and |Gg(t2,5) — Gg(t1,s)| < N

It follows that
1
€
Tiv(ts) — Tyv(n1)] < M/ Galtz,5) — Galn,5)lds < M~ =

Similarly, we have
|T2u(t2) — TQI/L( )‘ < E.

For Euclidean distance d on R?, if 0 <t,t, < 1 are such that |t — 1| < §, then

d(T ()02, T (e )1r) =/ [Tov(e2) = Tov (1) P+ [ Tau(r2) — Tou(ny)2)
< V262 =/2¢,

which implies that T(P) is equi-continuous. By Arzela Ascoli’s theorem, 7 : P — P is
completely continuous.

THEOREM 2. Let there exist two positive constants Ko and Kg such that the
Jollowing hold for t € [0,1], uy,uz,vi,v2 € [0,00):
(A1) |f(tuz,v2) — f(t,u1,01)| < Ka(ua —ur| + [v2 — 1),
(A2) [g(t,u2,v2) — g(t,ur,v1)| < Kg(Jua —ur| + |va —v1|.

Then the system (1.1) has a unique positive solution if

14TGB3—o)(aa—p+1)
IrG—o)'(c—p+1)

1+T3-B)(B—q+1)
FG-Br(B-q+1)

Proof. Before proving the above result, since f,g are continuous and Tu(t),Tv(t)

and “D* ' Tu(t), “DP~1v(t) are continuous on [0, 1] x [0,00) — [0, 00).
For v, v € Y and each ¢ € [0, 1], we have

max{2G Ko, 2K

)} <1,
)} <1

max{2GyKp,2Kp (

Tiv(t) =Tiv(1)] tlell[gFf]/\Ga (£, (5,v(5). DO (s)) = f (s, v (s),* D* " v(s)) || ds
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which implies that

ITyv(t) — Ti9(1)| < GoKo{|[v — 7]+ [D* v — D15}
< GoKogmax{[|[v =7, [|D¥ v = D*" 17|}

=2G;,Kalv— 7, (3.3)

1
where Gy, = max,c(g 1] [ |Ga(t,s)|ds. Further, using the following relation
0

‘D Tyv(r)
1

— O( p+1 CDafl d
m_a e P“o/ F(s,9(5).£ DO v(s))ds

t

~ [ #5309 DT (s))ds,

0
we obtain
_ e = 14TGB3—o)(aa—p+1)
D* I Tyv(t) — DT 9(r)| < 2K, — 3.4
Choose 14TG Ir( D
+ —o)l(a—p+
- 2G% Ky, 2K, }
p1 max{ aKor 2K ( TG-—a)(a—p+1) )
then from (3.3) and (3.4), it follows that
Tiv(t) = Tiv(1)] < pulfv—vll, (3.5)
which implies that 7] is a contraction as p; < 1. Similarly we can show that
| Tou(t) — Tou(t)| < pallu—ul| (3.6)
where L+ TG BN(B—q+1)
+ — —q+
:max{zc*K K32k, }<1
& #0202 T g g ) )
and

GE :tglﬁ)l(]o/Gﬁ(hsﬂds,

that is, 75 is a contraction. From (3.5) and (3.6), we have

1T (u2,v2) = Ty, v1) || < max(pi, pa) | (w2, v2) = (ur,vi) | < L (2, v2) = (ur, v |

where L = max(p,pz) < 1. By Banach contraction theorem 7 has a unique fixed
point which is unique positive solution of system of BVP (1.1).
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THEOREM 3. Assume that f and g are continuous on [0,1] X [0,00) — [0,0) and
satisfying

(43) f(t,v(2), <D Iv(0)| < e1t) + e2(t) (Jv(@) +[D*Hv(2)])
(A4) \g(t,u(t) Lu(t)| < di (1) + da (1) (Ju(r) |+ [DP~tu(r)])

(As) C, = ({Ga(s,s)cl (s)ds <1,D; = gGa(s,s)dl (s)ds < o0

(Ag) Cr = (?Gﬁ (s,8)da(s)ds <1, Dy = ({lGﬁ (s,5)d1(s)ds < eo.

Then the system (1.1) has at least one positive solution (u,v) in

(D1 Dy
= P )
S {(u,v)e ‘(M,V)||<mm<l_cl’1_c2)}

D D
Proof. Choose r = min ( 1 —ICI '] —2C'2> and define

§={(u,v) € Pll[(u,v)[| <r}.

For (u,v) € S, we have consider

ITyv] = max /Ga 1,5)£(5),v(s), D v(s)ds
1€[0,1]

< / Ga(s.5)(c1t) +e2(t) (v(0)| + 1D 'v(t) )ds < D1 + Cilv] <
0

Similarly, we obtain ||Tou|| < r. Hence, ||T(u,v)|| < r which implies that T'(u,v) € S.
Further, 7 : § — S is completely continuous. Let (u,v) € S such that

(u,v) = AT (u,v),0 <A < 1, (3.7

then, we have

= AT = Ao | [ Gar,5) (5, v(s), “DFv(s))ds
1€[0,1

1
< /Ga(&S)(Cl(l)) +e(n) (V)| +[D*u(r))ds <D+ Ci v <
0

which implies that [[u|| < r. Similarly, [[v[| <r. Hence, [[(u,v)| < r which implies
that (u,v) ¢ dS. Thus T has a fixed pointin §. [

Now, we introduce the following assumptions and notations.
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(B1) f,8:]0,1] X [0,00) X [0,00) — [0,00) and f(z,0,0) = g(#,0,0) = 0 are uniformly
continuous with respect to ¢ on [0, 1].
f(u)

) go:IimM,fN: lim =~ and g.. = lim M

By) Let fy = lim ——=
( 2) ¢ f() ug% u '’ u—0 U u—o Y u—e Y
THEOREM 4. In addition to the assumptions (By) and (By), suppose that one of

the following conditions holds.

3 3

3 7
(€1) fo ' <9 S Gals,s)ds, (f7)7' > Gy gy <¥5 ) Gpls,s)ds and (g7)~" > Gy

1 1

7 1
(Cy) there exist four constants a,A, b, B with 0 < a < A and 0 < b < B such that
Flt,v(t),cD* (t)) and g(t,u(t), D* 'u(t)) are non decreasing on [0,1] x [0,A] x
[0,B], f(t,A,B) < (A+B)/G}, g(t,A,B) < (A+B)/Gg, forall t € [0,1] and

f_l(t,yaa7yab) < yé Gol(s,s)ds, g_l(t,yﬁa7yﬁb) < yé Gp(s,s)ds.

M—\.‘Mu
Mh\»\w

Then the boundary value problem (1.1) has at least one positive solution.

Proof. Case 1: Assume that (C;) holds. Since,

f&l < yé Gul(s,s)ds,

M—\Mu

it follows that there exists a; > 0 such that f(z,v, “D*~'v(t) > (fy — & — &)v for all
t €0,1], v € [0,a;] where &,& > 0 are such that

(fo—€& —&)7e | Gals,s)ds > 1.

IS
ES[%]

Hence, for (u,v) € dS,, we have

1

Tyv(t) = / Golt,9)f(5,v(s), D= v(s))ds
0
1

> ya/Ga(s7s)f(s,v(s)7 D% 1y(s))ds
0
1

> T / Go(5,5)(fo — €1 — £2)v(s)ds
0



254 KAMAL SHAH AND RAHMAT ALI KHAN

1
> (fo— &1~ )% [ Galsss)vlds > v
0

Similarly, we obtain Thu(t) > ||u||. Hence,

1T (w,v) [ = || (w, V)| for (u,v) € 9. (3.8)
On the other hand for (f=)~! > G?,, there exist A > 0 such that f(z,v,°D* 'v(t)) <
(f +81 —l—é‘é)v7 for t € [0,1],v € (A,), where 8178; > 0 satisfies Gy, (f~ +81 +

!
&) ' <1,. Put

Z= max _f(t,v(1),cD* (),
t€[0,1], ve[OA]
then f(1,v(1),CD* ') < Z+ (f~ + €, + &)v choosing

A>max{a,A,ZG5(1— G5)(f~ + € + &) ')

Then for ¢ € [0,1], (u,v) € 9S4, we get

1

Tov(t) = / Golt,5)f(s,v(s), D v(s)ds)

0

1
< /Ga(s,s)f(s,v(s), ‘D y(s))ds
0

1
< / Gals,s)(Z+ (f~+e&, +&)v(s))ds
0

1

1
< Z/Ga(s7s)ds+ (f" +¢ +e;)/(s7s)||vuds
0

0
<A—GL(f"+& +)A+ (f+€ +6)G|v]| <A.

Similarly we have Thu(r) < A, that is
(u,v) € dSa = [IT (u,) || <l(u, ). (3.9)
Case 2: In view of (C;) for (u,v) € S and from the definitions of S, we obtain that

min u(r) > ya||u||and mm v(t) = Ballu-
1€1.3] €lz.3]

Therefore for (u,v) € dS;, we have ||(u,v)|| =b, for 1 € [1, fﬂ From (C,) we have

1

Tov(t) = / Golt,9)f(s,v(s), D" v(s))ds

0
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> / Gols,5)f(5,v(s), “D*"v(s))ds

Gy(s,s)ds=b

WV
R
ol
e \Nw

Similarly, we obtain T,u(t) > b, which implies that

1T (u,v)]| = ||(u,v)]| for (u,v) € IS,. (3.10)

On the other hand for (u,v) € dKp, we have that ||(u,v)| = B and using (C2), we get

1
Tov(t) = / Golt,8)f(5,v(s), <D™ 'v(1))ds
0
1

N

/G (5,5)f(s,v(s), D" 1v(s))ds

1
57 [ Guts
G
0
Similarly, T>u(t) < B, hence,

| T (u,v)|| < || (u,v)]| for (u,v) € ISg. 3.1

Thus (1.1) has at least one positive solution.
THEOREM 5. Suppose that (By)-(By) hold and let the following conditions are

satisfied:

(G3) (f°) 1> Gy and f21 < % [ Gals,s)ds, specially f© =0 and fu = o;

- %_’;‘w

ESTo

(Cy) (971> GZ‘ and gZ' < YB lfGl; (s,5)ds, specially g° =0 and g.. = oo.

7
Then the boundary value problem (1.1) has at least one positive solution.
Proof. The proof is similar to that of Theorem 4 and we omit it.

THEOREM 6. Suppose (Cy)-(C3) holds and also let the following two conditions

are satisfied:
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3
1
(Cs) f=! and f(;l < Y2 [ Gul(s,s)ds, particularly fy = f. = oo and

=

3

1
¢! and gal < yé /Ga(s7s)ds7 particularly gy = ge. = oo.
i
(Cs) There exist d > 0 such that
d

max 1,0, D* (1)) < —, and max tou, D ut)) < —.
0<t<17(u7v)695df( ’ ) G ogrgl,(u,v)easdg( ®)) Gy

Then boundary value problem (1.1) has at least two positive solution (uy,vi) and
(ua,v2) which obey
0 < || (ur,v)|l < b <||(uz,v2)||- (3.12)

Proof. Case 1: Consider (Cy), selecting 0 < a <d <A, if

3 3
i i
£l < yé/Ga(s,s)ds and g < yﬁ/Gﬁ(s,s)ds.
i i
Then we have
1T (u,v]]) = ||(u,v)]|, for (u,v) € dS,. (3.13)
If
3 3
7 7
fol< yé/Ga(s,s)ds and g! < yﬁ/Gﬁ(s,s)ds,
i i
then we have
T (u,v]]) = ||(u,v)]], for (u,v) € dS4. (3.14)

Case 2: From (Cg) and (u,v) € dS), we have

1

Tov(t) = / Golt,9)f(s,v(s), D v(s))ds
0
1

< /Ga(s,s)f(s,v(s), ‘D" 1v(s))ds

0
1
b
< —/Ga(S,S)dSZb,
G, ;

that implies 71v(¢) < b. Similarly Tou(r) < b. It implies that (u,v) € dK}, which gives
1T ()| < [[ () (3.15)
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REMARK 1. By applying lemma (3) to (3.8) and (3.9) or (3.10) and (3.11) which
yields that 7 has a fixed point (#,7) € Sya or (%, V) in Sg, 4, (i = 1,2) with 7(z) >
Yo||7|| > 0 and ¥(z) = yg|7]| >0, z € [0, 1].

Thus BVP (1.1) has a positive solution (#,7) which complete the proof of Theo-
rem 4.

REMARK 2. By applying lemma (3) to (3.8) and (3.12) or (3.13) zind (3.15) yields
that T has a fixed point (u1,v1) € dS,, and a fixed point (u2,v2) € ISp .

Thus BVP (1.1) has at least two positive solutions (u1,v1) and (up,v;). By as-
suming || (u1,v1)|| # b and ||(u2,v2)]| # b holds, and thus proof of Theorem 6 is com-
pleted. O

Going on above fashion we have the following result as in [16].

THEOREM 7. Let (By) and (By) holds and suppose that the following condition
hold.

(C7) (/)" and (g7)7' <Gy, (&%) and (g7)7! < Gj;
(C3) There exist E > 0 constant such that:

Then the BVP(1.1) has at least two positive solutions (uy,uz) and (up,v,) which obey
0 <|[[(ur,v)|| <E <|[(uz,v2)]|- (3.16)

THEOREM 8. Let (By)-(B3) hold. If there exist 2n positive numbers i, Ly, k =
1,2...n, with

U <YoLy <Ly <l <Yolo<Lp...dy <YoeD, <Dy
4 <’)/I3L1 <L <£2<7[3L2<L2...dn<)/13Dn<Dn,

such that

(o) 3 dila [ Galsss)ds) ™, for (.)€ [0,1] % abas ),
< (Gy) Dy, Ofor (t,v) € [0,1] X [YoLi, i),k =1,2...n,
g=di( ij (s,8)ds)~", for (t,u) € [0,1] x [yplx, ],

g< (G;)*le Jor (t,u) € [0,1] X [ygLi, Ly, k=1,2...n.
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Then the BVP (1.1) has at least n positive solutions (ug,vi) obeying € < || (ug, vi) || <
Li,k=12...n.

THEOREM 9. Suppose that (By) — (B3) holds. If there exist 2n positive numbers
UL, k=1,2...nwith {y <Ly <ty <Ly...</t, <Ly, such that

(Cio) f and g are non-decreasing on [0,L,], for all t € [0,1],

3
4 D
(Cll) f(t") 2 ek(yafca(s’s)ds)il’ f(t7') g G_fa k= 1a2 n,
1 o
R 4
) B Dy
and g(t,-) = li(vp [ Gg(s,s)ds) 1 g(t,) < o k=1,2...n
1
3 B
7

Then the BVP (1.1) has at least n positive solutions (ug,vy) obeying U < || (ug,vi)|| <
Ly, v=1,2...n.

4. Some examples

EXAMPLE 1. Consider the coupled system as follow

‘D2u(t) = 5 1 >7t60,17
0= s (1+v<z>|+fniv<z>| on

:
“Div(r) = 5t 1 e,
S b +ep 20
u(0) = —u(l), D2u(0) = —Dzu(l),

v(0) = —v(1), D2v(0) = —D2v(1),

where
1 —1
f(tvv(t)chjv(t)): )
(24¢ +8)(1+|v(t)| +<|D2v(1)))
3 —1
g(t,u(?),"D2u(t)) = .
(24e! +8)(1+ |u(r)| +<|D3u(t)))
Then 5 1
|f(l7V27CD%V2)—f(tthfD%m)\ < 3—2\\/2—\/1\ = E|V2_V1|7
and |
3 1
lg(t,u2,“D2uy) — g(t1,u1, D2 uy)| < E|u2_ul‘»
where
1 1
* 1 311
GO{ —3/1—3‘ ZdS—f—m/(l—s)Z 2 ds
29 272/

which implies that G}, < 0.876126, where Ky, = % Similarly Gﬁ 0.475675, where

_ 1
Kp=15-
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Now let
y 1+TB—a)(a—p+1)
max{2G Ko, 2Ky ( TG (a—p+1) )}
where: o =32,p=1, py = max{.10951575,.26611} = .26611 < 1 and

1+F(3—[3)F([3—p+1))}:

max{2G5Ks. 2K (3 g B —g 1)

Putting § = %751: %, we get
p2 = max {.05945,.160270} = .160270 < 1.

Since p; < 1 and pp < 1. Thus by the use of Theorem 2, BVP (1) has a unique positive
solution.

EXAMPLE 2. Consider the system of non-linear fractional differential equations.

D3u(t)+/v(t) =0, D3v(t)+ \/ult) =0, 0 <t < 1,
u(0) = —u(1) and v(0) = —v(1),
D2u(0) = —D2u(1) and D2 v(0) = —D2v(1).

/) 0

Let f=+/v and g=/u Now f0= hm ST 8 = [ =0=g>, thus

clearly we can see that

2

1
/ 3SSdS<°°and0</G%SSdS<°°
0

Thus by (C;) f° =o0 and f~ =0 and g° = o and ¢~ = 0. Hence by Theorem 5,
BVP (2) has a positive solution.

EXAMPLE 3. Consider the following boundary value problem as

D3u(t) + [v(1)]'% =0, D2v(r) + [u(t)]1°° =0, 0< ¢ < 1

u(0) =—-D2u(1),

Clearly (B;) and (B;) holds as f* = g% =0 and f* = g* = o. Thus by (C3) and
using Theorem 6, the BVP (3) has a positive solution.
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5. Non-existence of positive solution

In this section we discuss the non-existence criteria for positive solution and present
an example for the illustration of our result.

THEOREM 10. Suppose (By) and (B,) hold true and f < é and g < %, for
all t € [0,1],u > 0,v > 0, then the BVP (1.1) has no positive solution.

Proof. On contrary let (u,v) be the positive solution of (1.1). Then (u,v) € B, u(t)
and v(¢) both are positive for 0 <7 < 1 and

||u||=tgl[g7>§]lu()l+m[g>;\ D! ()\—tgl[gXI/Gatsf(s v(s),* D" 1v(s)|ds

implies

s = |

1 1
Jull < [ Gals.)f(5,9(5)7 D% v(s))ds < [ Gaulsys) g
0

0 o

Similarly ||v|| < |lu|| which is acontradiction. So BVP (1.1) has no positive solution.
Hence proof is completed. [J

THEOREM 11. Let (By) and (By) holds and

-1
Flev(t), D (1)) > v(yé Ga(s,s)ds)

—1
g(t,u(t),CDP~1u(t)) > u<y,§ Gp (s,s)ds)

== \mu = \-Mu

forallt €[0,1],u >0 and v > 0, then BVP (1.1) has no positive solution.
Proof. Proof is just like Theorem 11 so we omit it.

EXAMPLE 4. Consider the system of non linear fractional differential equations:

i)+ 20 523@0“"”( ) _o.reo.1,
cpiv) 4 20 >+u%<20+008”( )0, 1.1,
u(0) = —u(1) and ‘D3u(0) = —Dbu(1),
¥(0) = —v(1) and “DEv(0) = ~D (1),
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Since (B;) and (B;) holds and also f© = g% =20, f~ = g~ =43, and

200 < f(1,v(1),S DIv(1)) < 43v
20u < g(t,u(t),CD2u(r)) < 43u
Ftv(0) .S DT u(t)) < 43y < —,
G

where Gy, ~0.876126 and Gl’g ~ .475675. Now

F (1), DIv(t)) < - ~ 1.1413v
Go
implies
= f(t,") <43v~1.1413v and g(, ) < 43u~2.1022u.
Thus by Theorem 10, BVP (4) has no positive solution.
(if) Also

f(t,)) >200 > (12 | Gols,s)ds) ™ ~15.8688y

e \.Nu

and

glt,)>2u> u(yl% G,;;(s,s)ds)’1 ~ 12.678u.

e \Nm

Then by Theorem 11, BVP (4) has no solution.
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