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EXISTENCE RESULTS FOR A NONLINEAR FRACTIONAL
DIFFERENTIAL EQUATIONS WITH INTEGRAL
BOUNDARY CONDITIONS ON THE HALF-LINE
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Abstract. By means of nonlinear alternative theorem of Leray-Schauder, some new results on
the existence of positive solutions for a nonlinear fractional differential equations with integral
boundary conditions on unbounded domain are established. The paper concludes with an illus-
trative example.

1. Introduction

The study of fractional differential equations has become a very important and
useful area of mathematics over the last few decades due to its numerous applications
in various areas of physics, chemistry and engineering such as viscoelasticity.

Recently, the theory on existence and uniqueness of solutions (or positive solution)
of nonlinear fractional differential equations with finite domain by the use of techniques
of nonlinear analysis has attracted the attention of many authors, (see, for example
[2,3,4,6, 15, 16, 17]) and references therein.

Some recent results on fractional differential equations with infinite domain, for
instance, can be found in papers [5, 8, 11, 13, 18, 19, 20] and references therein. In
this paper, we study the existence of positive solutions for a boundary value problem
of nonlinear fractional differential equations with integral boundary conditions on an
infinite interval. Precisely, we consider the following problem (FBVP for short):

DEu(t) + f(t,u(t)) = 0, 1 €.J = [0,+e0), (L1

u(0) = 1/ (0) =0, D% u(ws) = /0 To () ult)dr, (1.2)

where 2 < o < 3, f € C(JxRT,RT), D§. and Dg- ! are the standard Riemann-
Liouville fractional derivatives of order o¢ and o — 1, respectively and DS‘; 1u(zxv) =
: -1
hmt_H_oo Dg+ (Z) .
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Here by a positive solution we mean a function u(¢) which is positive on (0, +)
and satisfies (1.1)-(1.2).

Throughout this paper, we assume that the following conditions hold:
(H1) for any ¢ € (0,+e0) assume that

/0 1" Lo(r)dt = < +oo, e (0,T(c0));

(H2) there exist nonnegative functions a(¢) and b(r) defined on [0,+<0) and a constant
p > 0 such that
|f (t,u(@))] < a(t) +b(t) lu(r) [P

and
oo oo B
/ a(t)dt = a < +oo, / (L+t*" N b(t)dt = b < +oo.
0 0

The rest of this paper is organized as follows: In section 2, we present some pre-
liminaries and lemmas that will be used to prove our main results. Section 3 is devoted
to prove the existence of positive solutions for FBVP (1.1)-(1.2). In section 4 an exam-
ple is worked out to demonstrate our main result.

2. Background and Preliminary lemmas
In this section, we present some notations, definitions and preliminary lemmas
which are used throughout the paper. We also state in this section the nonlinear alter-
native theorem of Leray-Schauder.

For the definitions of fractional integral, fractional derivative, related proprieties
and existence theorems of fractional differential equations we refer the reader to [9, 14].

DEFINITION 1. ([9, 14]) The Riemann-Liouville fractional integral of order o >
0 of a function u : (0,+e0) — R is given by

1 ! _
I§u(r) = m/0 (t —5)* tu(s)ds,
where I'(¢o) is the gamma function, provided that the integral exists.

DEFINITION 2. ([9, 14]) The Riemann-Liouville fractional derivative of order
o > 0, of a continuous function u : (0,4+e0) — R is defined by

D) = o () [ -1 utsyas

where n = [0t} + 1 and [o(] denotes the integer part of o, provided that the right side is
pointwise defined on (0,e0).
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LEMMA 1. ([9]) Let u € C(0,+e0) L' (0,4), B > a > 0, then
D15 u(t) = 15 “u(z).
LEMMA 2. ([9]) Let o« > 0, then
OIfu>—-1, u£a—iwith i=1,2,...[a]+1, 1 >0, then

Fu+1)
Nu—oa+1)

(i) For i=1,2,...,[a] + 1, we have

D! = " o> 0.
(iii) For every t € (0,+o0), u € L' (0, 4o0)

D I u(t) = u(r).
(iv) For every t € (0,4o0), u € L' (0, +c0)

I8 DSu(t) =u(t)+ Y cit®", c;€Rn=[a]+1.
i1

(v) D¢ u(t) =0 ifand only if u(t) = ¥ cit®', ¢;€R, n=[o] +1.

The following lemma is crucial in finding an integral representation of the bound-
ary value problem (1.1)-(1.2).

LEMMA 3. Let h € C([0,+4c0)) such that
0< / h(s)ds < H-oo.
0

For T'(a) # W, the fractional boundary-value problem

D u(t)+h(t)=0,1€ (0,4e), 2 < a <3, (2.1
u(0) =1'(0) =0, DY u(eo / G (2.2)
has a unique solution given by
- /0 "G, )h(s)ds, 2.3)
where
G(t,s) = Gi(t,s) + Ga(t,s), (2.4)
G (t,s) = ﬁ { tiaily (t—s)*"", 00<<t “;gs ;i::o (2.5)
and » _
Go1.9) = (e =) /0 0(1)G1(1,5)dr. 2.6)

The function G(t,s) is called Green’s function of boundary-value problem (2.1)-(2.2) .
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Proof. By Lemmas 1 and 2, we can reduce the equation (2.1) to an equivalent
integral equation

1 12
u(t) = — )/0 (t —5)* h(s)ds+cit® '+ et 2430973, 2.7

(@)

for some cy,cp,c3 € R.
From u(0) = /(0) = 0, we know that ¢; = c¢3 = 0. Thus,

1 t
ult) = ——— [ (t—5)*""h(s)ds+ c1t* L. 2.8
(0= ~fgy J, 9" H)ds e @8)
On the other hand
Dy~ Yu(r) /h Yds+ciT(a),

combining with

Dy (oo / o (s
ﬁ (/()w(p(s)u(s)ds—I—/()wh(s)ds) .

Therefore, the unique solution of (2.1)-(2.2) is

u(t) = —ﬁ/ot(t — )% h(s)ds + % (/Om(p(s)u(s)ds+/0mh(s)ds)

— _ﬁ/ot(t—s)a_lh(s)ds—k ﬁ/:t“‘lh(s)ds
1

+ —)/Owta Yo(s)u(s)ds

—/ Gi(t,8)h(s)ds + %/Omtafl(p(s)u(s)ds

we have

where Gi(z,s) is defined by (2.5).
From

1 N a—1
/ G (t,s)h(s)ds+ m/o Y7 o(s)u(s)ds (2.9)

we have

/OOOG1(I,S)h(s)ds—|— %/Owta_l(l)(s)u(s)da B

(
_ /O°°<p(t> (/0°°G1 (t,s)h(s)ds) di
s [Co0) ([ potsas)
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:/ / G (t,s)h(s)dsdt
0

* T /0 T o(n)di /0 (t)ult)di
it follows that

/quo(t)u(t)dtz (1_ﬁ/:,a 1 )/ / G (t,s)h(s)dsdt,
“ Jo

/rp = ( / /Glts §)dsdi. (2.10)

Substituting (2.10) into (2.9), we obtain

/ G (t,s)h(s)ds+ (F(Z / / G (t,s)h(s)dsdt
_/ G(t,5)h ds+(r([:)_i / (/ 0(1)Gi (1, s)dt)h( \ds

:/ Gl(t,s)h(s)dS—F/ Ga(t,5)h(s)ds
0 0

_ / "Gt 5)h(s)ds
0

where G(t,s),G1(t,s), and G,(t,s) are defined by (2.4), (2.5) and (2.6) respectively.
The proof is complete.

We need some properties of functions Gy(t,s), Ga(t,s) and G(z,s) in order to
discuss the existence of positive solutions.

then

LEMMA 4. ([11]) The function G\(t,s)defined by (2.5) satisfies
(i) G1(¢,s) is a continuous function and G\(t,s) = 0 for (t,s) € [0,4o0) x [0,4o0);
(ii) G (t,s) is strictly increasing in the first variable;
(iii) G1(t,s) is concave in the first variable for 0 < s <t < oo,
(iv) Gi(t,s)/(1+t* 1) < 1/T(), for all (t,s) € [0,4c0) x [0,4c0) and,

/:q)(z)Gl(t,s)dz < w/T(@) forall s € [0,4o).

PROPOSITION 1. If u € (0,T(ex)), the function G,(z,s) defined by (2.6) satis-
fies:
(i) Ga(z,s) is a continuous function and G»(z,s) > 0 for all (¢,s) € [0,+e0) X [0,+o0);
(i) Ga(t,s) < ut* 1/T(a) (T(ex) — ), forall (¢,s) € [0,400) X [0, +00);
(iii) Ga(t,s)/(1+t* 1) < u/T(a) (T(ex) — ), for all (¢,5) € [0,4c0) x [0, +c0).

Proof. Using the properties of Gy(z,s), definition of G,(z,s), it can easily be
shown that (i), (ii) and (iii) hold.
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LEMMA 5. If u e (0,T(ox)), the function G(t,s) defined by (2.4) satisfies:
(i) G(t,5) is a continuous function and G(t,s) > 0 for all (t,s) € [0,40) x [0, 4c0);
(i) G(t,s)/(1+t*1) <1/(T(a) — ), for all (t,s) € [0,+0c0) x [0,+c0), where
B 1
(T(er) =)
Proof. Tt follows from Lemme 1 and Lemme 2 that G(z, s) is a continuous function
and G(t,s) > 0 forall (z,s) € [0,4+o0) X [0,4o0);
(1) If 0 < 5,7 < +oo, we have
G(t,s)  Gi(t,s) = Galt,s)
Lol [ o= 7 o]

1 o1 o1 1 .

S T(a) 1ot + 1401 (F(O‘)_H)/O o(t)G(t,s)dt
1 1 o

S ') + (T(a) —#)/0 o(t)G(t,s)dt

< 1 + 1 /Nta—l(p(t)dt

S T(e) ' T(e) (T(e) — 1) Jo

_ 1 u

") " T(e)(T(e) - )

This complete the proof of Lemma 5.
To establish the existence of solutions for FBVP (1.1)-(1.2), we need the following
known Leray-Schauder nonlinear alternative.

THEOREM 1. ([1] Leray-Schauder nonlinear alternative). Let C be a convex sub-
set of a Banach space, and let U be an open subset of C with 0 € U. Then every com-
pletely continuous map T : U — C has at least one of the following two properties:
(i) T has a fixed point in U,

(ii) There isan x € d U and A € (0,1) with x = ATx.

3. Existence of solutions

In this section, we will apply the Leray-Schauder nonlinear alternative theorem 1
to the problem (1.1)-(1.2). For our constructions, we shall consider the space

—o0 1 +t05_1

X:{ueC(],R):lim (o)l <+oo}, 3.1



Differ. Equ. Appl. 7, No. 3 (2015), 333-346. 339

equipped with the norm
u(@®)]
oo | 4 10— 1

lullx = lim

LEMMA 6. ([11]) (X,].lx) is a Banach space.

The Arzela-Ascoli theorem fails to work in the Banach space X due to the fact that
the infinite interval J = [0,4-o0) is noncompact. The following compctness criterion
will help us to resolve this problem.

THEOREM 2. ([12]) Let U C X be a bounded set. Then U is relatively compact
in X if the following conditions hold:
() For any u(t) € U, u(t)/(1+t*"1) is equicontinuous on any compact interval of J.
(ii) For any € > 0, there exists a constant T =T (&) > 0 such that

u(n) u(tz)

<€
T T
forany t1,tp > T and u(t) € U.
Define the operator 7' : X — X by
- / G(t,5)f(s,u(s))ds , 0 < 1 < +oo (3.2)
0

where G(z,s) defined by (2.4),(2.5) and (2.6).

Observe that the problem (1.1)-(1.2) has a solution if and only if the operator T’
defined by (3.2) has a fixed point.

In order to use Theorem 1, we must show that 7 : X — X is completely continu-
ous.

LEMMA 7. Assume that (H1)-(H, ) hold. Then the operator T : X — X is com-
pletely continuous.

Proof. We divide the proof into several steps.

(a) The operator T : X — X is uniformly bounded. Let Q be any bounded subset of
X ; then there exists a constant R > 0 such that ||u|y < R. By (H,), we have

T G(t,s)

Il =sup [ st as

1 e a1y _ u(s)”
< m/o [a(s)—f—b(s) (1 +s ) s 17 ds

a+blJull?
S M) —p)
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a-+bR°
< -
(T'(ot) — )
< oo,

This shows that 7Q is uniformly bounded.

(b) The operator T : X — X is continuous. Take u,, u € X such that ||u,||y < 4o,
llully < oo and u, — u as n — eo. Then by (H;), we have

72 s (s)as

1401
; ” a—IPM s
<(1"(a)—‘u)/0 {a(s)—f—b(s)(l—i—s ) 1517 d
a+b ||l
- (T(e) — )

< oo,

By the Lebesgue dominated convergence theorem and continuity of f, we obtain

. = G(t,s)
tim ["EE s s = [EEL fsuts))as

Taking the limit n — oo, we get

,5)

1—|—t°‘ !

I7us — T = sup / [F(s.11a(s)) — f(s,u(s)) ds — 0.

Therefore T is continuous.
(c) The operator T : X — X is equicontinuous. We consider tow cases.
(c1) Let I CJ be any compact interval and 71,7, € I are such that 1| <1,. Let Q be

any bounded subset of X, then for any u € Q, we have

Tu(tz) Tu(tl)
LT 1!

| [~ Gltass)  G(t1,s)
/0 (H—t“l 1+tf‘1>f(s7”(5))ds

=| Glra,s)  Gli,s) a-nyp  u(s)P
</0 T T I—H{x_l (a(s)—f—b(s) (1+s ) m) ds
<

G(t,s)  G(n,s)
TSN T

(a(s) +b(s) (1 —l—sa_l)p ||uH§> ds.

So,
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Tu() Tu(ty)
IS E

<
0

Since G(t,s) is continuous on J x J, we have that G(¢,s)/(1 +t*"!) is a uni-
formly continuous function on the compact set / x I. Moreover, for s > ¢, we have
that this function only depends on ¢, in consequence it is uniformly continuous on
Ix (J\I). So we have that forall s €J and 11,1, €I the following property holds:

For all € > 0 there is §(€) > 0 such that if |r, —#;| < § then,

G(t2as) G([l,S)
IS B

(ats)+b(s) (1455 uly) ds.~ (3.3)

G(ty,s) G(11,s)
| B

By this, together with (3.3), and the fact that

/Om (a(s)—i—b(s) (1—|—s°‘71)pRP> ds < oo, (3.4

we can get that 7Q is equicontinuous on /.

(cy) In fact, when ¢ — oo, we have

. Glt,s)
lim o =0, (3.5)

From this, it is not difficult to verify that for any given & > 0, there is a constant
T'=T'(g) > 0 such that

G(t27s) G(tlas)
1+270 14!

forany t1,tp > T’ and s € J. Hence, T is equiconvergent at co.
Thus the conclusion of Theorem 2 applies that hence T is relatively compact on
J.So, T : X — X is completely continuous. This completes the proof.

We are now in a position to state and prove our existence result for the FBVP
(1.1)-(1.2).

THEOREM 3. Assume that (H) and (H, ) with 6 = 1 hold. If there exists r > 0

such that )
”(1‘ (F(a)—u)) SnCEN) (-0

Then problem (1.1)-(1.2) has a solution u(t) satisfying

0<u(r) < (l—i-to‘*l)r , fort e J.
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Proof. Let U ={u€X, |lully <r}. For u € dU, if there exist A € (0,1) such
that u = ATu, then we have

ju(®)]
14!

_ o A TW) (@)
S AN

= G(t,s)
<wp [ e
l oo
< m/o la(s)+D(s)u(s)|ds
a+bully
S o) — )’

[lullx = sup
el

[f(s,u(s))|ds

This implies that

’(1 - <r<al>7—u>> NGE

which contradicts (3.6). By Lemma 7 and Theorem 1, we conclude that problem (1.1)-
(1.2) has a solution u(t) satisfying

0<u(r) < (1—|—t°‘71)r ,fort e J.

This completes the proof.

THEOREM 4. Assume that (Hy) and (Hy) with 0 < o < 1 hold. If there exists

r > 0 such that
2 % \Tr
"~ “‘a"{ - (Ta=m) } o

Then problem (1.1)-(1.2) has a solution u(t) satisfying

0<u(r) < (l—i-to‘_l)r , fort e J.

Proof. In this case, we take

om0 (2 )ﬁ
(T(ot)—p)” \(T(or) — ) '

The rest of the proof is similar to that of Theorem 3. So we omit it.

THEOREM 5. Assume that (Hy) and (H,) with ¢ > 1 hold. If there exists r > 0

such that .
17

2b T-p
GOEDR ((F(a)—u)> | 68
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Then problem (1.1)-(1.2) has a solution u(t) satisfying
0<u(t)< (1+1“ ) r , fortel.
Proof. In this case, we take
1

2b I-p
<r<a>—u><’"<<<r<a>—u>> '

The rest of the proof is similar to that of Theorem 3 . So we omit it.

4. Application

We consider the following fractional boundary value problem on an unbounded
domaine

D)+ — MO =0, 1e0), @1
0 L+ (1+t4)<1+z%)
u(0) = 1/ (0) = 0, D& (oo / */ieft’z D, 4.2)

where o0 =5/2, ¢ (t) = /texp(t)/(1+1?) and

Fltu) =1/ (42 + [u(@)|°/ (1+1%) (1413).
Then we can easily show that
Lo, o)
2
L2 (144 (1412)

R SN 01
IR () (1403)

[ (,u))| =

obviously, for a.e. t € [0,+o0), we have

te <12 exp(t)
= 1 Lo(r)de :/ dt = 0.37855.
H /0 o) o t2+1

Then pu € (0, 1.3293), where I'(5/2) = 1.3293. Hence (H ) is satisfied.
Also, set

a(t)=1/(1+%) and b(t) = 1/(1+1*) (1+ /) for t € [0,+c0).
Then we can easily show that

f(e,u(®)) <a(t) +b(t) lu(@0)]P .
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By simple calculations we have:

Case 1. For 0 = 1, an easy computation shows that:

oo | X
— = e E—— == 1. 7
a /O a(t)de /O 1 —|—t2dt 5708

and

toe 1 p too 1+t%
b:/ (141271 b(t)dt:/ ———————<dt = 1.1107.
0 0 (1+t4)<1—|—t7>

So, condition (H;) hold. Then by an application of Theorem 3 the FBVP (4.1)-
(4.1) has a solution u(r) satisfying

0<u(t) < (1+1* ) r forrel,
where

r(1-0)/(T(e) — ) > a/(T(e) = 1),
(1-b)/(T(e) — p) = —0.16824,
a/(T(er) — ) = 1.5708(1.3293 — 0.37855) = 1.6522.

Case 2. For 0 = 0.5 < 1. An easy computation shows that:

- d el dt = 1.5708
= t)dr = —=dt = 1.
“ /0 a(t) /0 1412 '

and
te “1\P ” 1
b= [ (1) ble)dr = | a1 = 0.90382.
0 0

(t+1)\/13+1

So, condition (H,) hold. Then by an application of Theorem 4 the FBVP (4.1)-(4.1)
has a solution u(#) satisfying

0<u(t)< (1+1“ ) r forrel.

2a N
" ma"{ o (@) } B

Case 3: For 0 =2 > 1. An easy computation shows that:

Here

+oo +oo ] .
a /O a(t)de /0 l+t2dt 5708

and

Foe < 1 3
b= | 40! pbtdt:/ (ﬂ 1>dt:1.9608.
e boa= [ (4
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So, condition (H,) hold. Then by an application of Theorem 5 the FBVP (4.1)-(4.1)
has a solution u(#) satisfying

Here

[1]

[2

—

[3]
[4]

[5]

[6]
[7]

[8

[t}

[9]
[10]

[11]

[12]
[13]
[14]
[15]
[16]

[17]

[18]

0<u(t) < (1—|—t°‘_l)r ,fort e J.

1

2 T—p
—3.3043 < r < <7b)) " —17.013

(T(o) — ) (T(ot) —
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