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(Communicated by Chun-Lei Tang)

Abstract. In this paper we study the existence of solutions for the nonlinear elliptic system
A%u— Au+Vi(x)u= fu(x,u,v),
A2y — Av+ Vo (xX)v = £, (x,u,v),
u7v€H2(]RN) xeRN,

where Vi (x) and V>(x) are positive continue functions. Under some assumptions on f, (x,u,v)
and f,(x,u,v), we prove the existence of many nontrivial high and small energy solutions by
variant Fountain theorems. This generalizes the results by Y. Ye and C. Tang (J. Math. Anal.
Appl. 394, 841-854, 2012) to fourth-order nonlinear elliptic system.

1. Introduction

This paper deals with the existence of infinitely many solutions for the fourth-order
nonlinear elliptic system

A%u— Au+Vi(x)u = f,(x,u,v),
A%y — Av+Va(x)v = £, (x,u,v), (L.1)
u,vEHz(RN),xERN,

where N > 1, A% := A(A) is the biharmonic operator, F = F(x,u,v), f, = ‘;—5, and
f= %—f. Vi(x), Va(x) and F(x,u,v) are positive functions. We are interested in the
existence of many nontrivial high and small energy solutions.

The study of fourth-order elliptic equations appears to be important in many areas
including the study of travelling waves in suspension bridges and static deflection of an
elastic plate in a fluid. We refer to [7] and their references. The fourth-order elliptic
problems have been extensively studied in recent years, obtained numerous results on
existence, multiplicity of the positive solutions, see for example [8, 10, 11, 12, 13, 14,
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17,20, 19, 15, 18, 2, 5]. In [20], Zhou and Wu investigated the fourth-order nonlinear
elliptic boundary value problems

(1.2)
u=Au=0 on 09,

{A2u—|—cAu=f(x,u) in Q,
they obtained the existence and multiplicity of sign-changing solutions by variational
techniques. Yang and Zhang in [14] proved the existence of positive, negative and sign-
changing solutions of (1.2) by invariant sets of the gradient flows of the corresponding
variational functionals. In [10], Wang et al. showed that problem (1.2) exist at least
three nontrivial solutions by linking approaches. In [12], Ye and Tang obtained the
existence of infinitely many large-energy and small-energy solutions for the fourth-
order elliptic equation:

2. — i N
{Au Au+V(x)u= f(xu) in RY, (1.3)

uc H*(RY),

by Rabinowitz’s symmetric mountain pass theorem, where V € C(RY,R) and f €
C(RN x R,R). Zhang and Tang in [18] established the existence of infinitely many
small energy solutions of (1.3) by using the genus properties in critical point theory
where the nonlinearity f(x,u) is indefinite sign and sublinear at infinity. Cheng in
[2] considered the existence of high energy solutions of (1.3) by using some special
techniques. Under more relaxed assumptions on V(x), Ye and Tang established the
existence and multiplicity of solutions for a class of fourth-order elliptic equations with
a parameter A > 1 large enough.

In [6], Jung and Choi studied the fourth-order elliptic system with Dirichlet bound-
ary condition:

A2u+cAu:a((u+v+l)+—l) in Q,

Av+cAv=a((u+v+1)"—1) in Q, (1.4)
u=0, v=0, Au=0 Av=0 on 0Q,

they proved the existence of nontrivial solutions via linking method and the contraction
mapping principle on the Banach space. In [1], Afrouzi et al. studied the existence and
multiplicity of solutions for a class of nonlocal fourth-order systems by critical point
theory.

To the best of our knowledge, the existence of infinitely many nontrivial solutions
of (1.1) has not ever been considered by variational methods. Our main objective in
this article is to study the existence of infinitely many nontrivial high and small energy
solutions for (1.1). Unlike the Rabinowitz’s symmetric mountain pass arguments in
[12], our main idea is to use the variant Fountain theorems generalizes the results in
[12] to fourth-order nonlinear elliptic system.

In this paper, we assume
(H1) V;(x) are continuous in RY, and inf,_pn Vi(x) > 0 (i=1,2). For each M > 0,
meas {x € RV : V;(x) < M} <o (i =1,2), where meas denotes the Lebesgue measure
in RV
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(H2)F (x,u,v) € C' (RN x R? R*);
(H3) There exist aj, ap >0, r € (2,2,) where 2, = oo for N < 4 and 2, = % for
N > 4, such that

e )]+ |G| < ar (™" 4 W)+ axllul + ), V) € RY x B

(H4) There exist §, o € (1,2), r € (2,2,) and a3 >0, N >0, V(x,u,v) € RV x R?,
such that
GO (Jul® + [%) < fuloryu, v+ £, u,v)v

and
| foa e, ) 1 Gy, )| < om() (O 4+ 0|07+ as(Jul ™+ v,

where {(x) € L%(RN), m(x) € L%(RN), {(x) >0, m(x) >0, for x e RV;
(H5) There exists i € (2,r), such that

lim Sule,uv)u+ fo(x,u,v)v

i >C>0
([uP+[v[2)—eo (Jul>+v?)z

uniformly for x € RV ;
(H6) There exists 6 > 1, such that Vs € [0,1],

0£(x,u,v) > £(x,su,sv),  V(x,u,v) € RN x R?,

where £(x,u,v) = 3 (fu(x,u,v)u+ f,(x,u,v)v) — F (x,u,v);
(H7)F (x,u,v) = F(x,—u,—v) for (x,u,v) € RN x R2.

REMARK 1. With these assumptions on F', we give the following examples of F':

@

Fx,u,v) = (24 €77 (juf? + |7 + [+ [v]),
(ii)
l+sin2x1
1+ |x|2
where x = {x1,x2,...,x8}, 2<p<2,,1<0<2.0

F(xu,v) = ([l 4 V1) + [ul? + [v]P.

We state the main theorems in this paper:

THEOREM 1. Assume that (H1)— (H3), (H5)— (H7) hold, then problem (1.1)
possesses infinitely many high energy solutions (u*,V*) for all k > ko (ko € N), in the
sense that

1
I(uk,vk) =3 /RN <|Auk|2—|— |Avk|2—|— |Vuk|2—|— |Vvk|2 —|—V1(x)(uk)2—|—V2(x)(vk)2>dx

—/NF(x,uk,vk)dx—>—|—°°, as k — oo,
R
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THEOREM 2. Assume that (H1), (H2), (H4)— (H7) hold, there exists Ay > 0,
when 1 < Ao, then problem (1.1) possesses infinitely many small energy solutions
(uk VK for k € N, in the sense that

1
I(u* VK =3 /RN <|Auk|2—|— |AVE 2 4+ |Vik |2+ | VVE 12+ V) (x) (b)) +V2(x)(vk)2>dx
—/ F (o, u* V})dx — 0—, as k— oo,
RN

The paper is organized as follows. In Section 2, we present some preliminary
results and prove some lemmas. In Section 3, we prove our main Theorems.

2. The variational framework and preliminary results

Consider the Sobolev space X = H*(R") endowed with the norm

1

2
el = ( [, (4190 1) )
RN

Now, we define the subspaces

W = {u ex\/ Vi (x)u? <°°},
RN

W, = {v EX\/ Va(x)v? < oo}.
RN
Obviously, W; and W, are Hilbert spaces endowed with the norm respectly

et = ([, (8 +19P v ad)ar) . e,

Il = ([, (04 9P+ va?)an) s vews

Problem (1.1) is posed in the framework of the Hilbert space W = W; x W, with the
standard norm

G, v) 1 = el + (191,

1
In addition, we define |u|, = ([gn |u|Pdx)7 , which is the usual norm in LP(R") and
1
L5 (RN) = LP(RV) x LP(RV) with the norm |(u,v)|, = (Ju|p+|v[5)? . Itis well known
that under assumption (H 1), the embedding W; — LP(RV), W5 < LP(RV) are com-
pact for p € [2,2,), where 2, = +oo for N <4 and 2, = ]% for N > 4.
A pair of functions (u,v) € W is said to be a weak solution of problem (1.1) if

/RN (AuA@; + AvAQ; + VuV @ + VvV @y + Vi (x)upy + Va(x)vep, ) dx
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= [ ful00) 1+ 1, v) g =0

forall (¢, ) € W.
The corresponding energy functional of problem (1.1) is defined by

1
1) = 51 @l = [ Pl

In order to verify I(u,v) € C'(W,R), we need the following lemmas

DEFINITION 1. (Definition 3.2, [4]) On the space LP(RY)NLI(RY), we define
the norm

lulpng = |ulp =+ lulg,
on the space L5 (RV) N L(RY), we define the norm
[, v) prg = [, )[p + [ (,v)]g,
on the space LP(RV) 4 L4(RV), we define the norm

|| pvg = inf {|v], + W] : v € LP(RY),w € LIRY),u =v+w}.

LEMMA 1. (Lemma 3.3, [4]) Assume that 1 < p, r, q, s <oo, f & C(RN X Rz)
and
3 2 q q
FOouv) < Cr(fulr +v[7) +Co[uls +[v]*),

then, for every (u,v) € Ly (RN)NLI(RY), f(-,u,v) € L"(R)+L*(RY), and the oper-
ator

T: Lg(RN)ﬂLg(RN) —>L’(RN) +LS(]RN) 2 (u,v) — f(x,u,v)
is continuous.

Now we consider the functional y(u,v) = [pv F(x,u,v)dx, then we have the fol-
lowing result.

LEMMA 2. Assume that (H1) — (H3) hold, then y(u,v) € C'(W,R) and
(W (0).(0192)) = [ (v )on + £
where (u,v), (Q1,02) €W.

Proof. 1t follows from (H3) that

LdFr
F(x,u”,):/ Mdt
0 dt

1
= / ful,tu,tv)u+ fo(x,tu,tv)vdt
0
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1
< [ (st t0)| ot v) ) ]+ s
1
< [l vl ™)+ (el + evl) (il + )

1 1
<2a1(|u|r+|v|r)/o f*ldt+2a2(|u|2+\v\2)/o dt
<ai ([ul"+ v]") + ax(ju® + v]?). (2.1)

Let g(x) :=a; (Ju(x)|"+|v(x)|") +aa(|u(x)[> +|v(x)|?), then g(x) € L' (RY). So, I(u,v)
is well defined.

First, we prove the existence of the Gateaux derivative. Given (@, @) € W, |t]| €
[0,1], 6 € (0,1), then

F(x,u+t@,v+te) —F(x,u,v)
t

1
=(|fulx,u+1001,v+100)||t@1] + | fi(x,u+1001,v+100,)|[1]) X T

<ar(ju+10¢ " + v +100 ") +ar(ju+10¢| +[v+10@) (lo1] + | 92])
<C(Jul o H T @ [u] o]+ V] [92]) (Jon ]+ [2])-

The Holder inequality and the sobolev imbedding theorem imply that
(a7 P ol ™ Jul + @i+ ]+ [@al) (|1 + [@2]) € LN (RY).

It follows from the Lebesgue theorem that

<‘I/,(M»V)7 (¢17(P2)> = /;{N (fu(x7u7v)(pl +fv(x7u7v)(p2)dx'

Next, we prove the continuity of the Gateaux derivative. Assume that (u,,v,) —
(u,v) in W. By the sobolev imbedding theorems, (u,,v,) < (u,v) in L5(RN) for
p€12,2,). By the Lemma 2.2, we obtain fy, (X, un,vy) — fu(x,u,v) and f,(x,u,,v,) —
folxu,v) in L7 (RN) +L2(RV), where 7 := -Z;. By the Holder inequality and the
Sobolev imedding theorem, we get

!

(W ) = v ). (01, 92)|
| [ Ut ) = o) 1 ) )

<o (s s V) = fu e, usv)| 2o [ @1 a2 + o (Xt vi) — (6w, v) | 1o | 02] a2

—0. as n— oo,

Hence, by the above lemmas, we have I(u,v) € C'(W,R). The proof is com-
pleted. O
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LEMMA 3. Assume that (H1), (H2) and (H4) hold, then y(u,v) € C'(W,R),

and (' (u,v), (@1, 92)) = fav (fu(x,10,9) @1 + fo (x,u,v) 2 )dx, where (u,v), (1, 92) €
w.

Proof. By (H4), similarly as in the Lemma 2, it is deduced that

1
Pl = [ D g <o)l + 1)+ asllal + D). @22)

By the Hold inequality and sobolev imbedding theorem, it can be deduced that
2nm(x)(|ul® + |v[%) +as(|u]"+ ']) € L'(RY),

then I(u,v) is well defined.
Almost as the same as in Lemma 2, the Gateaux derivative of y(u,v) exists, and

W (0), (91, 02)) = [ (Fulnv)gu + ) )

Let (uy,vn) — (u,v) in W, then

u, —u in LP(RY),  for p€[2,2,), (2.3)
vo—v in LP(RN),  for pe[2,2,), (2.4)
up, —u ae xeRY, (2.5)
vp—v ae. xeRV. (2.6)

‘We claim that

‘/N (fu(x,un’vn)—fu(x,u,v))(pldx —0, as n—oo, V@ eW. 2.7)
R

Otherwise, 3 & > 0, and a subsequence, denoted by { (t,,x,v,x) }, such that

Ly Ustrtint) = flran) s

> €&, as k— oco. (2.8)

Since (uy,vy) — (u,v) in L3(RN), it can be assumed that
(s ) — tarlz <275, [Vugerr) — vl <275, V> 1

Let us define
~+oo
(o1 (x), @ (x)) == (Iunl(x)l + X ey () — e (),
k=1

o0
(14 X, e ) () = vk )] )
k=1
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And o (x) € L*(RV), ap(x) € L*(RV). Itis clear that
|unk(x)| < 0 ()C), |Vnk(x)| < (x)z(x)
Note that, by (H4)

/I‘QN (fu(x7 unk7vnk) - fM(X,M,V)) (Pldx
< [ (Ut L)l
[

< Jan [m(x) (| (0] + ()| + ]~ v] 07T

+as(lon ()" + o) ful ] @ fd.
By the Lebesgue dominated convergence theorem and from (2.5), (2.6), it can be
deduced that
lim

om /RN (o, e Vi) — fu(x,1,v) ) rdx

which is contradict to (2.8). Therefore, (2.7) holds. Similarly,

— 0, (2.9)

—0, as n—oo, V @eW. (2.10)

‘ /RN (fv(xvumvn) - fv(x7u7v))(p2dx

Then,

‘<w’(un,vn)— l//,(u,V)y((Pla%»‘ S’/RN (fu (st vi) = fulox,u,v)) @rdx

+'/RN (o (s tty i) — fo(x,10,v) ) adlx

— 0,

as n — 0. Hence, y(u,v) € C'(W,R). The proof is completed. [J

From the above lemma, replace the (H3) with (H4), I(u,v) € C'(W,R). Let W
be a banach space with the norm ||.|| and let W; be a sequences of subspaces of W with
dim W; < e for each j € N. Further, W = @ ;jcyW; , the closure of the direct sum of
all W;. Set

Ye=&l_ oW,  Z=87 W
and
Be={ueY:|ul<p} Sc={u€Z:|jull=r},

for py > r, > 0. Consider a familarly of C!-functionals I; : W — R defined by
I, =A(u) — AB(u).

The following two variant fountain theorems were established in [21].
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THEOREM 3. Assume that the functional I) defined above satisfies
(A1)I; maps bounded sets into bounded sets uniformly for A € [1,2], and I (—u) =
I)(u) forall A € [1,2], ueW;
(A2) B(u) 20 forallu e W, A(u) — oo or B(u) — oo as ||u|| — ;
or
(A3) B(u) <O forall u e W,B(u) — —oo as ||ul] — oo;
(A4) There exists py > ry > 0 such that
br(A)=lim L(u)>a(A)= max L (u), VAe]ll,?2],

uE€Zp|Jull=ri uEY, |Jull=pi
Then

be(h) < (h) = inf maxLy (v(w), VA € [1,2],

vely ueBy

where Ty ={y€ C(B,W):y is odd,y|yp, =id} (k>2). Moreover, for almost every
A € [1,2], there exists a sequence {uk(A)} such that

sup ()] <o, L(uh(A) —0 and  L(up(A) — k() as n— oo

THEOREM 4. Assume that ) defined above satisfies
(B1) I, maps bounded sets into bounded sets uniformly for A € [1,2], and I (—u) =
I, (u) forall (Au) € [1,2] xW;
(B2) B(u) =0 for all u € W and B(u) — o as |lu|| — o on any finite dimensional
subspace of W;
(B3) There exists py > ry > 0 such that

a(A)=inf  L(u)=0, b(A)= max [, (u)<0, VAe€]IL2]
UEZy |[ull=px UEYy,|Jull=ry
and
(A= inf L (u)—0, k—o, uniformly for A€][l,2].
UEZy,||ul|<pr

Then there exist A, — 1 ,u(A,) € Y, such that
LIy () =0 and L, (u(A) —ci as n— oo,

where ¢ € [dp(2),br(1)]. In particular, if u(A,) has a convergent subsequence for
every k, then Iy has infinitely many nontrivial critical points u, € W\{0} satisfying
I (ur) — 07 as k — oo,

In order to apply the above two theorems to prove our main results, we define

Alwn) = 3l By = [ Pl

and
I (u,v) = A(u,v) — AB(u,v) = %H(um)Hz - QL/N F(x,u,v)dx,
R

forall (u,v) e W and A € [1,2].
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3. Existence results

LEMMA 4. For the any k — dimensional subspace w of W, there exists Slf >0,
8,? > 0 such that

meas{x RV JulP + v > g,fu(u,v)np} >l (u,v) € W\{(0,0)}, p€[2.2.),
G.1)
and

meas{x € R : £(x)(|u|® + [v[®) = €0 ||(u,v)||°} = &0 V(u,v) e W\{(0,0)}, (3.2)

where 8 € (1,2) and {(x) : RN — R is a positive continuous functional such that
2
{(x) € 1753 (RY).

The verification of Lemma 4 is almost the same as in [12].

LEMMA 5. Let

ou(p) = sup @ v)llp =0 k—eo,  for pe2,2,), (3.3)
(uvv)ezka(uvv)HWZI

where the Z; is defined in Theorem 3.

Proof. Suppose that this is not the case, then there exists an & >0 and {(u;,v;)} C
W with {(uj,vj)} 1 ij—l such that

lwjovillw =1, [ vi)ll g vy = €0,

where kj — e as j — oo. Forany (u,v) € W, we may find {(i;,v;)} € Wi,—1, such
that (;,v;) — (u,v) as j — eo. Hence

[ ((jov), ()] = [((wj,v)), (@, 7)) = (u,v))]
<@ —u,v; =)

—0 as j — oo,
Thus, (u;,v;) — 0 in W. By the sobolev theorem, (u;,v;) — (0,0) in L5(RN). This
is a contradiction. The proof is completed. [
LEMMA 6. Let (H1), (H2), (H3), and (H5) hold, then there exist p; > r;y >0

such that for all A € [1,2],

bir(A) = lim L (u,v) > ap(A) = max L (u,v). (3.4)
K= et o B > aA) = max )
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Proof. From (2.1) in Lemma 2, we have
F(xu,v) <ap(Ju) + v +a(uf+v?)  YxeRY, (u,v)eR2
Therefore, with Lemma 5, 3 ko, for (u,v) € Z; , k > ko, we have
1
B) = 1) =2 [ F (v
> l 2 _;L r r 2 2 d
2 5 ()l RNal(lul + ")+ ax([u]” + [v[7)dx
1 r r
> 5”(%")“%/ =20 (r)ar|(w,v) Iy — 20 (2)az]| (u,v) [

1 r r
> 211y = o (r)ell (e, v) -

If we choose r, = (8ay(r)c) > = , where ¢ =2ay, then forany (u,v) € Z; with ||(u,v)| =

e, we get

1
1.(0,v) > 5 (804(r)) 77 >0,
which implies that
1
be(A) = inf L) > =(80f(r)e)Tr >0, VAE[l,2. (3.5
() €2 | (w) |=r 8
By (Hs), 3 L>0, |u>+ |v|*> > L, then
Fulbru )+ fo(xu,v)v = ey (luf? + P) 2 = ealjul® + [v]H),

then

1
F(x,u,v) :/ Sulx,tu,tv)u+ fi(x,tu, tv)vdt
0

B /1 f,,(xJu,tv)tu+fv(x,tu,tv)tvdt
t
1 1 u
S [tk b,
0
= c3([ul* +v[*), (3.6)

where ¢3 = %

Note Q(t) = {x € RN : [ul* + |[v[* > &'||(u,v)||*}. Since |u]®+[v]> = (|[u|* +|v|")
with % €(0,1) and (3.1) in Lemma 4, there exists Ry with (& ”R”)H =>L, ||(uv)] =
Ry, (u,v) € Y, then |u|*+|v|> > L when x € Q(u). Hence, for any (u,v) € ¥; ,with
|(u,v)|lw = Ry, we have

=

1
Buy) < 5wl = [ P
2 RN
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g N ) - ’J+ K d
vl =/ (u)03(lu| v[*)dx

k

1
SEH(u,V)H%—03(85)2\\(14,\’)”%—>—°° as |[|(u,v)[| = ee.

Then, 3 po > Ry, such that I (u,v)[5p(p,) < 0. Then, we choose py > max{r, po}

a(A) = max I (u,v) <0 VkeN, 1€[l,2].
()€Y [l ()| =pi

The proof is completed. []

LEMMA 7. Let (H1), (H2), (H4) and (H5) hold, 3 Ao >0, when 1 < Ao,
there exist py > ry > 0, such that

ar(A) = inf I, (u,v) >0,
M= ez laen 1)
bi(A) = max L (u,v) <0, VAell,2],
(V) €Yy [| () || =r
and
di(A) = inf I (u,v) =0 k—oo, uniformly for A €[1,2].

() €Z || ()| <pi

Proof. By (2.2) in Lemma 3, for (u,v) € Z, it follows that

1
L) = 5@ =2 [ Flxuvax
1
> EH(M»V)H%V—“/RN nm(x)([u|® + V%) +as(lu" + [vV])dx
1
> Sy —4nlm)| 2 (julf + VIS) = 2as(|ul;+ V1)

1 o)
> EH(M,V)H% - 872|’ﬂ()€)|%(lu|2 + V)7 —2az(|ul; +|v]})

1 r r
> EH(M,V)H% —8n|m(x)] 2o )| (u,v)[§ — 2es01 ()| (w,v)

1 _ _
> (@) 1§ (511 @) = 8neolmx)] 2 = eall () [ ),
where &) = sup;cn 07 (2), c4 = 2c3supey o (7).

Let 1
flt)= Etz_o —c4t™ %, 1>0.

Smax = f(X) with ¥ = (2042(;36))5 , such that

ﬁnax:(
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Denote Ag = %8()’1|m(x)|’§ Smax, when N < Ag, pr =%. Then
P
ap(A) = inf I, (u,v) > 0. (3.7
@) () €2, | () [ =Pk (,7)

In addition, for all A € [1,2], and (u,v) € Z, with ||(u,v)|| < px, we have

D (u,v) = =8n|m(x)| 2o ()| (u, v)[y —asog ()| (w,v)[liy — 07, as k— oo
Therefore
di(A) = inf I (u,v) — 0, as k—oco uniformly for 4 € [1,2].
(uvv)ezka(uvv)ngk
(3.8)
From (Hy), it can be obtained that V(u,v,x) € RY x R?,
1
F(x,u,v) :/ Sfulx,tu,tv)u+ fo(x,tu,tv)vde
0
1
2/ f,,(xJu,tv)tu+fv(x,tu7tv)tvdt
0 t
[ L+t
0 1
1
> EC(X)(WISHVIS)-
So, if (u,v) € ¥, by Lemma 4, one can get
1
Buy) = 5@l = [ P
RN
1 > 1 5 1y[8
<) —3 [ Eul® + )
< Sl — 3PNl xeRY, () e®
X 2 ) w 2 k u,v W X ) u,v .
Hence, we choose r; > 0, small enough satisfying r, < py such that
br(A) = max I (u,v) <0, for all A€ ]l,2]. (3.9)

(uvv)EkaH(uvv)HW:rk
The proof is completed. [

Proof of Theorem 1.1. From the assumption (H2), we know that B(u,v) > 0 for
all (u,v) € W, and A(u,v) — oo as ||(u,v)|| — e . Moreover, I; (—u,—v) = I, (u,v) for
all (u,v) € W, and A € [1,2]. It follows from the conditions (H1), (H2) and (H3),
I, (u,v) maps bounded sets into bounded sets uniformly for A € [1,2]. Combining with
Lemma 6, (A1), (A2), (A4) of Theorem 3 are verified. Therefore, for a.e. 1 € [1,2],

there exists a sequence {(uk(1),v%(1))}>_,, such that

(@A) | <=ty (04 (2)) = 0.1 ()W) ) = )
(3.10)

sup
n



14 ZHENZHEN ZHANG, XUDONG SHANG AND JIHUI ZHANG
as n — oo, By Theorem 3, (3.5) and the assumption that r > 2, it implies that

(X)) = be(A) = inf L) > =(80fc)T7 =bg — +eo,  (3.11)

(1) €Z | (o) [| =12

0| =—

as k — oo. Also since

cr(A) = inf max I (u,v) < max I (u,v)=7cf.
((A) = Jnf max lev) < max Buy) =

Hence, o
by < (L) <7, for k> k. (3.12)

If we choose a sequence A, € [1,2], such that A,, — 1, it follows from (3.10)
that the sequence { (%(A,),vk(4n))} is bounded. If we can prove that the sequence

{(uk(Am),v5(An)) } has a strong convergent subsequence as n — o, we can assume
that

fim (i (o), Ve (o)) = (5 () 9 (o))

n—o0

for every m € N and k > k. By (3.10) and (3.12), we can get
L, (@A), V¥ () = (0,0) and Iy, (u* (), v (Am)) € [br, 7] for k> ko. (3.13)

If we can prove that {(u*(A,),*(A.))} _  possesses a strong convergent subse-
quence with the limit (1*,vF) € W for all k > ko, the limit (u¥,1X) is a critical point
of I(u,v) = Iy (u,v) with I(u¥ V) € [by,cx]. Since by — o as k — oo, we get infinitely
many nontrivial critical points of I(u,v). Consequently, problem (1.1) possesses in-
finitely many nontrivial solutions with high energy.

(1) We prove that the sequence { (uk(An),vk(A))}, | has a strong convergent sub-

sequence. Since { (uf(An),vi(An))},_, is bounded, up to a subsequence, denoted by

r'n

{ (s (Aon) V(D)) ¥ - there exists sequence (i (), (An)) , such that
(s ) Va ) ) = (4 2) ¥ (h)) i W,
(uﬁ(lm)mﬁ(?tm))—><uk(7tm)7vk(7tm)> in LZ(RY), pe[2.2.).

Again,

(aty, (s )V (B) ) =l (1 o) () ).

(k) =t ) ) = 4B ) )
= [ (k) = ) G =4[

o [ (ot ) ) = (0 o) () ) (1 () = 1))
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Y. /R o (Gt an) o)) = o (st ) ¥ o)) ) (o) = V() ) i,
(3.14)

Since dI,, (uk(Am),vE(Am)) — 0 and (e (An),VE(Am)) = (t* (M), V¥ (Am)) as n— oo,
then

<dI;Lm (U (), VE (o)) — il (1 (Do) V(D))
(1 o) = o) Vi o) =¥ () ) = 0.

From (H1),(H3), Lemma 1 and {(u}(4),v5(An))},_, is bounded, it implies

\ Ly (et o) ) = ot (n). (o)) ) (s o) = () )
Ju (x7 ”];L()Lm)»vﬁ(km)) — Ju (x7 ”k(km)»vk(lm))

— 0, as n — oo, (3.15)

<

Fv2

Similarly,

— 0.

(3.16)

\ Ly (5t .V 2) = £ (5, Chn) ) ) (55 2n) = 7))
then, it follows from (3.14), (3.15), (3.16) that
H (uﬁ(lm) — i () (Do) — vk(lm)> va 0, n— oo
Therefore,
(u’;(xm),v’;(xm)) - (uk(xm),vk(xm)) . n—oe, for k> ko.

(2) We prove that { (u¥(A,),v*(A)) }::1 has a strong convergent subsequence in W.

Since { (¥ (Am), v (An)) }_, satisfying (3.13). We claim that { (u*(An),V(Am))}
is bounded in W . If it is not the case, we consider

< uk(lm) Vk()tm) )
1% (A ) s VE Q) w1 (Ao V5 (X)) w7

(ﬁk(lm)a/‘;k(zfm)) =

then up to a subsequence, still denoted by (@A), (Ax)), 3(@*,7*), such that

(@ (An), 7 (Am)) = (@,5%), in W,

(@ (An), ¥ (Am)) — @, 7), in LYRY), pe[2,2.),
(M) — i, ae xeRY,

VF(Am) =7,  ae xeRY
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Casel : if (@*,V*) # (0,0) in W . Since

(). ) (o) A ) )
[ 6o o) [
A Fu (s 1k (A) v km))(uk m +fv(xu( )v"(/lm))v"(/lm)dx

w 1t () 4 o)y

= [ (2 en) 4+ P ()

u (6, 65 (A ) VE (A) Y F (M) + o (3, 0 () V5 (A ) VK (M)

) P4 RGP .

where Q,, = {x € RY : (#*(A),7 (An)) # (0,0)}. By (3.13), (H5) and Fatou’s
Lemma, we can deduce a contradiction that

l_hmlnf?L/ Am) 2+ PF (A )|2)

. Ju(x, uF(Am), vk(lm))uk(lm) + £ (x,uk(lm), vk(lm))vk(lm) )dx
|k (A |2+ K (A ) |2

—o00, as m — oo,

Case 2: If (i*,7) = (0,0) in W. we can define

I, (tt Oon) st (M) ) = max b, (11 (Ao ), 09 (D))

For any 8 >0, letting (2 (Ay), v (An)) = /4B (& (An), 7 (An)) , one can has

(ﬁk(z’m)’vk(z’m)) - (0’0)’ iIl Lg(RN>7 p € [272*)7
*(An) — 0, ae. xeRY,
P (An) =0, ae xeRN

Similarly as (2.9) in Lemma 3 and by (H3), we can find @(x) € L'(RV), such that
}F(x,ﬁk(lm),vk(lm)ﬂ < o(x),
hence, using the Lebesgue dominated convergence theorem, we have

im [ F (7 () 7 () ) dx = /RN F(x,0,0)dx = 0.

m—oo RN
Thus, for m large enough, \/4[3H(uk(km)yk(?tm))ufl € (0,1), we derive that

Ly, (tmtd Oon) s tV* (M) ) = I, (@ (An), 7 (Am)
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1
= I G Py = Ao [ F (5.7 o) (),
which implies that

iminf 1y, (tutd (Am),tmV* (M) = B — 00, as B — oo

m-—eo

Since 1, (0,0) = 0, and I, (u* (A ),  (Am)) € [br, k], e see that, for m sufficiently
large, t,, € (0,1) and

<4u10muk<ﬁw07anvk<km>>,(nnuk<ﬁw0,anvk<km>>>::“nﬁélﬁqmlhﬂ(ruk<awa,zvk<am>)
=0.
Therefore, using (H6), it can be deduced that
1
Jon [ 5 (o0 Gl o) (o) - (0 ) o)) (o))
—F(x uk(l ), k(lm))dx
> ’”9/ Fo (06, tntt O  * (B t (Ao
+f (x,tmu (lm),tmvk(lm))tmvk(lm) — F(x, tmuk(lm),tmvk(lm))>dx
= %I/lm (tmuk(km)vak(?Lm)) — oo, m—> oo,
However, from (3.13), it implies that
1
o [ 5 (Gt ) ¥ o) o)+ 5 o) (o)) )
—F(x,uk(lm),vk(lm))>dx

1 (1 o) V¥ () — %<1’M (o) P o)) (5 ) (o))
1y (1 o)V (o)) € [y

This is a contradiction. similarly in (1), we can prove the sequence {(uk (A ), VE(Am)) }
has a strongly convergent subsequence. Then there exists (uX,v%) € W, such that
I(u* V) € [by, 7] and I (uf,vF) = (0,0). The proof is completed. [J

Proof of Theorem 1.2 From the (3.6) and the discussion in Lemma 6 on any
finite dimensional subspace of W, we get

Buw) = [ Flruvdx— e, as ()] — <.

By the assumption (H2), we know that B(u,v) > 0, for all (u,v) € W, and by the
assumption (H1), (H4), I) (u,v) maps bounded sets into bounded sets uniformly for
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A €[1,2]. By (H7), I (u,v) = I (—u,—v), forall A € [1,2] and (u,v) € W. Com-
bining with Lemma 7, we see that all the conditions of Theorem 4 are verified. Con-
sequently, for each k € N , there exists A, — 1, (u(A,),v(4n)) € Y, such that

I;L,,|Yn (u(ln),v(ln)) = (070)7 I)L,, —Ck € [dk(z)abk(l)L as n — oo, (317)

Let P, : W — Y, is the orthogonal projection operator for all n € N, where Y, is the
n — dimensional subspace of W. By (3.17), we have

(Pully (1), v(2)) s () V() ) =

<
—~
S
N

So, as the proof in Theorem 1.1, {( V(A) } is bounded in W. Up to a subse-
quence, 3 (u,v) in W, such that (u(A,),v(A,)) — (u,v) in W. (3.17) can be changed
into that

L, ((Aa),v(An)) — (0,0), I, — cx € [d(2),bi(1)], as n — oo.

Therefore, as (1) in Theorem 1.1, there exists (u,v), such that (u(4,),v(A,)) — (u,v)
in W. So, for every k € N, we obtain the critical point of I(u,v) with I (u,v) =
(0,0) and I(u,v) = ¢ € [di(2),b(1)]. Therefore, from Theorem 2.6, problem (1.1)
possesses infinitely many nontrivial critical points with small energy. The proof is
completed. [

Acknowledgements. The authors would like to express sincere thanks to the anony-
mous referee for his/her carefully reading the manuscript and valuable comments and
suggestions. This research was supported by NSFC (No.11571176) and Natural Sci-
ence Foundation of the Jiangsu Higher Education Institutions (No.14KJB110017).

REFERENCES

[11 G.A. AFROUZI, M. MIRZAPOUR, V.D. RADULESCU, Nonlocal fourth-order kirchhoff systems with
variable growth: low and high energy solutions, Collect. Math.

[2] B. CHENG, High energy solutions for the fourth-order elliptic equations in RV, Boundary Value
Problems., 2014, 2014:199.

[3] Y.H. DING, S.X. LUAN, M. WILLEM, Solutions of a system ofdiffusion equations, J. Fixed point
appl., 2, (2007), 117-139.

[4] D.HUANG, Y. L1, Multiplicity of solutions for a noncooperative p-Laplacian elliptic system in RV |
J. Differential Equations, 215, (2005), 206-223.

[5] L. J1, C.L. TANG, Existence of solutions for the coupled systems of second and fourth order elliptic
equations, Differ. Equ. Appl., 3, 2 (2011), 267-277.

[6] T.JUNG, Q.H. CHOL, Fourth order elliptic system with dirichlet boundary condition, J. Ineq. Appl
2011, 2011:60.

[71 A.C.LAZER, P.J. MCKENNA, Large amplitude periodic oscillation in suspension bridge: Some new
connections with nonlinear analysis, SIAM Rev., 32, (1990), 537-578.

[8] J.L1u, S.X. CHEN, X. WU, Existence and multiplicity of solutions for a class of fourth-order elliptic
equations in RV, J. Math .Anal. Appl., 395, (2012), 608-615.

[9] M. WILLEM, Minimax Theorems, Birkhd user, Berlin, 1996.



[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

Differ. Equ. Appl. 8, No. 1 (2016), 1-19. 19

W. WANG, A. ZANG, P. ZHAO, Multiplicity of solutions for a class of fourth-order elliptical equa-
tions, Nonlinear Anal., 70, (2009), 4377-4385.

M.B. YANG, Z.F. SHEN, Infinitely many solutions for a class of fourth-order elliptic equations in
RV, Acta Math. Sin.(Engl.Ser.), 24, (2008), 1269-1278.

Y.W. YE, C.L. TANG, Infinitely many solutions for fourth-order elliptic equations, J. Math. Anal.
Appl., 394, (2012), 841-854.

Y.L. YIN, X. WU, High energy solutions and nontrivial solutions for fourth-order elliptic equations,
J. Math. Anal. Appl., 375, (2011), 699-705.

Y. YANG, J.H. ZHANG, Existence of solutions for some fourth-order nonlinear elliptic equations, J.
Math. Anal. Appl., 351, (2009), 128-137.

Y.W. YE, C.L. TANG, Existence and multiplicity of solutions for fourth-order elliptic equations in
RY, J. Math. Anal. Appl., 406, (2013), 335-351.

J. H. ZHANG, Multiple solutions for some fourth-order nonlinear elliptic variational inequalities,
Nonlinear Anal., 63, (2005), e23—e31.

J.H.ZHANG, S.J. L1, Multiple nontrivial solutions for some fourth-order semilinear elliptic problems,
Nonlinear Anal., 60, (2005), 221-230.

W. ZHANG, X.H. TANG, J. ZHANG, Infinitely many solutions for fourth-order elliptic equations with
general potentials, J. Math. Anal. Appl., 407, (2013), 359-368.

J. ZHANG, Z.L. WEL, Infinitely many nontrivial solutions for biharmonic equations via variant foun-
tain theorems, Nonlinear Anal., 74, (2011), 7474-7485.

J. W. Znou, X. Wu, Sign-changing solutions for some fourth-order nonlinear elliptic problems, J.
Math. Anal. Appl., 342, (2008), 542-558.

W. Zou, Variant fountain theorems and their applicants, Manuscripta Math., 104, (2001), 343-358.

(Received July 3, 2015) Zhenzhen Zhang

Institute of Mathematics

School of Mathematical Sciences, Nanjing Normal University
Nanjing 210023, PR China

e-mail: ilikeenglish369@126.com

Xudong Shang

School of Mathematics

Nanjing Normal University Taizhou College
Taizhou 225300, Jiangsu, PR China

e-mail: xudong-shang@163.com

Jihui Zhang

Institute of Mathematics

School of Mathematical Sciences, Nanjing Normal University
Nanjing 210023, PR China

e-mail: zhangjihui@nijnu.edu.cn

Differential Equations & Applications
www.ele-math.com

dea@ele-math.com



