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INEQUALITIES FOR ZEROS OF SOLUTIONS TO
SECOND ORDER ODE WITH ONE SINGULAR POINT
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Abstract. We consider the equation y” + P(z)y' + Q(z)y=0 (z € C), where

ng

np
P(z)=Y pd " and 0(z) = Y qud* 2
k=0 k=0

with real coefficients py,q; (k=0,...,np; j=0,...,np;np,ng < o).

Let zx(y),k = 1,2,... be the nontrivial zeros of a solution y(z) to that equation. Estimates
for the sums Ziz 1 m (j=1,2,...) are derived. Applications of the obtained estimates to the
counting function of the zeros of solutions are also discussed.

1. Introduction and statement of the main result

In the present paper, we investigate the complex zeros of solutions to the equation

Y'+P(2)y +0(z)y=0(z€C), (1.1)
where
np nQ
P(2) =Y pd ' and Q(z) = Y qud (1.2)
k=0 k=0

with real coefficients py,q; (k=0,...,np; j =0,...,ng;np,ng < e). That is, equa-
tion (1.1) has one regular singular point at z = 0. It is possible that either pg = 0 or
qo = 0. If both pg and g are zero, then the equation does not have a singular point. It
is well-known that the zeros of solutions of ODE play an essential role in mathematical
physics, cf. [11]. The literature devoted to the zeros of solutions of equations without
singular points is very rich. Here the main tool is the Nevanlinna theory. An excel-
lent exposition of the Nevanlinna theory and its applications to differential equations is
given in the book [13]. In connection with the recent results see the interesting papers
[1, 2, 3, 14, 15, 18]. In the above cited works mainly the asymptotic distributions of
zeros and counting functions of zeros are investigated. At the same time, bounds for
the zeros of solutions are very important in various applications. But to the best of our
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knowledge, they have been investigated considerably less than the asymptotic distribu-
tions. In the paper [7] the author has established bounds for the sums of the zeros of
solutions for the second order equations with polynomial coefficients. In the interest-
ing paper [4], some results from [7] have been extended to the equation u(") = P(2)u,
where P is a polynomial and m > 2. In [9] the main result from [7] is extended to the
second order ODE with non-polynomial coefficients. In the paper [10] the results of
the paper [7] have been extended to nonhomogeneous ODE. Perturbations of the zeros
of solutions to second order differential equations with polynomial coefficients were
investigated in the paper [9]. Certainly, we could not survey the whole subject here and
refer the reader to the above listed publications and references given therein. It should
be noted that, to the best of our knowledge, bounds for the sums of the complex zeros of
solutions to ODE with singular points have not been obtained in the available literature.
In the present paper we establish such bounds for solutions to equation (1.1). Some
applications of these bounds are also discussed.
It is assumed that

(1—po)* > 4qo. (1.3)

That is, the indicial equation
x(x—1)+pox+qo =0 (1.4)

has real different roots. Below z;(f) are the zeros of a function f taken with the
multiplicities are enumerated in order of increasing modulus: |zx(f)| < |zxr1 (f)]. If
f(0) =0, then we enumerate the nontrivial zeros, only: z(f) #0 (k= 1,2,...). De-
note

n=(1—po)/2+[(1 = po)*/4—qo]"/?, p = max{np,ng}

and

By =+/e

( 2n+ )anj 2n+ Z|qk].

Now we are in a position to formulate our main result.

THEOREM 1. Under condition (1.3), the non-trivial zeros z(y) of any solution y
of (1.1) satisfy the inequalities

J 1 1
< V2B |Co+ i=1,2,...),
210 " Z k+1>1/f>] U=tz
where
1 1 & (p=J) L& (p=k
Co:=exp |—+ 2+ | ——+ —
omern |+ (i ) M I O g Sl

The proof of this theorem is presented in the next section.
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2. Proof of Theorem 1

Applying the method of Frobenius, cf. [12, Chapter 16, p. 399], we seek a solution
in the form

y(z) = 2M(2), (2.1)
where

v(z) =Y, w2k
k=0

Besides, v # 0 and v, can be found by the undefined coefficients method. Since the
origin is the unique regular singular point, the Taylor series of v absolutely converges
forall z€ C, [12, p. 399]. So v(z) is an entire function. Substitute (2.1) into (1.1) and
delete by z". Then we obtain the equation

N ML;I)HP(Z) (ﬂv+ v’) +0(z)v=0.
Z Z 2
Put Py(z) = P(z) — po/z and Qi(z) = Q(z) — go/z*. Then

2 —1
V' 4 7nv’+ %V-F (Pl(Z) + ?) (g\/—kv’) + (Ql(Z) +610222> v=0.

Due to the indicial equation we obtain

/
P
V'+(2n +P0)%+P1(z)v/+(@—FQl(z))v:Q
or
" v ’ v
y +’g’; +Pi(z)v —|—F(Z)E =0, (2.2)

where F(z) = Pi(z)n + Q1(z)z is a polynomial, and
E:=2n+po=1+[(1—po)* —4q0]'/* > 1.
Furthermore, for a fixed ¢ € [0,27) with z = re we can write

dv(z)
dr r

d*v(z)
dr?

+& drvT(i) + eitpl (2)

Take into account that 4
r rl
exp (€ [ T = (s/m".
s I

(z0)

Then for a zg = rge’ € C with ¢; = dVT we arrive at the equation

dv(z)
dr

+Cl(r0/r)§+/r:(S/r)éPl(seit)%:n)dS-F/r(:(s/l’)éF(seit)v(se”)é —0.

N
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Hence, letting ro — 0, we get

ds

dv(
Ve +/ (s/r)5 Py (se") Else d—|—/ s/réF(se)(se)S
Integrating this equation, we obtain

v(z) —co+Ji(z) +J2(z) =0 (co =v(0)),

where )
rort . i
2) :/ / (S/‘L')}’:Pl(se”)mdsd?:7
0 Jo ds
and L. p
— / / (/D)5 F (se (se) 2 dr.
0 Jo s
Let

T - dV(Seit)
— ép N "\"
= /0 N 1(56‘ ) 5 ds

Integrating by parts, we can write

J3(1) = 1P (1™ )v(Te ) — /Or(séPl (se")) v(se™)ds.

Take into account that

ng
|Pi(2)] Z\pk\r 201(2)[ < 01 (r) == |l
k=1

and | (s Py (se))'| <
Then with w(t) = M, (1) we have

<w(t)B (1)1 (7>0)

/OT (s° Py (se™)) v(se" )ds

and, consequently, |J3(7)| < 2w(7)P;(t)7% . Therefore,
G| =] /O "h(ryrdr <2 /O "B(t)w(t)dr.
Furthermore, |F(z)| < Py (r)|n|+ Q1 (r)r and
2(2) < / W@ B D]+ O ()27 é/ s
<z [ wOA@n+ i)

Thus, due to (2.4) and (2.5),

wlr) < Jeol + [ W@+ DA+ i (e

(sPi(s)),s = 0. Put Ms(r ) = supp<, |f(z)| for afunction f(z).
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Now the Gronwall lemma implies

r 1, 4 1 A
wir) <leolexp [ [ 2+ 2A@NI+ 501 (x)elax
We thus have proved

LEMMA 1. Any solution y of (1.1) can be defined by

y(z) = 2M(2), (2.6)

where v(z) is an entire function satisfying equation (2.2) and the inequality

r 1, 4 1 4
M) < WO)exp [ |12+ A (@] + 5Oi(D)ldr
Furthermore, put
r 1, 4 1A
Wo(r):= [ 12+ E)Pl(f)lnl g0t
1g, A
=[nl( 2+ 2 |Pk\ +— N larl—
ok
Recall the Young inequality ab < '/t +b°/s (a,b>0; 1/s+1/t =1;¢>1). By that

inequality, with s = p /k, we have

1 s k k
A<t —=1-=+r"—.
t s p

Thus,

Wo(r) < Inl( 2+€ Z\Pk| (1/k=1/p+rP/p)+ Z\qk| (1/k—1/p+r°/p)
:W1—|—Blrp,

where

=[nl( 2+ Elpk\ 1/k—=1/p)+% E\qkl 1/k—1/p)

&'

and
=nl( 2+ Z|Pk\+ Z\CIH
(ol pé
Consequently, we arrive at
COROLLARY 1. A solution v of equation (2.2) satisfies the inequality

M, (r) < |v(0)|eVexp[BrP]. (2.7)
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We need the following result proved in [10].

LEMMA 2. Let f(z) be an entire function satisfying f(0) =1 and
My(r) < Dyexp [ByrP’|  (Dy,By = const >0; py > 1,r > 0). (2.8)

Then its zeros satisfy the inequalities

Proof of Theorem 1: Due to Corollary 1 and the previous lemma we have

V2(\/eBrps)lPr

J
/(2 .
Dfe pf _E k ] 1/Pj‘| (J = 1,2,...).

;Zkzvﬂ f(fBlp)l/P[er+l/2p ilk—kll//’] (j=1,2,..).
But
VeBip = /e |n|2+ 2\pk|+ E'Qk]
and

np o
Wit 1/(2p) = (2+%>In| S Ipe (1/k—1/p) + 2 3 larl(1/k— 1/p) + 1/(2p)
k=1 k=1
=In C().

Now (2.6) implies the required result. O

3. Applications of Theorem 1

Again y(z) is a solution of (1.1). Since the nontrivial zeros of y(z) satisfy the
inequality |zx(y)| < |zx+1(y)|, Theorem 1 implies

1

J U ,
C —_— =1,2,..
0+lczl(k+l)l/p] (.] )< )7

l2j ()]

< ﬁ(B07p)

where 3(Bo,p) = \/EB(I)/’).
Take into account that

U _ Hdx (14 )VP -1
Z(k-i-l) 1/p</1 mz% (p>1) (3.1)
k=1

and denote by v(f,a) (a > 0) the counting function of the nontrivial zeros of f in the
disc |z] < a. We thus get
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COROLLARY 2. Let condition (1.3) hold. Then with p > 1 and the notation
J
=nl-1p_1\’
B(Bo,p) (Co+ L)

GJ(BO7P) =

the inequality |z;(y)| = 6;(Bo,p) holds and thus v(Bo,a) < j for any positive a <
0;(Bo,p) (j=1,2,...).

The just obtained results asserts that in the disc |z| < 0, (Bo,p), y does not have nontriv-
ial zeros. Furthermore, put ® = B(Bo,p)(Co+2""/P) and & = B(Bo.p)(k+1)"'/P
(k=2,3,...). Then Theorem 1 and [6, Lemma 1.2.1] yield

COROLLARY 3. Let y(t) (0 <1 < eo) be a continuous convex scalar-valued func-
tion, such that y(0) =0 and condition (1.3) hold. Then

T w(at)™) < ¥ w0 (G=1.2,.).

=1 k=1

=~

In particular, forany p > 1 and j=2,3,..., we have

J 1 J oo
——— < Y O and therefore ————— < oo, provided p > p.
kg'l |z (¥)[? kg’l k kgl |z ()P
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