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FREDHOLM ALTERNATIVE FOR THE SECOND ORDER DIFFERENTIAL
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Abstract. This work is concerned with the Fredholm property of the second order differential
operator associated to a class of boundary conditions. Several sufficient conditions will be proved
along with constructing the generalized inverse for such operator. The result is a basic tool to
analysis the boundary value problems at resonance for nonlinear perturbation of such operators.

1. Introduction

The question of the solvability for nonlinear pertubation of differential operators
have been extensively studied. To indentify a few, we refer the reader to [1, 2, 3, 4,
7,8, 10, 12, 13, 16, 17, 18] and references therein. Almost such problems, written in
operator form, is of the type

Zx = Nx, (1.1)

where 7 is a linear mapping between two Banach spaces X and Z, while N: X — Z
is a nonlinear mapping. When studying problem (1.1), one is often confronted with
the difficulty that the relevant linearized operator is not invertible in suitable function
spaces. There have been some methods to overcome this obstacle as the alternative
method [1, 17], the pertubation method (the name was proposed by Kannan [9]) or
continuation method of Mawhin [4]. One important ingredient to be able to apply these
abstract results is proving the Fredholm property of the operator .. Throught this
paper we use the terms “Fredholm property” of an operator acting from a Banach space
to another Banach space if that operator is a Fredholm operator or a Fredholm operator
of index zero or a Fredholm operator of positive index. The definitions of such operators
are given as follows.

DEFINITION 1. Let X,Z be two Banach spaces. A linear operator . : dom.% C
X — Z is called to be a Fredholm operator if the following conditions hold

(a) ker.Z has finite dimension;

(b) Im_.Z is a closed subset of Z and has finite codimension.
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If . is a Fredholm operator, the index of % is the interger
i(.¢) :=dimker.¥ — codim ..

DEFINITION 2. The operator . is called a Fredholm operator of index zero
(resp. a Fredholm operator of positive index) if it is a Fredholm operator and i(.¥) =0
(resp. i(.Z) > 0).

In recent years, the Fredholm properties of differential operators in connection
with various problems have been discussed in many great papers, see [5, 6, 11, 14, 15]
and references therein. For the differential operators associated to multi-point boundary
conditions, this property is often proved by constructing first a continuous projector
Q : Z — Z which satisfies kerQ = Im_.Z. And then it follows that Im.# has finite
codimension as well as index of .Z is equal to zero (see [2, 3, 7, 10, 12, 13, 18]).
However, it seems that the construction a such projector is difficult when dimker.Z is
large ([10]-[13]). So looking for the sufficient conditions to ensure Fredholm property
of £ is quite limited.

The goal of current paper is to study the differential operator . :dom.¥ C X — Z

defined by
2

dx "
Lx(1) = W(Z) =x'(1),
where X :=C" ([0,1];R9), Z:=L" ((0,1);R?) endowed with their usual norms and

Ax(0) +BX'(0) = D [y x(s)ds
domZ ={xeX,x" €Zand ,
Ex(1)+ FX (1) = G [, x(s)ds

with A, B, D and E, F, G are square matrices of order d. Our results mentioned
two issues. The first is looking for the conditions of coefficient matrices for which
the operator . is the Fredholm operator of index zero (section 2) and the second is
characterizing the set of all right-hand side functions y € Z for which the equation
Zx =y has at least one solution x € dom.Z (section 3). To the best of our knowledge,
the that issues have not been developed in general cases of dimension of the kernel.
Furthermore our method involves several new ideas and gives a unified method of attack
for many boundary value problems at resonance. Previous paper dealt with one problem
at a time whereas our method allows us to solve many problem at once.

We end this section by noting that our results can be used to discuss the solvability

of equation
ZLx(t) = f (t,x(1),x' (1)) .1 € (0,1),

on dom.Z by using the Mawhin’s continuation theorem. This can be done by standard
arguments (see [4, 10, 13]). However we will not state here.

2. Fredholm property of the operator ¥

In the rest of paper we use the following notations
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o O is zero matrix of order d x d and 6 is zero element of R?.
o Iy : the identity matrix of order d.
o IVz(t) := [§(t—s)" " 'z(s)ds, forall z€ Z and v € {1,2}.
First it’s necessary to note that, for x € dom.%, we can write
x(t) = x(0) +x'(0)r + 2.2x(1). 2.1)

Ax(0) + BX'(0) = D, x(s)ds
So, when x € dom.Z, the boundary conditions are

Ex(1)+ FX' (1) = G [y x(s)ds
equivalent to

o (x(0),%(0))" =B (Zx), 2.2)

where

1
« - (A"D B-3D
E-GE+F-1G

o #:7Z — R* is a continuous linear mapping defined by

1 1
B(z) = D/O ]Izz(t)dt,G/O Pz(r)dt — (EPz(1) + FI'z(1) | ze 2. @2.3)

H1(z) P> (z)

Therefore dom.Z can be represented as follows

dom £ — {x(t) — (0) 4+ ¥ (0)f + 2Zx(t) 1 € [0,1] : (;‘(0) ) . @(zx)}.

LEMMA 1. We have
ker. ={xe€ X :x(t) =co+cit,t €[0,1], (co,c1) € kero? } = Kerof
and In¥ ={z€Z:AB(z) eIm}.

Proof. The proof of this Lemma is straightforward and we will omit the details.

THEOREM 1. The operator £ is the Fredholm operator. Moreover the index of
L is

o zero if dim(Im«/ +Im%A) = 2d.
e positive if dim(Im </ +Im %) < 2d.
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To prove this Theorem we need the following lemma

LEMMA 2. Let E,F be two vector spaces on field %, T be a linear operator
from E into F. Assume that "V be a subspaces of F. If % is an algebraic complement
of 77Y(V¥) in E then % is isomorphic to any algebraic complement of ¥ N.7 (E)
in 7 (E).

Proof. Let 9 be the restriction of .7 on % . Since %2/_1 Oy cung (V)=

{0} it is easy to see that .7 is an isomorphism from % into .7 (%) which means
that % is isomorphic to 7 (% ). So it is sufficient to show that T (%)= T (%) is
an algebraic complementof 7 := 7 N.7 (E) in 7 (E).

Indeed, for any y € 7 (E), there exist x; € 7! (¥) and x, € % such that

y=Tx1+ Tx.

Since .7x; € ¥ and Jx; € 7 (%) the above equality implies that .7 (E) = 7 +
T (%) . On the other hand, if yo € ¥’ N.7 (%), then yy = .7 (xg), where

eI\ (V)nu ={0}.

Therefore yo = .7 (0) = 0. This implies ¥ N.7 (%) ={0}.So T (E)=V & T (%).
The proof of Lemma is complete.

Proof of Theorem 1 Since % is continuous from Z into R?*? and Im.« is closed in
R it is clear that Im.Z is a closed subspace of Z. Further we have dimker.¥ =
dimker.o# < 0. So it remains to show that codimIm.Z = dimker.Z . Indeed, by using
Lemma 2, if Zy is an algebraic complement of Im.% in Z then Z; isomorphic to any
algebraic complement of Im.%Z NIm.% in Im%. So

codimIm.Z = dim(Z/Im.¥) = dimZ,
= dim(Im%/ (Im</ NIm A))
= dimIm % — dim (Im </ NIm A)
= dim(Im« +Im %) — dimIm.«/

This implies that codimIm.Z < e and so . is the Fredholm operator. The remains is
evident. The proof of Lemma is complete. U

Next we will provide some sufficient conditions for .Z to be a Fredholm operator
of index zero. First we need the following lemma:

LEMMA 3. The image of # can be defined by
Im% = {(Da,EB +Fy+Ga) eRIxRY o, By € Rd}.

Consequently, if InG C ImE +ImF then In% =ImD X (ImE + ImF).
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Proof. Recall that %(z) = (#)(z),%2(z)), where

= D/Oldt/ot(t—s)z(s)ds
z) = G/Oldt/(:(t—s)z(s)ds—E/Ol(l—s)z(s)ds—F/Olz s)ds

Clearly it’s suffit to prove the inclusion supset (D). Let (£,{) be an element of the set
{(Doc, EB+Fy+Goa)cR' xR a, B,y ¢ Rd} .

Then we can write £ = Doy, and §{ = Eop + Foz +Goy, where o = (041, @i, ..., Oig) €
R“. We consider the function

2(t) = (21(),22(0), .24 (1)), £ € [0, 1,
where zj(t) = aj+bjt +c;t* with the coefficients a;,b;,c; be choosen such that
Jo dt Jo(t = 9)z(s)ds = euj,
Jo (1= 5)2j(s)ds = —on;,

fol zj(s)ds = —og;.

It is note that by some simple calculations we can see that the above system of linear
equation has a unique solution. Hence we can deduce that & = D [ dz [} (t —s)z(s)ds =
2 (z) and

¢ = G/ dt/ 1)z ds—E/ (1—s)z ds—F/ s)ds = Bo(2),

which implies (&,8) € ImZ. So
Im % = {(Da,EB +Fy+Go) e R xR?: a,ﬁ,yeRd}.

Now assume that InG C ImE +ImF. If (§,§) € ImD x (ImE +ImF) then
there exist o, 8,y € R? such that

E=Da and (=EB-+Fy.

On the other hand, it’s clear that there are o, 0p € R? such that Eoy +Fop = Got. So
we can write

E=Da and {=E(B-o)+F(y—nr)+Ga,

which implies (§,¢) € ImZ. Hence it is easy to see that InZ = ImD x (ImE + ImF).
The Lemma has been proved.
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COROLLARY 1. The operator £ is the Fredholm operator of index zero provided
that one of following conditions holds

(a) det(D) #£ 0 and det(E) #£0,
(b) det(D) # 0 and det(F) #0,
(c) det(D)#0 and det(E+F) #0,

Proof. Using lemma 3 it’s easy to prove that if one of above conditions holds then
Im% = R?. So by theorem 1 .& is a Fredholm operator of index zero.

COROLLARY 2. The operator £ is the Fredholm operator of index zero provided
that one of following conditions hold

G
(a) 2B =D, det <E+F— E) £0, and Im(A — D) +ImD = RY,
(b) det(A— D) +# 0 and one of determinants det(E), det(F), det(E +F) is not equal
to zero,
(c) det(2B — D) # 0 and one of determinants det(E), det(F), det(E + F) is not

equal to zero.

Proof. (a) In this case it’s clear that Im.«7 = Im(A — D) x R¢. By combining
this equality and lemma 3 we get

Im.o/ +Im2% = (Im(A — D) + ImD) x R?

and so dim (Im .« + Im %) = 2d. From theorem | we deduce that £ is the Fredholm
operator of index zero.

(b) We will check that Im.«7 +Im%Z = R¢ x R?. Indeed, for u,v € R?, the system
{(A—D)x—i— (B—3iD)y+Do=u
(E—G)x+(E+F—3G)y+Ga+EB+Fy=v
has at least one solution defined by x = (A —D)~'u,y = o = 0 and
B=E'(v—(E—G)x),y=0, ifdet(E)#0,

B=0,y=F '(v—(E-G)x), ifdet(F)#0,
B=y=(E+F)'(v—(E—G)x),if det(E+F) #0.

This show that (#,v) € Im</ +Im% which implies Im.o7 +Im % = R? x RY. So .&
is the Fredholm operator of index zero by using theorem 1.
(c) This case can be proved similarly.

REMARK 1. By using lemma 3 and the analysis of matrix .2/ we can obtain some
various sufficient conditions which are similar the corollaries 1 and 2.
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3. The generalized inverse of operator .

Assume that dim (Im &7 +Im %) = 2d.. It follows from Theorem I that there exist
continuous projectors P: X — X and Q : Z — Z such that

ImP=Ker¥, KerQ=Im¥, X=Ker¥®KerP, Z=Im.Z&ImQ.

Moreover the restriction of . on dom.Z Nker P, £p, is an isomorphism from dom.# N
ker P onto Im_# . Then the generalized inverse of . is defined by #po =25 ' (I— Q).

The construction such projectors as well as the generalized inverse of . is very
important to study the linear equation

Lx=y,

on dom.Z as well as the correspondent nonlinear boundary value problems at reso-
nance by using the Mawhin’s continuation theorem (see [4, 10, 18, 13] and references
therein). In the following we will present a general way to construct the projectors
Q, P and pseudo inverse #pg. For this aim we denote the orthogonal complement
of Im& NImZ in Im% by X and assume that {e;:i=1,2,...,m} is an its basis.
Denoted by .# the matrix whose j™ column is e ;- Itis well known that

Py=l (") "

is the orthogonal projection matrix with ImP , = 2.
In order to construct the projector Q we first note that if z = co+c1t + cot? then

B(z) =2 | c¢1 |, where

D/6 D/24 D/60
G/6—E/2—F G/24—E/6—F/2G/60—E/12—F/3

By some lengthy calculations we can prove the equality Im% =Im%. On the other
hand it’s clear that the restriction %, of 2 on the orthogonal complement ker 2 of
ker Z is an isomorphism from ker 2 onto ImZ. For i = 1,2,...,m, we put

wi(1) = 0 + o't + o1, where (0, 0!, 0?) = 2 e;,

and consider the subspace Zj of Z which is spanned by the vectors {e;};" . Then it’s
evident that

dimZy = dim (Im«/ NIm %) " = dimIm % — dim (Im &/ NIm %) = dimker <7 .
We can also show that Zj is an complement of Im.# in Z. Moreover,

zelm¥ & (PBzyei) =0,Vie {1,2,...,m}.
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Now we define the linear map Q : Z — Z by
0(z) = Y hiwi(t), Vz € Z, (3.1)
i=1
where (A1,A2,...,A,) is the unique solution of the system linear equation Y | A;e; =
P 4 %(z). It's not difficult to prove that Q is a continuous projector on Z and
ImQ=27,, kerQ=Im.Z and Z=Im.ZPHImQ.

Now we shall construct the projector P and the map . ' Let 7" be the Moore-
Penrose pseudoinverse of o7. For x € X we put

Px=(1,1) (log—/ ") (x(0),%(0))", 3.2)

Here if (o,B) € R? x R then the notation (1,7)(ct, )" stand for o+ Br. Since
I,y —/ T/ is an orthogonal projector on ker./ it’s not difficult to check that P is a
continuous projector on X . Furthermore we have

ImP =ker., X =ker.Z dkerP.

LEMMA 4. The operator £ on dom.Z NkerP is invertible and its inverse £y '
is defined by

Lpla(t) = (1,0) 7 (B(2)" +P2(t), 1 €[0,1], z€Im.Z. (3.3)

Moreover, there exists positive constant C such that ‘,2”1;1 satisfies the following esti-
mate
|25 2] < Cllz]l, Vz € Im.Z. (3.4)

Proof. Let z € Im.Z then it follows from (3.3) that
(L '2(0), (L 12 (0) = (7 2(2))". (3.5)

Hence it follows that P.,S,”P_ = 0, that is, XP_ 1, € kerP. Moreover by combining
(3.3) and (3.5) we obtain

’ T
o (.i”;lz(O), (%) (0)) — A A B() = B2).

This show that %, 'z € dom.Z and so %, ! is well-defined.
On the other hand it’s clear that 2%}, 'z(t) = z(t), forall t € [0,1] and z € Im .
Moreover, if x € dom.Z NkerP then we have

Lo Lx(t) = (1,1) T B(Lx) + T2 Lx(t) (3.6)
forall r € [0,1]. Since x € dom.Z NkerP it follows that

o (x(O),x/(O))T =% (Zx) and o (x(0),X'(0)) = (x(0),x'(0))
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By combining (3.6), (3.7) we get £, ' Lx(t) = x(t), Vt € [0,1].

Finally, by using (3.3) and the continuity of %8 we can obtain the estimate (3.4)
and the proof of Lemma is complete.

The main result is presented as below. Its proof is directly corollary of above
analysis.

THEOREM 2. Let # ={z€Z:(HB(z),e;) =0,Vi € {1,2,...,m}}. The the equa-
tion £Lx =y has
(i) no solution if y ¢ A,

(ii) at least one solution defined by x = % ' (y) if h € .

4. Examples

This section presents some examples which is to illustrate our results.

EXAMPLE 1. (Second order differential operators with Sturm-Liouville type con-
ditions) Let d = 1 and

A=a,B=B,E=y,F=8 and D=G=0,

where o, 3,7, 8 are real numbers which satisfy the conditions > + 8% # 0 and o/(y+
0) = B7y. We have

_[iwﬁ—a} and %z = (0,—1I%2(1) - 81'z(1)).

Without loss of generality we can assume y # 0. Then it’s not difficult to prove that
Im# = {0} xR,

Kers/ = {G%%,g) & ER} and Imo/ = {(g%g) :geR}.

This implies dim (Im% +Im.«/) =2 and so .Z is the Fredholm operator of index zero
by theorem (1).

Next we note that ¥ =Im.% = {0} x R has a basis {e; = (0,1)} and P, is the
identity mapping on ImZ%. On the other hand, since

@:< 0O 0 O )7
—P1 —P2 —P3

0
with p; = %/4—5, p2= %4— §’p3 = g—i- —, we can show easily that

2

ker 2+ = {A (pl,pz,p3) VNS R},
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and ;' : {0} x R — ker Z* defined by

770.0) = 53— (pr.p2.p3) Y € B
pi+p3+p3
p1+ pat + pat? .
Hence o, (1) = —=——————, forall t € [0,1]. So the projector Q be defined by
pi+p3+p3
following formula
yI%z(1) + 61'z(1) 5
it) = —F5 "5 (P1+pat+pst7).
piepiepl | )
—1 ~1
Now it’s not difficult to show that o7+ = 8 YO ) and b — o/ "ol = (8 v (71/4_ 6)> )

By using (3.2) we can define the projector P by

Px(t) = x'(0) <_iy5 +t> , Vi e0,1].

Moreover, since #(z) = (0,0) for all z € Im.Z it follows from lemma 4 that
!
L) = / (t—5)z(s)ds, 1 € [0,1], z € Im.Z.
0

From above analyses we get

Claim 1. The equation .Zx =y has at least one solution defined by

x0) = 550 = [ —9)ds. e 0.1

if and only if
1 1
7// (L—=s)y(s)ds+ 5/ y(s)ds = 0.
0 0

EXAMPLE 2. (Second order differential operators with nonlocal boundary condi-
tions) Let
A=D=F=0 and B=E=G=]1,.

v lld and #(z) = (O, %/Ols%(s)ds— % /Olz(s)ds> .

In this case we have &/ =

It is easy to prove that
Im%={0} xR?, Kere =RYx {0} and Ima/ = {2 &):&E R},

Since dim (Im 7 +Im %) = 2d it follows from Theorem 1 that the operator .& is the
Fredholm operator of index zero.
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Next it’s easy to see that ¥ = ImZ and P, is the identity mapping on Im.%.
Further by some simple calculations we obtain

0O 0 O
9=<_g_l_d _I_d>7
3 8 15

ker 7+ = {(a,%,%) €R3d:a€Rd},

4800 3 1
and 7;': {0} x RY — ker 2" defined by 2, !(0,a) = ~ 1389 ((x,ga,ga) . So
by using (3.1) we get the formula of projector Q as follow

0z(t) = —Mﬂz(z) (1 + §t+ lﬂ) , 1 €[0,1].

1889 8 5
00
I; 0
t € [0,1]. Further it follows easily from Lemma 4 that

On the other hand since &/ = < we can deduce that Px(z) = x(0) for all

Lola(t) = /ot(t —s)z(s)ds,t €[0,1], z€ Im Z.

Finally we obtain the following result

Claim 2. The equation .%x =y has at least one solution given by x(z) = [§(t —s)y(s)ds
if and only if

1 1
/ szy(s)ds—/ y(s)ds = 0.
0 0
EXAMPLE 3. Let following matrices
[10 12 122
A= [02}, Ar= [34}, and Ag_[ / 3]
Consider the operator .Z on dom.¥Z with

A=E=G=A;,B=MA, F=A;,D=0

In this case we have

1012 0
0234 0
“=1oo12 | ™A= 4 |

0024 y(z)

where z(t) = (z1(t),22(¢)) and

1 1 1
¢(z)=% /0 21 (s)ds — /O 21(s)ds —2 /0 2(s)ds,
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1 1 1
v(z) :/0 szzz(s)ds—Z/O zl(s)ds—4/0 22(s)ds
It’s not difficult to show that
o kere/ ={A(0,—1,2,—1): 1 € R},

° Im%z{(mﬁﬂ,%/)30‘»[5»7’ER}’
e Im%={(0,0)} x R?.

Since InZNIm.o/ = {(0,0,7,27) : y € R} it follows that dim (Im % +Im.e/) =4 and
% so is the Fredholm operator of index zero.
Construction of the projector Q:

e The orthogonal complement of Im.e/ NIm % in Im % is
so we get

»=1{(0,0,—2y,y) : y € R}. A basis of this subspace is {¢; = (0,0,—2,1)}, and

000 0
000 0
Fr=loo 4 -2
003 1
00 00 0 0
00 00 0 0
* 7= _5 5 _3_,_1 _2
6 1 8 7 320 3
—2-3 -1—3
[}

ker 2 has a basis as follow

for (52

7 2
—Z 1.—
6’ ) 87 )

11
Lz Y N J—
307 3)782 ( )

271:{(0,0)} x R? — ker 2+ defined by

72

T2
3’ 47 3 15 ’
1204545600 623952000
@Jm&mmz(

119586041 &~ 119586041ﬁ) é

< 623952000
+

_ ot 32835240013 c
119586041 ' 119586041" ) =2
the formula of projector Q:  Qz(r) = (—2¢(z) + tw(z)) @ (1), forall z€Z,
where
624976800 25815600
o) = ( A )+
119586041

_ _ 343127520 5
2@%3)+(gm%ﬁL
119586041

119586041
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Construction of the projector P: 1tis noted that

10 —10
01/2-3/20

+_

=100 1 o0
00 0 0

For x(r) = (x1(1),x2(2)), t € [0,1] we have

-0 (2)+ (7))

The generalized inverse: By the same arguments as above examples we have

Hpz(t) = 6(2) ((_‘3}2> + (é) z) +/Ot(t—s)z(s)ds,t €[0,1],z € Im.2.

Claim 3. The equation .Zx =y with y(t) = (y1(¢),y2(¢)), has at least one solution
given by
o) (—1+1)+ [t _S)YI(s)ds)
1) = ,t€0,1
0= (P L ) <0

if and only if
1
| #0260 -n)ds =o.
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