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CRITICAL GROWTH PROBLEMS FOR %—LAPLACIAN IN R

J. GIACOMONI, P.K. MISHRA AND K. SREENADH

(Communicated by Simone Secchi)

Abstract. We study the existence of weak solutions for fractional elliptic equations of the type,
(—=A) u+V(x)u=h(u), u>0in R,

. . . 2 . .
where & is a real valued function that behaves like ¢~ as u — e and V(x) is a positive, con-

tinuous unbounded function. Here (—A)2 is the fractional Laplacian operator. We show the
existence of mountain-pass solution when the nonlinearity is superlinear near ¢ = 0. We also
study the corresponding critical exponent problem for the Kirchhoff equation

m</ﬂ%\(—A)éu\zdx—l-/]%V(x)uzdx) <(_A)%M+V(x)u) — f(u) inR,

where f(u) behaves like ¢ as u — oo and Ffu) ~u®, with 6 >3,as u— 0.

1. Introduction

In this article, we study the existence of weak solutions for fractional elliptic equa-
tions of the type,

(P)  (~A)u+V(x)u=h(u),u>0in R,

where the nonlinearity /(u) satisfies critical growth of exponential type which will be
stated later.

We also study the corresponding critical exponent problem for the Kirchhoff equa-
tion

(0) {m(/R|(—A)%u|2dx+/RV(x)u2dx) ((_A>%u+V(x)u) = f(u) inR

where m: Rt — RT and f:R — R™ are continuous functions that satisfy some suit-
able conditions.

The function V(x) is a continuous function satisfying the following assumption:
V) V(x)>Vy>0in R and V(x) — e as |x| — oo.
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An example of function satisfying the above assumption is V (x) = |x|P + V with p >0
and Vy > 0.
Here (—A)% is the 1 -Laplacian operator defined as

1 1 u(x) —u(y)
—A)2u(x :—P.V./ ————=—=dy forall xeR,
(~a)tu) = 2Py [ Gy

where P.V. denotes the Cauchy principal value (see for instance [8] and [6]). The frac-
tional Laplacian operator has been a classical topic in Fourier analysis and nonlinear
partial differential equations for a long time. Fractional operators are involved in finan-
cial mathematics, where Levy processes with jumps appear in modeling the asset prices
(see [5]). Recently the fractional Laplacian has attracted many researchers. In particu-
lar, concerning nonlinear elliptic equations involving fractional operators, the issues of
existence and properties of solutions (regularity, a priori bounds, asymptotic behavior,
symmetry, etc.) have been discussed in detail (see for instance [7], [8], [10], [13], [15],
[24], [25] and [28]). The critical exponent problems for square root of Laplacian are
studied in [9], [26].

In [26], authors have studied the following Brezis-Nirenberg type critical exponent
problem on bounded domains Q C R", n > 2:

(—A)%u:lu—ku%, u>0inQ, u=0inR"\Q,

by studying its harmonic extension problem. The idea of these harmonic extensions
was initially introduced and studied in the beautiful work of Caffarelli and Silvestre
[8]. The critical exponent problems in the limiting case n = 1 and with nonlinearities
with exponential growth are studied in [13]. Here the exponential type nonlinearity is
motivated by fractional Moser-Trudinger embedding due to Ozawa [22].

In [19], authors considered the problem in the whole space R:

(=AY 2u+u=K(x)g(u) in R,

where K is a real valued positive function and g has a critical exponential growth and
is super-quadratic near 0. Here authors proved the existence of solutions by studying
the corresponding harmonic extension problem under suitable conditions on K and g.
In section 3, we improve this result by identifying more accurately the first critical level
under which the Palais-Smale condition holds. To achieve this, we extend the sharp
Trudinger-Moser inequality proved for bounded domains in [20] to the whole space
case (see Theorem 2.2). For that, we use some extensions of Adams type inequalities
proved in [17]. Next, using this new Trudinger-Moser inequality, we show the existence
of a Palais-Smale sequence that concentrates on the boundary R x {0} in the spirit of
[4] and whose energy level is strictly below the first critical level. We highlight that the
assumption (h4) (see section 3) plays an important role in proving such compactness
of the exhibited Palais-Smale sequence. Furthermore, in the local setting (see [4], [3],
[14]), (h4) appears to be the sharp condition on the asymptotic behaviour of nonlinearity
h to ensure the existence of nontrivial solutions for critical problems in two dimensions.
We show that it still holds for more general non local problems as (Q) investigated in
section 4.
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Elliptic problems with exponential growth nonlinearities are motivated by the
Moser-Trudinger inequality [21], namely

sup / e dx < oo, if and only if o < 47,

<1/Q
HMHH(%(Q)\l

where Q C R? is a bounded domain. The existence of solutions for critical exponent
problem was initiated and studied in [2, 4, 1 1]. Subsequently, these results were gener-
alized to unbounded domains in [18, 23].

The space H : (R) is the Hilbert space with the norm defined as

2 2 Lo
a2 = e + [ (=),

1

L 2
The space Hj (R) is the completion of Ci’(R) under [u] = ( Jr (—A)Altuzdx)

The problems of the type (P) with exponential growth nonlinearities are motivated
from the fractional Trudinger-Moser inequality [20], which gives the optimal constant
and improves the former results of Ozawa [22] and Kozono, Sato and Wadade [16].

Precisely, let I be a bounded interval of R. Set X(I) := {u € H? (R) : u=0inR\/}.
Then,

THEOREM 1.1. For u € H%(I), P e ! (I) for any B > 0. Moreover there
exists a constant C > 0 such that

sup /eo‘”zdx < || forall o< .
1
weX (1), (=A) Full 2y <1

Our approach in the present paper is based on the Caffarelli-Silvestre approach to

fractional Laplacians in [8]. In [8] it was shown that for any v € H 3 (R), the unique
function w(x,y) that minimizes the weighted integral

&) [ [ 1Vl Pdsay
2 0 JR

over the set {w(x,y) : &1 (w) < oo,w}yzo =v} satisfies [p [(—A)iv]? = &1 (w). More-
over w(x,y) solves the boundary value problem

ow

—div(Vw) =0inR xR, w|y:O =v 5= (—=A) 20 (x), (L.1)

where 9% = — lim ——(x,y). We denote the upper half space in R? as R2 = {(x,y) €

aw
y—0+t 3)’ L
R?| y > 0}. The space X;(R?) is defined as the completion of Ci(R%) under the

semi-norm .
2
Ioll = ( [, 19w anay) "
R
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1

For a function u € Hj (R), the solution w def E% (u) € X;(R%) of the problem (1.1) is
1

called harmonic extension of u. The map E I H (R) — X;(R?) is an isometry. We

look for solutions in the Hilbert space Ey defined as

£, % {w € X|(R2): /RV(x)|w(x,0)\2dx < oo}

equipped with the norm

1

7

lw|| = (/ |VW\2dxdy+/ V(x)|w(x70)2dx) .
RZ R

From the assumption (V) and the continuous embedding of Ey into LY(R) for g €
[2,0), it follows that the embedding Ey > u — |u|” € L'(R) is compact for all r €
[2,0). Moreover, the minimization problem

A1 = min {/ Vw2 +/ V(x)|w(x, 0)2dx: / w(x,0)2dx — 1}
weky ( JRZ R R
admits a non-negative minimizer and A; >V > 0.

In this paper, first we discuss the Adimurthi [2] type existence result for the frac-
tional Laplacian equation in (P) with nonlinearity A(u) that has superlinear growth
near zero and critical exponential growth near . To prove our result we analyze the
first critical level using the Moser functions which are dilations and truncations of fun-
damental solutions in R? and study the compactness of Palais-Smale sequences below
this level. In the second part, we discuss the Kirchhoff fractional Laplacian equation
in (Q) with critical exponential nonlinearity that behaves like «® with 6 > 3 near the
origin and e at oo, Here, using the critical level obtained in the section 3, we study the
critical level for the Kirchhoff problems and we use the Moser functions concentrating
on the boundary along with Lion’s Lemma on higher integrability to show the strong
convergence of Palais-Smale sequences below the critical level.

We now give the organization of the paper. In section 2, we present a version of
Moser-Trudinger inequality which is the central idea of the proof of existence result
in section 3. In section 3, we consider the critical exponent problem with positive
nonlinearity and prove Adimurthi’s type existence result. In section 4, we consider the
problem (Q) and study the existence result.

2. A Moser-Trudinger inequality

In this section we prove the Moser-Trudinger inequality on Ri . We first recall the
following result due to LAM-LU [17] (see Theorem 1.7 page 308).

THEOREM 2.1. Let 0 <y < n be an arbitrary real positive number, p = 7% and
T > 0. There holds

sup L, 8Byl < e
ueW?p (Rn),||(t1—-A) Ful <1
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where

/

'/ 22Yr(y/z)] ’
NE=g

n

r_ P _
p _p_17 BO(";Y) %1[

and
o o .
¢(t)=e’—2ﬁ, jp=min{j EN: j=p}>p.
=0 J:

Furthermore this inequality is sharp, i.e., if Bo(n,y) is replaced by any B > Bo(n,7),
then the supremum is infinite.

Now we will prove the following theorem:

THEOREM 2.2. There exists a constant C > 0 such that

sup / (*MCOF _Nax <, forall 0< o < 1. 2.1)
weEy, | <1/R
PROOF OF THEOREM 2.2 :. We use Theorem 2.1 inthe case n =1, y= 5 and

7 > 0 small enough. Precisely, we have
sup (™ — 1)dx < co. (2.2)
1 R
ueW/22(R),||(c1-A)4 ul2<1

Now, observing that

—

(0 =) bl gy = 121 = )bl
= [|(x+]EP) ¥l g,
= [(e+1EP) laPax
< [ (et +lgDaPar. (23)

In the other hand, let w € Ey, we have from the harmonic extension property that
1

o PP = =84 000 e

Therefore, from (V) and (2.3), we infer that for T% <W

1

wl* > /I JEw(x,0) 2 + Vo w(x,0)2dx > || (21 = A)Fw(x,0) |2

Hence, from (2.2), (2.1) follows. This completes the proof of Theorem 2.2.

In addition, we have the following lemma.
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1 2
LEMMA 2.1. Forany u € H2(R) and any o > 0, we have [ (e™ —1)dx < eo.

Proof. We use some ideas from [27] (see also [15] for the bounded domain case).
Let u € H? (R) and o > 0. From Proposition 1 in [22] page 261, there exists M > 0
such that forany ¢ > 2 and any f € H2 3 (R),

1 llzory < Mg 21 (=) i L1 740
Therefore, for k > 1

28 gy < M R (=) 40l B2
Hence,

[ 1 _EW 3 b 20 ()l 22
MG x-kil Gl 2! ulla il Ry

which is a convergent sequence for 0 < o < o small enough. Furthermore, we infer
that there exists Cp > 0 such that

2
/R<eaou 1) dx < Collullay. 2.4)

2
forevery u € H : (R) with [u] < 1. Let @ the function defined as ®(7) = “%Co’l and

consider the corresponding Orlicz class and Orlicz space Ko(R), Lo(R) respectively
(see [1] page 232 and 233 for definitions). L (R), equipped with the Luxemburg norm

| - |lo is defined as
||M||<1>d§finf{k>0 : /@(@)dx< 1}.
R

We first prove that H %(R) is continuously imbedded in Lg(R). For that, let u €
H? (R). Then we define w def which satisfies [w] < 1. Thus, in virtue of (2.4),

llully /2

[ @0) < Iwllagey < 1.
Hence, we obtain that .
wlle < lIwll1/2-
This proves that (H% (R), [ -1l1/2) is continuously imbedded in (Lo (R), || - [|e). Con-

sider Eg(R), the closure of the space functions u which are bounded and have a com-
pact support in R. It is easy to prove that Eg(R) C Ko(R) (see [1] page 236). Fur-

thermore from the fact that H 2 (R) < Le(R) continuously and the density of C°(R)
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in H? (R) (see [1]), we deduce that H? (R) C Eo(R) C Ko(R). Therefore, for any

ueH:(R),
otu
R I

o
This ends the proof of the lemma.
3. Critical growth problem
In this section we study the existence of positive solutions for the problem

(P)  (=A)"?u+V(x)u=h(u) in R,

where V(x) satisfies the assumption (V) and h(u) satisfies the following critical growth
conditions:

(h1) h € CY(R), h(t) =0 for t <0, h(t) > 0 for t >0 and h satisfies for any & > 0,
lim h(t)e~ (16 = .

f—o0

(h2) There exists @ > 2 such that for all u >0,
0 < wH(u) < uh(u), where H(u)— /0 “(s)ds.
(h3) There exist positive constants #y, M such that
H(t) < Mh(t) for allz € [ty,+oo).

(h4) lim th(t)e ™" = .

2H
(h) timsup 22 _ 3,
u—0 u

REMARK 3.1. Prototype examples of /4 satisfying (h1)-(hS) are tPe’” with p >
1 and tl’(e’ﬁ - l)e’2 with p > 1 and f € (0,2). Nonlinearities of the form tPeh?
(B >0, p> 1) can be also dealt with according modifications in the assumptions and
minor changes in the proofs. Note in this case that the first critical level of the energy
functional I is %

The variational functional associated to the problem (P) is given as

f(u):%/R|(—A)%u\2dx+%/RV()C)\uFdx—/RH(u)dx.

The harmonic extension problem corresponding to (P) is

Aw=0, w>0 inR?,
(Pe) § _ow _ —w(x,0)V (x) +h(w(x,0)) on R
dy ’ ’ '
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The variational functional I : Ey — R related to the problem (Pg) is given as
1 2 1 2
I(w) = —/ V| dxdy+—/ V()|w(x,0)] dx—/H(w(x,O))dx.
2 Jr2 2Jr R

Any positive function w € E is called the weak solution of the problem (Pg) if for any
¢ €Ey

/ VwVodxdy+ / V (x)w(x,0)6 (x,0)dx — / h(w(x,0))0(x,0)dx =0.  (3.1)
R2 R R

It is clear that critical points of I in Ey correspond to the critical points of 7 in H 2 (R).
Thus if w solves (Pg) then u = trace(w) = w(x,0) is the solution of problem (P) and
vice versa.

With this introduction we state the main result of this section.

THEOREM 3.1. Suppose (hl)-(h5)are satisfied. Then the problem (P) has a weak
solution, u#0. If V.€ CLY(R), with y € (0,1), then u € C*(R).

loc

3.1. Mountain-pass solution

We will use the mountain pass lemma to show the existence of a solution in the
critical case. The assumption (V) implies that u — [ |u|?dx is weakly continuous for
g € [2,°0). Next we have the following:

LEMMA 3.1. Assume that the conditions (hl)-(h5) hold. Then I satisfies the
mountain pass geometry around 0.

Proof. Using assumption (h2), we get
H(s) > Cils|" —

for some C1,C, > 0 and p > 2. Hence for function w € Ey with compact support, we
get
o,
Iow) < 5wl = Cuet [ i, 0)“dx+Caf supp w(e )]
R
Hence I(tw) — —eo as t — oo. Next we will show that there exists o, p > 0 such that

I(w) > o for all ||w|| = p. From (hl) and (h5), for € > 0,7 > 2 there exists C; > 0
such that
A —

2
t

. s . ;L
Hence, using Holder’s inequality, we get for t > 1 and t' = =,

/|H (x,0)) /|wx0 <(1+8) w(x0)? _ 1>dx

H(s)| < 255 4 Cilsl (197 - 1),
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1
s r 1+&)tw(x,0)2 ‘
< 3 lw(-, )HL2 +C2||w( )”Lf’(R)</R(e( €)tw( —1>dx

1
A — W w(x,0) 2 T
< B O+ Calbo O g ( () — 1))

Now let w such that ||w|| = p for sufficiently small p and ¢ close to 1 such that
(1+&)t||w||* < m. Then using Moser-Trudinger inequality in (2.1), we get

L2 h—¢ 2 r
100) = Sl = ZE o 0) By — G w0y

1 Ai—¢ 2
>—(1- - '
> 5 (1 n >||w Gsllw(-, )HL,

Hence there exists o > 0 such that /(w) > o forall ||w|| = p for sufficiently small p.
Next we show the boundedness of Palais-Smale sequences.

LEMMA 3.2. Every Palais-Smale sequence of I is bounded in Ey .

Proof. Let {wy} be a (PS). sequence, that is

I(we) =c+o(l) and I'(wi) = o(1). (3.2)
Then,
3wl = [ HOnx0)dx = +o(1),
ol = | Ao, 0))we, O)cx = of e ).
Therefore,
(55 )bl . (s O0103:0) 05,0 ) = e+ o ).
u u e

Using assumption (h2), we get ||wy|| < C for some C > 0.
We have the following version of Compactness Lemma that is derived from the
Vitali’s convergence theorem:

LEMMA 3.3. Forany (PS). sequence {wy} of I, there exists wy € Ey such that,
up to subsequence, h(w(-,0)) — h(wo(-,0)) in L} (R) and H(wi(-,0)) — H(wo(-,0))
in L'(R).

Proof. From Lemma 3.2, we get that the sequence {wy} is boundedin Ey . There-
fore, up to subsequence, w; — wy weakly in Ey, for some wy € Ey . Also from equa-

tion (3.2), we get C > 0 such that

/R h(wi (x,0))wy (x, 0)dx < C and /R H(wi(x,0))dx < C.
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Now using Vitali’s convergence theorem, we get
h(we(-,0)) = h(wo(-,0)) in Lige (R).

Now to show second part of the above Lemma, we use (h3) and generalized Lebesgue
dominated convergence theorem to get

H(wi(,0)) = H(wo(:,0)) in Lige (R). (3.3)
Now by assumption (h3) for R, A > 0 large enough,

C
/ H(wi(x,0))dx < = h(wi (x,0))wi (x, 0)lx.
Ix| >R A Jy>r
Wi (-,0) > A wel > A

Since sequence wy is bounded, for any 6 > 0, we can choose A sufficiently large such

that
/ H (e (x,0))dx < 2. (3.4)
x| >R 2

[wi| > A

Next, note that from (h5) there exists C4 > 0 only depending on A such that

/ H(wi (x,0))dx < Cy / i (x,0)|Pdx
x| >R x| >R
lwi(-,0)] <A wi(-,0)| <A
<2C, / [we(x,0) — wo (x,0) | dx
[x| >R
wi(-0) <A
+2Cy / [wo(x,0)|*dx.
|x| >R
wi(-0) <A

Using the compact embedding of Ey into L"(R),r > 2, we can choose R such that

0
/ H(wi (x,0))dx < 2. (3.5)
x| >R 2
el <A
Hence combining equations (3.3), (3.4), (3.5), the proof follows.

We use the following version of "Moser functions concentrated on the boundary’
in the spirit of [4]:

s

LEMMA 3.4. There exists a sequence { @} C Ey satisfying

(1) ¢ =0, supp(¢x) C B(0,1) OI@,
@ ¢l =1,
(3) ¢ is constant in B(0, 1) NR%, and ¢? = Llogk+0O(1).
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Proof. Let
Vigk o< V<
‘I/k(xa}’):\/% % %g\/mgl
0 V22> 1.
Then

1
/R 2| Wi |~dxdy and L |wi|"dxdy = O og X

Let ¥ = il and ¢ = Hl% Then ¢ >0 and ||¢] = 1. Also

| |
Vi, [dxdy = ~ d/_zdd:0—.
Joo IV Paxty =5 ana [ 13 Pty =0

1
Therefore ¢ = Elogk—i— o(l).

Define
= {yeC(0,1:Ey): ¥(0) = 0and I(1(1)) < 0}

and mountain pass level as

= inf I(v(t)). 3.6
¢ = Inf max (v(2)) (3.6)

LEMMA 3.5. Let ¢ be defined as in (3.6). Then ¢ < 5.
Proof. We prove by contradiction. Suppose ¢ > 7. Then we have

supl(19y) = 1(1x ) > g 3.7)
=0

where functions ¢ are given by Lemma 3.4. From equation (3.7), we get
2> (3.8)

Now as #; is point of maximum, we get %I (t®k)|i=1, = 0. Therefore

l13||¢k||2Z/Rh(lk¢k)fk¢kdx~ (3.9

Now we estimate the right hand side of equation (3.9) using assumption (h4) as

tlg:‘/]l%h(tk(bk)tkq)kdx?/ 1

h(txr )t Prdx
B(O'%)

> %h(fk¢k(0»0))fk¢k(070)
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CorE-mogk+o(1) Mtk9x(0,0))1:(0,0)

>
- S 92(0.0)

(3.10)

Now since #; is bounded we have that t,% — 1. Thus, (3.10) together with assumption
(h4) contradict equation (3.8).
Next we prove Theorem 3.1 using the above Lemmas.

PROOF OF THEOREM 3.1: Using Lemma 3.2, we get a bounded (PS). sequence.
So there exists wy € Ey such that, up to subsequence, wy — wg in Ey and wy(x,0) —
wo(x,0) a.e. in R. We first prove that wy solves the problem, then we show that wy is
non zero. From Lemma 3.2 and equation (3.2), there exists C > 0 such that

/ h(wi (x,0))wy (x, 0)dx<C and / H(wy (x,0))dx<C.
R R

Now from Lemma 3.3, we get ii(wy(+,0)) — h(wo(+,0)) in L'(R). So for ¢ € CZ° the
equation (3.1) holds. Hence from the density of Cg"(Ri) in Ey, wo is weak solution
of (PE) .

Next we claim that wg # 0. Suppose not. Then from Lemma 3.3, we get

H(wi(x,0)) — 0 in L' (R).

Hence from equation (3.2), we get 1||w||* — ¢ as k — oo which implies [|wy[? <7 —¢
for some £ > 0. Let

) T

Using sh(s) < C(e(““‘s)s2 —1) for some C > 0 large enough and (¢’ —1)? < (9 —1)
for ¢ > 1 and Moser-Trudinger inequality (2.1) we get

/ (i (x, 0))wi (x, 0)[9edx < C / (102 _ 1) gy
R R

2
wi (x,0)
q(1+8) w7
< C/ (e Il — 1)dx < oo,
R

Therefore by Vitali’s convergence theorem, [ 7i(wy(x,0))wi(x,0)dx — 0 and from
equation (3.2), we get lilgn [we||? = 0, which is a contradiction. Hence wy is a nontrivial

solution of the problem (Pg). Now by Theorem 5.2 of [7], we get wy € L} .(R?).

loc
To show the positivity and regularity of the solution (in case V € Cllo’g' ), w e take
the cylinder €, = (—a,a) x (0,o0) for a > 0. Then wy satisfies the elliptic problem

—Av=0,v>0in%,
v =wpon{—a,a} x (0,00),
g—r/ = h(Wo) — V()C)W() on (—a,a) X {0}
Now by taking odd extension to the whole cylinder (—a,a) X R as in [7] and noting

that wo, h(wo) € L”(%,) we get wy € C>%(€,) forsome 0 < o < 1. Therefore, u(x) =
wo(x,0) € C?(R). The positivity of the solution follows from Lemma 4.2 of [7].
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REMARK 3.2. We remark that Theorem 3.1 holds for the weighted problem
(=A)"2u4u=K(x)h(u) in R

with h(u) ~ |u|P,p > 1 is super-quadratic near 0 and K(x) satisfies the assumption
introduced in [19]: (K) K € L*(R) NC(R). Further, for any sequence {A,} of Borel
sets of R with |A,| <R for some R >0,

lim K(x)dx = 0 uniformly for all n.
r=oJA,NR\[-rr]

In this case the embedding E; into L' (R;K) is compact for r € (2,%). If K € L' (R)
then the embedding is compact for r € [2,00).

REMARK 3.3. We remark that the methods and ideas applied in the present sec-
tion can be used to show the existence of two solutions (for small A) for the following
problem with convex-concave nonlinearity:

(—A)%u +V(x)u=Au?+h(u),u>0in R,
where 0 < g < 1. The harmonic extension w(x,y) of u(x) satisfies the problem:

Aw =01in Ri,
—20(.,0) = (Au? + h(u) ~ Vi) () in .

The variational functional J) : Ey — R is defined as

S () = 3 Iw] /\WxO‘”ldx [ Howt0)

Then it is not difficult to show that J; satisfies

J(w) = o Cllw||
N e [ et L Rt

for some p > 2. So by taking ||w]|| small enough we can show that there exists p, Ry, Ao
such that for all 1 < Ag

Jy(w) = p >0 on|lw| =Ry

Also, for a fixed ¢ with compact support in R? , for all small # J; (t¢) < 0. So, we
can consider the minimization problem:
min Jj (w).
oy ()

This minimum is clearly negative and so one can follow Lemma 3.5 and Theorem 3.1
to show the existence of a solution w;, . Also, w, is strict local minimum of J, for

A€ (0,).
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To show the existence of second solution, we can translate the problem to the
origin. In other words, a second solution can be obtained as v, = wy +v where v
satisfies

—Av=0,v>0 inR2,
3—3 =Agv+wy)+h(v+wy)—Agwy)—h(wy)—V(v+wy)+Vw, on R,

where g(s) = s7. The corresponding functional J; : Ey — R is defined by

B0 =3 VP =2 [ 600 - [ 60,

where

- v

Gv) = [ (a(s-+w2) — g(wa))ds and ()= [ (hls+wz) ~ howa)ds,
Since w), is a strict local minimum and IILIE, J;, (tv) = —oo for fixed v, we can fix e € Ey
such that J; (¢) < 0. Let

I'={y:[0,1] — Ey : y continuous on [0, 1],7(0) = 0,7(1) = e}.
Define the mountain pass level

po = inf sup J (y(r)).
Y€l rej0,1)

Now using the growth assumptions on g and %, one can show as in Lemma 3.5 that
there exists a Palais-Smale sequence below the mini-max level pg and the existence of
a positive solution v follows similar arguments as in the proof of Theorem 3.1.

4. Kirchhoff type equation with critical nonlinearity

In this section we study the problem

() m(/IR(—A)%uzdx—f—/IRV(x)uzdx) ((—A)%HV(x)u) — f(u) inR,

where V € C27(R) with 0 < y < 1 verifies (V)and m:R* —R" and f:R — R are

loc
continuous functions that satisfy the following assumptions:

(m1) There exists mo > 0 such that m(¢) > my for all > 0 and
M(t+s) > M(t)+ M(s) for all s, > 0,

where M(t) = [ m(s)ds, the primitive of m.
(m2) There exists constants aj,a; > 0 and 79 > 0 such that for some o € R

m(t) < aj+ast®, forallt > 1.
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(m3) @ is decreasing for 7 > 0.

A typical example of a function satisfying (m1)-(m3) is m(t) = mg + at, where
mo > 0 and a > 0. Also, from (m3) one can deduce that

1 1
EM(t) - Zm(t)t >0 forallr >0

The nonlinearity f satisfies

(f1) f € C'(R),f(t) =0 for t <0, f(t) >0 for t >0 and f satisfies for any € >0,
t t F(t

thm f(t)e” (1+6)* — 0. Moreover, lir% ft(3) =0, & is increasing in (0,e0) and %

—e0 t—

is increasing in (0,e0) for some 6 > 4 and where F (t) =[5 f(s)ds

(f2) There exist positive constants f(, Ky such that

F(r) < Kof(t), forallr >1

(£3) lim¢ f(t)e™ = oo,

REMARK 4.1. Note that the assumption f(¢)/t®~! is increasing in (0,c) with
6 > 4 implies f(¢)/1> is increasing in (0,o0) and F(¢)/t9 is increasing in (0,e0).

REMARK 4.2. Prototype examples of [ satisfying (f1)-(f3) are tPe’” with p=
0—1and ”(¢” —1)e” with p>6—1and B € (0,2).
Let w(x,y) be the harmonic extension of u(x). Then w(x,y) satisfies the problem
Aw =0 inR%

w o fw(-,0)) 4.1)
0) ==V )w(-,0)+ on R.
ay( ) ()w(,0) m(fg |(— A)$u|2dx+vaM2dx)

From the definition of éo% , we have

) (u) = / |(—A)%u|2dx = /2 \Vw(x,y)|?dxdy and w(x,0) = u(x).
R R2
Therefore, the problem in (4.1) is equivalent to

—m(||wH2>Aw =0 inR3,

m(Iwl2) (22,00 +V(w(-,0)) = F(w(-,0))  onE, -

where ||w|| := <fR2+ Vw|2dx+fRV(x)w(x,O)2dx)
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DEFINITION 4.1. We say that w € Ey is a weak solution of (4.2) if

|wH (/ VwV¢dxdy+/ V(x)w(x 0)¢(x,0)dx) —/Rf(w(x70))¢(x,0)dx:0

holds for all ¢ € Ey.

The variational functional corresponding to (4.2) is defined as J : Ey — R as
J(w ):—M (1wI?) /F (x,0))

Then the trace of critical points of the functional J are weak solutions to (Q). We
prove the following theorem in this section.

THEOREM 4.1. Suppose (m1)-(m3) and (f1)-(f3) are satisfied. Then the problem
(Q) has a positive weak solution.

We prove this theorem by using the mountain pass lemma. In the next few lemmas
we study the mountain pass structure and properties of Palais-Smale sequences to the
functional J. Our proofs closely follow [12].

LEMMA 4.1. Assume that the conditions (m1), (f1)-(f3) hold. Then J satisfies
the mountain-pass geometry around 0.

Proof. From the assumptions (f1)-(f3), for € > 0, r > 2, there exists C > 0 such
that
IF (1)) < elt? +Cle| (1O 1), forallr € R.

Therefore, using Sobolev and Holder inequalities, for w € Ey, we get

/F (x,0)) /\wa |2+C/ [w(x,0)]" WP _ —1)dx

. 20 w2 1/2
<8C1||w2+CIIW(-70)||22r(R)(/R (2O 1)dx>
<EeC[w]? +Callwll”

1

3
for ||w|| < Ry, where (1+¢)'/2R; < (%) , thanks to Moser-Trudinger inequality in
(2.1). Hence

m, _
9(0) > Il (22— i~ ol ).

Since r > 2, we can choose €, 0 < R < R; small such that J(w) > 7 for some T on
[w]| =
Now by (f1) and (£3), for some 6 > max{2,2(c + 1)}, there exist C;, C, >0
such that }
F(t)>C11% —Cy forallr >0 (4.3)
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and condition (m2) implies that for all 7 > g

1+ 200t ifo #£ -1,

M) < { PN T o ifo# (4.4)
bo+ ait + aInt, ifo=-—1,

where ag = M(ty) — aytp — ga—jlt(‘)’H and by = M(ty) — ajtp — azIntg. Now, choose a

function ¢y € Ey with compact support, ¢o > 0 and ||¢o|| = 1. Then from (4.3) and

(4.4), for all t > 1y, we obtain

J(l¢0) < a2_0 + %tz—’_ 2(?%&-2t26+2_NC156U¢0”g 4+ G, ifo 7& -1,
X bz—o+%[2+a2—21nl—C1t9||¢0Hg+C27 ifG:_l,

from which we conclude that J(t¢g) — —oco as t — +oo since @ > max{2,20 +2}.
Therefore, J satisfies the mountain-pass geometry near 0.

LEMMA 4.2. Every Palais-Smale sequence of J is bounded in Ey .
Proof. Let {w;} C Ey be a Palais-Smale sequence for J at level c, that is

1
SM (el = [ F (el 0))dr— @3

and for all ¢ € Ey
'—m(wk||2> (/RZ Vwi Vo dxdy—|—/IRV(x)wk(x,O)q)(x,O)dx)

- /R Fwe(x,0))9 (x,0)dx
< &llo|l, (4.6)

where g, — 0 as k — . From (m3), (f1), (4.5) and (4.6), we obtain that there exists
C > 0 independent of k such that

1
M(||lwill?) — 5”¢(HWI<H2)HWI<H2

N =

C+&ljwil >

= [ (P00 a5, 0) a0 )

1 1
> (4_1 - g)m(wk||2)wk||2~

From this and since 6 > 4, we obtain the boundedness of the sequence.
Let T = {ye c([o, 1],EV)> 2 7(0) =0, J(y(1)) < 0} and define the mountain-
pass level

. = inf max J(¥(t)). 4.7
¢ = Inf max, (v(1)) (4.7)

Then we have,
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1
LEMMA 4.3. Let ¢, be defined as in (4.7). Then ¢, < EM(E)'

Proof. Let ¢ be the sequence of Moser functions as in Lemma 3.4. Assume by
contradiction that ¢, > %M (r). Then for each k, there exists #; such that

sup (161 = () = sM(ngelP) — [ Fluge(x.0)ar > Mm@

t>0

From (4.8), we see that #; is a bounded sequence since J(f; @) — —oo as 1 — co. Also
using the fact that M is monotone increasing and F(#; ¢y (x,0)) > 0 in (4.8), we obtain

2> (4.9)

Now since #; is a point of maximum for the one dimensional map 7 +— J (¢ ), we have
%J(td)k) |i=, = 0. From this it follows that

m(eg); =m(e || 9l 1 9e* = /IR F(t9e(x,0))ix i (x,0)dx (4.10)
> [ rn6ux.0)egn(x.0)dx

= 2604(0,0)/(564(0,0)). (“.11)

Then from the above inequality and (4.9), it follows that t,? — 1. Now as in Lemma
3.4, (f3) and (4.10) give the required contradiction. Hence ¢, < %M (m).

Now we have the following version of Lions’ Lemma. The proof here is an adap-
tation of Lemma 2.3 of [29].

LEMMA 4.4. Let {wy} be a sequence in Ey with ||wi|| =1 and wi — wo weakly
in Evy. Then for any p suchthat 1 < p < W, we have

sup/( P(we(x0))? l)dx<z>o, foral 0 < a<m.

: : : 1,1 _
Proof. First we note that from the Young inequality, for Pty = 1,

1 1
ET 1< —(—1)+—("—1). (4.12)
u v

Now using again the Young inequality w} < (1+€)(wx —wo)* +C(g)w} and (4.12),
we get

eocpw]% 1< eocP((1+£)(Wk—W0)2+C(£)W%> _1
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< 1 (eapp ((1+8)(Wk*W0)2> B 1) n 1 (eaPV (C(S)W(2)> _ 1>.
1%

u

Now using the fact that ||wy; —wo||> = 1 — [|wo||? + 0x(1), we get

cpn ((1+ €0~ = (cpu(1 )1 P+ ox1) ((LA=20 Y

[[wie —woll

Hence for any 1 < p < m, and & > 0 small enough and p > 1 close to 1, we
have that

app(l+e)(1—|wol?) <7

and the proof follows from (2.1) and Lemma 2.1.

From the fact that % is increasing (since 6 > 4), we deduce easily the following
lemma.

LEMMA 4.5. Let condition (f1) holds. Then, sf(s) —4F(s) is increasing for s >
0. In particular sf(s) —4F(s) > 0 forall s > 0.

Now we define the Nehari manifold associated to the functional J, as

N ={0#£weEy:{J(w),w) =0}

and let b := wlean J(w). Then we need the following Lemma that compare ¢, and b.
LEMMA 4.6. ¢, <D.
Proof. Let w € A, define h: (0,+0) — R by h(t) =J(tw). Then
W (t) = (J'(tw),w) = m(e||w||*)t||w||> — /Rf(tw)w dx for allz > 0.

Since (J'(w),w) =0, we have

o= e (2 LD ) (L) S0 g

2wl [[w|? wi o (tw)?

From (m3) and (f1), we get /(1) =0, A (1) >0 for 0 <t <1 and #'(t) <O for t > 1.

Hence J(w) = m>aé(J(tw). Now define g: [0,1] — Ey as g(t) = (tow)r, where #( is such that
1>

J(tpw) < 0. We have g € T" and therefore

s < tgfgﬁ]J(g(l)) < gl;gJ(IW) =J(w).

Since w € 4 is arbitrary, ¢, < b and the proof is complete. [

PROOF OF THEOREM 4.1: Let {wy} € Ey be a Palais-Smale sequence of J at level ¢, > 0.
That is J(wy) — cx and J'(wg) — 0. Then by Lemma 4.2, there exists wg € Ey such that
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wr — wo weakly in Ey . Note that under assumptions (m1)-(m3) and (f1)-(f3), a compactness
result similar to Lemma 3.3 holds, that is

Fwi(-,0)) = f(wo(+,0)) in L},.(R) and F(wi(-,0)) — F(wo(-,0)) in L' (R).
Now we claim that wy is the required positive solution. It is not difficult to see that wgy # 0.
Indeed, if wo =0. Then [ F(w(x,0))dx — 0 and hence

1
SM(wel?) = e < S M(x).

Therefore, there exists 8 such that |jwy||> < B < & for all k large. So we can find ¢ > 1 and
close to 1 so that g||wi||> < 7. Now it is easy to show that [p f(w (x,0))wy(x,0)dx — 0. Hence

o(1) = (7" (wi) . wie) = m(|[wil| ) [wil|> = /Rf(Wk(x70))Wk(x70)dx = m(|lwil|*) Il + 0 (1).

That is, ||wg|| — 0 and J(wy) — O which provides a contradiction.
To show the positivity of the solution, we see that ||wi|| — po > 0 (up to a subsequence).
So J'(wy) — 0 implies that for all ¢ € Ey, we have

m(p3) (/ VWOV¢dxdy+/ X)wo(x,0)¢(x,0) dx) / f(wo(x,0))¢(x,0)dx = 0.
That is uo(x) = wo(x,0) satisfies the equation
(—A)Tug + Vg = %f(uo) inR.
m(Po)

Using the growth condition in (f1) of f and Trudinger-Moser inequality, we get f(ug) € Ll e(R)

forall 1 < p < e. Therefore by regularity result in proposition 3.1, page 21 in [7], ug € Clac (R)
and hence by strong maximum principle (see Lemma 4.2 of [7]), we get up > 0 in R.

Claim 1: m(||wo|2)[wo|? > /D%f(wo(x,O))wo(x,O)dx‘

Proof. The proof follows ideas in Lemma 5.1 of [12]. For completeness, we give the de-
tails here. Suppose by contradiction that m(||wo||?)||wo||® < Jr f(wo(x,0))wo(x,0)dx. That is
{(J'(wg),wp) < 0. Using (1) and the Sobolev imbedding, we can see that (J/(twg),wp) > 0 for
t > 0 sufficiently small. Thus there exists o € (0,1) such that (J'(owg),wo) = 0. That is
owg € A . Thus according to Lemma 4.5, Lemma 4.6 and (m3),

1
e <b < J(owy) =J(owg) — ~ (J (owp), owp)

4
_ M(llowo]*) _m(llouo|\2)|\0u0||2+/ (f(owo)owg —4F (owp))
2 4 R 4

< Mol = ol Dol + 5 [ (oo 4 (uo))

By the lower semicontinuity of the norm and the Fatou’s Lemma, we get

1 1 1
¢x <liminf > (M(Hwk”2) - Em(llwllz)llwllz) +liminf /R (f(Wk)uk —4F(Wk)>dx
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< tim (0w) — (7' Ove) ) ) = s

which is a contradiction and the Claim 1 is proved.
Claim 2: J(wg) = cy.

Proof. Using [ F(wi(x,0)) — [r F(wo(x,0)) as k — o and the lower semicontinuity of
the norm we have J(wg) < c.. We are going to show that the case J(wg) < c. can not occur.
Indeed, if J(wo) < c. then [wyl|*> < p3. Moreover,

L (02 — fim L 2 _
FM(p3) = lim SM(Jwil®) = c. + [ Flwo)d (413)

which implies _
pe =M (2, +2 /RF(wo)dx).
Next defining vy = Htvv_il\ and vy = % , we have vy — vy in Ey and ||vo|| < 1.
On the other hand, by Claim 1 and Lemma 4.5, we have

w 2 m(||w 2 w, 2 g wo)wo — W
J(WO)>M(H oll7) — m([[woll*)[[woll +/R (f(wo)wo —4F (wp))

2 4 4 > 0.

Using this together with Lemma 4.3 and the equality: 2(c. —J(wp)) = M(pZ) — M(||wol*), we
get M(p3) < 2¢. +M(||lwo|[?) < M(m)+M(||wol*). Therefore by (m1)

p3 <! (M(ﬂ)+M(||Wo||2)) <7+ ol (4.14)

Since p3(1— ||vo|[?) = p3 — |[wol|*, from (4.14) it follows that p3(1 — [|vo||?) < 7. Thus, there
exists § > 0 such that

b
[wil?> < B < ———— for k large.
1—{lvo|?
We can choose g > 1 close to 1 such that gllwi|> < B < w and using Lemma 4.4, we
conclude that for k large

/ (eq\Wk(x,O)\z _ 1>dx < / (eﬁ\vk(x,())\z — 1> <C.
R R

Now by standard calculations, using Holder’s inequality and weak convergence of {wy} to
wo, we get [p f(wr(x,0)) (Wi (x,0) — wo(x,0))dx — 0 as k — oo. Since (J'(wy), wi —wp) — 0,
it follows that

m(lboel?) [, V(Yo = o) —0.
+

Now by weak convergence of wy and m(z) >0, we get wy — wy strongly in Ey and J(wg) = ..
This ends the proof of Claim 2.

Now by Claim 2 and (4.13) we can see that M(p3) = M(||wo|[>) which implies that p3 =
[lwol|?. Hence, wq is a weak solution of (4.2). (I
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