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SOLOW MULTI-CAPITAL GROWTH MODEL DESCRIBED BY A
SYSTEM OF DIFFERENTIAL EQUATIONS ON TIME SCALES

E. BRESTOVANSKA AND M. MEDVED

(Communicated by Ondrej Dosly)

Abstract. In this paper we derive a system of differential equations on time scales of the Solow
type corresponding to a production function depending on several capitals. A sufficient condition
for the exponential stability of the steady-state solution with positive coordinates is proved. The
obtained results are applied to the case of the Cobb-Douglas type production function.

1. Introduction

The neoclassical Solow growth model, suggested by R. M. Solow [23], [24] and
T. W. Swan [25], has many modifications and a great number of papers and books
concerning this model have been published also recently (see e. g. [2], [8], [9], [10],
[11], [12], [13], [30]). The classical Solow models use to be described by differential
or difference equations. So far all dynamic processes were regarded either as solely
continuous or solely discrete. These two dynamic theories were unified by S. Hilger
in 1988 in his Ph.D thesis [15], published later in [16], [17]. Here so called calculus
on time scales is developed. Some elements of time scale calculus and the theory of
differential equations formulated in the framework of this calculus is given in Section 2.
For more details see [1], [3], [4].

The basic notion of the calculus on time scales is the derivative of a function on
a time scale T, which is an arbitrary closed subset of the set R of real numbers. The
special cases of this set are the set of real numbers, the set Z of integers, the set N of
natural numbers or the Cantor set C, very well-known also from the chaos theory. In
the papers [5], [7] and in the recently published paper [6] (see also [14]) Solow models
on time scales with one capital are studied. In this paper we study a Solow model
with several capitals. The approach used in the papers [5] and [6] is convenient for the
multi-capital model and we are using it in this paper.

In this paper we derive a system of differential equations on time scales of the
Solow type corresponding to a production function depending on several capitals. A
sufficient condition for the exponential stability of the steady-state solution with pos-
itive coordinates is proved. The obtained results are applied to the case of the Cobb-
Douglas type production function depending on several capitals. We were motivated by
the papers [28], [29], where Solow growth models with several capitals are discussed
and by the paper [20], where a Solow growth model with a human capital is studied.

Mathematics subject classification (2010): 34NO0S5, 26E70, 97E40, 97M10.
Keywords and phrases: A-derivative, time scales, multi-capital, stability, Cobb-Douglas function.
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2. Solow multi-capital model on time scales

In Section 2 of the paper [7] some basic definitions and results concerning the
time scales analysis and the theory of differential equations on time scales are given. We
refer the readers to this paper and also to the books [3], [4] [21] for a deeper introduction
to these theories. Let us recall some notions and results necessary for the formulation
of the obtained results and their proofs. We use the notation T for the time scale which
is defined as an arbitrary nonempty closed subset of real numbers R. It is assumed
that the topology on T is induced by the standard topology on R. The forward and
backward jump operators o,p: T — T are defined by

o(t):=inf{se€T:s>1}, p(t):=sup{seT:s<r} (1)

(supplemented by inf@ = supT and sup® = infT).

A point r € T is called right-scattered, right-dense, left-scattered, left-dense, if
o(t)>t,0(t)=t, p(t) <t, p(t) =1t holds, respectively. The points that are right-
scattered and left-scattered at the same time are called isolated. The function u: T—R,
u(t) =o(t) —1 is called the forward graininess function of the time scale T.

DEFINITION 1. We say that a function f: T — R is A-differentiable at ¢+ € TX
provided

£ 1= lim LO) = ()

lim = —s where s — ¢, s€ T~ {o(r)}

exists. The value f2(¢) is called the A-derivative of the function f at the point ¢. The
function f is called A-differentiable on T if f(¢) exists forall € T.

LEMMA 1. Assume f,g: T — R are A-differentiable functions and t € T. Then
the following assertions hold:

(1) flo() =) +n)f20);
(2) If a,B € R, then oof +Bg: T — R is A-differentiable at t € T with
(00f +Bg)™(t) = o f2 (1) + Bg™(1);
3) (f.¢): T — R is A-differentiable at t € T with
(£.8)2(1) = fA(1)g(1) +d(c(1))g™(t) = F(1)g™(1) + A (1)g(0(1)):

4) If g(t)g(o(t)) #0, then g is A-differentiable at t and

AL PO FOA0)
(E) 0= o))

Throughout this work we use the notation f° for the function foo.
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3. Exponential stability of differential equations on time scales

In this section we recall a definition of the exponential function, exponential sta-
bility of steady-states of differential equations on time scales (see also [3], [4], [19],
[21], [26], [27]) and an exponential stability result, proved in the paper [18]. We will
apply this result in the proof of a stability result for steady-states of our multi-capital
Solow model on time scales.

DEFINITION 2. The function exp,(#,)), ¢ € T is the solution of the initial value
problem

W=py,o yt) =1,

where p is a constant.

DEFINITION 3. We say that a steady-state X of the differential equation
»=f(x), xeDcCR" )

on a time scale T is exponentially stable if there exist § > 0, A >0, B > 0 such that
if x(r) is a solution a solution of the equation (2) with ||x(0) — x|| < &, then

[1x() — X[l < Bexp_; (1,0)6.

We also need the following definition.

DEFINITION 4. An n X n matrix-valued function A(¢), t € T, is called regressive
provided I+ p(r)A(z) is invertible for all # € T, where p(z) is the forward graininess
functionon T.

Now we can formulate the Hoffacker-Jackson’s stability theorem (see [ 18, The-
orem 1.1]).

THEOREM 1. Let T C R be a time scale with T :=TN[0,) unbounded and
W = limsup, . u(t) <. Let f € C'(D,R") and x € D be a steady-state of the
differential equation (2). Assume that the Jacobi matrix A = %
having eigenvalues all within the Hilger imaginary circle

is regressive and
1 1

e i={z€Cu i e+ —| = =},

o= feeei bl = o

if ux #0, where Cy+ = {z€ C:z# —ul—*} is the Hilger complex plane and Iy =
{z1+iz € C: 7 <0}, if u* = 0. Then the steady-state x is exponentially stable.
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4. Multi-capital model of Solow type

Now we introduce a general Solow multi-capital growth model defined by the
following production function, dynamic equations for capitals, dynamic equations for
a human capital, dynamic equation for a technological progress and dynamic equation
for a labor:

1. Production function

Y:f(K17K27~”7I(m»H7AL)7 (3)

with L being employment, K;, i € {1,2,...,m} capital of type i, H is a human capital A
and is a variable which can be interpreted as an indicator of the state of the technology,
management or government efficiency etc. The production function f is assumed to
satisfy the condition:

SAuy, Augy ..oy A, Av,Aw) = A f(uy,uz, ... Uy, v, w) 4)
forall A e R, .
2. Dynamic equations for capitals:

KM =si(t)Y (1) = 8i(0Ki(t),  i=12,...m, 0<§(t)<1, teT, (5)

1

where s;(7)Y (¢) with s;(z) € (0,1), is a part of the production Y () invested in the i-th
capital component and the function &;(¢) represents the rate of the depreciation of the
i-th capital.

3. Dynamic Equation for human capital:
HA(1) = sy ()Y (1) — 8()H (1), 0<o(t)<1, teT, (6)

where sy ()Y (1) with sy (r) € (0,1),is a part of Y(¢) invested in the human capital and
6(1) is the rate of the depreciation of the human capital.

4. Dynamic equation for technological progress:
ANty =g(DA(r), O0<g()<1, teT; (7)
5. Dynamic equation for labor:

[At)=n(t)L(t), O<n()<I1, teT. (8)

i=12,....m, h(t)= . 9)
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THEOREM 2. Let the functions g,n: T — R be regressive and assume (3))—((8).

If ki(t), i=1,2,...,m and h are defined as in (9), then
80)-+n(0) +5) (1 pOn0),
(1+u(0)g() (1 +p()n(r) 7 T
A SH
O T e ) M S0 00)
3(0) () (04 W),
(1+M(Z)g( ))(1+#( )n(r))
where D (ky,kz, ... km,h)) = f(ki ko, ... kb, 1),

(1)

teT.

Proof. For the simplicity we omit the argument 7. Using Lemma | we obtain:

AL ALA°L®
K KA'L°  KAILA
~ ASLS  ALA®LS  ALA®LS

B ( Ki )A _ KPMAL— K[APLS + ALY

.S Kig(1+uL)AL KiAnL
T AL AL(1+pug)(1+un)  AL(1+ ug)(1+ un)AL
_ K s n L
~Ao0 Ttpg (1+ug)(1+un) l
sif (Ki,Ky,...,Kn,H,AL) — §;K, g n
— ki — ki
(1+ug)(1+pun)AL S ltug (I+pg)(1+un)

S S +n g )
= _flki, ko, ki, by 1) — + ki
T+ g+ any F1F2 (T T T
Si ‘D(kl7k277km7h)_5l+n+g(t)(l+”n)kl7

(14 pg)(1+ pn) (14 pg)(1+ pn)
i. e., we have obtained the equation (10). The proof of the formula (11) is analogous.
The right-hand side of the system (10), (11) is continuously differentiable and one
can show using the Lagrange mean value theorem that it is locally Lipschitz and by [4,
Theorem 8.2] and also by the result from [26] the local existence and uniqueness of
solutions of the initial value problem for this system is guaranteed.

5. Stability of steady-state solutions

In this section we assume that the system (10), (11) is autonomous, i. e., g(t) = g,
n(t)y=n, si(t) =si, 6(t) =06, i=1,2,....m, 6u(t) =6y, 6(t) =0, u(t) =pu are
constant. Let us write this system in the form

KA (1) = si()D(ky (£),ka (2), - - k() 1(2)) — Wi ) ki(2), i=1,2,....om (12)



340 E. BRESTOVANSKA AND M. MEDVED

W (1) = s ()@ki (1), k2 1), k1), 1(0)) = wr ()R (1), (13)
where
)= —— )=
(T pg)(1+an)’ (+pg)(1+an)’
o Gi+n+g(l+un)
Vi) = T g (L )
_ 6+n+g(l+4un)
Vi) = T g (1 + )
Let (k*,h*) = (ki,k3, ..., k},, h*) be a steady-state or equilibrium, respectively, of

the system (12), (13) with & >0, k5 >0, ..., k5, >0, h*>0and u(t)=u*, g(r) =g,
n(t) = n be constant. The Jacobi matrix of the right-hand side of the system (12), (13)
at the steady-state (k*,h*) is the matrix ./ = o7 (f,k*,h*,u*,g,n) = (A;;), where

af(k*,n",1)

iy =)
J

where 0;; =1,if i=j and &; =0,if i # j,

af(k*,h*,1 .
Aim+l :si(”*)%a 1= 1727'”7m7 (15)
W Of(k* h*, 1 )
A,n+1j:SH(H )%7 J:1a2a"'?ma (16)
J
L Of(k R,
Anenin = () Py, (1)

Since the graininess function p(z) = u*, the system (12), (13) is autonomous
and we can apply the Hoffacker-Jackson’s stability theorem, i.e., Theorem 1. As a
consequence of this theorem we obtain the following theorem.

THEOREM 3. Let f € CY(D,R"),D C R." is an open set,where R, = [0,),
(k*,h*) = (k{, k5, ... .k}, h*) € D be a steady-state or equilibrium, respectively, of the
system (12), (13) with k{ >0, k5 >0, ..., kj, >0, h* >0 and u(t) =u*, g(t) =g,
n(t) = n be constant. Let of = of (f,k*,h*,u,g,n) = (A;;) be the matrix defined by
(14), (15), (16), (17) and let this matrix is regressive. Assume that the matrix </ has
eigenvalues all within the Hilger imaginary circle Iy := {z € Cy+ : }Z—F # = #}
if ux#0, where Cy» ={z€C:z# —“1—*} is the Hilger complex plane and Iy =
{z1+iz2 € C:z; <0}, if u* =0. Then the steady-state (k*,h*) is exponentially stable.

REMARK 1. If [|#/]| < 1, then the matrix </ is regressive and (I+o) ! =
2 o(—1)et
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6. Solow multi-capital model on time scales
with Cobb-Douglas type production function

In this section we apply Theorem 2 to the case of the Cobb-Douglas type produc-
tion function with multi-capital, considered in the papers [28] and [29]. This function
has the form

m m
172;": o i .
Y = (AL) TR, o<1, 0€(0,1], i=1,2,....m, (I8)
i=1 i=1

with L being employment, K; is capital of type i, as a government, human or private
capital, A is a variable representing other, currently unspecified, economic “environ-
ment” conditions that may be important to the production process, e. g., a technological
progress. The constants ¢; reflect the respective shares of the production factor in total
output. This production function leads to the system of differential equations

dk;

E:Siy_(n—’_g—'—ai)kh i:1727"'7m7 (19)

where k; = k;(1) = /%, y=y(t)= %. Obviously

y(t) = ki ()M ko (1) .. ko (2) . (20)

The formula

P si =50 O ﬁ s, = o
Y l\ntgt+ s iz \N+ 8+ 6 .

for the steady-state values of this system is presented in [29]. Its proof is given in [28].
If this steady-state is asymptotically stable then we can see from this formula that

lim y(r) = lim ky (1) * ko (1) % .. k(1) = SN I )

f—o0

EXAMPLE 1. Let ¥ = K*HB(AL)'=%F. We have m =1, K, =K, k; =k,
ky="h, o =0o, op = . We assume 6; = &, = 6 and denote s; = sx, s = sk . Then
the system (19) has the form

% = sgk®nP —[n+ g + 8]k (22)
?j—': = spk®hP — [n+ g+ 8)h. (23)

From the formula (21) it follows the formulae for the steady-state (k%) of the system
(22), (23):

lliﬁ[i lﬁ/}
SK —a— SH —o—
ke = —X o 24
<n+g+5> <n+g+5) 24
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1l—oc ; a 3
o —
ho— (21 57’() ) (25)
n+g+do n+g+o

If F = (F,F) is the right-hand side of the system (22), (23), then the Jacobi matrix
Jik, ) F of F at (ki,h.) has the form

J _ (skok® T —[n+g+8]  skPrenl!
(ke 1) syoke1 P suBkerP ' —nyg+8])

The formulae (24), (25) yield

n+g+94 ﬁkahﬁ,1:n+g+6
SK ’ o SH

ok pp =

and thus we have g
oa—1 —=£
J(k*7h*)F:[n+g+5]<_ﬁa ﬁsfl)

The eigenvalues of the matrix Ji, ,\F are ¥ = [n+g+0]A1, 1 = [n+g+d]h,
where 41,4, are roots of the polynomial

PA)=A*—[o+B—2A+[l—a—B]
Since
D=[a+B—-22—41—a—B]=(a+B)
M=a+pB—-1<0, A=-1
and thus

n=[n+tg+dl(a+p—-1)<0, p=—[n+g+38]<0. (26)
This means that the steady-state (k.,%,) is the stable node (see, e. g. [22]).

Now let us study this model in the framework of mathematical analysis on time
scales. . .
Y =K“KE . Ko HP (AL)' P T 7)

where K; is capital of type i, H is a human capital and A is as in the above mentioned
model on R. We consider the human capital separately, because authors of many papers
are studying the production function with one capital K and a human capital H. Then
the Solow system (10), (11) has the form

Si

(1+ ()8 () (1+pu(2)n(r))

k(1) = K% (0)h(e)P

6i(t) +n(1) +g()(1 +H(I)n(t))k,(t)
(L u()g(t)(1+p(n() 7

(28)
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(1) = s k% (t)h(1)P

(1+pu(@)g () (1+ pu(2)n(r))
ot t 1)(1 1)n(t
30 () 8O (L pOn0), g
(14 RO (1 +ROn(0)
where k%(1) = ki (t) " ko (£)92 ...k ()%, k= (k1,kay. .. k), 0= (0t1,00,...,0,) is
a multi-index with the norm || =0y + o +...+ oy, 0 >0, i=1,2,...,m.
If u(r) = pu*, we can obtain formulas for steady-state values by using their form
(21) for the Solow system system (19) in the following way. In the formula (21) we
put instead of the coefficients of the system (19) the corresponding coefficients of the
system (28), (29):

m~m+1;
Si .
i =S8 )= 5 :1,2,~~~, )
SEsUO = ATy 4
SH

et =) = o g )

H
kiﬁkh i:l727...,m7 karl:h:_;

AL
o N+ &+g(l+u™n) o
o n+0+g(l+4u*n) ,
i =~ - N = 1;
n+g+ 6~ yy(u*) T pg) (T i) i=m+
Si si(1”) Si .
= = =1,2,...
ntg & wilw) ntgtg(lrwm) T
- o i=m+1.

n+g+86 n+dé+g(l+un)’

Applying the formula (21) we obtain the following formula for the steady-state (k*,h*) =
(ki k3, ... .k, ) of the system (28), (29):

i [( S )1—2?+1{,»¢,- % 30)
P\ n+&+g(l+pumn)

< Tl (sr(1+u*g>(1+u*n)>“’} T
n+ 06,4+ g(1+ u*n)

) i:1727"'7m7
r=1,r#i

5; (13 )
h, = [( ) €2V

n+8+g(1+ u*n)

1
x "ﬁl ( i )a} X ey
r=lrgi N O g (14 ) ’

Smi1 =50, Ouy1 =06, Omi1=P, kpy1=h
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The Jacobi-matrix @/cop = (A;;) of the derivative of the right-hand side the system
(30), (31) has the coefficients of the form:

Aij:si(u*)ajl}*o‘fh*—q/i&j, i,j6{1727...m}7 (32)
where k% = kU™ K SKTTIGN kg S =1, 0f i=j and §;=0,
if i,

Amirj = su U)ok n*, J=12,....m, (33)
Ajmyr = s;Bk*nP 1, j=12,...m, (34)
Apsimet = sgBE P~ — yy (u7). (35)

Now we can formulate the following stability theorem as a consequence of Theorem 3.

THEOREM 4. Let (k*,h*) = (k{,k3,... ,ky,h") be a steady-state or equilibrium,
respectively, of the system (28), (29) with ki > 0,k5 > 0,...,k;, >0, h* > 0 and
u(r) =p*, g(t) =g, n(t) =n be constant. Let “cop = (A;j) be the matrix defined
by (32)—(35) and let the matrix “cop be regressive. Assume that the matrix “cop has
eigenvalues all within the Hilger imaginary circle I+ := {z € Cy : ’z—f— % = ﬂ—l*},
if ux#0, where Cy» ={z€C:z+# —“1—*} is the Hilger complex plane and Iy =
{zi+izn € C:z1 <0}, if u* =0. Then the steady-state solution (k*,h*) is exponen-
tially stable.

For the steady-state (k*,h*) satisfying the conditions of this theorem we have
Tim y(1) = lim ki (1)Ko (1) -+ k(1) = K25 K,

where Y ()
t
= XL
From this value and the formulas (30), (31) one can see how it depends on the rates s;,
i€ {l,2,...,m},sg of the production invested in the physical capitals and the human
capital, respectively. Of course, this value depends also on the coefficients n,g of the
dynamic equation for the labor L and the technological progress A, respectively, and on
depreciation factors 6;, i € {1,2,...,m} (see the dynamic equations (5) for the capitals
K;) and on the forward graininess p of the time scale T, which is equal 0, if T =R
— the set of all real numbers, u = 1, for T = Z — the set of all integers and u =h
for T=hZ = {hz:z € Z}, where h > 0. In the first case the equations (5)—(8) are
differential and in the case Z and hZ these are difference.

= ki ()P ko (1) - ke ().

7. Solow model with one physical capital and a human capital

In this section we apply Theorem 4 to the Solow model with the production func-
tion ¥ = K®HP(AL)'~%B _ In this case the system (28), (29) has the form

K = sic (k" RP — i ()k (36)
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h* = s (LK HP — iy (), (37)
where
sk )_S—K (u):51+n+g(1+,un) (38)
S a0 my M T W ug ()
B SH _ O +n+g(l+un)
R T M N (T [ E T R

Here we have m =1, K} = K, a1 = a, s; = sg. The steady-state of the system (36),
(37) has the coordinates:

—B B

. SK 1—o—P SH 1-o-p
k= <n+51+g(l+un)> <n+62+g(1+un)) ’ 0

1— a

SH 1—a—P SK 1—o—P
h = . 41
<n+5z+g(l+un)> <n+51+g(l+un)) “1)
From (40), (41) it follows that

k*a—lh*[}:51+n+g(”+n) k*ah*l}_lzaz+n+g(”+n)
SK ’ SH

and (38), (39) yield
sk(u) _ su(M) 1
Sk su (L+pg)(1+pun)

Applying the equalities (38), (39) and (42) we obtain that the Jacobi matrix Z-pp of
the right-hand side of (36), (37) at the steady-state (kx,h*) has the form

(42)

Seon(lt) = (wmakm—lh*ﬁ —wk(n)  sk(w)PROR P! )
su (1) ok~ P su (B RP=Y — yy ()
o8y +ntg(u+n)) B (81 +n+tg(u+n))
( gt~ V() (T g) 1+ )
(8 +nt+g(u+n)) B(8y+n+g(u+n)) '
(T Ag) (i) (g~ Yr (k)
Now let us consider the case 8 = & = 6. Then yi(u) = wy () = w(u) and the

matrix “cop(i) has the form

-1 =
%cog(u)=w(u><fa ﬁlil) (43)
The eigenvalues of this matrix are
S+n+g(u+
M) = w(la+po 1] = 2L g )
o+n+g(u+n)

lo(p) =—w(u)= TR
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If the forward graininess p(f) = i # 0 is constant, then A; (i) (A2(w)) is within the
Hilger circle 1+ if and only if

o+n+g(u+n)
‘1 —(1+ug)(l+“n)[a+ﬁ—1}‘<1 (44)
0+n+g(u+n)
(- <Y @

Since the eigenvalues A (i), A>(1) depend continuously on & we can formulate
the following theorem for the system with different rates of depreciation which is a
consequence of Theorem 4.

THEOREM 5. Let the conditions (44), (45) be satisfied. Then there exists an € >0
such that if 61 >0, & > 0 with |6; — 8| < &, i = 1,2, then the equilibrium (k.,h.),

1B B

, Sg =o—P SH o
k= 46
<n+51+g(1—|—un)> <n+51+g(l+un)) ’ (46)
1—o o
" SH 1—a—P SK 1—o—
h = 47
<n+5z+g(1+#”)> <n+5z+g(l+un)) @7

of the system (36), (37) is exponentially stable.

If the conditions of this theorem are satisfied then

Y
y' = limy(r) = }L@of% = lim k(1)*h(1)P = ke« i,

where k*,h* are given by the formulas (40), (41). In the special case 6; = & = &8, we

have
o

(v (e
ye n+8+g(l+un) n+8+g(l+un) ’

This formula shows how effective is to invest parts sgY (¢),sgY (¢) of the production
Y (¢) in the component of the physical capital and in the component of the human capi-
tal, respectively.
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