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MULTIPLE SOLUTIONS TO THE NONHOMOGENEOUS KIRCHHOFF
TYPE PROBLEM INVOLVING A NONLOCAL OPERATOR

WENJING CHEN AND JUNHUI XIE

(Communicated by Claudianor O. Alves)

Abstract. This paper examines the nonhomogenous Kirchhoff type equation that involves a non-
local operator. Using Ekeland’s variational principle and the Mountain pass theorem, the exis-
tence of multiple solutions is established.

1. Introduction
In this article, we investigate the multiplicity of solutions to the boundary problem

-M (HuH%{J Lru(x) = AL () |u|92u+ g(x)|[ulP"2u+h(x) inQ,
U=0 in R\Q,

(1.1)

where Q is the complement of a smooth bounded domain D in R", n > 2s with s €
(0,1), thatis, Q = R"\D, and A > 0. Moreover,

(Ay) M(t) =at™ +b with a,b >0, 0<m < -2
(A2)
(A3)

1<g<2<2(m+1)<p<2; with 2; = -2 for n > 2s;
f,g,h are continuous functions which may change sign on Q, and

f(x) e LY(Q)NL*(Q), g(x) € LM (Q)NL7(Q), h(x) € L"'(Q)

with o o o
Q=5 P0= 57— I'= 5,
2s -9 25 -PpP 25 -1
and there exists a nonempty open domain Q C Q such that g(x) >0 in Q.
Furthermore, || - ||x, is a functional norm which is defined in (2.2) and Zx is a

nonlocal operator defined as follows:

Lxu(x) = %/R” (u(x+y)+ulx—y) —2u(x))K(y)dy, xeR"
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Here K : R"\{0} — (0, <o) is a measurable function which satisfies
YK (x) € L'(R") with y(x) = min{|x|?,1};
there exists 6 > 0 such that K(x) > 6|x|~("*2%) for any x € R"\{0};  (1.2)
K(x) = K(—x) for any x € R"\{0}.
A typical example for K is given by K(x) = |x|~"+%%)_ In this case
Lxu(x) = —(=A) u(x)
is the fractional Laplace operator which (up to normalization factors) can be defined as

L[ u(+y) +ule—y) = 2u()

—(—A) - _
(=A)'u(x) 2 Jgn |y 28

dy, for xeR" (1.3)

Recently, Fiscella and Valdinoci [8] have investigated the existence of a nontrivial
solution to the following problem

{ M (|l ) Ziulx) = Af () + 52 in©, W

u=0 in R"\Q,

where Q C R” is an open bounded set, M and f are continuous functions. In particular,
the authors gave some motivations for studying fractional Kirchhoff equations.

We remark that, in (1.1) and (1.4), the standard Dirichlet condition u =0 on 9 is
replaced by the condition that the function u vanishes outside €, consistently with the
nonlocal characterization of the operator £k . Problems (1.1) and (1.4) have variational
structures, thus we can construct solutions by finding critical points of the associated
energy functional on some appropriate space. It turns out to work on the homogeneous
fractional Sobolev space Hg(Q) (see [6]). In order to study problems (1.1) and (1.4), it
is important to encode the boundary condition z =0 in R"\Q in the weak formulation,
by considering also that in the norm |[u||gsr») the interaction between Q and R™\Q
gives positive contribution. We will introduce the functional space in the next section.

Some interesting results were obtained by variational methods, which can be found
in[1,3,4,9, 11, 16, 17, 18] for Kirchhoff type problems involving the classical Lapla-
cian operator, and [2, 5, 10] for the p-Laplacian case.

Motivated by these results, we are interested in the multiplicity of solutions to
problem (1.1). Our main result can be stated as follows.

THEOREM 1. Let (A1) — (A3) hold. Then there exist Ay,co > O such that for
all A € (0,4), problem (1.1) admits at least two nontrivial weak solutions when
14l - @) < co-

This paper is organized as follows. In Section 2, we give some notations and
preliminaries. We prove Theorem 1 in Section 3.
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2. Notations and preliminaries

Let us introduce the functional space that we will use in the following, which was
introduced in [14]. For fixed s € (0,1) , n > 2s, Q C R”" is an open bounded set, let
X be the linear space of Lebesgue measurable functions from R” to R such that the
restriction to Q of function g in X belongs to L?(Q) and

the map (x,y) — (g(x) —g("))VK(x—y) is in L*(R*"\(4Q x €Q),dxdy)
where €Q = R"\Q. Moreover, set
Xo={g€X : g=0a.e inR"\Q}.

According to the conditions of K, by Lemma 11 in [13], we know that C%(Q) C Xo,
so X and X, are nonempty. The spaces X and X, are endowed, respectively, with the
norms defined as

1/2
Iellx = lgllz) + (] 18— £0) PK (s = y)deay) @

and
1/2
g%=(4mw—am%u—ww@) , 22)

where Q = R?"\ ((¢Q) x (¥Q)) C R*". Since g € Xo, then the integral in (2.2) can
be extended to all R?". Moreover, the norm on X, given in (2.2) is equivalent to the
usual one defined in (2.1), see [14, Lemmas 6 and 7].

With the norm given in (2.2), Xy is a Hilbert space with scalar product defined as

(u,v)x, = /Q (u(x) — u(y)) (v(x) — v(y)) K(x—y)dxdy, (2.3)

see [14, Lemma 7]. For further details on X and X, and also for their properties we
refer to [14, 15].

In the following, H*(Q) denotes the usual fractional Sobolev space endowed with
the norm (so-called Gagliardo norm)
|2

lellay = el + ([ S80I

1/2
e oy dxdy) " (2.4)

We remark that, even in the model case K(x) = |x|~(**2%) the norms in (2.1) and
(2.4) are not the same, because € x Q is strictly contained in Q. From [14] we have
that the embedding Xo — L% () is continuous where 2; = -22-. Let K : R"\ {0} —
(0,0) satisfy assumptions (1.2), if u € Xo, then u € H*(R"). Moreover ||ul|gsq) <
[|u4]| g5 (rny < €(0) ||| x,- Using this fact and Sobolev inequality, there is a constant § >0
such that for every u € X,

1

s /Q|u\s < llullx,. 2.5)
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We say that u is a weak solution of problem (1.1), if u satisfies
(allul %'+ ) (u, 0)x, = /Q (ASC) [l 2u+ g (x) ulP~2u+h(x) 9 (x)dx  (2.6)

for all ¢ € Xo. u is a weak solution, which is equivalent to be a critical point of the
functional J), : Xo — R defined as

__a 2m+1) by o
Jo(u) = WHMHXO + EHMHXO

A 1
——/f(x)|u\qu——/g(x)|u\pdx—/h(x)udx. (2.7
qJQ PJQ Q
We can see that J; € C!(Xp,R) and for any ¢ € Xo, there holds

(J5.(u), 0)x, = (allull +b) (u, 9)x,
- /Q (A L) 20+ g(x) [l 2u + h(x)) d(x)dx.  (2.8)

3. Proof of Theorem 1

We first prove that J, satisfies the geometric conditions of the Mountain pass
Lemma.

LEMMA 1. Suppose that (A1), (Ay) and (Az) hold. Then

(i) there exist some constants p, 0, Ay, co > 0 such that for A € (0,49) and ||h|, <
co, Jy(u) = o when ||ul|x,=p.

(ii) there exists a function v € Xo with ||v||x, > p such that J) (v) <O0.

Proof. (i) It follows from Holder’s inequality and (2.5) that

*

- . 2
J Pl <l e, < SN Flao el withgo = 52— G

Similarly,

S
25—p’

S

/ng(X)Hul”dX< gl pollullye < S lllpo llully, with po= (3.2)

and by Young inequality, we have

/th(x)l\uldx <Al el < STHIRNAlullx, < €llullz, +Cellll;  (3.3)
with r = 52~ £ >0,Ce > 0. Thus

a 2m+1) | by oo 2
T > 5y Nl 4 Sl = ACu i, = Calluly, — ellely,
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— Ce|lnl?
1 a 2(m+1) 2(m+1
> 3 (e ~ A = Gl )
— Cellnll? (3:4)

with 0 <& <% and C; = 2579 fllgy» C2 = 35 P|lgllpo - Let

w(t) = AC 1972 4 oy =2 s 0, 3-5)

To complete the proof of (i), it is sufficient to show that y(#o) < § for some 7o =
l|lul|x, > 0. Indeed, note that y(r) — +oo whenever t — 0" and 7 — oo, then (1)

has a minimum at 1

L (C2mA 1) —q)\ 7
=4 <c2<p—z<m+1>>) '

Moreover y(fy) < m if and only if

—2(m+1)
P—q <c1<2<m+1>—q>>wlp;w;w __a
p—2m+1) \C(p—2(m+1)) 2(m+1)

(i) = C

Therefore, we obtain that there exist Ay, co, o > 0 such that J; («) > o with A € (0,20),
p =to = [lullx, and ||h[|- < co foreach h € L"(Q).

(ii) Let Qy C Q be a bounded domain, where Q is given in (A3). Choose ¢ €
Cy(0), ¢ >0, ¢ #0 in Qp, let ¢ =0 for x € Q\Qo, then

at2(m+

me1) bt o A
5 (19) = 2o )||¢||X 01— [ Flela
- [ swlolrax—1 [ o,

and J; (1¢)) — —oo as 1 — oo, since g < 2(m—+ 1) < p. Therefore there exists 1; >0
large enough such that J; (1¢) < 0. Then we take v=11¢ € Xy and J; (v) <O0.
Next, let us prove J; satisfies (PS) condition in Xj.

LEMMA 2. Suppose (A1), (Az) and (A3) hold. Then J), satisfies (PS) condition
in X().

Proof. Let {u,} be a (PS). sequence of J, in Xp, that is
Jy(uy) isbounded,  J5(up) — 0 in Xg asn— +oo. (3.6)

We claim that {u,} is bounded in Xj. Indeed, using (3.1), for n large enough, we find

1
C+ ||”nHXo > Jy, (un) — ;<J§L(”")v”n>XO
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B 11 2my1y (1 1 2
_<2(m+1) p) el +<2 p>b”unx°
s (2-3) [ romdrass (3-1) [ rolulas
p q;JQ p Q
1 1 2m+1y , (11 2
S Z_ -
/<2(m+1) p)a”””° 375 Pl

—AD\|[un|%, — Dalunllx, (3.7)

1 1 _ 1 _
Di= (L2 )s sty ana Da= (11 )5l
qg P p

Thus {u,} is bounded in X;. Then we can take a subsequence(still denote by u,) such
that 1, — u in Xy as n — oo. By (2.8), we have

with

<Ji (tn),un — u)x,

2(m+1
= (allal 5" 5 100 = ),

— /Q (A S ()t |92ty + () |1t P 21t + B(x) ) (1t — ) (x)dx. (3.8)

First, the left side of (3.8) goes to zero as n — oo, because J; (u,) — 0 in X; as
n — +oo. Moreover, from Holder inequality and using the facts that u, is bounded by
some constant times ||u,||x,, and f € L9(Q), we have

Ll i < (. f(X)Iunlqu)qql ([0 i)

1
< [ relin - uvax)" (3.9)
Q
Since f(x) € L1%(Q), then for every € > 0, there is py > 0, such that

/ |f(x)|%dx < e for p = po, (3.10)
QC

P

where Q, = B, \D, Qf = Q\Q, and By, is an open ball in Xy centered at the origin
with radius p. Let p be so large that D C B, forany p > pg. By the Sobolev compact
embedding theorem in the bounded domain Q,, u, has a subsequence, still denoted
by u,, which converges v in L9(€2,). Note that f is bounded in €, and u, is also
bounded in L% (Q). Thus, Holder inequality implies that

€ a

40 %
17— ultax < 171 [ |un—u|4dx+</ |f|q°> (/ |un—u|2x> .
Q Qp 9 @

Since u, — u in L4(€2)) as n — oo, this together with (3.10) gives that

/ [f () ||un — u|?dx — 0 asn — oo (3.11)
Q
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From (3.9) and (3.11), we get as n — oo,

17l —
Q

g—1

< ([ relunrax) v (e —aira) " —o.

Similarly,

| 1t — ulax 0.
From (3.8), (3.12), (3.13), we obtain that
(allan B4 5) Gt — ), — 0 s e
On the other hand, by the fact u,, — u in X as n — o, we find that

<a||unHiE)m+l) +b> <u7un — u>X0 —0 asn— oo.
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(3.12)

(3.13)

(3.14)

(3.15)

Combining (3.14) with (3.15), we have that ||u, —u||x, — 0 as n — oo. Thus J; satisfies

(PS) condition on Xj.

Proof of Theorem 1: From Lemmas 1 and 2, J, satisfies the Mountain pass the-
orem [12]. Then there exists u; € Xy such that u; is a solution of (1.1). Moreover,

J(up) = a>0.

We look for the second solution u, in the following. Choosing ¢ € C;’(Q) such

that [, h(x)@(x)dx > 0, then we have
ar® ™D gy bt A4
Le) =2 )z — 2 / 4q
2090) = soaplel + Fllelk == J F@leltdx
1P
——/g(x)|qo|pdx—t/h(x)(pdx<07
P JQ Q
for small # > 0, and for any open ball B; C Xj, we have

—oo < ¢ = inf Jy (u).
ueBr

Thus,

cp = inf Jy (1) <0, and inf J;(u) >0,
u€Bp ucdBp

where p is given in Lemma 1. Let & | O be such that

0<ég < inf J — inf J .
<00t D)= inf 13 (0)

(3.16)
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By Ekeland’s variational principle in [7], there exists u; € B, such that

Cp < Ja () < Cp + &, (3.17)
and
J(ug) <J(u) +&ljux —ulx,, Yu€Bp, u+u. (3.18)
Then we have
J <copt+& < inf J(u)+¢g < inf J(u). 3.19
(ur) < cp+& b (u) + & w35 (u) (3.19)

Thus u; € By .

Next we show that J; (u) — 0 in X . Indeed, for any u € Xo with ||ul|x, =1, let
wi = ug +tu and for a fixed k > 1, we have ||wil|x, < |lullx, +7 < p if £ > 0 small
enough. It follows from (3.18) that Jy (uy +r1u) > Jy (uy) —t&||u|x,, that is,

Sy (g + 1u) — Jy (ug)
1

> —&llulx, = —&-

Letting 1 — 0, we see that (J7 (ug),u) > —&. It yields |(J} (uz),u)x,| < &, for any
u € Xo with ||ul|x, = 1. Then J; (u) — 0 in X; . Therefore, there exists a subsequence
{ux} C By such that Jy (ux) — ¢p and Jj (ux) — 0 in X as k — eo. By Lemma 2,
{ui} has a convergent subsequence in Xp, still denoted by {uy}, such that uy — uy in
Xo. Thus uy is a solution of (1.1) with J; (up) < 0. We complete the proof of Theorem
1.
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