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EXISTENCE OF SOLUTIONS FOR AN ELLIPTIC
BOUNDARY VALUE PROBLEM VIA A GLOBAL
MINIMIZATION THEOREM ON HILBERT SPACES

SOUAD AYADI, TOUFIK MOUSSAOUI AND DONAL O’REGAN

(Communicated by Qihu Zhang)

Abstract. We present a new global minimization theorem on Hilbert spaces which is different
from the one in Hofer [7] using the notion of a nonexpansive potential operator. An example is
given to illustrate our result.

1. Introduction

In [12] the link between a fixed point of a potential operator and a global minimum
of some energy functional was established. Usually a minimization theory is based
on the Palais-Smale condition (see, [6, 7]). In this paper we present a minimization
theorem using nonexpansive potential operator theory in Hilbert spaces and our proof
is based on a fixed point approach.

Let (H,(.,.)) be areal Hilbert space. An operator T : H — H is called a potential
operator (or gradient operator) on H , if there exists a Gateaux differentiable functional
¢ : H — R such that Grad(x) =T(x), forall x € H i.e.

lim EF ) = @) _ (T(x),h) Vx,heH.

t—0 t
Let (.,.) denote the scalar product on H and ||.|| = 1/(.,.) the norm. Consider the
functional,
1 1
0(x) = 515l = [ (T(sx).)ds
0
forall xe H.

PROPOSITION 1. [12]. The fixed points of T agree with the global minima of the
functional ¢.

In our main result, we need the following fixed point theorem.
Mathematics subject classification (2010): 74G65, 46C05, 47H09, 47G40.
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THEOREM 1. [2](Browder Theorem) Let H be a Hilbert space and C a nonempty
closed convex bounded subset of H. Then every nonexpansive mapping F : C — C
has a fixed point in C.

THEOREM 2. [11] (Leray-Schauder type theorem) Let U be an open bounded
subset of a Hilbert space H, 0 € U and F : U — H a nonexpansive map. Assume

AF(u) #u forallu € dU and A € [0,1].
Then F has at least one fixed pointin U.

Now, we recall some concepts from critical point theory.

DEFINITION 1. [8]. Let ¢ € C'(H,R). If any sequence (u,) C H for which
(¢(un)) is bounded in R and ¢'(u,) — 0 as n — +oo in H' possesses a convergent
subsequence, then we say that ¢ satisfies the Palais-Smale condition ((PS) condition
for short).

PROPOSITION 2. [6, 7]. Let H be a real Hilbert space and let ¢ € €' (H,R)
satisfy the Palais-Smale condition. Let C be a closed convex subset of H. Suppose
that T =1 — ¢’ maps C into C and that ¢ is bounded below in C. Then, there is a
up € C such that  @'(up) =0, and irclfqo = @(up).

In [6] the authors considered the problem

= 3 Dyay (D) + e = flru), xeQ,
ij=1 (1.1)

u(x) =0, xedQ

where Q is a bounded subsetof RV, a;; € L*(Q), c € L%, c¢(x)>0,and f: QxR —
R is a Carathéodory function such that

f(x,9) <clsl +d(x), (1.2)

where Gz%—f% anddeLN%v2 if N>3,ordel? and 1 < p,o <e if N=2. The
associated Dirichlet problem is

alu,v] = [o f(x,u)v, ¥veH(Q)
(sl e

N
with afu,v] = [ X a;j(x)DjuDjv+c(x)uv.
ij=1
By a subsolution and a supersolution of (1.3), we mean respectively w,W € H& (Q)
satisfying a[w,v] < [o f(x,w)v, and a[W,v] > [o f(x,W)v, Vv € H}(Q),v > 0.
Let ¢ : H} (Q) — R be defined by

o(u)= %a[u,u} - /QF(x,u)dx (1.4)

with F(x,s) = [ f(x,&)d&.
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THEOREM 3. (Theorem 6 in [6]). Assume conditions on f that guarantee that ¢
defined in (1.4) satisfies the Palais-Smale condition. Suppose that there exist a subso-
lution w € H(} and a supersolution W € Hé of (1.3) such that w < W. Assume also for
each fixed x € Q, f(x,s) is a nondecreasing function of s for w(x) <s < W(x). Then
there exists a ug € H} (Q) such that

up € [w, W), o(up) = inf @ and ¢'(up) =0,
[w, W]
where [w, W] is the segment defined by [w, W] = {tw+ (1 —t)W, r € [0,1]}.
Consequently ug is a solution of (1.3).
In this paper we remove the Palais-Smale condition in Proposition 2 and Theorem

3 and replace it with easy verifiable conditions on the functional ¢.

2. Main Result
Let H areal Hilbert space and (.,.) the scalar product.

THEOREM 4. Let ¢ : H— R be a functional such that:
1. @ is twice Gateaux differentiable on H.
2. (=" (w)| <1, VYueH.

3. (I—¢")(C)CC for some convex nonempty closed and bounded subset C of
H.

Then, @ has a global minimum on H. Indeed there exists a uy € C such that
=inf .
¢(uo) = infe
In particular, ¢'(ug) = 0.

Proof. Let T : H— H with ¢/ =1—T (i.e. T=1-¢"). Note that T is a
potential operator. To show T is nonexpansive, note from the mean value theorem (see
[13] pp. 122 ) that for all u,v € H there exists 7y € [0 1] such that:

1Tu—Tv|| < DT (tou+ (1—10)v).(u—v)||
< IDT (ou + (1 = 70)v)|[[|u — v
= [|(I" = @") (zou+ (1 — 70)v) || — v]].

Here, DT is the differential of the operator 7. Using assumption (2) we infer that
|Tu—Tv|| < |lu—v|, Yu,veH.

From Theorem 1, the operator 7 has a fixed point in C and, by Proposition 1, such a
fixed point is a global minimizer of ¢ on H.
Now, one can prove an analogue of the above theorem.
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THEOREM 5. Let ¢ : H— R be a functional as in Theorem 4 and assume con-
ditions 1 and 2 in the statement of Theorem 4 hold. Also suppose there is an open
bounded subset U of H with 0 € U and

o' (u) £ Aglu Nueau, VA €0,1].

Then, @ has a global minimum on U. Indeed there exists a ug € U such that
= inf .
0luo) = infe
In particular, ¢'(ug) = 0.

Proof. The result follows from Theorem 2, since the above condition guarantees
that A(I — @) (u) #u forallu € U and A € [0,1].

3. Application
Consider the problem

—Au= f(x,u), x€Q,
{u(x):O, xeaQ, 3D

where Q is a bounded domain in RV . Here f and f’: Q x R — R are Carathéodory
functions where f’ is the derivative of f with respect to its second variable. Also
assume

If(x,s)| <cils|® +dy, and |f(x,5)| < ca|s| +da (3.2)

for some positive constants cy,c¢3,d;,dy and 0 < 01,07 < % ifN>3 (0< 01,00 <
o if N=1,2)
A weak solution of (3.1) is a solution of the problem,

{ fQ Vu.Vvdx — fQ f(x,u).vdx = 0, Vv e H(% (Q)a (3 3)

u€ H} (Q).

Let w,W € H} () be respectively a subsolution and a supersolution of (3.3) and let 4
be the first eigenvalue of the linear Dirichlet problem

—Au(x) = Au(x), x€Q,
{ u(x) =0, xe€dQ.

THEOREM 6. Assume that
1f(x,8)] <crls|® +dy, and |f(x,5)] < cals|? +dy

for some positive constants cy,c3,d1,dy and 0 < 01,0 < % ifN>23 (0< 01,00 <
oo if N = 1,2) and that
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1. for each fixed x € Q, f(x,y) is a nondecreasing function of y for w(x) <y <
W(x),

2. |f'(x,8) <A, VxeQ, VseR.

Then, there exists a uy € Hé (Q) which is a weak solution of problem (3.1) and uy €
[w, W].

Proof. Consider the problem,

Jo Vu.Vvdx— [ f(x,u).vdx =0, Vve H(% (Q),
u€ Hj(Q).

Let ¢ : H} (Q) — R be such that

o) = %||u||2—/QF(x7u)dx with F(x, 1) :/Ouf(x

From assumption (3.2) (see [3], [5]), ¢ is twice differentiable and the derivatives are
given by:

qo’(u).v=/QVu.Vv—/Qf(xm).vdx, Wy € H)(Q), (3.4)

((p”(u).v).a):/QVV.VCO—/Qf/(x,u).v.a)dx, Vv,0 € HN(Q). (3.5)

To prove that problem (3.3) has a solution we show that ¢ satisfies the assumptions
in Theorem 4.
To show
1" = @") ()|l < 1,¥u € Hy (),

we use the Cauchy-Schwarz and the Poincaré inequalities, and we have

(' =" W) = sup [(I'=¢")(u).v.0l,
i<t jol<t
/f x,1)v(x) 0 (x)dx |
" Iebloli<t
< 17l vl ax
<t l<1 /2
<A /| )| (x)|dx
i<t o<1 /o
1
7 2
<2 (/ 2dx) (/ w(x)2dx>
i<t o<t 0
<A osup |2 lof2

Vi1 lloll<1
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<A sup (J—w)(iﬁmﬁ
S Hngl,Hngl \/Af_l . \/)L_l

= sup el
i<t ol<1

< L.

Let C=[w, W] = {u € H}(Q) : w(x) < u(x) < W(x), Vx € Q}. Note C isaclosed
convex subset of H} () and it is bounded since if u € C = [w, W], then there exists
t € [0, 1] such that u =tw—+ (1 —¢)W, and so,

lull = llew+ (1 =)W < [w]| + [[W]].

The argument in [1, p. 712] shows that (I — ¢')(C) C C.
The existence of a weak solution of (3.1) follows from Theorem 4.

EXAMPLE 1. Consider the boundary value problem

) =% (meput) +10) -1 ). ve(-LD. o

u(—1)=u(+1)=0.

_

Itis easy to see that w and W which are defined by w(x) =0 and W (x) = Z- (|x| — |x|?)
are respectively subsolution and supersolution of (3.6). Also note all the assumptions
in the statement of Theorem 6 are satisfied.
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