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SPECTRAL ANALYSIS OF A NONLINEAR BOUNDARY-VALUE
PROBLEM IN A PERFORATED DOMAIN. APPLICATIONS
TO THE FRIEDRICHS INEQUALITY IN L,

YULIA KOROLEVA

(Communicated by Sdrka Necasovd)

Abstract. The paper deals with asymptotic expansion for p-Laplace boundary-value problem in
a domain periodically perforated along the boundary. It is assumed that the later boundary of the
domain is subject to the Neumann boundary condition while the Dirichlet condition is set on the
boundary of small sets. The asymptotic expansion for the first eigenelement is constructed. This
result is applied to derive the asymptotics of the best constant in the Friedrichs inequality.

1. Introduction

The homogenization of problems for differential operators in perforated domains
has been addressed in fairly numerous works (see e.g., [3], [7], [19], [20], [22], [25]-
[30] and the references therein). The basic goal is to determine a homogenized (lim-
iting) problem, compute the convergence rate of solutions to the original problem and
construct asymptotics of solutions (whenever possible). The direction in which the
eigenvalue of the original problem shifts from that of the homogenized problem can
frequently be determined from variational considerations. For example, in the case
when a Dirichlet boundary condition is specified on small subsets of the boundary,
the eigenvalue of the perturbed problem is obviously larger than the eigenvalue of the
homogenized problem. However, for the case of Dirichlet boundary conditions on per-
foration inside of the domain and Neumann boundary conditions on the outer boundary
such arguments are not applicable.

In this paper, we consider a singularly perturbed eigenvalue problem for the oper-
ator —A, in n-dimensional domain that is periodically perforated along its boundary
in the case when the diameter of the cavities, the distances between them, and the
distance to the boundary are of the same order of smallness. A Dirichlet boundary con-
dition is set on the boundaries of the cavities, while the Neumann boundary condition
is specified on the remaining part of the boundary. For this problem, it can be shown
that homogenized problem is one in the domain without perforation with a Dirichlet
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boundary condition on that part of the boundary near which the small perforation were
situated (a detailed proof of this convergence can be found in [17]). Asymptotics of
the eigenvalues to analogous spectral problems in case p = 2 were studied in [7], [8]
and [10] for different geometrical settings, in particular, for dimensions 2 and 3. It was
shown that the first eigenvalue of the original problem is less than the first eigenvalue
of the limit one. Let us remark that such a result can not be derived directly from vari-
ational definition of the first eigenvalues. Our goal now is to study asymptotics of the
problem for the case p > 2 in n—dimensional domain. Such problem requires more
complicated analysis since it leads to nonlinear spectral problem. Especial interest in
case p > 2 is motivated by applications to the Friedrichs inequality for L, space, p > 2.
For the perturbed problem, we construct a two-term asymptotic expansion of the first
eigenvalue. We apply the constructed asymptotics of the considered spectral problem
to estimate the best constant in the Friedrichs inequality in perforated domain. The
validity of such inequality was proved in [17], while the bounds for the sharp constant
were derived in [7]-[10] for p =2 and n = 2.

2. Statement of the problem

Let Q C R" ! x {x, > 0},n > 2 be a domain with boundary dQ = I". We will
use the notation X = (xy,...,x,—1). Itis assumed that ' =T} UT,,, UT is piece-wise
smooth and consists of the parts Ty = [—1/2;1/2]"~ !N {x, = 0}, T’ is the smooth
surface given by x, = f(x). The part

For = U =55 = 00 5
w=U[-35] ntu=E310{0<m < s®)

i=1

In the sequel € = % is a small parameter, .4/ € N, .4 > 1. Moreover, we can
represent the domain Q as the union of parallelepipeds:

Q= |J " i=0,.., 4 k=1n—1,
(ilminfl)
where
T ~ .1 1 ~ —_—

IT, =4 (®xa) €Q: (ix— 5)8 <x < (i + 5)8,0 < < f(X) pk=1n—1.
Let the constants a, 3 satisfy the condition 0 < o < 1, 0 < 3. Introduce small pa-
rameters € = og, & = Be. Define a set of balls with radius & centered at points
o~ i1 dp— i]ep— i eeip— .
XO:(.X1170 1,...,xn171701,%)61_[£1 t.

0]l ~ A .
Kgl n—1 — {(x7xn) c Hgl n—1 :

(=5 2 (e =2 )+ (- )P < R
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Figure 1: Structure of Q.

Due to the construction, the centers of each ball are located on the distance £ from the

2
boundary I'g. The distances between centers of neighboring balls are & :

[].oeip i) R O
—X ‘
k0

Xk0 =&, k=1,n—1.

Consider the set

meas(Bi1 i1 )

Blel"'l”’l - KQ"J”’I such that = const,

meas([(g”'i”’1 )

i.e. we choose the subset of the ball with equivalent measure. Denote

Be= |J B!, Te=0B..
(i1-wein—1)
According to this definition, the small set B is the 1- periodic translation of the fixed
BL+! with respect to vector (if,...,i,_1) over the domain Q. Moreover, we shall as-
sume that the boundary of set Bl+! is given by a smooth function. We denote, finally,
B={(,%): (x,x,) € By~'}. The figure demonstrates an example of set B in the pe-
riodic cell 1. Define the perforated domain Q. as Q\ B.. See the illustration for cut
of Q¢ on fig. 1.
In the sequel the space

WP (Qe,Te) = {u € W'P(Q¢) & ulr,—o}

will be used. We remind also the following important fact which holds for spaces
W1P(Qg,T¢) (for the proof see e.g. [6], [15], [16], [17] for different p,n and different
types of perforations).

THEOREM 1. (Friedrichs inequality) There exists a constant K > 0 independent
on € such that the following Friedrichs inequality

/\u|pdx<K/\Vu\pdxholdsforu6W17P(Qg71"8). 2.1
Q¢ Q¢
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DEFINITION 1. For 2 < p < n define the operator

Auy(x) = i % <|Vu(x)1’285—)(:>) .

j=19%j

We are interested to obtain the asymptotics with respect to € of the solution to the
following spectral problem:

—Apute (X) = Ag|ug 1P~ 2u, in Q,

us =0 on Iy, (2.2)
dug __ — _

oy = |Vu[P=2(Vu,v) =0 on dQ,

where Vv is the unit outward normal vector to the boundary of Q.

DEFINITION 2. One say that A is an eigenfunction to the problem (2.2) if there
exists ug € WP(Qg,Te) \ {0}, satisfying the integral identity

/Z |Vue (x)|P2 8ggx(x) a(gi(x) dx = XS/\u€|p_2ug(pg dx (2.3)
G, J=1 J j &,

for every @z € WP (Q,,T¢). The couple (ue,Ae) is called the solution to (2.2).

One can extend the functions u; € W!'?(Q,,T¢) into Be by zero. For the extended
function we keep the same notation. It is true that us belongs to whr (Q), see [21].
Our goal now is to construct the asymptotics for eigenelements to problem (2.2). The
main result with asymptotics of the first eigenvalue is given in Theorem 5.

3. Asymptotic expansions

To construct the asymptotics we use the method of matching of asymptotic ex-
pansions (see [14], and also [2], [5], [12], [13]). It was shown in [17] the existence of

eigenelement (up, o), up € C*(Q) such that
ug — uy, Ag — Agase— 0.

In the sequel the eigenfunction u( is chosen to be normalized in L,(L2). Therefore it is
naturally to seek the asymptotics of the solution u, in the form

e (x) ~ T (x) = ug + €1y + €2us. (3.1)

We will call (3.1) ” the outer expansion” assuming that it holds outside a small neigh-
borhood of Ty, mainly as x, > &f, 0 < B < 1. Analogously, we will seek the eigen-
value A as the formal expansion

Ae ~ de = Ao+ €A1 + €2 (3.2)
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Now we find out the boundary-value problems for ug, u,u;. Substitute expansions into
the boundary-value problem (2.2). By using formulas

|uo + uy +&u, —i—...)|p_2 :|uo\p_2 +8(p—2)\uo|p_3\u1|

2(p—2)

3 (2uzuo] ">+ (p = 3) uol”ut) +o(€?),

(3.3)

+&

Aelue|P2ue = Ao|uo|P2uo + €((Muo + Aour ) [uo|P >
+(p —2) Aauoluo | |us |)
+ &2[Juo|P 2 (Ao + Ayus + Aouz) + Aotto(2u2|ug|P 3

+(p = 3)uol” 1) + (p — 2)|uo|”|ur | (Aruo + Aouy )] + 0(€%),  (3.4)

(r—2)
2

p—2

\Vue|P~2 =(|Vuo|?> + 2&(Vug, Vuy) + €2(2(Vua, Vug) + |V ) +...) =
= IVuo\”’z+8(p—2>|Vuo|”*4(Vuo,Vu1)
+£2p Vo |P~6(2(Vaua, Vo) | Vato |

+\Vuo\ *|Vur > + (p — 4)(Vuo, Vuy)?) + o(€2), (3.5)

J u u u
2 p=2 ((ZX0 L JOTL L 29002
Ix; <|Vu£ (3 Xj e ox; e 3’?/ Tole )>)

d u
-9 p—2( 240
x; ('Vuo (9361'))

rel (<p 2) Vol (Vato, Vi) 22

0 723141
Vir|P2 21
Ox X; +‘ uO‘ )

8xj 8xj

0 -2
ve 2 (( 22Vl Vo) VP
J

d
VP 9+ (=4 Vo V) ) 52 )
J

0 u d u
Jd p—20U2 J 1 2
+ 7, (uo axj) + 7, <Z(Vu0,Vu1)—axj)] +o(g%), (3.6)

p— 23145 - p723u0

[Vuo 3y

P) P)
te ((p . 2)|Vuo\p74(Vuo,Vu1)£ T |vu0|1’2£>

[V |
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+é? [(”T_z [Vuto |~ (2(Vaiz, Vitg) | Vo
2 2 2y ) FHo
+ [Vuo|“|Vur |+ (p — 4)(Vuo, Vuy)*) v

J P
+ \Vu0|p_28—b:2 +2(Vu0,Vu1)£} +o(e?), 3.7)

and collecting the terms with £ we obtain the following problem for (i, A9) :

—Apug(x) = Aoluo|P"2ug  in Q,
on Ty, (3.8)
= |Vug[r2%0 =0 on 9Q\T.

v

U
o

As usually, we understand the solution to this boundary-value problem in the weak
sense i.e. iff up € WHP(Q,T) \ {0}, satisfies

! 0 d
/Z Vg (x) |72 I;(;(,X) ép)EX) de%/|uo\p_2uo¢dx (3.9)
=1 J J a

for every ¢ € WP (Q,T). The existence and uniqueness of the smooth (C*(Q)) nor-
malized solution follows from the general theory of monotone nonlinear elliptic opera-
tors. The detailed proof is given in [17]. In addition, the following fact was proved in
[17].

THEOREM 2. The spectrum of problems (2.2) and (3.8) is nonempty closed set.
Let A} ,l(} be the first eigenvalues of problems (2.2) and (3.8) respectively. Then

Al —A) ase—0.

Moreover, if ug, ug are corresponding eigenfunctions, normalized in Ly, then up to a
subsequence,
||ug — lfl()leA,p — 0.

The main goal in present paper is to derive the asymptotics of A, and estimate the rate
of the convergence 1/ to l(} . This result can be applied to estimate the sharp constant
in the Friedrichs inequality (2.1) (see Section 7).

Analogously, collecting the terms in front of €, and & one obtain the following
boundary-value problems for unknown u; and u, functions:

_ u, —20
3 55 (= 21Vl = Vi, V) 528+ Vol 2524

= (Mo + Aour ) [uo|P =2 + (p — 2) Aguoluo|Puy,  in Q, (3.10)
up = o (%) on Ty,
% = on 9Q\ T.



Y. KOROLEVA, Differ. Equ. Appl. 8, No. 4 (2016), 437—458. 443

-2 [9'97] ((pT—Z |Vuo|P~8(2(Vuz, Vug) Vg |* + |Vuo|? |V |?

J
Hp—4)(Vua, Vi 7))

i (o232 + 2 (zwumvul)g_g)]
= |uo|P~2(Aaug + Aquy + Aoup) + @ﬁouo(hmo\p—3 + uo|P~*u?)

+(p —2)luo |~ |uer | (Aruo + Aour ) in Q,
uy = 03 (%) on T,
aaivz =0 on 9Q\ T.

(3.11)
The existence of the solution for (3.10) and (3.11) follows from the general theory
of linear elliptic operators with smooth coefficients. It is given in Lemma 1.

4. The internal expansion

However, the approximation g (x) = ug + €u; + €uy does not satisfy to the con-
dition on I'¢. This forces us to introduce an additional term in the asymptotic expansion

for ue to satisfy the appropriate boundary condition. In a small neighborhood of T,
mainly on the set {(¥,x,): [—1; %]"71, 0 <x, <2eP}, 0<B <1, we construct an

“internal expansion”. The solution uy(x) € C*(Q) satisfies to the problem (3.8), is even
with respect to x;. With this property, one has where

8140

up(x,0) =0, =0 on [,y.

axi X,‘=:|:%
Due to the regularity, the equation

Apttg = Doluo P 2ug

holds up to the boundary, hence, A,uy = 0 and % =0onTly, i=1,n—1. Now we

rewrite the p-Laplace operator as follows:

" Qug duy *u
Aty = |Vuo|?~*( |Vuo|P*A 2 0770 72 70 ),
pito = [Vig| <| uo|”~*Aug + (p )i’szl 9x; Ix; dxi0x,;

On Iy it reduces to

au() p=4 8140 282140 8140 282140
OZAP”(’:(axn) <<a> ax%;“”‘z)(axn) ax%;>




444 Y. KOROLEVA, Differ. Equ. Appl. 8, No. 4 (2016), 437—458.

From this we conclude that

d’u
5 20 =0on I, 4.1)
Thus, one can write the following expansion in the Taylor series with respect to x;, :
o (x) = 0 (R + O(x;) a5 2, = 0, (4.2)
where
d
el T ed (SO VERVE) oy (4.3)
dx,
x,=0
satisfies
dogd -
% =0, i=1,n—1, onTyy. (4.4)
8)6,‘ 1
x,-::lzj

Due to the smoothness (see Lemma 1), the functions u;,u; can also be decom-
posed in the Taylor series

i (x) = o (%) + 0 (V) + O (),

4.5)
1 (x) = 03 (%) + O(xy)
as x, — 0. Moreover, af , 0 € C([—1/2,1/2]""") and due to (3.10)
dol ol S
% —o0, 2% —0,i=T.n—T1 onT,y. (4.6)
8)6,‘ 1 8)6,‘ 1
xi:ij x,-::lzj

LEMMA 1. Let of, 0 € C*([—1/2,1/2]""") and satisfies (4.6). Then there exist
constants Ay, Ay and functions uy(x),uz(x) € C=(Q), solving the problems (3.10),
(3.11) and satisfying [ |uo|P~*uou, dx = 0. Moreover, A| can be find as

Q

M=—(p— 1)/|vu0|1’*2a5 o d=. @4.7)

Iy

Proof. The existence of the smooth solutions u;,u; follows from the classical
results on regular solutions of linear elliptic operators with smooth coefficients (see
e.g., [1]). In order to get u; as the unique solution one can add the condition

/ |u0\1’72u0u1 dx=0. (4.8)
Q

By multiplying (3.10) with u( and twice integrating by parts over € the obtained
equation, we find that

klf\uo\pdx—kﬂo(p—1)/u1u0|uo|p_2dx
Q

Q
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X

= _/243i ((P_z)V”OPA‘(VMO»VMl)% + |Vuo|p2%> ugdx
o 7N j Xxj
—p= 1) [ 190l 20,V dr=~(p 1) [ 3 57 1Vl 252 )
Q o 17N X

+(P—1)/|Vuo\p72 %mdﬂ:ﬂm(l)—1)/|u0\p72uou1dx

Q Q
_ 8140 ,\
—(p— 1)/|Vu0|p 22 dx. 4.9)
Ixn
To "

Taking into account the fact that g is the normalized in L,(€2) solution of (3.8) and
since u; satisfies (4.8), we can deduce that

50
==(p=1) [ Vo2
Iy

Zouldy?: —(p— 1)/|Vuo\”’2aéa?d)?. (4.10)
n
Iy

The formula (4.10) proves (4.7) and the proof is complete. [
Insert (4.2) and (4.5) into (3.1) and make the substitution &, = % It yields

e (x) =€V (EniX) + €2Va(E:%) + O(x3 + €2 4 €2x3) (4.11)
as €&, = x, — 0, where
Vi(End) = oy D&+ ) (®), Va(&2:X) = of ()& + 0F (3). (4.12)

Following the method of matched asymptotic expansions, we conclude that the inner
expansion must have the structure

ug (x) = evy (&;%) + €22 (E;%) + 0(€%), (4.13)

where § = (§1,...8,) = 2 = (%,’%) Here x; is a “slow” variable while &; is a
“fast” one. Denote by Ve (x) = €vy + £2v,. Definition (4.12) implies the asymptotics

vi(8:X) ~ Vi (6niX), v2(85%) ~ Va(EuiX)  as &y — +ee. (4.14)

REMARK 1. In the sequel we construct v; and v, as 1-periodic functions with
respect to & (depending on a fixed “slow” parameter x; ).

With new scaling, the domain Q can be divided in the union of periodic cells
N=Qn{{:-3<&<4, &>0%h
Let y={&: -1 < & < 4, & = 0}. Rewriting A, operator in (£,%) variables and
applying it to the function Vg, we get

o9 (|9 P2 9
Apve = 2 [3—& (‘3_36, 9_)61

i=1
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(9 (]9 19| (e 107
€ 8&, 8xi 88&, 8xl~ Saéi
Ve

L L9 (]9
er d&, \ |d&,

o)

_nil 9 (|95 |"? 9%

_i:I ox; ox; ax;
1L (d (| 0% av|P2( av o
+g_p<a_§i<‘ga_m+a_§i (Sa—xl*aéi))]
A e
gpaén aén aén '

The Taylor decomposition implies that

e I |PE) Ve I
"3(9—)6,*(;—5, “ox T g

_[ove | ove e((r_2)| 2% P73 0% IV |9V P72 9
“log| g TE\Y G T
Ve |2 9ve |74 9y,
2 e| | Dt Ve
re(0-30-2)| 5| |52 5
e \ | ave |P° 3
+(p_2)<8x,-> 9 >+0(8).
Substitute this inside of previous formula, we get the following:
o9 [|9ve|P? ove
A‘%[T(a— e
L L9 (|ame | ove e((r-2) IVe |17 9% IV | IVe |72 9%
ot \|og| 25 TE\WY 9| agom agi ox;
Ve |? |9V |74 9V avg 2197, P73
ve <<p ye-2|5 |52 FEre-2(5) %] )

e
&,

(7)o

Using the expansions for A, (see the previous step) and collecting the terms in front of
the same power of € in the equation —A,Ve = A¢|ve |P~2V;, we deduce that

Ivi [P ovy
9 )

_Agvl 0, where AS SV = Z&é, ( 9_5,
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The boundary conditions

{}\g B O on rg
implies v = v, =0 on dB. On the part Iy one has
Ve
ox,

Ve

P=2 9%, 1
IpXn

0

Ve

9E,
Hence, gg = gg =0 on y. On the boundary T',,, we have

P72 9%,

a—én.

dx, ep~1

o e _|2%e|"2 0%
n 3pV n 8)6,‘ 8)6,‘
R A
=+l T on <—sa§1 * axi>
1 e [P72 e |3 v, Ve Ive
:t—gp72 < 8_51 +£(p_2)‘8_’g'i 8—& +0(8) (ng—f'a—xz)

Analogously, collecting the terms in front of the same power of €, we conclude that

2 8\11

on corresponding parts of the boundary I',,,. Thus, the functions v; is the solution to
the following problem in periodic cell IT:

p728V1
—=0,i=1,...,n
98

Agvi =0 inIT\B,

vi=0 ondB,

P2

7| =0 ony, 4.15)
v [P 9

Fr se (S5 +4)=0 as&==+1,
vi~V], as én — o0,

An analogous technique one can use to obtain the boundary-value problem for the
function v, with asymptotics

vy ~Vy as én — oo,
Here we omit the details due to heavy technical formulas. For an example of explicit
boundary-value problem for v, and its solution in case p =n =2 we refer to [7].
5. Solvability of problem (4.15).

We analyze problem (4.15) and simultaneously determine the function o) (%).
The following Lemma is useful for our analysis. The proof of an analogous statement
can be find in [23].
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LEMMA 2. Let e®5F € L,(TT\ B) %5 H € L,(dT1), & > 0. Then there exists
the unique weak solution of

~AZ=F inTI\B

Z=K on 0B,
y4

3— =H on JIl.

v

This solution can be represented as

Z(§) =C1+Z'(&),

where Cy is a constant and Z' satisfies ¢%5Z' € W'-P(I1\B), where 8 such that & < &.
Moreover, the asymptotics

VZ(E)|" 2~ Cr+ 0(e%%)
holds as &, — oo.
Consider the problem

A)Y =0 inTI\B,

Y=-&  ondB,

(5.1)
g!;Y,, =—1 onvy,

g—g:O as & ==+1.

By Lemma 2 there exists the weak solution to boundary-value problem (5.1) such that
Y(8) =Ci(B)+0(e %), [VY(§)[7* ~ C2(B) +O(e %), (5.2)

Due to the symmetry of B with respect to axis & = 0 the function Y is even with
respect to &. Denote by TI® =TIN{&, > R}, m={& € ,§, =R}, yr = Y|yR. The
function Y is evidently the unique bounded solution of boundary-value problem

A)Y =0 inIIF,
a%zyR on g,

g—g =0 ondllg\ 7,

when R is large. Thus, it has the asymptotics (5.2) as &, — oo.
Let us derive the formula for C(B) = C|(B)C2(B) :

c®)= [ Ivrpaz+ [ 3 S(vrp-ig)ae. 53)
B p =1
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Denote ITg = TN {&, < R}. Multiply the equation in (5.1) with ¥ + &, and integrate
the result over Tg \ B.

g 9
O_H,KBA (Y +E)d / Y <|VY|P Za—g) (Y + &) dE

/ Z\VYII’ 2329 Yagé" dé — /%nww 2(y +0)d€
B =

+/a—éq|VY\P*2(Y+§n)d§+/;E|VY\F*2(Y+§n)dB

/Zaéww 2+ &) art— - / S ot Al

ne\B '~

+/\VY|1’ 2Yd<§+/0 —ORY|VY|P2(C + R+ O(eR)) dE.
I'r

Integrating by parts again we have

0— / ;% <VY|P 2;@ (Y+€n)) Yd<§+/|VY|p 2y 4&

+/ e / MVt (v gy s,

- F/ VY 25+ &)

- /é%(vmp—zg_g)m@rn/\ 3E <|VYP 232:)1/41&

R
‘p 2aén

+/Y|VY\P 2d§+/Y\VY|P 2 9% dsi—/énWY
Y

—/(Cl(B)JrO(e* B))(C2(B) + O(e~*R)) (14 0(e~9F)) &

I'r

- / (C1(B)+0(e~%))0(e %) dE + / Y|VY |2 dE + / Y|Vy\r2aaTY ds;
I1\B Y A B

_,0&
_ Vy|P—223"
aé€n| i JVvp ng

- [(€u(B)+ 0 ) (Ca(B)+ O ) (1 +0(e%)) df —

I'g
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= Y &
Y|VY|P2d (/YVYPJ———d —/nnVYPQ—Jld —C(B).
[rivy B A A T T
B

Multiply the equation of the problem (5.1) with Y, integrate by parts the obtained
equality over g \ B and pass to the limit as R — +oo. Then we get

L/WHHK+/——WH”Wd%+/YWHP%ﬁ (5.4)
mB
Hence,
o - [ 19y %4
n S¢- (5.5)
mB
Integrating by parts the left-hand side of
0= [IVY17 288,80,
B
we get that
p—2 8&" < J p—2
J Vv 6 S s = [ 3 596, 56)
oB BT

where v is outer normal vector to B. Hence, combining (5.5) and (5.6), we get the
formula

/\VY|Pdc§+/Zaé (VY |72, de.
M3 l
Define
X(6)=Y(E)+&n

The definition of Y implies that X can be extended as a 1-periodic function of &;.
Keeping the same notation for the extended function, we set

v1(€:3) = 0 (V)X (§)- (5.7)
Then, by virtue of (5) and (4.12), v; is a 1-periodic function of &; that solves problem
(4.15) and

v1(E:3) = Vi (EnR) +0(e %), as & — +oo, (5.8)
for  ol(X) = of (X)C(B). (5.9)
In particular, the properties of a& give that
8\11 PR 1 [
X)=0atx;=+=,i=1,n—1, 1
o, (&;x)=0atx 5 i n (5.10)
what is required in Lemma 1. The formula (5.9) together with (4.7) imply that
h==CEB(p-1) [ IVuol(ad)*d5. (5.11)

Analogously one can construct the function v;.
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6. Verification of the asymptotics.

In the sequel we assume that p —2 > €. Let x(¢) be an infinitely differentiable
cutoff function that vanishes identically for # < 1 and equals unity for # > 2, and let

X8 (xXn) = % (;%) . Define

~

Ue (x) = xp (xn) e (x) + (1 = xp (xn)) Ve (x).

Obviously, R
gii%”USHLP(Qg) > 1. (6.1)

Now we show that the function U, approximate the solution to problem (2.2) in domain
Q. and verify the constructed asymptotic expansions.
6.1. Homogenization theorems

We use the results from [17]. The following facts were proved
THEOREM 3. Assume that F € L,(Q), %—i—é =1,2<p<e, g>1and K is
an arbitrary compact set belonging to the complex plane C, K does not contain the

eigenvalues of the problem (3.8). Then the following statements hold:
1. There exists a number & > 0, such that the unique solution to the problem

—ApUe(x) = A|Ug|P72Ue +F  in Q,
Us:=0 onTg, (6.2)
3Ue = |VU:P"2(VUe,v) =0  ondQ,

does exist for all € < &y and for all A € K. Moreover, the uniform (in € and A ) estimate
[Uellwi» < ClIF]|L, (6.3)

is valid, where C does not depend on Ug and F;
2. It yields that
|Ue — Upllw1.p — O when € — 0, (6.4)

where Uy is the unique solution of the problem

—ApUp(x) = A|Up|P2Up +F  inQ,
Up=0 onTy, (6.5)
'9”0 = |VU|P2 % =0 on dQ\T,.

Here the solutions to problems (6.2) and (6.5) are understood in the weak sense

€
ie. iff Us, 8 = { 0’ satisfies to the integral identity:

/Z|VU5 )P~ 2aax( )agx( )dx—x/\Ugv’ 2U5(pdx+/F(pdx 6.6)
J J
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for every @ € WIP(Q,T).

In addition, an estimate for the solution to problem (6.2) in a neighborhood of AOI
was obtained.

LEMMA 3. Let A is close to A} and A} converges to Aj. Then the following
estimate holds:

1F12,
C——F

[0ellf, < Crr—iy ©6.7)

We need to obtain the estimates for the constructed functions. According to our
notations,

fe = o+ €1y + €2ur,  Ae = Ao+ €A + €205,

LEMMA 4. The function i, solves the problem

{_Apue A |ie [P~ 2u8+fu in Qe, 6.8)

dig __ IS
—a:v =0 on dQ\ Ty,
where

12|z, 00) = O(€). (6.9)

Proof. We define fg through
— = Al + AC | |P e
By using the expansions (3.3)—(3.7), equating terms with the same power of & and
taking into account boundary-value problems for ug,u,us, we derive that
— f = Apite + A8\ | P2l = Aputg + Aoluo|P2ug

o9 duyg du
p—4 p—29%1
+8<th1 7 ((p 2)|Vuy (Vuo,Vul)a —HVu | axj)

+ (g + Aoun ) [uo| P2 + (p—2)%uouolp3u1> +o+0(E).

Due to the boundary-value problems for ug and u;, u, the terms in front of 80, € and
€2 becomes 0, thus

—ft=0(&%), and || f¥||1, = O(&?).

The boundary conditions for # is fulfilled by the boundary conditions for ug, u; and
uy. O
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LEMMA 5. The function Ve satisfies

AT + A8 [T |25 | = O(eP P~ 1)) as x, < 26P (6.10)
and 50
e =00n T, |Vig|P? a—vvg =0 0n (0Q\To) N {x, < 2¢P}. (6.11)

Proof. The proof is analogous to the previous theorem. We shall use the definition
of Ve and asymptotics vy ~ Océén + a? , Vo~ 0511 &+ (xg as x, — 0 to deduce that
Ve = O(eP). The next step consists of rewriting operator A, in (x,&)— coordinates

and estimating the function fy = —A,Ve — A€ Ve |P~2Ve. We omit the details.
The boundary conditions (6.11) follows directly from the definition of v,. [

LEMMA 6. If ef < x, < 2eP then

0

Xn

e —ve = 0(°P), =— (i —v¢) = O(e?P)

and

~

8Ug

i

P
— Ae|Ue|” = O(PP).

n

>

i=1

Proof. Now we estimate the function
Ue = xpite + (1 — 2p)V
ontheset e < x < 2¢P. By the definition,
e — Ve = Ogx, + €0 + eax, + €2 + O(x) + ex2 + %x,)
—e0g8y—ea) — & (ol &+ 03) = 0(eP).
Thus, using the asymptotics for V¢, we derive that
Ue = 2p(ite — V) +ve = 0(e) + 0(eP) = O(eP),

therefore the term A \Ue|P = O(€PP). Next we estimate the derivatives of Ug. Thinking
analogously, one has for i=1,...,.n—1:

~

e _ 0 (sﬁ> =

8xi

~

8Ug

Xi

P
= 0(ehr).

For i = n one has

0

8—(%—\%) — ol +ea] +0(2+ex,+€*)—of —ea =0(e?P) as x, < 2P,
Xn
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hence »
AU 5
O(g2Bp
I (e77)
Summing up, we get that
~ P
| dU. PPN
S |==| —2Ae|Uel? =0(Pr). O
S| o

THEOREM 4. The function ﬁg satisfies the boundary-value problem

—ApUe = AE|U|P~2Ue + F  in Qe,

Us=0 onTg, (6.12)
Ve _
v =0 onT,
where
~ Bp+1)
[FellL, ) =0 7). (6.13)

Proof. First we observe that the boundary conditions are fulfilled due to the def-
inition of U and boundary conditions for ug,u,us, a&, a? , 0511 , (xg. Consider now the

equation for ﬁg. Denote

—Fe = AyUe + A8 |Ue |7 20

Then the integral identity
/ 2 ’ U, P

holds. Let us estimate now

dx:zg/\a£|pdx+/ﬁgagdx
Q Q

N n | oU . N
/Fgugdx /2 - lg/\USV’dx =L+hL+1,
Q =1 Q
where
™| dug A
I = / 3 “Ael@l? | ax|,
<i=1 xi

N{x>2eP}

U,
8xl~

p
—JLg|U51’> dx|,

el (z

N{eP <x<2eh}
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B L | 9
13 N / (Zi 8)6,‘

N{x<2eP}

p A~
—elpel | dx|.

Let us estimate each integral [,k = 1,2,3. Taking into account the properties of
xp and Lemma 4 one derive

I = / |Apie + AE|iig| P26 | dx = O(€?),
Qn{x>2¢eP}
therefore
Fubpdx| = / Rufipdx| = 0(6%) = F, = O(&?) as x > 2¢P.
N{x>2eP} N{x>2eP}

In view of Lemma 6 we can estimate

LN PT7
L= / ( e —JLSUSV’) dx| = 0(ePP)eP = O(ePr*D)
N{ebP <x<2eP} =1 l
which yields
/‘ Fullpdx| = / Fo0(eP)dx| = 0(eP P+ D) =
N{eP <x<2eP} N{eP <x<2eP}

~

Fe=0(ePPyas ef < x < 26P.

Finally, due to Lemma 5

ne| | (z

N{x<2eP}

Ive

8)6,‘

p A~
dx — /18|9£|de> = 0(ePP)eP = o(ePPH1)

and analogously, that implies the asymptotics

Fe=0(PPVyasx < eP.

Consequently,

IFellz 00 = / Fldx+ / Fldx+ / F dx
N{x>2eP} Qn{eP<x<2eb} Qn{x<eb}

(p+1)

=|(p-1)g=pl=0(""7). O

<=

_ (0(83q)+20(8413(p—1)+l3)>
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THEOREM 5. The asymptotics

2B(p+1)
Ae=A+el+0(e 7 ),0<B<1, (6.14)

holds for the first eigenvalue to spectral problem (2.2), where Ay is given by (5.11).

Proof. Due to the estimate (6.7) the solution to (6.12) satisfies
_ IFI g
Uel? <C—F
ot = T

This together with (6.1) implies

~ ~ 2B(p+1)
e~ A5 < CIFIR g = O™ 7 ).

hence the asymptotic (6.14) holds. [J

7. Asymptotics of the sharp constant in the Friedrichs inequality.

The obtained rate of the convergence between A} and /101 gives the following
statement:

THEOREM 6. Let K be the sharp constant for the Friedrichs inequality
/uf;dx < Kg/\VugV’dx, ue € WHP(Qe, Te).
Qe Qe
Then it converges to K the sharp constant in the inequality
/updx < K/ |VulP dx, u € WP (Q,Ty)
Q Qe

and the rate of convergence can be estimated as

2B(p+1)

|Ke —K|<C(e+e ¢ ), 0<B<1. (7.1)

Proof. We remark that if one choose @ as u, in the integral identity (2.3) and ¢
as ug in (3.8) then it reads as

/|Vu£(x)\pdx=7t£/|ug|pdx and /\Vuo(x)\pdx:ﬁo/\udpdx.
Q€ Qs Q Q

From the variational definition it holds that

J |Vue|? dx J 1 Vuo|? dx
Q

AL = inf L and Al = inf e
© ueewtr(QeTeN{0} [ |uelPdx %o upew P (@To)\{0} [ |uol?P dx
Q

€



thus,

K=

|Ke — K| =

able
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the sharp constants in corresponding Friedrichs inequalities are K, = (A})~! and
(Ad)~!. The estimates (7.1) follows evidently from asymptotics (6.14):

|Ae = A A=A 2(p+1) 2B(p+1)
AglIAd] ~ |ad)

=eCi+e ¢ <C(e+e ¢ ). O
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