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CONTINUOUS DEPENDENCE FOR SOLUTIONS
TO 2-D BOUSSINESQ SYSTEM CHANNEL FLOW

YUANFEI L1 AND CHANGHAO LIN

(Communicated by Jesiis Ildefonso Diaz)

Abstract. This paper considers the 2-D Boussinesq system in a semi-infinite channel. By making
use of the earlier work of [19] and some Soblev inequalities, the continuous dependence on the
coefficient of the system is obtained. The authors also show how to bound the total energy.

1. Introduction
The Boussinesq system we consider in this paper takes the form

ou— Au+uVu—ygb+Vp =0,
diva =0, (1.1)
9,0 — kAO +uVe =0.

Here u = (u;,uy) denotes the velocity of the fluid; 6 is the temperature; p is the hy-
drostatic pressures; g = (g1,82) is the gravity force; u and x are kinematic viscosity
and thermal conductivity, respectively; 7 is a positive constant associated to the coeffi-
cient of volume expansion. Without loss of generality, we assume that 4 = Kk =y =1
in this paper.

The Boussinesq model is one of the most useful models in fluid and geophysical
fluid dynamics such as atmospheric fronts and ocean circulations (see [21, 27]). In 2001
Majda [20] pointed out that the two-dimensional Boussinesq equations retain some
key features of the three-dimensional Euler and Navier-Stokes equations such as the
vortex stretching mechanism and the inviscid two-dimensional Boussinesq equations
are identical to the Euler equations for three-dimensional axisymmetric swirling flows.
For more information about Boussinesq system, we refer reders to Majda’s books [21,
20]. In fact, there have been many papers devoted to the study of the Boussinesq system.
The global well-posedness of the 2-D Boussinesq system was obtained by [7, 12]. [6]
established the global in time existence of classical solutions to the two-dimensional
anisotropic Boussinesq equations with vertical dissipation.
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Different from the above papers, we consider the two-dimensional Boussinesq
equations in a semi-infinite channel. In fact, a number of papers on channel flow of a
incompressible viscous fluid have appeared in the literature. Horgan [11] investigated
the stationary Navier-Stokes flow in a channel. Under certain assumptions, the authors
proofed that the flow tended asymptotically to the fully developed flow. Lin [14] con-
sidered the entry flow problem of the transient Stokes in a semi-infinite strip when the
mean value of the entry ow is zero and obtained spatial decay estimates for an energy
associated with the flow. Lee and Song [13] established exponential decay bounds for
a transient magnetohydrodynamic flow in a semi-infinite channel. Song [28, 29] inves-
tigated the case of nonzero entry Stokes flow and obtained improved decay results. For
more papers, one can see [19, 16, 18] and papers cited therein. Obviously, most of the
papers established exponential decay bounds for the solution to two-dimensional equa-
tions, but few paper in the literature paid attention to structural stability(or continuous
dependence) of two-dimensional Boussinesq equations.

The purpose of the present paper is to derive the continuous dependence of external
force. Structural stability questions are fundamental in that one wishes to know whether
a small change in a coefficient in the equations will induce a dramatic change in the
solution. In the spirit of the earlier work of [19], we derive a second order partial
differential inequality which leads to the continue dependence results. Since there is a
non-linear term uVu in (1.1), the argument of this paper will be more complicated and
the results are interesting. The methods which are used in our paper can be extended to
other similar equations.

Throughout this paper, the usual summation convention is employed with repeated
Greek subscript summed from 1 to 2. The comma is used to indicate partial differentia-
tion,i.e. Qg o = 23:1 g% . The paper is structured as follows: In section 2 we formulate
the boundary problem with provides the framework investigation. Some auxiliary in-
equalities are presented in section 3. Section 4 is devote to deriving a basic differential
inequality that leads directly to continuous dependence for the solution. Finally, to
make the estimate explicit, we derive the total energies in terms of prescribed data in
section 5 and section 6, respectively.

2. Formulation

We consider the Boussinesq system with variable viscosity and thermal in a chan-
nel in R?. The channel is denoted by R which is defined as

R:={(x1,x2)|x1 20,0 < xp < I}, (2.1
where 4 is a fixed positive constant, and we also use the notation

L, = {(x1,x2)[x1 =2,0 <x» < h}. (2.2)
We also define

R, = {(x1,x2)|x; = 2,0 <xp < R} (2.3)
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Clearly Ry = R. As in paper [19], Eq.(1.1) may be rewritten in the form

Ugr — UAUg +ugly g —V8a0+p o =0, inRx [0,20), (2.4)
Ug, =0, in R x [0,00), (2.5)
0 —KAO+1uu04 =0, in R x[0,00), (2.6)

with the initial-boundary conditions

ua(xlax2a0) = 9(x1,x2,0) =0 (27)
g (x1,0,1) = ug(x1,h,t) =0, 0(x1,0,¢) = 0(x1,h,t) =0, (2.8)
u(0,x2,1) = fo(x2,1), 0(0,x2,1) = h(x,1), (2.9)

for oo = 1,2. The boundary functions fy (0t = 1,2) and £ satisfy the compatibility
relationships fy(0,2) = fo(h,t) = 0,h(0,2) = h(h,t) = 0. If data f, and h are small
enough in L;, bounded solutions will exist in in the interval [0,T]. In fact, under the
condition féq fidxy = foh hdx, = 0, the solutions of (2.4)-(2.9) will vanish as x; tends to
oo. However, if foh fidx, # 0 and foh hdx; # 0, we suppose that (u,u;) tend to (V,0)
for sufficiently small data, when x; — oo, where V (x;,7) is the solution of the problem

Vi—=Va+Pt)=0, 0<xx<h0<r<T, (2.10)
V(x2,0) =0, 0<x<h, (2.1D)
V(0,1)=V(ht)=0, 0<r<T. (2.12)

The unknown function P(¢) may be determined by

h h
/ V(o t)dxs = / i) dxs = O(1). (2.13)
0 0

The problem (2.10)-(2.13) may be viewed as an inverse problem for determining P(z)
and hence V(x,,t). It is easy to show that this problem has a unique solution. For in-
teresting, readers can refer to [5] in which Cannon and Zachmann investigated a similar
inverse problem. Now, we let

Wo =g — Va1, Gqo=DPu—P(t)u. (2.14)

Then, the boundary-initial value problem (2.4)-(2.9) may be rewritten as
War — AW + (wg +V 31 )wg g + w2V 2801 — 800 + .0 =0, (2.15)
Wa,a =0, in R x [0,0), (2.16)

6, — KAO + w0+ 6,V =0, in R x [0,00), (2.17)
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with the initial-boundary conditions

We (X1,X2,0) = 60(x1,x2,0) =0 (2.18)
Wa(.Xl,O,t) = ua(xlahat) = 0’ G(X1,0,t) = O(XI,]’I,I) :0a (219)
Wwe (0,x2,1) = fo(x2,8) — Vg1, 0(2,0,x2) = h(xa,1). (2.20)

Under the condition (2.13), it follows that at each instant of time ¢

/ WldXQ =0.
Ly

Since (wy,w;) is divergence-free, we have

2
/Wld)CQZ/ Wldxz-i-// Wlﬁld)Cng
L Lo 0 J,
2
—// W272dX2d§:0.
0 Le

Now, we list some results which have been derived in [19]. These results will be used
in the next sections of this paper. In paper [19], the authors defined energy expressions
as

5 15
E(z7t):/O/Rwa7ﬁwa7ﬁdAdn +p1/0 /R WemWarmdAd
t t
+ / / 0.060.4dAd1 + P / / 62 dAdn
0 JR. 0 JR; '
:E](ZJ)+p1E2(Z7Z)+E3(Z7Z)+p2E4(Z7Z), (2.2

and
Es5(z,t) / / Wa,BnWa,pndAdn, Ee(z,t) / / 0 6 6,andAdn. (2.22)
In section 4 of [19], the authors proofed
E(z,t) <mE(0,1)e "%, (2.23)

for some computable positive constants m; and m;. They named this result as ”Spa-
tial decay estimates”. To make the estimates explicit, the bounds for E;(0,7),(i =
1,2,3,4,5,6) were also derived in section 5 of that paper. We write the bounds for
Ei(0,1),(i=1,2,3,4,5,6) as

Ei(0,1) < Qi (2.24)

where Q,-(i = 1,2,3,4,5,6) are positive constants which only depend on the known
data.
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In this paper, we continue their work. We want to establish the continuous depen-
dence on go. Let (wq,0,9) and (w},0%,¢") be solutions of (2.15)-(2.20), but with
different coefficients g, and g}, , respectively. We set

Va=Wa =Wy, T=0—0", T=qg—q", Tu =80 — giy- (2.25)

Then, it is easy to find that (v, T,7) satisfy
Vor —Ave +VEWo g +WVe g+ Va1 +v2V28u1 —Ta0 — goT +Ta =0, (2.26)
Voo =0, in R x [0,0), (2.27)

T — AT +vg00 +wiT o+ TV =0, in R x [0, ), (2.28)

with the initial-boundary conditions

Vo (x1,%2,0) = T (x1,x2,0) =0 (2.29)
Va(x1707t) = V(X(xlahat) = 07 T(X1,0,t) = T(Xl,h,t) = 07 (230)
v (0,x2,2) =0, T(0,x2,¢) =0. (2.31)

Our main result of this paper may be written as:

THEOREM 1. Supposing the known data h, fo, and x,l,y small enough. Then
the solution (wq,0,p) of the initial-boundary value problem (2.15)-(2.20) depends
continuously on change in the coefficient gy, as shown explicitly in inequality (4.38)
which derives a relation of the form

¥(z,1) < 7°L, (2.32)

where L is an a priori constant and ¥ (z,t) will be defined in (3.33). In (2.32), we note
that T = max{TyTy}.

3. The definition for ¥(z,7)

To proof theorem 1, we first seek the definition for W(z,7). To do this, we intro-
duce a stream function ¢(xy,x,,¢) such that

Vi=02, V2=—0]. 3.1

We can eliminate the troublesome pressure term 7, in (2.26). The equation (2.26)-
(2.28) may be transformed into the following form

(Ap) — N9 — 9 pAwg + Wi (A@) g — 91Vo2 + V(M) 1+ (126) 1 — (116) 2
+(57).1—(g1T)2 =0, in R x [0,00), (3.2)
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L —AT+ 0201 —@10:+w,Tog+TV=0,inRx][0,00), (3.3)
with the initial-boundary conditions

(p(xl,xz,O) = T(xl,XQ,O) = 0, (3.4)

@(x1,0,) = @(x1,h,1) =0,
(/)72(.)617071) :(/),2(x17h7t)207 (35)
T(xl,O,t) = T(X17h7l) =0,

(p(O,xz,t) = (p71(0,x2,t) = O, T(O,XQ,Z) =0. (3.6)

To get the result we want, we must seek definition of ¥(z,7). We get our goal in three
steps.
Step 1:Definition for ®;(z,).

Let ¢ be a solution of (3.2)-(3.6), we start with the integral

t
/ / @,1n @dx2dn. (3.7)
0 JiL,

Making use of the divergence theorem, Eq.(3.2) and the initial-boundary conditions and
integrating by parts, we have

t ! oo 1 oo
//(Am(dezdn:—// /(Np)m(pdAdn——/ / 0.0PadA|n—
0 JL, 0Jz JiLg 2J): e

t
= [ ] =820 = 0 g 415 (80) 5 — @V + V(8p)1 +(226), ~ (116) 2

. . I
H(@T)1— (6T 2lpdAdn =5 | 9aadAly-.
) (3.8)

from which it follows that
t 1
/0 /R ? 0B P opdAdn + E/RZ ?.aPadAln=
t t
= [ [ euodxan+ [ [ Apigduan

0 JIL, 0 JL,
5 !

- /O /L ?.109,adx2dn + /0 /R [wp (A@) g — ¢ pAwp]pdAdn
t

+/()A[V(A¢),1—¢,1sz]¢dAdn

+/O’f/RZ[(1'26),1—(716),2}(PdAdn+/Ot/RZ[(g§T)71_(g’fT)g]godAdn.
3.9
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Integrating by parts, we have

4717

1 t & t
//A(PJ(deZdn_//(P,la(P,adxszl:a_/ / [0.110 — @.00,.o]dxdn,
0 /L, 0 Jr, zJo Ji,

1
| [ w380) 5~ 9 ptwplpandn

! !
:—/ / w’quo(pdxzdn—/ / wpAQQ gdAdn
0 JL, 0 JR.
2 windnan+ 2 [ @windxd
2 Jo L.(P L,11dxan 2 Jo L7(P Wi 22ax2d1M
! !
:—/ / w’quo(pdxzdn—/ / wpAQQ gdAdn
0 JL, 0 JR,
—5/0 /L () W2712dx2d77+§/0 /L O w1 22dx2dN
! !
Z—/O/LWTAQD(Pd@dn—/O/RWf;A(PQ/sdAdTI

! 5
+/ / (P§0,2W2,1dXan—/ / OPrw 2dx2d,
0 JL; 0 JL,

where we have used the fact wy o = 0.

1

t t
/ / V(A@) 1 — @1Va]pdAdn = - / / Vo adxdn
0 JR. 2Jo JrL.

1 t
—//V(P,11(de2d1’l+//V,2§0,1§0,2dAd77
0 JL, 0 JR;
1/t Jd [
:—/ / V(p.’a(pﬂdxzdn——/ / V@,19dxdn
2 Jo Ji, dz Jo Jr.

t r
+//V(P.21dx2d77+//V.,2(P.,1(P.,2dAd71,
oJr, 0 Jr.

/ / [(26).1 — (116) 2]pdAdn
0 JR

) t 1 t
:—/ / 1:26<pdx2dn—/ / Tg@(p.’ldAdn—i-/ / T10 @ 2dAdn.
0 JL, 0 JR, 0 JR;

/t/ [(837),1 — (81T) 2 pdAdn
o Jr.

5 r 5
=—/ / g§T<pdxzdn—//g§T<p,1dAdn+/ / giT@2dAdn.
0 JL, 0 JR, 0 JR;

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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So, we define
15
Dy (z,1) = /o /R @.0p P apdAdn. (3.15)
Combining (3.9)-(3.14), we have
1
Dy (z,1) + E/R 0,00,0dAIn= = y11(z,1) +y12(z,1) +y13(2,1), (3.16)
where
9 I
yil(z1) = a_/ / (0110 — Q000 — V@ 19]dxdn,
z.Jo JiL,
t 1
yia(z,t) = /O /L (=010 @ —WiAQP + 9P 2w21 — PP2w12 + 5V 0P
+VQI =V 120 — 109 — g5 Teldx,dn,
1
yi3(zt) = /0 /R [— wgAPP s+ V20 192+ 1109, — 100,

—&iTp2—gTe1|dAdn. (3.17)

Step 2: Definition of ®,(z,7). We consider the integral

!
// @,anP,oandAdn. (3.18)
0 JR,

By integrating by parts, using the divergence theorem and the initial-boundary condi-
tions, we have

r
dAd
/O/RZ(ROWI(P,an n
g 1
T dxod —// A@) ndAd
/O/LZﬁD,mQDm X2dm A Rz(p’”( ®)n n

o 1 3 4 2 4 2
__58—2/0 /LZ¢7ndx2dn—/() /RzA Q@ ndAdn

1

~ [ [ 1o —wj(80) glondadn
1

+/O/R[(P,lV,zz—V(A(P),l](PmdAdn
Jr

+/0 /R (226) 1 — (116) 2] @ndAdn

!
+/O /RZ[(gET),l —(&iT) 2] .ndAdn. (3.19)

By the divergence theorem, we have

5
—/ / A’ @@ ndAdn
0 Jr,
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4 1
= / / A(P,I(PdeQdTl —|—/ / A(P,a(P,andxzdn
0 JL, o Jr.
Jd [ t
zJo JL, 0 JL,
? t
—|—/ / 01220 ndxodn —/ / 0 109.andxrdn
0 JL, 0 JL,

1
- §/R7 (P,oc[}(P,a[}dA|n:t

Jd [ f
= a—/ / (P.,n(p,ndxgdn—z/ / @10Q.andxadn
zJo JrL, 0 JL,

1
2 /R P.apPopdAln=r: (3.20)
and

t
- /0 /R [@pAwg —wi(AQ) londAdn
4 1
:/O/LZ(P,[}Wﬁ,l(P,ndxzdn—F/O /RZ(P,OcﬁWﬁ,a(PmdAdn
! 1
+// dAd _// : dord
o Jg, PBVBo@an@Ad = o || WpPapPndr2an
! t
_/0 /szz7a(paﬁ(p7ndAdn_/O AZWE¢7aﬁ¢7andAdn
4 1
dxd // dAd
/O/LZ<P713W/3,1(P,11 XodM + A Rz(pﬂ/;v/;,a(p’n n
!
+ /R PpWp.oP.adAln—r — /0 /R @ W P.adAdn
4 1
_/0 /Rz (Paﬁwﬁ,an‘PﬂdAdn—/o /Lz WP 18P ndx2dn
t
- B dAd
/0 /szﬁq),aﬁ(/),an n
t
:/()/L(Pﬁwls,l(l’,ndxzdn-!-/R O BWE, o P.adA|n=
i o
+// dAd +// dAd
A LZ(P,ﬁnWﬁ(P,l n b Rz(PﬂﬁnWﬁ(pﬂ n
4 t
+ AgdAd +// \dud
/O/RZ(PﬁnWﬁ 9 n 0 LZ(P’ﬁWﬁ’n(P’l Xodn
g 1
+/O/R(p,ocl3wﬁ,n§07adAdn+/o/R§07lgW/37nA(pdAdn

g '
_/0 /LZWE(P,lﬁQndxzdn—/o /szzqoﬂﬁqoﬂndAdn
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:/ot/Lz ¢ pwp 19,ndx2dn +/Rz O pWB,aPodA|n=
+/Ot/LZ q’,ﬁnwﬁq),ldAdn—/Ot/Lz(p’anwlq)ﬂd)an
_/OI/RZ (P,aanQa/sdAdn-i-/Ot/Rz 0 pnwpA@dAdn
+/Ot/LZ ¢,ﬁWﬁ7n(p,ldx2dn+%/(‘)t/liz(p.’awl7nq)7adx2dn
+/OI/RZ<p,,3wﬁ,,ﬂ,A<pdAdn_/O’/szzqm(pmdxzdn
_/Ot /Rz WEP ap PandAdn, (3.21)

where we have used that [ [ ¢ 48Vg,®ndAdn =0 in view of (3.1).

t
/O/R[(P,lv,zz—V(A(p),ﬂ(P,ndAdn
t t "
_ / / 01200V s — / / 0.1 PanVadAdn + / / 010P.anVdAdN,
0 Jr, o Jr. o Jr.
(3.22)
t
/0/R[(729),1—(719),2](p,ndAdn

1 1 1
—//129<p,ndxzdn+//rlegogndAdn—// 1O IndAdN, (3.23)
0JL. 0 Jr, 0 Jr,

t
| [ 7)1~ (siT)algndadn
12 r r
—//gET(p7ndx2dn+/ / g’{T(pﬁgndAdn—/ / &TeindAdn. (3.24)
0 JL, 0 JR, 0 JR,
If we define
D, (z,1) // 0,00 Q.andAdn, (3.25)
and combine(3.19)-(3.24), we conclude that
1
(Dz(ZJ)-FE/R 0 0 PapdAln= = y21(2,1) +y22(z,1) + y23(2,1), (3.26)
where

y21(z,t) = // Q1100 — }dxzdn,
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r
yal(zt) = /0 /L [=20.10P.0n + @pwp1Pn + QpnWpP1 — QoW1 P+ PpWp P
1 . .
— E(pﬂwhn Oa— wg 1P — (P,12(P.,nV - 720(/).,17 - g2T(p~,rI]dx2dn7
ya(z,t) = /R P pwWp.aPadAln=

1
+/o /R [~ Q.anwWpP.ap + PpnWpAP+ @ gwp nAQ — WE® 45 P.an

—01020V2+ @ 16QanV + 11002 — 12001y — & T @ 15|dAdn.
(3.27)

Step 3: Definition of ®3(z,)
We define

D;(z,1) // ToT qdAdn. (3.28)

Integrating by parts and using the equation (3.3) and the initial-boundary conditions,
we have

1 t
D;(z,1) = —/ / TTdxydn —/ / ATTdAdn
0 Jr, 0 Jr,

t 1
= [ rradsaan— [ [ (Ta+ 0aTs—0iTa —wiTat VTiTdAdn

g——//Tzdedn //(pleTdAdnJr// ¢1T2TdAdn
/ / WiT dxsdn) + = / / VT2dxydn.

(3.29)
We conclude that
@3(z,1) < y31(2,1) +y32(2,1) +¥33(2,1), (3.30)
where
y31(z,1) / / T*dxdn,
(i) = 5 /O /L Z [~wiT? + VT dxdn, (3.31)

t
Y33(ZJ):/OA[—¢72I1T+¢,1I2T}dAdn-

Now, we first define
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t
D(z,1) = /O /R ?.ap P apdAdn
15 1
+6 / / @ .on P.ondAdn + / / ToTodAdn, (3.32)
0 JR; 0 JR;

where 8 < 1 is a positive constant to be determined later. Then, we let

W(z,1) = / T, 1)de. (3.33)
Clearly, we find
—%‘P(z,t) =®d(z,1), (3.34)

and

92 ’
32 P = /0 /L .0 P.apdx2dn

! 1
6 [ [ pangandvaan+ [ [ 0ubadraan. (335)

In next section, we derive our main results.

4. Continuous dependence on the coefficients g,

In this section, to derive continuous dependence results we will use the basic in-
equalities which have been derived in section 3. In addition, we will also frequently use
the following well-known inequalities:

(1).If ®(x) € C'(0,h) and w(0) = w(h) = 0, then

2
| o< w | @, @.1)
L, e Jr,
(2).If o(x2) € C?(0,h) and ®(0) = ®2(0) = w(h) = w(h) = 0, then
2 h2 2
/Lz a)72dx2 < 4—752 Az a)722dx2. (42)
(3).If o(x2) € C?(0,h) and ®(0) = ®2(0) = w(h) = w(h) = 0, then

2 2 4h4 2
/L o dxy < (g) FA (Dﬁzzdxz. (43)

For proofs of these inequalities see Refs [10, 22]. In addition to (4.1)-(4.3), we also
use some Sobolev inequality in R, x [0, 7] which have been widely used in the study of



Y.1L1, C. LIN, Differ. Equ. Appl. 8, No. 4 (2016), 471-499. 483

Navier-Stokes equations or Boussinesq equations (see e.g. Refs.[19, 23, 24, 25, 26]).
Let o satisfying the condition in (2) and lim,, .. 0(x1,x2,7) =0, i.e.,

/a)4dA</ a)sz/ W oW adA, (4.4)
RZ Rz RZ

t t
max / w*dA < 36 / / .60 o dAdN / / w5 dAdn. (4.5)
(0,0) JR, 0 JR, 0 JrR,

In (4.4) and (4.5), if the function o satisfy the additional homogeneous boundary con-
dition, then the following inequalities hold

1
/a)4dA < —/ a)sz/a)ﬂa)ﬂdA (4.6)
R 2 Jr R

1 t
max / w*dA < 18 / / .60 o dAdn / / w3, dAdn. (4.7)
(04) JR 0 JrR 0 JR

The proofs for inequalities (4.4)-(4.7) may be found in paper [15]. In addition to in-
equalities (4.1)-(4.7), we derive the following inequalities which will be used in this
paper. Let o satisfy the additional homogeneous boundary condition and

lim o(xy,x2,1) =0,

X]—00

we observe that

XD h
»’ :3/ w2w7_yds: —3/ w2w7_yds,
0 X
o’ :3/ wzwédé.
Z
So,
3 h
o] < —/ o?|w.|ds,
2 Jo ’
and
\w|3<3/ 0w ¢ |dE.
Z
Thus, we have
6 9 4 Oh* 3
/ w’dA < —/ 0] dA/ W0 odA < —2(/ 0o 0qdA)°,
R. 4 JR, R. 4ms Jr, T

where we have used (4.1) and (4.4). We also note that

h
/ w*dA = —4/ w1 dA
0 R;
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1 1
< 2 2 / 6 2
\4(/sz71dA> ( [ o an)
Oh? 3
< ( /R Z ©0a@adA) . 4.8)
A combination of (3.16), (3.26) and (3.30) leads to
1. [~ 1 /=
‘I’(z,t)+55/ / w,ap%ﬁdAdéJrz/ / PoaPadAdl <Ji+h+J3, (4.9)
z Ré Z Rﬁ
where
t 1
J1= /O /L [(P,ocq)pc + 55(/)2” + T — Q110 — 5§0711q07n}dX2d1’],
= [ &0+ va(En) + yn(E0lE, (4.10)
Zz

5= / T Di3(E.1) + Syas(E.1) +yxa(€,)]dE

Making use of the Schwarz’s inequality, (4.1), (4.2), (4.3) and the Arithmetic-Geometric
mean inequality, we have

h2 t h2 g
Ji < ?/0 /Lz 0,089 apdx2dn + Wa/o /Lz @,0n P.ondx2dn
h2 t 4h2 4 2 % ! 2
v fy ) Tetadan g ([ [ ehianaan)” ([[ [ ohsavan)

+%5(/0th1 ¢ildx2dn>%(/()t/Lz qo?mdxzdn)%
2

d
<k18—Z2"I’(Z,t), (411)

1

[~}

where

h* R 20 h
_ 4.12
oy Ll gy (4.12)

ky = =
! o2 2w

Next, we seek a bound for J,. Making use of the Schwarz’s inequality, (3.1)-(3.5),
(2.24), and the Arithmetic-Geometric mean inequality again, we obtain

JRZSO:
Zz
t . 1
:/O/R [_(Rln(P_WlA(P(P"'(P(PQWZ,I_(P(P72W1,2+§V(P,a(l7,a

+VQR — V@10 — 109 — g3To|dAdn

1 1
4h2 t ) 2 t 5 2
< — A A
o2 (/o J #ind ‘”’) (/o ;9 d”)
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+mtax</ (W) 4dA) (// (p4dAdn)i</0t/Rz(Aqo)2dAdn)i

1
4 t 2
+m[ax</ 4dA> (// ¢2dAdn> (//w;ldAdn)
0 Jr,
1 1
4 4 t 2
+max< / (p4dA> ( / / go‘;dAdn> ( / / w%2dAdn>
t R, 0 JR, 0 Jr,
h? ' h* oy
+2—71:2|V|ma>c/0 /RZ(P,Za(P,ZadAdn‘f';WhaX/O /RZ(P,lszdTl
453 1 Yoo 7
T 2 2
— 05dAd dAd
+9n3 (/0 /Rﬂ 2 77) (/0 /Rzﬁogz 77)
| 1
h3 * 5 2 t 2 2
S / / T3dAdn / / goﬂdAdn)

2h% 2n* 2(1+g")n?
<o / / Gindadn + [y 2SI, [ / 93adAdn

6h3 4/~ 4/~
+ g \/ =) \4/ 04 \4/ Qz/o /R 0.089,apdAdN

3 1
6h3Q1 t 1 t 1
2/ ([ [ oapoaparan)’ ([ [, panandran)

2 , 2 cro,
+W|V|ma>c/0 /Rz (P,Za(P,ZadAdn+?|V|maX/o /Rz @12dAdN
2/131'2 t 3g>k t
02 / / T2dAdn,
o5 /O/RZ 2 3 Jo Jr 2 n

= max{ Ty Ty}, (g*)2 = max{g, gy}

where

Using the Young’s inequality for @ > 0, and b > 0.i.e.,

a?  al 1 1
ab<_+_7 _+_:17P7‘]>0-
p q P q

in the fourth term on the right of (4.13), we have

) 3 2
[ ve(@aag <ta-gven + G52 [ f esdaan

where

202 3h? 20+g9n 2 [6h3 4/= 4/~ 3 [6h3Q,
= T Vma + ——— 24—/ = ,
k2 9?2 + 2?2 [V max + 973 + 3V n3 Qry0at 28 3

485

(4.13)

(4.14)

(4.15)

(4.16)
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Similar to the derivations of (4.15), we may have

oo 2 2
[ e nas <io-5ven+ 55 [ | o3daan,
[ (606 < k(- 3w,

where

+\/£\/7 \/7 Q1Q2+—+ (;tg)}%’

27:2\/ + \V\max.

Combining (4.15)-(4.17), we have

d 2h3 h25
J2 < (la ka8 ko) (= 5 ¥(@0) + 5 5+ 5] // 03dAdn.

4.17)

(4.18)

(4.19)

Now, we derive bound for J3. We first seek bounds for y;3(z,7), (i = 1,2,3). Mak-
ing use of the Schwarz’s inequality, (3.1)-(3.5) and the Arithmetic-Geometric mean

inequality again, we obtain

m(z’t)g%%{/ 05p) 2dA> </ / ‘Pﬁ"’ﬁ%Ad")%(/ Z/ (A<P)2dAd77)%

([ fonn)’(f )
('] [ )
(o) (), hnan)

" (/(f/R"T.%dAdn) L W‘”")

LI *<//T2dAdn) (// qolszdn)
[@//‘Puﬁﬁoaﬁdfl‘ln

h? 2\/_h2 *
+ / / dAd
[ 2\/—71_2 2\/—7_[2 (p22 Tl

2 h2 h2 * ) JAd
A
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h2 2 * t
i | [ T3asan
0 JR, ’
<k5c1>(z,t)+—2 / / 03dAdn, (4.20)
w2 Jo Jr,
where

2 2 h2 *

8
k 1/ ) 4.21)

5= Q1Q2+ o py) 277:2 277:2

Since W vanish at x, =0, h, we have

XD h
WﬁWﬁ = 2/(; WﬁWﬁngz = —2/);2 WﬁWﬁngz.

which leads to

1

h h
waWp g/0 [wgwp 2|dxy < (/O wgwpdxy)?

h

h
< — dx;.
n/o W 2Wp 204X2

h
(/ ngwpgdm)%
0 (4.22)

We now use this result to bound y;3(z,7). For the first term of (3.27), using Schwarz’s
inequality and (4.8) we have

t
= [, oenvsoapdain

l
///(Pan(PanWﬁWﬁdA /(Paﬁ¢aﬁdA)2dn
1

<\/—/(/ /Wﬁ,zwﬁ,zdx2/ ®.0m P.andx2d&)? ( / qoaﬁ%pdA)zdn

T 0 z Lg Lg

h\/]; ! oo 2 L 1
<y d z/ ndiadE)’

Ve KL, tmavprdn)? [ oangandnads)

1
(/R q),ocﬁq),aﬁdA)zdn
72h7 1 1
\8/ e / /Wﬁa2wﬁa2dA /(Pom(PomdA /¢aﬁ¢aﬁdA)2dn
(4.23)

Thus, as the derivation of (4.23) and using (4.1) and (4.4) we have

1
)
¥23(z,1) < (/ ((P[}(P[})sz) (/R W[Locwﬁ,adA) ln=t
' 1 1
72h7 2 2
\8/ = /( W/B a2WB, aZdA) (/R (P,an(P,andA)
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1

2
( /R (P,aﬁ(P,aﬁdA) dan
+\/7Q'3*§1 /t/ dAd
p 2 Y5 0 RZ(P,aﬁ(P,aﬁ n
h t 2 % t 2 %
+ 2 Waloa( [ [ tzanan ) ([ [ o2panan)
T 0 JR, 0 JR,
1 1
t 2 t 2
Wl [ [ osasadaan ) ([ [ oanoanasan)
0 JR, 0 JR;
1 1
2 1 2
+o r(// G%dAdn) (// <p_22,,dAdn>
0 JR,
1 1
2 1 2
(// 0 dAdn) (// <p_21,,dAdn>
0 JR,
h t % 1 %
+2g ([ ] r3anan) ([ [ @3ydaan
T 0 JR, ’ 0 JR,
1 1
h ; 1 ) 2 /I/ 2 2
= T3dAd dAd
s </0 /R 2 n) (0 g, P

1 1~
< E/RZ ?.0pPopdAln=r+ EQI/RZ 0.00,0dAn=
ne? [ hg' [t
= / o3aadn + - | / TjdAdn
3 72h7 1
+ ool

~ max A
+2|V| }/O/Rzrp,ap%ﬁd dn

s/ 7207 1 h
EZ
Y o B 00+ 5

h [
+o-(1+g )]/O /R PonPondAdn.  (4.24)

1
5 |V|max

Making use of the method of [19](see section 5 of that paper), an upper bound for
Jr Wg.aWp,odA in terms of known data can be obtained. In (4.24), we have noted that

/R Wﬁ,awﬁ,adA‘r;:t < Ql»

and we use the notation

15
Eo(0,1) = /O /R WB.0aWp aadAd). (4.25)
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The upper bound for E7(0,7) will be derived in section 6. Using the Young inequality
(4.14) in (4.22), we have

ht? [t 1~
ya(en) k@@ + - [ 63dadn + 201 [ papadalyn  @26)

where

g72h7 1
ko =5\ —5 \/7Q2Q5

Using (4.1) and (4.4), we have

h "
|V|max + E(l +g ) (4.27)

v33 < k7 ®(z,1), (4.28)

ky :2,/%&(07:).

Combining (4.10)3, (4.20), (4.26) and (4.28), we conclude that

where

h2 h t oo
I < (k5+6k6+k7)‘l’(z,t)+(—2+—)1'2/ / / 02dAdEdn

T T 0 Jz R,;. '

1 ~ oo
+§6Q1/ / (p.’a(p.’adAdéhﬂI:t. (4.29)

b4 R,:
From (2.21) and (2.23), we derive

/ / 6 5dAdn < mE(0,1)e” ", (4.30)

Inserting (4.11), (4.19), (4.29) and (4.30) into (4.9) and choosing & < min{l,éfl}, we
have

92 ~ 9 -~ o
¥(z,1) < 8—1241(“) —kla—Z‘P(z,t)) + k¥ (z,1) + T2 kze ™%, (4.31)

where

1 ~ 1
k= k_(k2+k36+k4), ky = k—(k5+5k6+k7)7
1 1

4.32
~ 1 2K K% h? (4.32)

h
o R E,).
Tk [97t3 212 wlimy * mzn'}ml (0.2)
The definitions of &;, (i = 1,3) and k, involve |V |max. [V2|max, ®(0,7) and E7(0,1).
We note that the bounds for |V |max and |V|max are well studied in Section 5 of [15].
While, the bounds for ®(0,7) and E7(0,7) will be proved in section 5 and section 6
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of this paper, respectively. We require 4,6 or/and the data small enough such that
1 — ko > 0. This requirement may be viewed as a Reynolds number type of restriction
on our problem. From (4.31), we obtain an inequality of the form

82

pEadCl) —ki %‘P(z,t)) — k¥ (z,1) = —Tkse 7, (4.33)

where k» = 1 — ky > 0. From (4.33) it follows that

(i - a)(i‘l’(z,t) + ¥ (z,1)) = —Tkze "™,
0z 0z
or
J —az J 27 —(a+my)z
eSS W) + DY) > —the , (4.34)
where
a_%1—|—y/7€?+47€2 b_—%1+\/7€/%—|—47</2

2 2

An integration of (4.34) from z to oo leads to

i‘I’(z,t) +b¥(z,1) < T

s - +m27<'3e*mﬂ, (4.35)
or
i[lP(z,t)e’"] < P Tpelbm), (4.36)
0z my
Integrating (4.36) from O to z, we have
W(z,1) <W(0,1)e b + 12 ka(e "2t — e h), (4.37)

(a+mp)(b—my)

In order to make the estimate (4.37) explicit, one requires the upper bound for ¥(0,7).
Such a bound will be derived in section 5 of this paper. Using (5.20), (4.37) can be
rewritten as

1

T =Mz _ ,—bz
(a+m2)(b_m2)k3(e 2 gbey, (4.38)

W(z,1) < T°Ce P 4 72

For finite 7, then (4.38)establishes continuous dependence on the coefficients g, . So,
we have proofed the theorem 1.
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5. Bounds for ¥(0,1)

To make (4.37) explicit, we have to derive bounds for W(0,7). From (4.35), we
have

<
D¥(0.1) < —=-W(0.1) + T

5.1
Ty 3.D

So, we only need to bound — a%‘I’(O,t). In view of (3.31) and (3.34), we have
8 t t 1

—5, ¥(0.0) = / / ?.0pP.apdAdn + 6 / / ¢.on®.andAdn + / / ToT odAdn
Z 0 JRy 0 JRy 0 JRo

1 t 1
:/ / vaﬁpva’ﬁdAdn—i-S/ / Vo,nVa,ndAdn —|—/ / ToT odAdn
0 JRy 0 JRy 0 JRy

=®,(0,7) + 6D,(0,1) + D3(0,7).
(5.2)

Now, we began to bound each ®;(0,7),(i = 1,2,3). Multiplying (2.26) with v, and
integrating by parts, we have

t
/ / [vam —Avg +vgwe g —l—wEva.p
0 JRy
+ Vv +vVaba1 — a0 — g5, T + Ta|vadAdn =0. (5.3)

Integrating (5.3) by parts and following the derivation of previous sections, we compute

1 !
- dA|n—s + / / dAd
Z/ROVaVa |n t b ROVa,ﬁVa,ﬁ n
h 1 % t
<2 A A
ﬂ(/() /Rowaﬁwaﬁd dTl) (/0 /Rova’ﬁva’ﬁd dTl)
h2 t % t %
+|v,2|max—2( I Vz,zvz,szdn) ( I Va,zva,szdTl>
72 \Jo Jr, o JRy
h2 t % t %
—|——21'< / / 0_2672dAdn) ( / / va_zvagdAdn)
/A 0 JRy 0 JRy
h2 t % t %
+—2g*( I T.zT.szdﬂ> ( I/ va,2va,2dAdn) L 5a)
T 0Jry 0 JRy

where we have used the fact

r r t
// wzvavmﬁdAdn:O,// VvavmldAdn:O,// T avadAdn = 0.
0 JRy 0 JRy 0 JRo
(5.5)

Now, we multiplying (2.28) with T to obtain

t
/O/R [T — AT +vB.g + Wi T+ T1V|TdAdD =0 (5.6)
0
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from which it follows that

1 t
/ / ToTodAdn < / / ve 8o TdAdN
0 RO 0 RO

< ’Q‘%ﬁ(/t/ T.aTadAdn> % (// vaﬁva,;dAdn> |
n\Jo Jry, =’ oJr, T 7
(5.7
where we have used the fact
/Ot /Ro wyToTdAdn =0, /Ot AOVZleAdn =0.
So,
‘ o
|} [, TaTedadn <0535 [ [ vopvapdadn. (5.8)
Inserting this inequality into (5.4), we conclude
@, (0,1) < T°CY, (5.9)
where
2
(5.10)

In (5.10), we also require /& and/or the data small enough such that the denominator of
C is positive. Under this condition, it is easy from (5.4) to find that

h2
/ VavadAln— <27 . (5.11)
Ro T

In light of (5.8), we have

h2

= (5.12)

®5(0,7) < T°C1 05
Now, we derive bound for ®,(0,7). To do this, we multiply (2.26) with v 5 to obtain
d *
/0 /Ro [vam —Avg + VgWo g+ WBVo B

+Vvg1+ V2Vg5al — Ty0 _chT + 7'6706] vandAdn =0. (5.13)

We compute

1 1
- dAdn = / / dAd
/0 /RO vﬁwaﬁvmn n o Jre vﬁwavaﬁn n
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t
:/Ro vﬁwavmﬁdAM:,—/o /Rov/;’nwavm/;dAdn

5
—// VgWanVa gdAd. (5.14)
0 JRy ’

Inserting (5.14) into (5.13) and using the derivation of previous section, we have

1 1
— Vg BV dA:—i-//v_v_dAd
2/RO a.pVopdAIn= b Jg, Veenvoun n

h dA : dA : dA %
g — =
7'E</R Wa BWa,p ) </ROV[3V[3 ) </ROV05713V05.,[3 ) |Tl t
1
[72017 2
+33 <// Waﬁ2waﬁ2dAdn>
1
t 7 t 2
. dAd // dAd )
(/0 /Rova’ﬁva’ﬁ n) (o Rova,nva,n n
hoios [f dAd
et [ |
7'EQ1 Q5 0 Rova,/}"a,[} n
1 1
t 2 t 2
+V|max<// Voc,lVoc,ldAdTl> (// Va,nVa,ndAdTl>
0 JRy 0 JRy
1 1
h(/t/ 2 ,dAd >2</I/ dAd )2
_ Vv Vv
7\ o Rovz,z n o Jr, e n
1 1
2 r 2
+= r(// o dAdn) (// va7nva7ndAdn>
0 Jry
1 1
h t ) 2 t 2
+_g*</ Tszdn> (// va’nva’ndAdn) : (5.15)
T 0 Jry 0 JRy

By Young’s inequality (4.14) and the AG mean inequality, from (5.15) we have

1 1
E/ Va7ﬁva7ﬁdA‘n=t+/ / VaJ’,VaJ’dAdn

—81 \/7Q1 VﬁVﬁdA|r’ =t
~1 3 §/72h7 1 !
+181\/;Q12 VaﬁvalpdA‘n:[—'—g ?E% (O,l‘)‘/o /R Va.p\)aﬁdAdn

3e, o[T2H07 1
+ 28 B 0;// VenVendAdn + Qle// Ve pVapdAdn

1
—1V dAd —8 \%4 / / dAd 5.16
+ 263 ‘ ‘max/o /Ro Va,1Va,l n—+ ) 3‘ ‘max o Jr, VanVo,n n ( )

1 h ! 1 hort
Ly —//vszd—F—sV —//vvdAd
2e4 T Jo JRy 22 n 2 4| ’2|maxn' o JRy onroeen N

+
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28577: // o dAdn+—85// VanVendAdn

+ 2gﬂg / A T3dAdn + —£6g / / VonVandAdn, (5.17)
where g, (i =1,2,...,6) are positive constants. Choosing
2 ~_

i 1 b s 10 1
1=3% & 15V72h7 77 (0.0), & 51V [max

T T T

G =——F,86=—,8=—F
4 Sh‘vvg‘max, 5 5K’ 6 Sg*h,

and making use of (5.9), (5.11) and (5.12), we obtain

15

// VonVandAdn < T°C,, (5.18)

0 JRy

where
¢/ 72H7 3 L 2h ~ 1 h
C=0 75 5 0N+, 0/0: + |V|max+— 2lmax—)C

W . 13
—sﬁ Q1+—Q3+gC1Q3—~ (5.19)

Combining (5.9), (5.12) and (5.18), we conclude that
®(0,1) < 7°C, (5.20)

where C =C,+ G0 +Cy 637};—2 The bound for W(0,) of data follows (5.1), which
makes (4.37) explicit.

6. Bound for E;(0,7)

In this section, we seek bound for E7(0,7). To do this, we follow the methods
which have been used in section 5 of [19]. For convenience, we adopt the following
notations:

' '
Eiwa) = [ [ wepwapdadn, Exwa) = [ [ wopawapdadn. 6.0
0 JRry 0 JRry
We let
Xoo = Ua — Ya, 7?0( = Yo — Vi, (6.2)

Oo =P,o—P,as a,oc =P,a— P(t)0q1- (6.3)
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Clearly,
Wo = Xa+ Xo» 4.0 = C,a+ O (6.4)
The functions (W, p) are solutions to the initial boundary value problems

Var —AWa+poa=0,inRx(0,T),

Yoo =0, in Rx(0,7T),

Yo (x1,x2,0) =0, in R, (6.5)
Yo (x1,0,1) = Yo (x1,h,t) =0,x>0,0<1 < T,

Vo (0,x2,8) = f1(x2,¢),x>0,0<7 < T.

Then, (Xq,y,0) satisfy

Xot —Afo+ugtigp—8a0+ 04 =0,inRx(0,T),

Xo,o =0, in Rx (0,T),

Xa(x1,%2,0) =0, in R, (6.6)
Xa(x1,0,1) = xo(x1,h,1) =0,

Xa(0,x2,8) =0,x>0,0<1r <T.

From (5.29) of [19], we have known that

1
/ / XopXopdAdn < OF, (6.7)
0 JRy

which will be used in the following computation. By the triangle inequality, we have

~1 —~

D=

1 1
E2(0,1) < E2 (0,1) +EZ(0,1), (6.8)
where
-1 t
00 = [ [ dapotapdadn, ©9)
0 JRy
1 o
2(0.0) = /0 || ZapTappdadn. (6.10)
0

The bound for E7(O,t) may be obtained by following the arguments of [17]. So, we
only need to establish bound for E7(0,7). To do this, we use (6.8) to have

t
/0 /R Xo2 [Xa,2r) — AXO(,2 + (u,;uml;)g — (gae)g + Gﬂz}dAdT] =0. (6.11)
0

Noting that 4> vanish at x; = 0 and integrating by parts, we obtain

l !
EAOXa,zla,sz\n=t+/o /Ro Xo.p2Xo,p2dAdn
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t 1 t
- / / UG At Xt prdAdT + / / Ut 2 Xt prdAdT — / / 200%a 2ndAdn
0 JRg 0 JRy 0 JRy
t
= /0 /R (xp +vp)2(Xe + Wa) Yo, p2dAdN
0

1 1
+ /0 /R (X + V) (e + War) 22t padAd) — /O /R 2u0%andAdn).  (6.12)
0 0

Using the Schwarz inequality, (4.1) and (4.8), we have

1
/0 /R (xg +vB)2(Xo + Vo) Xo p2dAdn
0

1
t g
< 2dAd
(/O /RO(Xﬁ,zlﬁ,z) n)
1 1
1 2 4 t 2
( /O / (XoXe) dAdn) ( / / xa,/szxa,ﬁszdn>
i
(/ . (xp2xp.2) dAdn) (// (Vo Vo) dAdn)
0
( /0 /R Xaﬁzla,[}szdTl)
i
(// VB2 VB2) dAdn) (// XoXo 2dAa’n)
1
(] R%aﬁz%a,[}szdn)
(// VB2 VB2) dAdn) (// Vo Vo 2dAdn>
1
: dAd
</O ROXa,ﬁ2Xa,ﬁ2 Tl)

< 0} 71(00 OE} (va) 71(()”)

LS L

V2r V2r
1 ~1 h 3 1 1

TV an Q1E4 Wo)E; (Wa)EF (0,1) + Ef(Wa) E} (ya) 72(0’t)' (6.13)

Similarly, we also have

1
/o /R (xp + W) (Ko + Wa) 2 X0 p2dAdn
0

h L 1 ~3 3 1 ~1
SE O/ Ef (Va) 74Ot QE4 (Vo) E7 (W )72(0f)
+\/27r H(Wo)B (va)EF (0.0), (6.14)
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and
1 1
5 2 1 2
//gaGXazszdn ( gagab dAdT?) (/O/R%a.zz%oz,zszdn)
0
h %~1
— E7 (0,1
< 240iE; (0.4,
(6.15)
where
g” =max{gaga}, (6.16)

and we have used the fact

!
| [ tstaziepsdadn =o.
0 JRry

Inserting (6.13)-(6.15) into (6.12) and using the Young inequality (4.14), we obtain

1 1

~ h 33 2h L 1 ~3
E7(0,t><TQfE?(0,t>+EQf EZ (wo)E] (0,1)

+2\/7Q1 (Ya)E Wa) 77( 1)

~1 h 1.1
+2\/2 E4(‘Va) (Wa) 72(0 1)+ gQ32E72(0,t)

<1 1 3h
& 4\/— 4/2n

+€ B Y 0,7
T i (Wa)E7(0,1)

~ 1
E7(0,1) + — é(Wa)Q

h
+ -
N LR & 22n

h 1 1 ho 3 1
+ EQ?Ef (Vo) E7 (War) + EElz (Vo) 72(‘!/06)
2

_|_

1 .

2

—(&3+ €4+ &5)E7(0,¢ 6.17
2628 Q3+2( 3+ €+ &) E7(0,1), (6.17)

where g, (i = 1,2,3,4,5) are positive constants. Choosing

V2 \2m ) 1

e = e =" E T (Ve), & =a =g =, (6.18)
inequality (6.17) yields that
Er(0.1) < 0) + s ——Ef (wa)0
34\/—71_ 1 \/ZTE 1 Yo 1
1 h 3 1 h2 2
+ O] (V)7 (W) + e B (Va7 () + 252 (6.19)

From (6.8), we conclude that E7(0,7) can be bounded by known data.
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