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OSCILLATION OF SECOND ORDER NONLINEAR DIFFERENTIAL
EQUATION WITH SUB-LINEAR NEUTRAL TERM

SIVARAJ TAMILVANAN, ETHIRAJU THANDAPANI, JOZEF DZURINA

(Communicated by Yuki Naito)

Abstract. In this paper the authors established sufficient conditions for the oscillation of all so-
lutions of a nonlinear differential equation

(ato) (3t0) + plo)x® (2(6)))") + e (0(6) ) =0, 1 > 10,

where o and 3 are ratio of odd positive integers. The results obtained here extend and improve
some of the existing results. Examples are included to illustrate the importance of the results.

1. Introduction

In this paper, we are concerned with the second order differential equation of the
form

(at) () + p)x® (21))') +a(03 () =0, 12 1>0, (L)

subject to the following conditions:

(H)) 0<a<1,and f are ratio of odd positive integers;

(Hy) a € C'([ty,),(0,%)), p,q € C([t,),[0,0)) and g is not eventually zero on
[ts,00) for £, > 10;

(H3) 1€C([to,),R), 0 €C'([to,),R), 7(t) <t, o(t) <t, ¢'(t) >0 and
limy oo T(7) = liMy oo O (1) = o0.

By a solution of equation (1.1), we mean a function x € C([Ty,),R), T; > 1o,
which has the property a(r) (x(t) + p(r)x* (1(1)) )’ € C'([Ts,%0),R) and satisfies equa-
tion (1.1) on [Ty, o). We consider only these solutions x of equation (1.1) which satisfy
sup{|x(¢)| :t > T} > 0 forall T > T, and assume that the equation (1.1) possess such
solutions. As usual a solution of equation (1.1) is called oscillatory if it has a zero on
[T,e) forall T > T; otherwise it is called non-oscillatory.
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As indicated by Hale [8] and others, neutral differential equations having a non-
linearity in the neutral term arise in many applications. We choose to examine the
oscillatory behavior of solutions of the equation (1.1) since similar properties for neu-
tral differential equations having linear neutral term studied in many papers, see for
example ([1], [2], [4]-[7], [9]-[17], [18], [19]) and the references cited therein.

Recently in [3], the authors considered the equation (1.1) with B = 1, and ob-
tained sufficient conditions for the oscillation of all solutions of equation (1.1) under
the condition

=3

dt
/m = oo, (1.2)

T
Motivated by this observation, in this paper we extend the results obtained in [3] for
the case B > 1 and 0 < B < 1. In Section 2, we present sufficient conditions for the
oscillation of all solutions of equation (1.1) and in Section 3, we provide three examples
to illustrate the main results.

2. Oscillation results

In this section, we present sufficient conditions for the oscillation of all solutions
of equation (1.1). In what follows, all functional inequalities are assumed to hold for all
t large enough. Further, we can only deal with the positive solutions of equation (1.1)
since the proof of the other case is similar. In the following, for convenience we denote

Z(1) = x(t) + p(1)x* (z(1)),

and

THEOREM 1. Assume (H)— (H3) and (1.2) hold. If B > 1, and there exists a
positive nondecreasing function p € C'([tg,),R) such that

/ B a(o(s (s ?
limsup/ (1—17((?52)) p(s)q(s) ot ))<p()> ds=c  (2.1)

Py M  4BMB-1p(s)0'(s)

holds for all constants M > 0, and all t| > ty, then every solution of equation (1.1) is
oscillatory.

Proof. Assume to the contrary that equation (1.1) has an eventually positive solu-
tion x, that is, there exists a #; > o such that x(r) > 0, x(7(r)) > 0, and x(o(z)) > 0
for all # > ¢, . From equation (1.1) and condition (1.2) one can easily obtain that

Z(t) >0, Z'(t) >0, (a()Z'(1)) <0, 1>1. (2.2)
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Since o(t) <1, we have from (2.2)

a()Z'(t) <a(o(t))Z (o(1)), t > 1. (2.3)

From Z'(¢) > 0, there exists a constant M > 0 such that Z(r) > M for all ¢ large
enough. From the definition of Z, we have

x(t) =Z(t) — p(t)x*(t(t)) = Z(t) — p(1) 2% (2(1)) = (1 — p(i) )Z(z). (2.4)

Ml o
Define ,
w(t) = p(1) Z;’(’jé’)’) (> 25)
Then w(¢) >0 for r > 1, and
o a)Z (@) (aU)Z’(f))/ a()Z'(1)Z (o (1)) o' (1)
@(f)—P(f)m‘FP(I)W—ﬁP(f) 251 (o(0)) . (2.6)

From equation (1.1), (2.3), (2.4), and (2.6) we obtain

o' (t) < —p(t)q(t) (1 - p(‘f(’))>ﬁ L P or) pMP o' (1 (r)

Ml—a

Thus, we have

B 2
w’(r)s—pmq(r)(1—”““”) 4+ Ale0)(p')

M) T apMIp (o)

Integrating the last inequality from #; to ¢, we obtain

’ po)\’  a(o)(p'(s)’
/p<s>q<s><1— ) B0

4BMP1p(5)0'(5)

ds < o(t;)

I

which contradicts condition (2.1) as ¢ — . This completes the proof.
REMARK 1. Note that when § =1 and 0 < a < | then Theorem 1 improves
Theorem 2.1 of [3] in the sense that we need p(o(r)) < M'~% where as in [3], one

requires that p(o(¢)) <M/(02'"*M +2'"% —1) < M'~*_ Further when o = =1,
then Theorem 1 reduces to Theorem 2.1 of [3].

Next we present an oscillation criterion for equation (1.1) when 0 < 8 < 1.
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THEOREM 2. Let (H;)— (H3) and (1.2) hold. If 0 < B < 1, and

o B
/q(t)Rﬁ (o(1)) (1 —~ %) dt = oo 2.7

hold for all M > 0, and all t| > to, then every solution of equation (1.1) is oscillatory.
Proof. Suppose to the contrary that equation (1.1) has an eventually positive solu-
tion x, that is, there exists a #; > 19 such that x(r) > 0, x(7(r)) > 0, and x(o(z)) > 0

for all # > #;. From the equation (1.1) and condition (1.2) we have (2.2). From (2.2)
we have

o(r) ,
2(00) =2()+ | %ds>a(a(z))z/(a(t>)ze(o(z>). 2.8)

By equation (1.1), (2.4) and (2.8), we have

B
(a(t)Z (1)) +q(t) (1-%) Rﬁ((f(t))(a(G(t))Z’(G(t)))ﬁ<0. (2.9)

Let o(t) = a(t)Z'(t). Then w(r) > 0, and from (2.9) we obtain

B
o' (t)+q(1) (1 —~ p;ﬁ@) RPF(0(1)) 0P (o(1)) <0,1>1. (2.10)

By condition (2.7) and Theorem 3.9.3 of [5], the inequality (2.10) has no eventually
positive solution. This contradiction completes the proof.

Finally in this section we present oscillation criteria for equation (1.1) when o (¢) =
t—06 where 6 >0, and 3 > 1.

THEOREM 3. Let (H;)— (H3) and (1.2) be hold. If B > 1, o(t)=1—8, § >0,
and

B
t—90
tli_ginf[i"/‘s log(g(r) (1 - %) RP(r—8))>0 (2.11)

hold for all M > 0, and all t| > to, then every solution of equation (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 2, we have from (2.10) with o (¢) =
t— & that o(r) >0, and

p
o' (t)+4q(1) <I_W> RP (- 8)oP (1 - 8) <o0. (2.12)
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By Lemma 2.2 of [15], we have @(7) is a positive solution of the equation

B
o'(t) +4q(t) (1 —~ %) RP(1—8)wP (1 — &) =0.

By condition (2.11) and Corollary 1.2 of [15], we see that the last equation has no
positive solution. This contradiction completes the proof.

THEOREM 4. Let (Hy)— (H3) and (1.2) be hold. If B =1, o(t) =1— 6, and

1

. p(s—9) 1

tlggmf q(s) (1 - ](Vlli—o‘> R(s—&8)ds > " (2.13)
=0

hold for all M > 0, then every solution of equation (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 3, we have (2.12). Since 8 = 1, the
inequality (2.12) becomes

o'(1)+q(r) (1—%) R(1—8)o(r—6) <O0. (2.14)

By condition (2.13) and Theorem 2.1.1 of [5], the inequality (2.14) has no positive
solution. This contradiction completes the proof.

3. Examples

In this section, we present three examples to illustrate the main results.

EXAMPLE 1. Consider a second order neutral differential equation

(t (x(t) + ;xm (T(t))>/> s (6(t)) =0,1>1, 3.1)

where A >0 is a constant. By taking p(7) = 1, we see that by Theorem 1 every solution
of equation (3.1) is oscillatory.

EXAMPLE 2. Consider a second order neutral differential equation

(z (x(t) - ;x% (t/2)>/)/+tx3 (t/2)=0,1> 1. (3.2)

Since R(¢) = logt — logt, ,then by Theorem 2 every solution of equation (3.2) is oscil-
latory.
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EXAMPLE 3. Consider a second order neutral differential equation

(x(t) + %xlh (r/3))”+tx(t ~1)=0,1>1. (3.3)

Since R(t) =t —11, by Theorem 4 every solution of equation (3.3) is oscillatory.

[19]

REMARK 2. One can easily see that the results reported in [1]-[7], [9]-[17], [18],
cannot be applied to equations (3.1)-(3.3). In particular the Theorem 2.1 of [3]

cannot be applied to equations (3.1) and (3.2) since 3 # 1. Thus the results obtained
here extend and improve many of the existing results reported in the literature.

Acknowledgements. The authors thank the reviewer for his/her suggestions and

corrections which improved the content of the paper.

[1]
[2]
[3]
[4]
[5]
[6]
[7]

[8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

REFERENCES

R.P. AGARWAL, M. BOHNER AND W.T. L1, Nonoscillation and Oscillation: Theory of Functional
Differential Equation, Marcel Dekker, New York., 2004.

R.P. AGARWAL AND S.R. GRACE, Oscillation theorems for certain neutral differential equations,
Comput. Math. Appl., 38 (1999), 1-11.

R.P. AGARWAL, M.BOHNER, T. L1 AND C. ZHANG, Oscillation of second order differential equa-
tions with a sublinear neutral term, Carpathian J. Math., 30 (2014), 1-6.

B. BACULIKOVA AND J. DZURINA, Oscillation theorems for second order nonlinear neutral differ-
ential equations, Comput. Math. Appl., 61 (2011), 94-99.

L.H. ERBE, Q. KONG AND B.G. ZHANG, Oscillation Theory For Functional Differential Equations,
Marcel Dekker, New York., 1995.

S.R. GRACE AND B.S. LALLI, Oscillation of solutions of nonlinear neutral second order delay dif-
ferential equations, Rad. Mat., 3 (1987), 77-84.

I. GYORI AND G. LADAS, Oscillation Theory of Delay Differential Equations with Applications,
Clarendan Press, Oxford., 1991.

J.K. HALE, Theory of Functional Differential Equations, Springer, New York., 1987.

M. HASANBULLIAND Y. V. ROGOVCHENKO, Oscillation criteria for second order nonlinear neutral
differential equations, Appl. Math.Comput., 215 (2010), 4392-4399.

G. S. LADDE, V. LAKSHMIKANTHAM AND B.G. ZHANG, Oscillation Theory of Differential Equa-
tions with Deviating Arguments, Marcel Dekker, New York., 1987.

T. L1, R.P. AGARWAL AND M. BOHNER, Some oscillation results for second order neutral differential
equations, J. Indian Math. Soc., 79 (2012), 97-106.

T. L1, Z.HAN, C.ZHANG AND H. L1, Oscillation criteria for second order superlinear neutral differ-
ential equations, Abstr. Appl. Anal., 2011 (2011), 1-17.

T. L1, Z.HAN, C.ZHANG AND S. SUN, On the oscillation of second order Emden-Fowler neutral
differential equations, J. Appl. Math. Comput., 37 (2011), 601-610.

T. L1, YU.V. ROGOVCHENKO AND C. ZHANG, Oscillation of second order neutral differential equa-
tions, Funke. Ekvac., 56 (2013), 111-120.

T. SAKAMOTO AND S. TANAKA, Eventually positive solutions of first order nonlinear differential
equations with a deviating arguments, Acta Math. Hungar., 127 (2010), 17-33.

S.H. SAKER AND J.V. MANOJLOVIC, Oscillation criteria for second order superlinear neutral delay
differential equations, Electran. J. Qual. Theory Differ. Equ., 10 (2004), 1-22.

S. SUN, T. L1, Z.HAN AND C. ZHANG, On oscillation of second order nonlinear neutral functional
differential equations, Bull. Malays. Math. Sci. Soc., 36 (2013), 541-554.



Differ. Equ. Appl. 9, No. 1 (2017), 29-35. 35

[18] E. THANDAPANI AND R. RAMA, Comparison and oscillation theorems for second order nonlinear
neutral differential equations, Serdica Math.J., 39 (2013), 1-16.

[19] R. XU AND F.W. MENG, Oscillation criteria for second order quasilinear neutral delay differential
equations, Appl. Math. Comput., 192 (2007), 216-222.

(Received April 25, 2016) S. Tamilvanan
(Revised September 2, 2016) Department of Mathematics
SRM University

Kattankulathur-603203, Tamilnadu, India

e-mail: saitamilvanan@gmail.com

E. Thandapani

Ramanujan Institute For Advanced Study in
Mathematics University of Madras
Chennai-600 005, Tamilnadu, India

e-mail: ethandapani@yahoo.co.in

J. DZurina

Department of Mathematics
Technical University of Kosice
Slovakia

e-mail: jozef.dzurina@tuke.sk

Differential Equations & Applications
www.ele-math.com
dea@ele-math.com



