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CHARACTERIZATION OF A CLASS OF SECOND ORDER
NEUTRAL IMPULSIVE SYSTEMS VIA PULSATILE CONSTANT

A. K. TRIPATHY AND S. S. SANTRA

(Communicated by Marcia Federson)

Abstract. In this work, we study the oscillation and nonoscillation properties of a class of second
order neutral impulsive differential equations with constant coefficients and constant delays by
using pulsatile constant. Also, an attempt is made to extend the constant coefficient results to
variable coefficient equations.

1. Introduction

Consider
V(O)=my(t=1))" +qy(t —0) =0, t # %, keN (LD
(E)

A(y(w) = ry(n—1)) + py(5—0) =0, kEN, (1.2)
where T >0, o >0 are real constants, r € R\ {0}, p, ¢ € R and 7, k € N with
TI<D<..<T<...and I}im T = +oo are fixed moments of impulse effect with the
property max{ T, — Tt} < +o°, k € N. For (E), A is the difference operator defined
by

Ay(m)—ry(t— 1)) =¥ (% +0) =y (1 — 74+0) =Y (% — 0) + /(5 — T 0);
Y (% —0) =y (%) and y(%—1-0) =) (% —1), kEN.
The objective of this work is to study (E) and establish conditions for oscillation

and nonoscillation of solutions of (E) subject to its associated characteristic equation.
We may expect the possible solutions of (E) as

y(1) = e MA0N 1y > p = max{T,0}, (1.3)

where i(f,7) = k = number of impulses 7, k € N and A # 0 is a real number which
is called as the pulsatile constant. A close observation reveals that y(¢) = Cile ™ isa
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possible solution of (1.1) when (E) is without impulses and y(n) = CA" is a possible
solution of (1.2) when i(fp,7) = n and the impulses are the discrete values only (*." in
case (1.2), A =0). Therefore, (1.3) seems to be the possible choice of solution of (E).

Cheng and Chu [5] have studied the oscillatory and asymptotic behaviour of solu-
tions of the impulsive system (E) with the restrictions >0 and 7,0 < 0. Itis noticed
in their study that the authors have restricted the solutions also. But, our study deals
with the characteristic equation of (E) and their roots. In [1], Bainov and Dimitrova
have considered

(r(@)y' (1)) + f(t,y(t),y(t—0)) =0, t # 7, k€N,
A(rey' () +8(v(t), (1t — 0)) =0, keN (1.4)

and studied the oscillatory character of the solutions of the system. They have estab-
lished the sublinear and superlinear oscillation criteria for the impulsive system (1.4). It
is observed that the study of (1.4) is easier than the study of (E) subject to its character-
istic equations. Unlike the methods in [ 1], we encounter here the linearized oscillation
for the highly nonlinear impulsive system

(y(t) = r(t)g(y(t —1)))" +4q(1) f(y(t —0)) =0, t # 1, keN,
Aly(w) —rg(y(w— 1)) + p(w) f(y(%e — 0)) =0, keN.

For more details about the theory of impulsive differential equations we refer the mono-
graphs [8] and [9] and some works (for e. g. [2]-[4], [6], [7], [10]-[15]) to the readers.

DEFINITION 1.1. A function y : [-p,4e) — R is said to be a solution of (E)
with initial function ¢ € C([—p,0],R), if y(t) = ¢(¢) for r € [-p,0], y € PC(R+,R),
z(t) = y(t) + p(r)y(r — 7) is twice continuously differentiable for r € R, and y(r) sat-
isfies (E) for all sufficiently large ¢ > 0, where p = max{t,0} and PC(R_,R) is
the set of all functions U : Ry — R which are continuous for t € R, t # 1, k € N,
continuous from the left-side for € R , and have discontinuity of the first kind at the
points 7 € Ry, k€ N.

DEFINITION 1.2. A nontrivial solution y(#) of (E) is said to be nonoscillatory, if
there exists a point #y > 0 such that y(¢) has a constant sign for ¢ > 7. Otherwise, the
solution y(¢) is said to be oscillatory.

DEFINITION 1.3. A solution y(¢) of (E) is said to be regular, if it is defined on
some interval [Ty, +oo) C [tg,+o0) and

sup{|y(r)| : =T} >0

for every T, > T. A regular solution y(¢) of (E) is said to be eventually positive
(eventually negative), if there exists 7; > 0 such that y(r) >0 (y(r) <0),forz >1,.
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2. Main results

In this section, we study the oscillatory and nonoscillatory behaviour of solutions
of (E) through its associated characteristic equation provided (1.3) holds.

THEOREM 2.1. Let >0 >0 and p # 0 # q. Then (E) admits an oscillatory
solution in the exponential impulsive form (1.3) if and only if the algebraic equation

p ny p nyp—ny
A2 (1—51) —rA%ett (1—#) +qe*° =0 2.1)

has at least one real root A with A > :1—7 Sfor pg >0 and A < % for pg <0, where
i(t —o,t) =n; >0 is a constant and i(t — T,t) = np = number of impulses between
t—Tandt.

Proof. Let y(r) be aregular nontrivial solution of the system (E) such that y(¢) =
e MA0) ¢ >4y > p. Then (1.1) becomes

A2e M Ail00) _ 120~ 20-T) Aili04=T) | o= R(-0) pilio1—0) _ )
that is,
get® 4+ A2Alt0N) il =0) _ ) 2, ATAllto 1 =T)~ilt01=0) — (), (2.2)
Indeed, i(tg,t) —i(to,t — o) = i(t — 0,t) =n; and
i(to,t — 1) —i(to,t —0) =—i(t —1,t —0) = —[i(t —1,0) —i(t — 0,1)] =n1 — 2
implies that
AZAM — AP TAMT 4+ gt O =0 (2.3)
due to (2.2). Once again we use (1.3) in (1.2) to obtain a relation of the form
Y (T +0) = (%—7+0) = y(% = 0) + 1/ (t — 7—0) + py(7 — 0) =0,
that is,
_ de M0 TH0) 4 o= A1) 4ilto,T—TH0) | ) = ATk Aili0,5—0)
Ao M) Al0.5-T0) | A (5-0) 4ili0,%—0) _
We may note that (¢, 7, +0) — i(fo, 7w — 0) = 1. Hence, the last inequality becomes
CAAIF0.50) | g ATALHil0,5-T0) 4 7 Aili0,5—0)
A TAI0TT0) | 020 pill0.T0) — ()

that is,

— (A= DA% ) (A —1)eP A0 %) | petopiltoT=0) —
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Therefore,

—A(A = 1)A0T)=il0,5=0) 4 1) (A — 1)A A0 TD)—il0.0—0) 4 poho — 0 (2.4)
Using the fact

i(to, ) —i(to, %k — 0) = i(G — 0, %) =m
and
i(to, e — 7) —i(to, % —0) = —i(u — T, — 0) = —[i(n — 7,¢) —i(7x — O, 1) = n; — na,
we obtain from (2.4) that
—AA— 1AM +rA(A—1)*TAM 2 4 pet o = 0. (2.5)

If we choose A = 1— 24, then it is easy to verify that (2.5) reduces to (2.3). Conse-
quently, (2.3) is same as (2.1). Moreover, (2.1) is the required characteristic equation
for (E). Ultimately, if y(¢) is an oscillatory solution of (E) with the pulsatile constant
A=1-L21 <0, where A > £ for pg >0 and A < £ for pg <0, then A satisfies the
characteristic equation (2.1). Conversely, consider the characteristic equation (2.1) and
assume that A = A* is the real root of (2.1) with A* > % for pg >0 and A" < % for

pq < 0. Then (E) admits an oscillatory solution y(¢) = e~*7Ai01) with the pulsatile
constant A =1 — fi—’k* < 0. This completes the proof of the theorem. [J

THEOREM 2.2. Let all the assumptions of Theorem 2.1 hold. Then (E) admits
an eventually positive solution in the form of (1.3) if and only if (2.1) has at least one
real root A with A < %for pq >0 and A > I%for pq < 0.

Proof. The proof of the theorem follows from the proof of Theorem 2.1 and hence
the details are omitted. [J

COROLLARY 2.3. Let p,q,r € R\ {0}, and o, 7 € Ry suchthat 6 =1 #0 or
0 = 0 # 1 hold. Then the conclusion of the Theorems 2.1 and 2.2 are hold true.

COROLLARY 2.4. In Theorem 2.1, let p=q # 0. Then (E) admits an oscillatory
solution in the exponential impulsive form (1.3) if and only if A > 1 and eventually
positive solution if and only if A < 1.

REMARK 2.5. Following to Corollary 2.4, we may note that A = 1 if and only if
A =0, thatis, (E) has the trivial solution.

THEOREM 2.6. Let T>0 >0 and p=q=0. Then

i) for r € (—e0,0) and ny odd or r € (0,%) and ny even, (E) admits an oscillatory
solution if and only if A* € (1,o0) is a root of the characteristic equation of (E);

ii) for r € (0,00), (E) admits an eventually positive solution if and only if A* €
(—oo,1) is a root of the characteristic equation of (E).
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Proof. Proceeding as in the proof of Theorem 2.1 we have the impulsive system
A2AN00) 2 2eATAl0=T) —
—A(A = DA™ 4 ) (A —1)etTAT0T=D —
which in turn implies that
A2AK — a2t Takm = 0,
—A(A— DA A (A —1)er AR =0,
Consequently, the above system becomes
AZA™ ) 2ehT = 0,
—A(A—1)A" 4 rA(A—1)e*T =0,
which is equivalent to say that
A=1-21, A2A™— A% =0
and hence
A1 =L1)2— A2 T =0 (2.6)

is the resulting characteristic equation for (E). Clearly, A # 1 for r # 0 in (2.6). Hence
to solve (2.6), it happens that either A € (—oo,1) or A € (1,e0). If the former holds,
then 1 —A > 0, thatis, A > 0 and (2.6) holds true when r € (0,0). Therefore, (E)
admits an eventually positive solution in the form (1.3) if and only if A* € (—eo,1) is
a root of (2.6). Assume that the latter holds. Then 1 — A < 0, thatis, A < 0 and (2.6)
holds true when r € (—o0,0) with odd ny or r € (0,e0) with even n;. Therefore, (E)
admits an oscillatory solution in the form (1.3) if and only if A* € (1,e0) is a root of
(2.6). This completes the proof of the theorem. [J

REMARK 2.7. Indeed, (2.6) doesn’t hold if r € (—e0,0) and A € (—eo, 1).

THEOREM 2.8. Let p,r e R\ {0}, t=0#0, g=0 and i(t — t,t) = 1. Then
Jor r € (0,00), (E) admits an eventually positive solution, and for r € (—o,0), (E)
admits an oscillatory solution.

Proof. Let y(t) be a regular nontrivial solution of (E) in the form of (1.3). Then
proceeding as in Theorem 2.1, we have the system of equations

A2A — A2 =0,

—AA=DA+[p+rA(A—1)]e* = 0.
In the above system of equations, if A = re*®, then p = 0 which is absurd. Hence
A =0, and either A—r >0 or A—r < 0. Thus for r € (0,), we have A > 0, that is,

(E) admits a nonoscillatory solution and when r € (—eo,0), (E) admits an oscillatory
solution. This completes the proof of the theorem. [J
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COROLLARY 2.9. Let p,r e R\ {0}, 6 =0=gq and i(t — 7,¢t) = 1. Then the
conclusion of Theorem 2.8 holds true.

REMARK 2.10. If we denote

np ny—nz
F(A)=A2 (1—3/1) A2 (1-%) +qete,
q q

then it is easy to verify that F(0) = ¢ > 0,

F(ﬁ)_>+oo7 for r#0, p>0, ¢>0
p

and
q ‘12 —4z —dg
F(——) = 52" [1—r2_”2e Pl 4ge 7 >0,
p p

for r € (0,1), p >0 and g > 0. Keeping in view of Theorem 2.1, we have proved the
following result:

THEOREM 2.11. Let p,q >0, r€ (0,1) and T > o > 0. Then every solution of
(E) which is of the form (1.3) oscillates if and only if (2.1) has no real roots A* €

CAC
53]
EXAMPLE 2.12. Consider the system of equations
(E)) () —ry(t=2))"+qy(t—1)=0,t #7, t >2, keN
1
A(t) —ry(m—2)) +py(w—1) =0, k€N,

where r =0.401713262, g=2, p=1and 1. =k+ 1, k € N. If we choose n; =1 and
ny = 2, then from the characteristic equation of (E;) it follows that A =0.5, A =1
and

¥(e) = e7'(0.5)
is a solution of the impulsive system (Ej). Hence, by Theorem 2.2, the system (E})

has an eventually positive solution.

EXAMPLE 2.13. Consider the system of equations
() @)=yt —3)"+ay(t =) =0, 1 #7, 1> 5, kEN
Ay(w) —ry(we—3)) +py(%—g) =0, k€N,
where r = 0.01625323552, ¢ =0.2, p=0.1 and 7. =k, k € N. If we choose n; =3
and s = 4, then from the characteristic equation of (E,), it follows that A = —0.5,
A =3 and
Y(t) = e ¥(~0.5)137

is an oscillatory solution of the impulsive system (E>). Hence by Theorem 2.1, the
system (E;) admits an oscillatory solution.
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3. Linearized oscillation criteria

Consider the nonlinear neutral impulsive delay differential equations of the form:

() —r()gy(t—1)))" +4q) f(y(t—0)) =0, 1 # 7, kEN
Ay(w) = r(t)g (% — 1))+ p(w) f(¥(T — 0)) =0, kEN, 3.1
where 7, 0 €R., g,/ € C(R,R) and r, p,q € C(R4,R.). We introduce the following
assumptions for the system (3.1):
(A1) lim r(r) = ro, ro € [0,1); limg(r) = go € Ry, liminfp(z) = po € R+,
(A2) ug(u) >0, vf(v) >0foru,v#0and g(u) <u, f(v)<vforu,v=0; |f(u)| >
hfor lul > h >0 and lim £ = 1 = lim 12,
u— V—
With the system of equations (3.1), we associate the linear system of equations
(x(t) —rox(t — 7))+ qox(t —0) =0, t # 1, kEN
A(x(t) — rox(t — 7)) + pox(%e — 0) =0, k€ N. (3.2)
In this section, our aim is to establish conditions for the oscillation of solutions of

the system (3.1) in terms of the oscillation of solutions of the limiting equations (3.2).
We note that the associated characteristic equation for the system (3.2) is given by

ni ny—ny
A2 (1 —?A) — oA 2T (1—?%) + goe’® =0. (3.3)
0 0

By Theorem 2.1, (3.2) admits an oscillatory solution in the form (1.3) if and only if
(3.3) has at least one real root A with A > %.

THEOREM 3.1. Assume that (3.3) has no real roots in [—2—37 ;—g] . Furthermore,
assume that (A1) and (A;) hold. If

(43) J5q(0)de + X p(n) =<
and
(A1) f;© [I;Q(S)dS—Fé,lp(Tk)} dO =0, T >0,

then the system (3.1) admits oscillatory solutions.

Proof. Suppose that (3.1) doesn’t admit an oscillatory solution and let y(7) be a
regular nonoscillatory solution of the system (3.1). Then there exists #y > max{oc,7}
such that y(#) >0, y( —7) >0 and y(r — ) > 0 for ¢ > 1. If we set

Z(t) =y(t) —r(t)gs(y(t — 1)),

then the system (3.1) becomes

'(t)=—q(t)f(y(t—0)) <0, 1 #1, keN,
A (%) = —p(%)f(y(%—0)) <0, keN (3.4)
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for t >t > 1y. As aresult, Z(¢) is nonincreasing on [f2,c°), , > ;. Consider Z'(r) >0
for # > 1. Then integrating the system (3.4) from #, to (> 1), we get

L)L, + /t:q(S)f(y(s—G))ds— Y aZ(5) =0,

<<t

that is,

[a6)50t—Nas+ X plaro(m—o) =),

) <<t

implies that

h[ ttq(s)ds+ S p(rk)] < —[Z (),

<<t

<oo, a8 [ — 0

due to (A7), a contradiction. Hence 7/(¢) < 0 for ¢ > t,. Consequently, z(z) is non-
increasing on [fp,%0), #; > t;. We claim that y(z) is bounded for ¢ > #,. If not, there

exists {n,} with lim 1, = o such that lim y(7n,) = and y(1,) = max y(s). Con-
n—oo n—oo 1 <s<N

XMn

sequently,

2(Mn) = y(Mn) — (M) g (Mn — 7))
(M) = r(Mn)y(Mn — 1)
(L= r(1))y(Mn)

— +oo0 as n— 0
implies that z(¢) is nondecreasing, a contradiction. So, our claim holds and z(z) is
bounded ultimately. Integrating (3.1) from #, to #(> 1), we obtain

1

| a(s)f (s —0))ds+ > pE)fO(n—o0)) < —-Z()

<o
Again integrating the last inequality from ¢ to 4o, we get
oo ¢]
[ 1] aeirot-onds+ ¥ pa)fin-0)|do <o
! 2 I T<eo

We assert that litminf y(t) = 0. If not, let litminf y(¢) > 0. Then there exists a constant
B > 0 such that y(¢) > B > 0 for ¢ > t3. Therefore,

/tm[teq@)f(y(s—c))m > p(n)f(y(rk—a))] a8

T <o

oo [?]
>1(6) | l gs)ds+ Y, p(rkﬂdeaoo, as 1 — oo

< <oo
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due to (A4), a contradiction. So, litminfy(t) = 0. By Lemma 1.5.2 [8], it follows
that tlim z(r) =0. Let € € (0,1 —rp) be given. Then there exists 3 > #, such that
r(t) <rgp+e<1,fort>1t3. Now,

0 = lim z(t) =limsupz(z)
e {—00

> limsup(y(t) — (ro+¢€) y(t — 7))

[—o0

> limsupy(r) + litminf(—(ro +€)y(t—1))

[—o0

= (1—rp—€)limsupy(r)

[—o0

implies that limsupy(s) = 0 and hence tlimy(t) =0fort# 7, keN. As {y(%—0)}7

[—00

and {y(7+0)}{ are the sequences of real values, and because of the continuity of y,
it follows that ]}im ¥ —0)=0= ]}im y(%+0) due to litminfy(t) =0=limsupy(r).

f—o0

Hence, for the system (3.1), tlim y(it)=0= I}im v(7i). Let’s set

SOt —0)) fO(—o0)) _ 80 —1))
i~ o) T T
for r > 14 > t3. Then it s easy to see that ;152 o) = qo,tligloR(t) =rp and litnlglfP(t) =

% = po. Ultimately, the system (3.1) becomes

o(1) = q(t) . P = pin =)

li[minfp(t) tlim
(v(6) =R(0)y(r—7))" + Q(t)y(t —0) =0, 1 # 7, keN
A(() = R(1)y(% — 1))+ P(0)y(t — 0) =0, k€N (3.5)
fort>1s > 1. Let 0 < g < go be given such that Q(¢) > go — € for 7 > 5. Choose

Z(t) =y(t) — R(t)y(t — 7). Then integrating (3.5) from f5 to 7(> t5), we get

t
Q(s)y(s—o)ds+ ¥, P(n)y(n—0) <-Z(1).
Is 15T <00
Again integrating the last inequality from ¢ to +oo, we obtain
| 16
/ O)y(s—0)ds+ ¥ P(r)y(t—o)|do < — lim Z(8) +Z(r) = Z(r)
t 15

15T <oo O—e

due to lim Z(7) = 0. Consequently,

[—o0

(0 = Ryl -)+ [

Q s)y(s—o)ds+ Y, P(n)y(n— )]de

15T <oo

> (n-eblr-0)+ [ |(@-e) [ ss—owstm 3

15 < T <oo

(% — )] do
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for any large 7. Let Y = BC([t*,*),R) be the space of all real valued bounded continu-
ous functions defined on R such that Y is a Banach space with respect to the sup norm
defined by

[l = sup x(2)].

1>+

Let
S={xey:0<x(tr) <1, t>1"}.

Clearly, S is a closed and convex subspace of Y. For p = max{c,7} and y € S, we
define

Ox(t* +p), rer*+p]

Ox(t) = y%)[(ro —e)x(t—1)y(t — 1)+ ["[(q0 — &1) ft?x(s —1T)y(s—0)ds
+Po[ <§<mx(rk —1)y(% —0)]de], t>t"+p,

where o < 1. Clearly, ®x(r) >0 for r >¢* and

Dx(r) < a){(m e)y(t— T+/ (go—&1 / y(s—o)ds+po Z y(T— )]d0}7

y(t 15Ty <oo

<a<l

implies that ®x € S and ®: S — S. For x1,x; € S,

|Dx (1) — Dxp(1)| < ﬂ{( —e)y(t—T1)|x1(t — 1) —x2(t — 7)|

[ o—sn/ey(s—cnxl(s—o)—x2<s—c>|ds
P 2 ¥(% = 0)x1 (T — 0) —x2(7 — 0)]d 6},

ST <oo
that is,
otlx1 — x| = 0
|¢X1(f)—q’x2(f)|<T{(rO—S)Y(f—TH' | [(q0—€1) | y(s—o0)ds
5
+po Y, y(%—0)do}
1< <oo
< ofx) — x|

implies that @ is contraction. By the Banach’s fixed point theorem, ® has a unique
fixed point in [0, 1]. Hence,

Ox(t*+p), e, +p]

x(t) = { 5&51(r0 = e)xlt = 1)yt = 1) + [ [(q0 — &) fig x(s — T)y(s — 0)ds
+po Y x(m—1)y(%—0)do], >t"+p.

15 < <oo
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Setting w(r) = x(1)y(¢) for t > t*+ p, we obtain

(w(t) —a(ro—ew(t—1))"+o(go—e)w(t—0)=0, t #1, kEN
Aw(t) — a(ro— e)w(w — 1)) +po aw(t—0))=0, k€N, (3.6)

that is, w(t) is a positive solution of (3.6) whose characteristic equation is given by

ny nyp—np
22 [1—%1] —o(rg—e)A2eT [1—%1] Fa(go— )€ =0.
o(qo—er) (ro—€)A%e o(qo—¢r) (90 =ex)e

From Theorem 2.2, it follows that w(z) is the positive solution of (3.6) if and only if

o — & — &
A< Hdo—8) do—& _q

po Po Po

which in turn implies that (3.3) has a real root in {—;—?ﬁ 1‘1?—(0)} due to Theorem 2.11, a

contradiction. This completes the proof of the theorem. [

EXAMPLE 3.2. Consider the system of equations

(1) = r(t)gy(t=2)))"+q(0) f(y(t—1)) =0, t # 7, t>2, keN
Aly(m) — r(t)g(v(t—2))) + p(w) f(y(te — 1)) =0, k€N, (3.7)

where r(t) = 0.2325441579+2¢77, q(t) =1+e ", p(t) =2(2+cost), T =k+2,
keN,and g(u) = (3 —2¢ )u = f(u). The limiting equation for (3.7) is given by

(x(t) —rox(t —2))"+qox(t — 1) =0, t # 1, k€N
Ax(ze) — rox(t = 2)) + pox(n — 1) =0, k€N, (3.8)

where ry = 0.2325441579, qo =1 and pg = 2. If we choose n; = 1 and n, = 3, then
from the characteristic equation of (3.8), it follows that A= —1, A = 1 and

x(t) =e ' (—1)3)

is an oscillatory solution of (3.7). Hence by Theorem 3.1, (3.7) admits an oscillatory
solution.
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