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STUDY ON ITERATIVE LEARNING CONTROL FOR
RIEMANN-LIOUVILLE TYPE FRACTIONAL-ORDER SYSTEMS

Z1 JIAN LUO AND JIN RONG WANG

Abstract. In this paper, we explore P-type and D-type learning laws for two classes of Riemann-
Liouville fractional-order controlled systems to track the varying reference accurately by adopt-
ing a few iterations in a finite time interval. Firstly, we establish open and closed-loop P-type
convergence results in the sense of (1 — or,A)-weighted norm || - ||, for Riemann-Liouville
fractional-order system of order 0 < ¢r < 1 with initial state learning. Secondly, we establish
open and closed-loop D-type convergence results in the sense of A -weighted norm || - ||, for
Riemann-Liouville fractional-order system of order 1 < o0 < 2 with initial state learning. Fi-
nally, two numerical examples are given to illustrate our theoretical results.
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1. Introduction

Since Uchiyama [1] and Arimoto [2, 3] put forward the iterative learning control
(ILC for short), ILC has been extended to tracking tasks with iteratively varying refer-
ence trajectories [4, 5, 6, 7]. There are some contribution on P-type and D-type iterative
learning control for integer order ordinary differential equations [8, 9, 10, 1 1]. The con-
tribution [12] pointed out that how to deal with iteration-varying factors became a focus
of ILC research.

Nowadays, fractional calculus plays an important role in various fields such as
electricity, signal and image processing. And many fractional order controllers have
so far been implemented to enhance the robustness and the performance of the control
systems [ 13]. Furthermore, ILC of fractional-order systems has been attracted by many
researchers since fractional-order systems can better describe the behavior of the object
in control problems [14, 15, 16, 17].

Recently, existence theory of solutions to fractional differential equations involv-
ing Riemann-Liouville derivatives has been investigated in [18, 19, 20, 21]. Some re-
searches about Caputo fractional controlled systems have obtained some interesting
results [22, 23, 24, 25].

Hence, in this work, we mainly consider Riemann-Liouville fractional-order non-
linear systemof 0 < o < 1:

(DS x0) (1) = o (6) + £ (1,0 (0), i (¢)), 1 €T =10,T], u<0,
Jim (DG ") (1) = x(0), (1.1)

© ey, Zagreb
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with a given nonlinear output yy.
Meanwhile, we consider Riemann-Liouville fractional-order nonlinear system of
Il<a<2:

(DG xx) (1) = pxg (t) + f (2,20 (1), ux (1)), t€J, pu <O,

Jim (D 150)0) = 540), 12
Jlim (DF5)(6) = £(0),

with a given linear output yy.

We explore iterative learning control for Riemann-Liouville fractional controlled
systems, and establish the convergence analysis of two kinds of ILC for fractional dif-
ferential systems via initial state learning and with initial state learing. We try to design
some ILC law to generate the control input u;(-) such that the fractional system output
yi(+) tracks the reference trajectories y,(-) as accurately as possible as k — e uni-
formly on a finite time interval in the sense of (1 — o, A)-weighted norm for P-type
ILC and order o € (0,1) and A -weighted norm for D-type ILC and order a € (1,2).
The ILC scheme would not fix the initial value on the expected condition at the begin-
ning of each iteration. So, we lead into initial state learning.

For system (1.1) (0 < o < 1), we consider the open-loop P-type ILC updating law
with initial state learning:

(1.3)

X11(0) = x1(0) + Lex (0),
U 1(2) = wi(t) + viex(t),

where y,(¢) be the iteratively varying reference trajectories and e (1) = y4(¢) — yi(t)
denotes the tracking error, L and 7y; are unknown parameters to be determined. And
closed-loop P-type ILC updating law with initial state learning:

{xkﬂ (0) = x¢(0) + Ley(0),

1.4
U 1(2) = u(t) + perra (1), (5

where L and 7, are unknown parameters to be determined.
For system (1.2) (1 < o < 2), we consider the open-loop D-type ILC updating
law with initial state learning:

xk+1(0) :xk(O)—I—Lék(O), (1 5)

U1 (1) = wie (1) + v1éx(1). '
And the closed-loop D-type ILC updating law with initial state learning:

%+1(0) = x¢(0) 4 Lég (0), (16)

Uy 1 (1) = ug(t) + Y2éur1 (1) '

The results of the P-type ILC and D-type ILC for full nonlinear fractional differen-
tial systems are derived respectively. Examples are given in final section to demonstrate
the application of our main results.
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2. Preliminaries

Denote ¢ (J,R") be the Banach space of vector-value continuous functions from
J — R" endowed with the co-norm ||x||. = maJxHx(t)H or A-norm x| = maJxe_M
te te

||x(¢)|| . We introduce the set €} (J,R) = {x € € ((0,T],R) : -1=%x(-) € €(J,R)} (see

[18, Page 4]) and define (1 — a,A)-weighted norm ||x||;_q 2 = majxtl’“e”l’Hx(t)H,
te

0<a<1.From[21], (¢1-«(/,R),||-|li—.4) is also being a Banach space.

DEFINITION 1. (see [18, Formula (2.1.1)]) The Riemann-Liouville fractional in-
tegrals 17, f is defined by

a Lo f) ,
(1% F)(x) = )/a Gt (6> @ 0> 0),

x—1)l-¢
and the Riemann-Liouville fractional derivatives DY, f is defined by

080 = (%) @enw

_ 1 d\" rx @) ‘ o
a m<a) /,1 mdh (x>a; a>0;n=[o] +1),

where I'(+) is Gamma function and f(-) is an integrable function.

DEFINITION 2. (see [26, Formula (4.1.1)]) The two-parameter function of the
Mittag-Leffler type function is defined by

oo Zk

Ea,ﬁ(z) :kgf)m7 (>0, BeR, zeR).

LEMMA 1. (see [27, Lemma 2] and [28, Lemma 2.7]) Let o € (0,2] and B >0
be arbitrary. The functions Eq(-), Eqo(-) and Ey g(-) are nonnegative, and for all

7<0,

Eq(z) i= Eqi(2) < 1, Ea,a(z><ﬁ, Eaﬁ,;@g%,

LEMMA 2. (see [26, Formula (4.3.1)]) The fractional-order differentiation or in-
tegral of the Mittag-Leffler function is

d\"
(d_Z) [Zﬁ_lEmﬁ (Za)] = Zﬁ_m_lEa,[}—m(Za): (OC > Oa mz 1)

The following two generalized Gronwall inequalities will be used in the sequel.

LEMMA 3. (see [29, Theorem 1]) Suppose B >0, m(t) is a nonnegative function
locally integrable on J and n(t) is a nonnegative, nondecreasing continuous function
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defined on J, n(t) < M (M is constant), and suppose y(t) is nonnegative and locally
integrable on J with

y(t) <m(t) +n(r) /O t(t—s)ﬁ_ly(s)ds, rel.
Then

y(t) <m(t)—|—/0[ [i%(t—s)mlm(s) ds, t€J.
=

REMARK 1. Under the hypothesis of Lemma 3, let m(r) be a nondecreasing func-
tion on J. Then we have

¥(t) < m(t)Ep(n(t)T(B)eP).

LEMMA 4. (see [30, Lemma 3.1] or [31]) Let u(t) be a continuous function on
t € J and let v(t — T) be continuous and nonnegative on the triangle 0 < T <t. More-
over, let w(t) be a positive continuous and non-decreasing functionon t € J. If

u(t) <wit)+ /O (- Du(t)dr, 1,

then

u(t) <w(r)elort=0dr ¢ .

3. Convergence analysis of P-type for 0 < o < 1

We consider Riemann-Liouville fractional-order nonlinear system of 0 < ¢ < 1:
(Dg+xk>(t) = ‘LL)Ck(t) +f(taxk(t)auk(t))7 (S J7 n< 07
. ~1
tl_lgl(Dng xi) () = x(0), (3.1)
yi(t) = gt (1), ux (7)),

where k denotes the kth learning iteration. The nonlinear terms f, g:J x R xR — R.

The variables x;(¢), ui(z), yi(t) € R are denoted by state, input and output, respec-

tively. In addition, li%l (D§;'xi)(t) = x¢(0) denotes initial condition and D§; ' de-
t—0+

notes Riemann-Liouville fractional derivative (see [18, Formula (4.1.2)]). Obviously,
the solution of (3.1) equivalent to the solution of following integral equation (see [18,
Formula (4.1.10)]):

x(t) = 1% Eq o (ut*)x(0)

+/t (t =) Eqa(u(t —s)*) f(s,x (), ux(s))ds, t€J. (3.2)
0

We impose the following assumptions.
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(A1) f:JxRxR— R is jointly continuous. In addition, there exist nondecreas-
ing and nonnegative continuous functions L¢(-) and I7(-) such that

1S (8 xi, ) = f (8,8 ) || < L (0) o — Sl |+ L (0) g — |, £ €7 (3.3)
(A7) g:JxRxR—R andfor n; >0, j=1,2,3,4, suppose

g (t,xy, ux) P

O<m<gu= auk x T2,
dg(t, X, uy
0<m3 <gx=%<n4.

Ly Iy . . .
(A3) Let M; = max {sup t{—,(fx), sup t{i(z} and My is a finite positive constant.
teJ teJ

3.1. Open-loop case

LEMMA 5. (see [14, Lemma 3.2]) For fractional-order nonlinear system (3.1)
and given reference y,(t), denote that Aui(t) = ups1(t) — up(t), Axp(t) = xp1 () —

xe(t), if
max{|l —ym —Lns|,[1 —=ynm — Lmal,[1 = yim2 — Lns|, [l = yim — Lng|} < 0p < 1,

where 0y is constant, then for all t € J, and arbitrary initial input ug, the open-loop
P-type ILC updating law (1.3) guarantees that klim llex(0) |1 = 0.

THEOREM 1. Assumptions (A1)—(A3z) hold. For fractional-order nonlinear sys-
tem (3.1) and given reference y,(t), if the assumptions in Lemma 5 are met, further-
more, suppose that

max{[l =ynml,|1-nml} <o <1, (3.4)

where ©y is constant, then for arbitrary initial input ug, the open-loop P-type ILC
updating law (1.3) guarantees that yy, tends to y; € € (J,R) in the sense of the (1 —
o, A)-weighted norm for a sufficiently large A > 0.

Proof. Tt follows from e (1) = y,4(t) —yi(¢) and the mean value theorem [ 14, (10)],

er+1(t) = ya(t) = Vi1 (t) = ya(t) — yi(t) +ye(t) — yi+1(t)
= ex(t) +yi(t) = yiy1(2)
= ex(t) — gx(&) Ak (1) — gu(&)Au (1),
where &() = (- () + 0() k() + Oue (), 0 € (0,1).
So we have
exi1(t) = ex(t) — gx(&)Axk(r) — u(&) [ua11 (1) — un(1)]
= er(t) — gx(&)Axi (1) — gu(&) nex(t)
= [1 = 718u(&)]er(t) — x(&) Ay (1).
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Then, we can get
llexr1 ()] < 11— 718u(E)llex (1) + [gx(E)]| Axi(2)]]- (3.5)
Next, we will deal with Axy(r), according to (3.2), we have
Ax(1) = 197 Eq o (111*) Axi 0)
+/Ot(f —5) % Eaa (1(r =) £ (5,201 (5), i1 (9)) = £(5,2x(5), i (5)) ) ds.

Using Lemma | and (3.3), we get

oa—1 t
sk 0)] < Frg 1A O+ 7 (=9 L) ) s
+FLOZ)/OI(z—s)aflzf(s)||Auk(s)Hds.
Then,
P NAR)] < g A O+ [ 9 ) A5
ey ey |
tl—a o
iy =9 1) (o) s
1 ot
< rag 18O + s [ =95 o) s
11— t
+ﬁ/0(z 5)etsle f( JOVWEIPS
In the light of (A3), we obtain
P an ()] < s IO + i [0 s s
tl—ocML vl 1w
e /O(t—s) LU= Aug (5) | ds. (3.6)

Obviously,

t t
/ (1 — 5)% 1| Aug(s) || ds = / (1 — )% 16125 Ay (s) || M ds
0 0

t
< ||Auk||1,a_,1/ (1 — )% s, 3.7)
" Jo
Note that the fact
1 t t
/(t—s)“‘le“ds:/ wa—1eut—w)dw:em/ 0% o044
0 0 0

At rAt | eM
_ o—1_—v
= ﬁ[) (Y] e “dv < )L—al"(a),
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next, (3.7) become

t elt
/O (t =) 15" | Aue(s) s < ([ Aug]l -5 T(0)- (3.8)
So, (3.6) become
1—a t
-« ! ML/ o—1_l-a
t Ax (D) < m(t) + t—s s Axi(s)||ds, 3.9
[Axi (1) < m(t) To) O( ) [ Axg (s)]| (3.9

Ar1—
where m(t) = ﬁHAxk(O)H + || Aug][1 0 2 tt;aaML is nondecreasing.

By Remark 1, one obtains

B 1 e?Lttl—aML
A (1)) < m\\Mk(O)H-FllAuklh_a,xT

Eq(M.T). (3.10)
And then
e M| Ax (0)]]

I'a)

1-o
-y
Eq(M.T)+——*

e Axg(r) | < —

||AukHl—a,)LEa(MLT)~

So we obtain

Tl—ocML
A0

1A% (0) [
oy EeMiT)+

In case of ||Aug|[;_q.1 = 71]/Aek||1—a.2 - and consider (3.5), we take || ||;_ 4, then

A1 -2 < Eq(MLT) || Aug]l1—gp- (3.11)

lecilh-aa < 11 =7gu(E)lllexll1-an + (&) A% 1- a2

< =7gu(E)llexll1—an
Heul&)) [%Ea (M.T) +

l1-a
< [l1-neug)+ M)

|gX(§ )Ea(MLT)
+ I'a)

< [1—ngu<é>|+

|gX(§ JEa(MLT)
I'(a)

T My

o Ea(MT) | Aed]

anﬂﬂ leel—az

[ Axi (0)]]

T My |g. (&)

A o) e -

_|_

ILI][ex(0)] - (3.12)

By (3.4), there exists a sufficiently large A such that

T' My |g.(&)] T "My yi|n4|Eq(MLT)
A 2

Therefore, from inequality (3.12) and Lemma 5, we have gim llex|l1—a.2 = 0. The

11— 7gu(&)|+ Eq(MLT) < 01+ <.

proof is completed. [l
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REMARK 2. For system (3.1), if we assume that hm (DO‘ 1x)(0) = x(0) and

Ly(t) =Ly, If(t) = Iy for t € J, then the assumption (A3) can be removed. Moreover,
we can derive that open-loop P-type ILC updating law (1.3) guarantees that y; tends to
vq in the sense of A — norm for a sufficiently large A > 0. It means that

Nall¢1 1 |E (L T
lecorl < |11~ gu(@))+ MAREEAD], )

for a sufficiently large A such that

I\ |Ea(LsT® L | Eo (LT
1= ngu(©)] + DLET) o Iuliin BT

3.2. Closed-loop case

LEMMA 6. (see [14, Lemma 3.7]) For fractional-order nonlinear system (3.1)
and given reference y,(t),

{' 1—Ln;
max ,
L+7rm

' 1—LT]3
1+pm|

‘ 1—Lny
I+pm|

‘ 1—Lny
1+pmn

}<02<l7

where 0, is constant, then for all t € J, and arbitrary initial input ug, the closed-loop
P-type ILC updating law (1.4) guarantees that klim lex(0)|lx =0

THEOREM 2. Assumptions (A1)—(A3z) hold. For fractional-order nonlinear sys-
tem (3.1) and given reference y,(t), if the assumptions in Lemma 6 are met, further-
more, suppose that

min {|1+pm|,|1+rpm|} =03 > 1, (3.13)

where 03 is constant, then for arbitrary initial input ug, the closed-loop P-type ILC
updating law (1.4) guarantees that yy, tends to y; € € (J,R) in the sense of the (1 —
o, A)-weighted norm for a sufficiently large A > 0.

Proof. The proof is similar to Theorem 1, we present main different parts. Firstly,
€1 (1) = ex(t) = 8x(&)Axe(r) — gu(S) Vaeur1 (1)
So, we derive that
(1+ gu(E)m)ewr1(t) = ex(t) — gx(8)Axi (1),

where E(+) € (-,x: () + Oxc(+),u () + Ouy(+)), 6 € (0,1).
And then, we obtain

11+ gu(S) Ralllert1 () < lle(®) | + |gx(E) | Axe(r)]],
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which implies that
11+ 8u(8)vlllectilli—an < llexlli—an + 18 (E) [ AxK] 1~ a-

It means that

gX(g)
m'llmklll_a,x. (3.14)

As for [|Axg|1_g,z » We take formula (3.11) into (3.14), we obtain

qﬂnlax\' 'nklaz+\

l+gu

8:(8) [Axk(O)IIA
< |l— Eq(M.T
fevelli-an < | o oo + [ 2| [0 )
T'=%M,
+TLwEa(MLT)H€k+1||1 ax}
8x | Ax (O H?L
S — Eo(M,T
<| et o+ | O )
&(&) |7 "MLy
+ Eo(M,T
’1+gu(§)y2 Lo 05( L )”ekJrl”l o,
Finally, we get
e W(S)Eq(MT)L||er(0
leclli-az < ——ila GCLMDIAON:_ - 3,5
|1+ gu(&)n| - (|14 8u(&)p| — 2520 ()

where ¢* = T' "M Eq(MLT)|p|.
There exists a sufficiently large A such that € := % > 0 is very small and
03 — € > 1. Then by (3.13), one can obtain
1 1

= @ S <l
|1+ gu(8)p| -8~ O3—¢

Therefore, from inequality (3.15) and Lemma 6, we have ]}im llexlli—a.n = 0. The

proof is completed. [

REMARK 3. For system (3.2), if we assume that hm (D“ 'x)(0) = x(0) and

Ly(t) =Ly, Is(t) =I; for t € J, then the assumption (A3) can be removed. Moreover,
one can find that closed-loop P-type ILC updating law (1.4) guarantees that y; tends to
vq in the sense of A — norm for a sufficiently large A satisfying

I % |Eo (LT Lo B (LT
1+ () - 2ANELTY) o o Ml BT
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4. Convergence analysis of D-type for 1 < o <2

We consider Riemann-Liouville fractional-order nonlinear system of order 1 <
o < 2 with impulses:

(D) (1) = pxe (1) + f (t,x (1), u(2)), 1 €J, 1 <0,
limy—o+ (D7 'xi) (1) = x4(0),

lim; o (D§*x) (t) = #(0),

i(t) = exi(t) +d Jyur(s)ds, c,d €R.

where k denotes the kth learning iteration, 7 denotes pre-fixed iteration domain length.

The nonlinear terms f:J X R x R — R. The variables x;(z),u(¢),yr(t) € R are de-

noted by state, input and output, respectively. In addition, lirgl (Dg;lxk)(t) = x¢(0)
1—0+

4.1

and lilgl (Dg‘;zxk)(t) = #(0) denotes initial condition. D§;' and D&:z denotes
t—0+

Riemann-Liouville fractional derivative (see [18, Formula (4.1.2)]). With the initial
condition, the solution of (4.1) equivalent to the solution of following integral equation
(see [18, Formula (4.1.10)]):

x4 () = x4(0)1 % Egr o () + 2 (0)t* 2 Egy 01 (142%)
+ /0 (1 — )% Eqa(i(t — 5)%)f (5,3 (s), ux (5))ds. 4.2)

4.1. Open-loop case

THEOREM 3. Assumptions (A1) and (Ay) with L¢(t) =Ly, I(t) =1y, hold. Tak-
ing (1.5) into the fractional-order nonlinear system (4.1) and the initial condition at
each iteration remains the desired, i.e., e;(0) =0, é,(0) =0 and £,(0) is constant,
k=0,1,2,.... If |l —dy| <1, for arbitrary initial input uy(t), then the open-loop
D-type ILC updating law (1.5) guarantees that yy tends to y; € € (J,R) in the sense of
the A norm for a sufficiently large A > 0.

Proof. Note that
i1 (t) = Ya(t) = Vi1 () = éx(t) +c[i(t) — Y1 (1))
= ¢r(t) 4 c[xp(t) — xpy1 (1)) — dAug(t)
= &(t) —dyiéx(t) + clin(t) — S (1))
= (L—dn)éx(t) + cle(t) — X1 (1))
Due to (4.2), Lemma 1, Lemma 2 and the conditions of Theorem 3, we obtain that
k(1) = (1 —dn)éx(t)
+c /O (1=5)" 2 Eq o1 (=) ") [f (5,51 (5), ux (5)) = £ (5,041 (5), ugc41 (5)) | ds
< (1—dy)eé(t)
1

+C/Ot (t— S)a_zm [f(s,xx (), ux (5)) — f(8,%041(5), 41 (5))]ds.
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Note Lemma 1, and take norm on the above equality, then we can get

el < |1=dnleo)]
el 0= s (9 (9) = F st () (9) s

< —dyl|||ék<r>||+% [a=9= 2 an)as
e AURR YA @3
Note that
o)l < ||s°‘*1Ea a0
[0 e ()~ St (D (D

Since Axy(0) = Léx(0) =0, we have

Lf S B If S B
Ax, < ——— — )% I Ax d 7/ —7)% A dart.
85 < g gy ) 6= 0 IAwllar + g [ =0 Aw(o) e
According to Lemma 4, we have

L ’ YL _ o1
(9] < oy | (o= ) (o) o e

IN'o—1
< Iif/x(S—r)o‘*l||Auk(1:)\\dr~eafl'<;*1>
I'la—1)Jo
Iy s 1T
< I B -7 oa—1 At _—AT A T dT' ol (a—1)
Ry J, 60" (@) Jar-e
If s IfTOC
< —7 — %1 AT 0rlA oT(a—T1)
oy, 60 T e
h[f QL ﬂ
< ————5%|A h=eole1)
e Il h=e
Hence, we can obtain
hl
—As f
Ax, S CEn A )
e A (s)] < ol (o )S “| Au] |
which means that
hi
A% < —=— LT Au 3. (4.4)

ol(oc—1)
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And then, we have
1 t
Ly [ (=92 ans)lds = Ly [ (6= 5% 2eHe ] au(s)]ds
0 0
1 s
<1y [ (1=5)" 2t as|an);
©Jo

1
<Ly [ (=)@ 0 b axe

At
e
< LfHAka,lWl"(a—l). (4.5)

Similarly, we have

12 r
Iy [ =9 2am)lds < 1y [ 6= 5)% 2 ds] Al
0 0

5
<1y [ (=) e ] du
- Jo

At
e
< Iyl Al 5= (e 1), (+.6)

Taking (4.5) and (4.6) into (4.3), we get

At At
) . eMLy|c| eMIrlcl
e () < 11 —dnlllewo)ll + =g I Axlla + =557 l[Aue] -
So we get
. 1, 4 Ll Iyl
lexrilla <1 —dnllleel s+ 3o lAvla + 5=l Au2. “.7)

Taking (4.4) into (4.7), we get

. . hle|Lpl; T Iylc|
lexrlln < [1—dnlllellr + m\muk“k + ZoT (| Au|5
hlelLels T Ifle] Ak

< [1—dnllledln+ Ay, h=ea@D.

oA 1T (o —1) Al
Since we can choose A large enough such that |1 —dy;| < 1, we can get that kh_Ig
lléxl|x = 0. Since ¢,(0) =0, k=0,1,2,..., then we obtain klggHekH,l = 0. The proof
is finished. [J

4.2. Closed-loop case

THEOREM 4. Assumptions (A1) and (Ay) with L¢(t) =Ly, I;(t) =1y, hold. Tak-
ing (1.6) into the fractional-order nonlinear system (4.1) and the initial condition at
each iteration remains the desired, i.e., e;(0) =0, ¢,(0) =0 and £,(0) is constant,
k=0,1,2,.... If |ﬁ\ < 1, for arbitrary initial input ug, then the closed-loop D-
type ILC updating law (1.5) guarantees that yy tends to y; € € (J,R) in the sense of
the A norm for a sufficiently large A > 0.
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Proof. The main proof is similar to Theorem 3, we present the different steps.
Note,

éri1 (1) = () + chin(t) — Xppa (1)] — dAug (1)

ex(t) —dppés (t) + clin(t) — X1 ()]
1

- e ) )
Then,
fewerO)) < | 11+ | S 1) =)
) ‘1+d7/ ‘ als ”+‘(1+dy2)cr(a—1)'/(:(’_s>a2Lfo"(S)”dS
H e | 9 s las @)

By adopting the same method of proving the Theorem 3 to deal with (4.8), we can get

eM
C
O] < 1
e 01 | 101+ [ (gt 1t e - 1)
At
C e
A — I (a—1).
' (1+d7/2)1"(oc—1)’” ellz ol =1)
And then, we have
1 C 1 c 1
e lla < 5 Al s + | —— | Aty 5
el < | g s + | 13 s + 5 el
1 c hIfTa 1
< ; - Augl; ——
T dn e"”‘ud;@‘ar(a_l) uelli 75
c 1
A [
H o s
S L P | A . ) [ ) Y P
S T5ap " T Ty, ot (@ = DaeT | Toap | 2e-1 | Pl
So we have

. c hI;T%y, ¢ » -
S .
lexsillz < {1 H 1+dy2’oc1“(a—1)k°‘1 +’1+dy2‘7wl ez

Due to the fact that exist a sufficiently large A, and |ﬁ| < 1, such that

1— c h[fTa’)/z n c b2 !
l+dp|al(a—1)A% 1 | 14+dp|Ae]

we can get that I}im lléxl|x = 0. Then we obtain I}im llexllx = 0. The proof is fin-
ished. O

1+dy2

1
1+dy

<1
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5. Simulation examples

In this section, two numerical examples are presented to demonstrate the validity
of the designed method. In order to describe the stability of the system which is as-

sociated with the increase of iterations, we denote the total energy in kth iteration as
& = llu -

EXAMPLE 5.1. Consider

(Df:2xi) (1) = —x¢(e) +0.5(1 + Dy (1),
Jim (D) (1) =0, (5.1)

yk(t) :xk(t) + 1.2uk(t),

and P-type ILC

%e+1(0) = x(0) 4 0.5€(0),
U1 (1) = ur () + ex(t).

Set I/Lk(O) =0, n=1 and Ny =m=d=1.2. Obviously, |l —’)/17‘[1‘ =02<
1. All the conditions of Theorem 1 are satisfied. The original reference trajectory is
r(t) =312 =193+ 1).

[

¥y, v, (B

tracking error

1 2 3

.4 5. S. 7 8 9 10
iterative times

Figure 1: The system output and the tracking error.

The upper figure of Figure 1 shows the equation (5.1) output y; of the 10th itera-
tions and the reference trajectory y;. The lower figure of Figure 1 shows the cc-norm
of the tracking error in each iteration.
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EXAMPLE 5.2. Consider
(D7xi) (t) = —xi(t) + sin(t)ue(t),
lim (Df2x)(1) =0,

t—0

. ~05 5.2
Jim (D32%x0) (1) =0, o2

Vi(t) = xi(t) + 1-2/0[ u(s)ds,

and D-type ILC
X+1(0) = x(0) +0.5¢4(0),
U1 (1) = ugp1 () +0.6€4(1).

Set u;(0) =0, £(0) =0, 1 = 0.6 and d = 1.2. Obviously, |1 —dy| =0.28 <
1. All the conditions of Theorem 3 are satisfied. The original reference trajectory is
r(t) =3t —1).

<

|
o
[N}

!
o
~

Yy, y, ()

|
o
o

|
4
©

L L L L
0.2 0.4 0.6 0.8 1

tracking error

1 2 3 4 5 6 7 8 9 10
iterative times

Figure 2: The system output and the tracking error.

The upper figure of Figure 2 shows the equation (5.2) output y; of the 10th itera-
tions and the reference trajectory y,;. The lower figure of Figure 2 shows the co-norm
of the tracking error in each iteration.

6. Conclusion

In this paper, iterative learning control for two class of Riemann-Liouville type
fractional-order differential systems (one is 0 < o < 1, the otheris 1 < o < 2) are
firstly introduced to tracking the target with initial state offset. Secondly, the techniques
of generalized Grownwall inequality and properties of Mittag-Leffler type functions
are utilized to make estimation of the error. Finally, sufficient conditions for iterative
learning law convergence are given in the sense of (1 — o, A)-weighted norm and A -
weighted norm.
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