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STUDY ON ITERATIVE LEARNING CONTROL FOR
RIEMANN-LIOUVILLE TYPE FRACTIONAL-ORDER SYSTEMS
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Abstract. In this paper, we explore P-type and D-type learning laws for two classes of Riemann-
Liouville fractional-order controlled systems to track the varying reference accurately by adopt-
ing a few iterations in a finite time interval. Firstly, we establish open and closed-loop P-type
convergence results in the sense of (1 — ot,A)-weighted norm || - ||;_  for Riemann-Liouville
fractional-order system of order 0 < ¢r < 1 with initial state learning. Secondly, we establish
open and closed-loop D-type convergence results in the sense of A -weighted norm || ||, for
Riemann-Liouville fractional-order system of order 1 < o0 < 2 with initial state learning. Fi-
nally, two numerical examples are given to illustrate our theoretical results.

1. Introduction

Since Uchiyama [1] and Arimoto [2, 3] put forward the iterative learning control
(ILC for short), ILC has been extended to tracking tasks with iteratively varying refer-
ence trajectories [4, 5, 6, 7]. There are some contribution on P-type and D-type iterative
learning control for integer order ordinary differential equations [8, 9, 10, 11]. The con-
tribution [12] pointed out that how to deal with iteration-varying factors became a focus
of ILC research.

Nowadays, fractional calculus plays an important role in various fields such as
electricity, signal and image processing. And many fractional order controllers have
so far been implemented to enhance the robustness and the performance of the control
systems [ 13]. Furthermore, ILC of fractional-order systems has been attracted by many
researchers since fractional-order systems can better describe the behavior of the object
in control problems [14, 15, 16, 17].

Recently, existence theory of solutions to fractional differential equations involv-
ing Riemann-Liouville derivatives has been investigated in [18, 19, 20, 21]. Some re-
searches about Caputo fractional controlled systems have obtained some interesting
results [22, 23, 24, 25].
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Hence, in this work, we mainly consider Riemann-Liouville fractional-order non-
linear system of 0 < o < 1:

(D& ) (1) = i (6) + f (6,0 (1),ux (1)), 1 €J=10,T), p <0,
(D§ " x0) (1) = xe(0), (1.1)

lim
t—0+

with a given nonlinear output yy .
Meanwhile, we consider Riemann-Liouville fractional-order nonlinear system of
l<o<2:

(Dngxk)(t) :”xk(t)+f(t7xk(t)7uk(t))v IGJ, n < O?
tl_i}g}r(nglxk)(f) :xk(o)a (1.2)

. ) ~
lim (DG 23)(1) = (0),

with a given linear output yy.

We explore iterative learning control for Riemann-Liouville fractional controlled
systems, and establish the convergence analysis of two kinds of ILC for fractional dif-
ferential systems via initial state learning and with initial state learing. We try to design
some ILC law to generate the control input u;(-) such that the fractional system output
vi(+) tracks the reference trajectories y,(-) as accurately as possible as k — e uni-
formly on a finite time interval in the sense of (1 — ¢, A)-weighted norm for P-type
ILC and order € (0,1) and A -weighted norm for D-type ILC and order « € (1,2).
The ILC scheme would not fix the initial value on the expected condition at the begin-
ning of each iteration. So, we lead into initial state learning.

For system (1.1) (0 < o < 1), we consider the open-loop P-type ILC updating law
with initial state learning:

{xkﬂ (0) = x4(0) + Leg (0), 03

U1 (t) = ue(t) + nex(t),

where y,(¢) be the iteratively varying reference trajectories and e (1) = y,(¢) — yi(t)

denotes the tracking error, L and y; are unknown parameters to be determined. And

closed-loop P-type ILC updating law with initial state learning:
X1+1(0) = x(0) + Leg (0),

{Hl() 1(0) + Lei(0) w

U1 (t) = ur(t) + ey 1 (1),

where L and 7, are unknown parameters to be determined.
For system (1.2) (1 < o < 2), we consider the open-loop D-type ILC updating
law with initial state learning:

(1.5)

X11(0) = x1(0) + Lér (0),
w1 (1) = ug(t) + néx(t).
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And the closed-loop D-type ILC updating law with initial state learning:

{xk+1(0) =xi(0) + Lé(0), (1.6)

w1 (1) = ug(t) + Yaliy1 (1)
The results of the P-type ILC and D-type ILC for full nonlinear fractional differen-

tial systems are derived respectively. Examples are given in final section to demonstrate
the application of our main results.

2. Preliminaries

Denote ¢ (J,R") be the Banach space of vector-value continuous functions from
J — R" endowed with the co-norm ||x||. = maJxHx(t)H or A-norm x| = majxe*’l’
te te

|[x()||. We introduce the set 6} _q(J,R) = {x € €' ((0,T],R) : -1 =%x(-) € €'(J,R)} (see
[18, Page 4]) and define (1 — o, A)-weighted norm ||x|[;_4 2 = majxtl’“e”l’Hx(t)H,
te

0 <o <1.From[21], (61-«(J,R),[| - [[1_q.) is also being a Banach space.

DEFINITION 1. (see [18, Formula (2.1.1)]) The Riemann-Liouville fractional in-
tegrals I, f is defined by

(1% £)(x) = F(l )/ax( W 4 > aa>0),

x—t)l-@
and the Riemann-Liouville fractional derivatives DY, f is defined by

0500 = (1) W

1 d\" 1  f@)
- (= S — ca>0in=[a]+1),
F(n—a)(dx) /a EEnr=EEL (x>a; 00>0; n=[a]+1)
where T'(+) is Gamma function and f(-) is an integrable function.

DEFINITION 2. (see [26, Formula (4.1.1)]) The two-parameter function of the
Mittag-Leffler type function is defined by

Zk

Ea,ﬁ(z) :§W7 (>0, BeR, zeR).

LEMMA 1. (see [27, Lemma 2] and [28, Lemma 2.7]) Let o € (0,2] and B >0
be arbitrary. The functions Eq(-), Eqo(-) and Eyg(-) are nonnegative, and for all

z<0, | |
EO((Z) = Ea,l(z) < 1, Ea,a(Z) < m, Ea.p(z) < m
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LEMMA 2. (see [26, Formula (4.3.1)]) The fractional-order differentiation or in-
tegral of the Mittag-Leffler function is

d m
(&) B Eaple =B (e, (00, m> 1),

The following two generalized Gronwall inequalities will be used in the sequel.

LEMMA 3. (see [29, Theorem 1]) Suppose B >0, m(t) is a nonnegative function
locally integrable on J and n(t) is a nonnegative, nondecreasing continuous function
defined on J, n(t) < M (M is constant), and suppose y(t) is nonnegative and locally
integrable on J with

y(1) <m(t) +n(r) /O t(t—s)ﬁfly(s)ds, rel.
Then

y(r) < m(t)+/(: [2%@—@#‘—%@) ds, t€lJ.
=

REMARK 1. Under the hypothesis of Lemma 3, let m(¢) be a nondecreasing func-
tion on J. Then we have

¥(t) < m(D)Eg (n()T(B)eP).

LEMMA 4. (see [30, Lemma 3.1] or [31]) Let u(t) be a continuous function on
t €J and let v(t — T) be continuous and nonnegative on the triangle 0 < T < t. More-
over, let w(t) be a positive continuous and non-decreasing function on t € J. If

u(t) <w(t)+ /0 (- Du(t)dr, 1,

then

u(t) <w(r)elovt=0dr 4 c .

3. Convergence analysis of P-type for 0 < o < 1
We consider Riemann-Liouville fractional-order nonlinear system of 0 < ¢ < 1:

(Dg+xk>(t) - ‘LL)Ck(t) +f(taxk(t)auk(t))7 tel, u< 0,
[lim (DG L) (1) = x(0), 3.1)

yi(t) = g(t,xx (1), ur(t)),
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where k denotes the kth learning iteration. The nonlinear terms f, g:J X R xR — R.

The variables xi (1), ux(t), yx(t) € R are denoted by state, input and output, respec-

tively. In addition, li%l (Dg;lxk)(t) = x;(0) denotes initial condition and Dg;l de-
t—0+

notes Riemann-Liouville fractional derivative (see [18, Formula (4.1.2)]). Obviously,
the solution of (3.1) equivalent to the solution of following integral equation (see [18,
Formula (4.1.10)]):

x(1) = 17 Eq o (ut®)x(0)

+/t (t =) Eqa(u(t —s)*) f(s,x (), ux(s))ds, t€J. (3.2)
0

We impose the following assumptions.
(A1) f:JxRxR— R is jointly continuous. In addition, there exist nondecreas-
ing and nonnegative continuous functions L(-) and I;(-) such that

(20 k) — Ry i) || < Lp () I — S| + Le(2) [ — g ||, £ €J. (3.3)

(A7) g:JxRxR—R andfor n; >0, j=1,2,3,4, suppose

dg(t, X, u
0<n1<gu:g(T];k)<TlZ;

dg(t,xy,u
0<n3<gx=g(T’;k)<n4.

tl-a

Ly I . . .
(A3) Let M;, = max {sup t{,(';)7 sup M} and M is a finite positive constant.
ted teJ

3.1. Open-loop case

LEMMA 5. (see [14, Lemma 3.2]) For fractional-order nonlinear system (3.1)
and given reference y,(t), denote that Aui(t) = ups1(t) — up(t), Axp(t) = xp1 () —

xi(2), if
max{[l —ym —Lna|,[1 =y — Lna|, |1 = yim2 — Lz, [L = yim2 — Lna|} < 00 < 1,
where 0y is constant, then for all t € J, and arbitrary initial input ug, the open-loop

P-type ILC updating law (1.3) guarantees that klim llex(0)]|, = 0.

THEOREM 1. Assumptions (A1)—(A3z) hold. For fractional-order nonlinear sys-
tem (3.1) and given reference y,(t), if the assumptions in Lemma 5 are met, further-
more, suppose that

max{[l =ynml,[1-nml} <o <1, (3.4)

where ©y is constant, then for arbitrary initial input ug, the open-loop P-type ILC
updating law (1.3) guarantees that yy, tends to y; € € (J,R) in the sense of the (1 —
o, A)-weighted norm for a sufficiently large A > 0.
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Proof. Tt follows from ey (1) =y, (1) —

yi(
err1(t) = at) = yir1(t) = va(t) — ya(t) +yu(t) — yes1(2)
= ex(t) +yi(t) = yiy1(2)
= ex (1) — 8x(8)Axi (1) — gu(&)Au (1),
where E(+) = (-,x, () + Ox,(+),u () + Oug(+)), 6 € (0,1).
So we have
er1(t) = ex(t) — gx(&)Axi(t) — gu(&) [urs1(t) — ur(t)]
ex(t) — 8&x(&)Axi(t) — gu(&)miexl(t)
(1= %18u(8)]er(t) — gx(&)Axi(1).

t) and the mean value theorem [ 14, (10)],

Then, we can get

lecar (I < 11 = r1gu(E)lex ()| + [x(E) | Axi ()] (3.5)

Next, we will deal with Ax; (), according to (3.2), we have
Axi(1) = 1% Eq o (111%)Axi (0)
5
+/O (t =) Eqa(1(t = )*)[f (8,541 (8), 1 (8)) — £ (8,2 (5), ug () ds.

Using Lemma | and (3.3), we get

o—1 t
4501 € g IO + s [ (=9 Ly (9w s
L)/O’(z—s)aflzf(s)||Auk(s)Hds.
Then,
1 l o
| A (1)]| < WH Ax(0)[| + (a)/(f—S)a_lLf(S)HAxk(S)||dS
tl—a o1
iy =9 1) o) s
1 o 1 s
< T 180+ fos [0 s o) s
tl*O{

g 9 L) ).

In the light of (A3), we obtain

w 1 N a1 1o

Ao lan(0ll < g IsO)ll+ St [ =) A(s)ds
tl_aML a—1_l-a
e /O(t—s) 15| Aug s) . (3.6)
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Obviously,

t t
/ (1 — )% 1| Aug(s) || ds = / (1 — )% 161025 Ay (s) || M ds
0 0

t
< 1Al —gn / (1 —5)* M5 ds. 3.7)
Jo
Note that the fact

1 t t
/(t—s)“‘le“ds:/ wa—1eut—w)dw:em/ 0% o044
0 0 0

elt At el elt
:JL_O‘/O V% e dvgﬁr(a),
next, (3.7) become
t - elt
[ =9 g (5) s < ez T T (3:8)
So, (3.6) become
B oMyt .
A ()] < mle)+ s [ A, (39)
') Jo
ek/tl—aML

where m(t) = ﬁHAxk(O)H + | Aug||y — o n =~ is nondecreasing.

By Remark 1, one obtains

| 1 M=oy
t A (1) < m“Axk(O)HJFHAMkHFa,AT Eq(M.T). (3.10)
And then
1'% M| A (1)]| < %EQWLTW H;#HAM,{HI,MEQ(MLT).
So we obtain
sl < IR LA T) + M 01T |l G
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In case of ||Aug||;_q 5 = 11l|Aex|l1—q 4 - and consider (3.5), we take ||-||;_g. 2, then

lecsilh—aa < 11 =1rgu(E)lllerll1-an + (&) A% 1-a.2
< =ngu(&)lllexll-en

oo | 2O gy + T )

< [11=-meu)+ TN g (41, 7)) ey
;'g"@r'f%m(on |

< [11= w1+ M ENE (41,7) ey
;'g"@r'f#mmom | 6.12)

By (3.4), there exists a sufficiently large A such that

T "My |g:(&)] T My || Eo(MLT)
A e

Therefore, from inequality (3.12) and Lemma 5, we have ]}im llexlli—a.p = 0. The

11— 7gu(&)|+ Eq(MLT) < 01+ <.

proof is completed. [

REMARK 2. For system (3.1), if we assume that hm (DO‘ 1x0)(0) = x(0) and

Ly(t) =Ly, I¢(t) = I for t € J, then the assumption (A3) can be removed. Moreover,
we can derive that open-loop P-type ILC updating law (1.3) guarantees that y; tends to
vq in the sense of A — norm for a sufficiently large A > 0. It means that

[N4llfIN|Ea(LfTY)
lewtlla < |11 = ngu(@) + === llexlla.

for a sufficiently large A such that

1% | B (Ly T L Eo (LT
11— y1gu(E)| + M4 f|Y1)|Wa( /1% o 1 1Ml f|Y1)|Wa( T 1

3.2. Closed-loop case

LEMMA 6. (see [14, Lemma 3.7]) For fractional-order nonlinear system (3.1)
and given reference y,(t),
} <oy <1,

{' 1—Ln;
max ,
L+pnm

where 0, is constant, then for all t € J, and arbitrary initial input ug, the closed-loop
P-type ILC updating law (1.4) guarantees that klim llex(0)]|, =0

' 1—Ln;
1+pm|

‘ 1—Lny
L+pm |

‘ 1—Lny
1+pm




Differ. Equ. Appl. 9, No. 1(2017), 123—139. 131

THEOREM 2. Assumptions (A1)—(A3z) hold. For fractional-order nonlinear sys-
tem (3.1) and given reference y,(t), if the assumptions in Lemma 6 are met, further-
more, suppose that

I} = 05> 1, (3.13)

min {|1+p%m|,

where 03 is constant, then for arbitrary initial input ug, the closed-loop P-type ILC
updating law (1.4) guarantees that yy tends to y; € € (J,R) in the sense of the (1 —
o, A)-weighted norm for a sufficiently large A > 0.

Proof. The proof is similar to Theorem 1, we present main different parts. Firstly,
exr1(t) = ex(r) — 8x(8) Ak (t) — gu(&) venr1 (1)
So, we derive that
(14 gu(&)n)er+1(t) = ex(t) — gx(8)Ax (1),

where E(+) € (-,x: () + Oxc(+),u () + Ouy(+)), 6 € (0,1).
And then, we obtain

11+ 2u(S) Ralllext1 (N < llex(®) ] + |gx(E) [ Axe (D)1,
which implies that
11+ gu()nalllertilli-an < lleclli-aa + 18x(E) 1 A%][1 -2

It means that

8:(8)
1 +gu(§)7/2

As for [|Axgl|;_g 1 » We take formula (3.11) into (3.14), we obtain

[A%cll1—gn-  (3-14)

legstlls M\| ||| il M+\

l+gu

lewetli-a < | romcgrsfelh-a+ | 52l [ L £ o)
+%anﬂ>ekﬂnla,4
<| it et + [l 5O £,
+'1+g§if§))7/2 = O;LMLM‘EO‘(MLT)HQH”l o
Finally, we get
llexlli-a.a 8:(§)Ea(MLT)L||ex(0)]|

lexrilli—an < , (3.15)

1+ gu(&)p| — 11+ 8u(8)p| — 8< T (@)
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where ¢* = T'"*M Eo(M.T)|p|.
There exists a sufficiently large A such that € := g"&# > 0 is very small and
03 — & > 1. Then by (3.13), one can obtain
1 1

§i= —5 < <1.
1+ gu(E)p| -8l 03¢

Therefore, from inequality (3.15) and Lemma 6, we have ]}im llexlli—a.2 = 0. The

proof is completed. [

REMARK 3. For system (3.2), if we assume that ligl (Dgilxk)(o) = x(0) and
t—0+

L¢(t) =Ly, I¢(t) = Iy for t € J, then the assumption (A3 ) can be removed. Moreover,
one can find that closed-loop P-type ILC updating law (1.4) guarantees that y; tends to
vq in the sense of A — norm for a sufficiently large A satisfying

Ml n|Ea(LTY)  _  Malyni|Ea(LT%)
o Lo Z 03— Lo

11+ 7%28u(8)] > 1

4. Convergence analysis of D-type for 1 < o < 2

We consider Riemann-Liouville fractional-order nonlinear system of order 1 <
o < 2 with impulses:

(D) () = wxe (1) + f (1,2 (1), ue (1)), £ €J, <0,
limy o4 (D} 'xi) () = x(0), (4.1)
lim; o1 (D§}*xi) (t) = #(0), '

yi(t) = cxi(t) +d fyur(s)ds, c¢,d € R.

where k denotes the kth learning iteration, 7 denotes pre-fixed iteration domain length.

The nonlinear terms f:J X R x R — R. The variables x;(z),u(7),y;(t) € R are de-

noted by state, input and output, respectively. In addition, ligl (nglxk)(t) = x,(0)
t—0+

and lirgl (DS %x¢)(t) = £(0) denotes initial condition. D§,' and D{,? denotes
1—0+

Riemann-Liouville fractional derivative (see [18, Formula (4.1.2)]). With the initial
condition, the solution of (4.1) equivalent to the solution of following integral equation
(see [18, Formula (4.1.10)]):

() = 2 (0)r " Eg o (11%) +24(0)1* 2 Eq 1 (1)

—i—/t(t — )" Eq o (1t —$)%) £ (5,20 (5), i (s))ds. 4.2)
0

4.1. Open-loop case

THEOREM 3. Assumptions (A1) and (Ay) with L¢(t) =Ly, I;(t) =1y, hold. Tak-
ing (1.5) into the fractional-order nonlinear system (4.1) and the initial condition at
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each iteration remains the desired, i.e., e;(0) =0, ¢,(0) =0 and £,(0) is constant,
k=0,1,2,.... If |l —dy| <1, for arbitrary initial input uy(t), then the open-loop
D-type ILC updating law (1.5) guarantees that yy tends to y; € € (J,R) in the sense of
the A norm for a sufficiently large A > 0.

Proof. Note that

i1 (t) = Ya(t) = Vi1 (t) = ex(t) + cu(t) — Irs1(1)]
éx(t) + clie(t) — Xpr1 ()] — dAug(t)
éx(t) —dmer(t) + clie(t) — i (7))
— (1= dn)ealt) + clielr) — g (1)

Due to (4.2), Lemma 1, Lemma 2 and the conditions of Theorem 3, we obtain that

éry1(t) = (1 —dn)éx(t)
+C/O (t=5)" 2 Eqo1 (1 (t—5) ") [f (5,2 (8), 1k () = £ (5, %1 (5), g1 (5)) s
< (L—dn)éx(t)
+C/0 (f—S)afzﬁ[f(&xk(s)’uk(s)) — f(5:x41(8), urr1(s))]ds.

Note Lemma 1, and take norm on the above equality, then we can get

el < |1=dnleo)]
el 0= s I oan(5) a0 (9) = F st () 9) s

sl +ﬁ/o (1)L A (s) s
e s
Ta—n /O (t = 5)* "¢ || Aug(s)]|ds. (4.3)

Note that

Jaw(s)] < ||s°‘—1Eaa<us°‘>Axk<o>H
+ - oy (80 (0) = (s (0.t (D)

Since Ax;(0) = Léx(0) =0, we have

Ly

T ) 6= s @+ 5 [ =0 aw(p)ar

[[Axi(s)]| < M m A
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According to Lemma 4, we have

Iy s _ B L (s—7)%dr
Ax < — —TalA Dlldt - e’° Tle=T1)
1850 < Frggy | (6= 0 (D)l e
If s Ifsa
< - J -7 o—1 A ldt - eol(a-1)
oty 60 Iam(o)ar-e
< Iif‘/.\'(s_T)a*lel‘refl‘l:”Auk(T)HdT.e—all-('z—fl)
I'a—1)Jo
< / 'Y(s_r)a*le“druAuHue—aﬁ;—w
I'a—1)Jo
h[f As 4T
< —1 SIIA , h = eoT(a—1)
Hence, we can obtain
hi
—As f o
Ax < ——"——=s"||A ;
e | Axe(s) | (xl"(a—l)s (| Aseg]|
which means that
hiy
Axp]|y < ———L—TY%||A . 4.4
[[Ax]|2 oo =1) [ Aug ][ 2 (4.4)

And then, we have
1 t
Ly [ (=9 2ans)ds = Ly [ (1=5)% 2eHe > g (s)]ds
0 0
1
<1y [ e=5)7 e Mds] an]
0

t
<ty [ =90 tebas]an
0

At
(4
< LyllAvl|3 o= T (o = 1). (4.5)

Similarly, we have
1 !
Iy [ =5 28w ()ds < 1y [ (6= 5)"2Hds] du]
©Jo ©Jo

t
< zf/ (1 — 5) @ D=1 A5 Aug |,
0

At

e
< Iyl 55T (= 1) “6)
Taking (4.5) and (4.6) into (4.3), we get
At At
) . e*Ly|c] Mt
e O <11 =dnllle(n) | + =g | Ava + =g [ Au -
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So we get
. i Iyl
lexrilla <1 —dnllleel s+ 35 lAvla + 5 Au2. “.7)
Taking (4.4) into (4.7), we get
hle|LeI T If|c|
il < 1L =anlliedla+ oy I8l + o lamd
hlelLel T Ifle| ik

< [1—dnllleln+ [ Augl|, h=eoTD.

oA 1T (o —1) Al
Since we can choose A large enough such that |1 —dy;| < 1, we can get that kh_Ig
lléxl|x = 0. Since ¢,(0) =0, k=0,1,2,..., then we obtain klggHekH,l = 0. The proof
is finished. [J

4.2. Closed-loop case

THEOREM 4. Assumptions (A1) and (Ay) with L¢(t) =Ly, 1¢(t) =1y, hold. Tak-
ing (1.6) into the fractional-order nonlinear system (4.1) and the initial condition at
each iteration remains the desired, i.e., e;(0) =0, é,(0) =0 and £,(0) is constant,
k=0,1,2,.... If |ﬁ\ < 1, for arbitrary initial input ug, then the closed-loop D-
type ILC updating law (1.5) guarantees that yy tends to y; € € (J,R) in the sense of
the A norm for a sufficiently large A > 0.

Proof. The main proof is similar to Theorem 3, we present the different steps.
Note,

éx1(1) = &4(0) +clin(0) — 1 ()] — A1)
= & (1) — dabrr1 (1) + clxu(t) — K1 (1)]
— o)+ T O =5 0]
Then,
Jewer®)) < | 11+ | 5 1) =)
<‘1+dh‘k H*w(1+dhﬂwa__UWA(t—sW%ﬁA@@ﬂws
+I1+m5ﬁa—w.£0_”W%mAW“W“' *8)

By adopting the same method of proving the Theorem 3 to deal with (4.8), we can get

At

c e
| Axi || 2 Wr(a —1)

[Ty
oM
5 Il - ),

lex(@)] +

1
e
fewaa)l < |57

h1+dw;
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And then, we have

1 c 1 c 1
; < ; — Al e 4 | —E A
kst ‘l+dy ‘ekﬂ_‘lw)@‘ Kllara +’1+dy2‘” ell2 7o
e L LYW
1+dy ella + I+dp|ol(a—1) HllA Lo
1
— = |IA _
+| 1—|—d)/2‘ ukHlAa,1

< |t el + || =2 M T <L Ll
STy T Ty [al(o — DAt [Ty dy, |ae-1 | Rl
So we have
Nl < d1- ][ —=¢ M Ty, < |\ lex
frHIAS I+dp|al(a—DA® T " |T+dp|Ae] 1+dy2 ekl

Due to the fact that exist a sufficiently large A, and |ﬁ| < 1, such that

1— c hI;T%y, I P !
l+dp|al(a— 1A% | 14+dp|Ae]

we can get that I}im lléxl| = 0. Then we obtain I}im llexllx = 0. The proof is fin-
ished. O

1
1+dy

<1

5. Simulation examples

In this section, two numerical examples are presented to demonstrate the validity
of the designed method. In order to describe the stability of the system which is as-
sociated with the increase of iterations, we denote the total energy in kth iteration as
Ek = [|g|o- -

EXAMPLE 5.1. Consider
(DY) () = —xk(1) +0.5( + D (1),
Jim (Dgyx) (1) =0, 5.1)
i) = xi(1) + 1.2u(2),
and P-type ILC
{xk+l (0) = x(0) 4 0.5€,(0),
U1 (1) = ug (1) + ex(1).

Set ux(0) =0, =1 and Ny =1y =d = 1.2. Obviously, [l —yn|=02<
1. All the conditions of Theorem 1 are satisfied. The original reference trajectory is
r(t) =31 (2 =19 4+ 1).
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Figure 1: The system output and the tracking error.

The upper figure of Figure 1 shows the equation (5.1) output y; of the 10th itera-
tions and the reference trajectory y;. The lower figure of Figure 1 shows the co-norm
of the tracking error in each iteration.

EXAMPLE 5.2. Consider

(DY) () = —xe(t) + sin(t)ug (1),
,E%L(Dgfm(l )=0,
Jim (D) (1) =0, (5.2)

yi(t) =x (1) + 1-2/0[ ug(s)ds,

and D-type ILC

Xi1(0) = xi (0) 4 0.5€,(0),
Uy (1) = w1 (1) +0.6€4(1).
Set u;(0) =0, £(0) =0, % = 0.6 and d = 1.2. Obviously, |1 —dy| =0.28 <
1. All the conditions of Theorem 3 are satisfied. The original reference trajectory is
r(t) =32(t—1).
The upper figure of Figure 2 shows the equation (5.2) output y; of the 10th itera-

tions and the reference trajectory y,. The lower figure of Figure 2 shows the co-norm
of the tracking error in each iteration.

6. Conclusion

In this paper, iterative learning control for two class of Riemann-Liouville type
fractional-order differential systems (one is 0 < or < 1, the otheris 1 < @ < 2) are
firstly introduced to tracking the target with initial state offset. Secondly, the techniques



138

Z.J.Luo AND J. R. WANG

02 0.4 06 0.8 1
t(s)
A
O 15
S
—
o | |
(@]
c
g 05k 4
[&]
©
= 0
= 2 3 4 5 6 7 8 9 10

iterative times

Figure 2: The system output and the tracking error.

of generalized Grownwall inequality and properties of Mittag-Leffler type functions
are utilized to make estimation of the error. Finally, sufficient conditions for iterative
learning law convergence are given in the sense of (1 — o, A)-weighted norm and A -
weighted norm.

[1]
[2]
[3]
[4]

[5]
[6]
[7]

[8]
[9]
[10]
[11]
[12]

[13]

REFERENCES

M. UCHIYAMA, Formulation of hirh-speed motion pattern of a mechanical arm by trial, Trans. Soc.
Instrum. Contr. Eng. 6, 14 (1978), 706-712.

S. ARIMOTO AND S. KAWAMURA, Bettering operation of robots by learning, J. Robotic syst. 2, 1
(1984), 123-140.

S. ARIMOTO, Mathematical Theory of Learning with Applications to Robot Control, Adaptive and
Learning Systems, Springer US, 1986.

S. S. SAAB, W. G. VOGT AND M. H. MICKLE, Learning control algorithm for tracking slowly
varying trajectories, IEEE Trans. Syst. Man and Cybernetics, Part B: Cybernetics, 4, 27 (1997), 657—
669.

Y. Q. CHEN AND K. L. MOORE, Harnessing the nonrepetitiveness in iterative learning control, Pro-
ceedings of 41st IEEE Conf. Decision Control, LasVegas, NV, U.S.A., 2002, 3350-3355.

J. X. XU AND J. XU, On iterative learning for different tracking tasks in the presence of time-varying
uncertainties, IEEE Trans. Syst. Man and Cybernetics, Part B: Cybernetics, 1, 34 (2004), 589-597.
H.S. AHN, K. L. MOORE AND Y. Q. CHEN, [Iterative Learning Control: Robustness and Monotonic
Convergence for Interval Systems, Communications and Control Engineering Series, Springer, Berlin,
2007.

Z. BIEN AND J. X. XU, Iterative Learning Control: Analysis, Design, Integration and Applications,
Springer, New York, 1998.

Y. Q. CHEN AND C. WEN, Iterative Learning Control: Convergence, Robustness and Applications,
Springer-Verlag, London, 1999.

J. X. XU, A survey on iterative learning control for nonlinear systems, Int. J. Control 7, 84 (2011),
1275-1294.

J. V.DE WIUDEVEN, T. DONKERS AND O. BOSGRA, [terative learning control for uncertain systems:
Robust monotonic convergence analysis, Automatica 10, 45 (2009), 2383-2391.

K. L. MOORE, Y. Q. CHEN AND H. S. AHN, [terative learning control: Atutorial and big picture
view, in Proc. 45th IEEE Conf. Decision Control, San Diego, CA, 2006, 2352-2357.

Y. LUO AND Y. Q. CHEN, Fractional order controller for a class of fractional order systems, Auto-
matica 10, 45 (2009), 2446-2450.



[14]
[15]
[16]
(17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
[27]
[28]
[29]
(301

[31]

Differ. Equ. Appl. 9, No. 1(2017), 123—139. 139

Y. H. LAN, Iterative learning control with initial state learning for fractional order nonlinear systems,
Comp. Math. Appl. 10, 64 (2012), 3210-3216.

Y. H. LAN AND Y. ZHOU, D% -type iterative learning control for fractional order linear time-delay
systems, Asian J. Control. 3, 15 (2013), 669-677.

Y. L1, Y. Q. CHEN, H. S. AHN AND G. TIAN, A survey on fractional-order iterative learning control,
J. Optim. Theory Appl. 1, 156 (2013), 127-140.

Y. L1 AND W. JIANG, Fractional order nonlinear systems with delay in iterative learning control,
Appl. Math. Comput. C, 257 (2015), 546-552.

A. A. KILBAS, H. M. SRIVASTAVA AND J. J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

C. BAL, Impulsive periodic boundary value problems for fractional differential equation involving
Riemann-Liouville sequential fractional derivative, J. Math. Anal. Appl. 2, 384 (2011), 211-231.

K. L1, J. PENG AND J. JIA, Cauchy problems for fractional differential equations with Riemann-
Liouville fractional derivatives, J. Funct. Anal. 2, 263 (2012), 476-510.

T. JANKOWSHI, Fractional equations of Volterra type involving a Riemann-Liouville derivative, Appl.
Math. Lett. 26, 26 (2013), 344-350.

Y. L1, Y. Q. CHEN AND H. S. AHN, A survey on fraction-order iterative learning control, J. Optim.
Theory Appl. 1, 156 (2013), 127-140.

Y. L1, Y. Q. CHEN AND H. S. AHN, Fractional-order iterative learning control for fractional-order
linear systems, Asian J. Control 1, 13 (2011), 1-10.

C. F. LORENZO AND T. T. HARTLEY, Initialization of fractional-order operators and fractional
differential equations, J. Comput. Nonlinear Dynam. 2, 3 (2008), 020201.1-021404.7.

J. C. TRIGEASSOU, N. MAAMRI, J. SABATIER AND A. OUSTALOUP, Transients of fractional-order
integrator and derivatives, Signal, Image and Video Processing 3, 6 (2012), 1-14.

R. GORENFLO, A. A. KILBAS, F. MAINARDI AND S. V. ROGOSIN, Mittag-Leﬁier Functions, Re-
lated Topics and Applications, Spring, Berlin, 2014.

J. WANG, M. FECKAN AND Y. ZHOU, Presentation of solutions of impulsive fractional Langevin
equations and existence results, Eur. Phys. J. Special Topics 8, 222 (2013), 1857-1874.

H. WANG, Existence of solutions for fractional anti-periodic BVP, Results. Math. 1-2, 68 (2015),
227-245.

H. YE, J. GAO AND Y. DING, A generalized Gronwall inequality and its application to a fractional
differential equation, J. Math. Anal. Appl. 2, 328 (2007), 1075-1081.

Y. L1 AND Y. Q. CHEN, Iterative learning control of a class of fractional order nonlinear systems,
IEEE International Symposium on Intelligent Control, Yokohama, Japan, 2010, 779-782.

D. D. BAINOV AND P. S. SIMEONOV, Integral inequalities and applications, Kluwer Academic Pub-
lishers, Dordrecht, 1992.

(Received May 3, 2016) Zi Jian Luo

Department of Mathematics

Guizhou University

Guiyang, Guizhou 550025, P. R. China
e-mail: zjluomath@126.com

Jin Rong Wang

Department of Mathematics

Guizhou University

Guiyang, Guizhou 550025, P. R. China

and

Key and Special Laboratory of System Optimization
and Scientific Computing of Guizhou Province
Guiyang, Guizhou 550025, P. R. China

e-mail: sci.jrwang@gzu.edu.cn

Differential Equations & Applications
www.ele-math.com

dea@ele-math.com



