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ANTI-PERIODIC SOLUTIONS OF ABEL DIFFERENTIAL
EQUATIONS WITH STATE DEPENDENT DISCONTINUITIES

J.-M. BELLEY AND A. GUEYE

(Communicated by Pedro J. Torres)

Abstract. Given T > 0, the Abel-like equation 8’ = fo + ¥ jen £;6/ is generalized to the case
where 6 and 0’ are real functions on [0,T] subject to given state dependent discontinuities.
Each f; is a real function of bounded variation for which f;(0) = (—1)/*!f;(T). Under ap-
propriate conditions, this equation is shown to admit a solution of bounded variation on [0,7]
which is T -anti-periodic in the sense that 6(0) = —6(T). The contraction principle yields a
bound for the rate of uniform convergence to the solution of a sequence of iterates.

1. Introduction

doi:10.7153/dea-09-18

For given T > 0, let i) NBV(2T) designate the family of 2T -periodic functions

f:R — R of bounded variation on [0,27] and normalized in the sense that

f@0) = (ft+)+ (=) /2

ey

for all + € R and ii) NBV denote the real linear space of all functions in NBV (2T)
restricted to [0, T]. For f € NBV, v(f) will designate its total variation over the interval

[0,T]. For a start, consider the Abel-like equation

0'=fot+ X £;6'

jeN
on [0, 7] with T -anti-periodic boundary condition
6(0) = —6(T)
accompanied by the following assumption:

Al. f; liesin NBV and satisfies

£i(0) = (1) f5(T)
for j €{0,1,2,...}.
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For r > 0, let B, denote the set of functions given by

By = {f €NBV :v(f) <r, f(0) = —f(T)} 4)
and p, : [0,00) — [0,00] be the convex function given by the Maclaurin series
po(r) =T X Ifilhr! (5)
J=0
where
1 (T
5 =5 [ 1o ©

Our general result (see Theorem 2), in the absence of state dependent discontinuities in
0 and 0’, reduces to the following.

THEOREM 1. Let(2) on [0,T] be subject to both (3) and Al and let B, and p, be
given by (4) and (5) respectively. If ||foll1 # O and if there exists ro > 0 for which
p«(ro) < ro and p(ro) < 1 simultaneously then, in B, (1), there exists a unique
nontrivial solution 0 of (2). Furthermore, 0 is absolutely continuous on [0,T] and
0’ € NBV.

Note that the closed balls B, and
B,(2T)={f €NBV(2T):v(f) <r, f(t) =—f(t+T) Vi € R} (7

are equivalent. Furthermore, each f; in Al can be extended from [0,7] to [0,2T] by
way of

[t +T) = (=17 f(0) (®)

and then to all of R by 2T-periodicity. Conserving the same notation f; for all these
extended functions, there is no loss of generality in studying (2) and

0(t)=—0(+T) )

simultaneously on R rather than (2) and (3) on [0,7], as we shall see. Clearly Al is
equivalent to

A’l. f; liesin NBV(2T) and satisfies (8) forall 7 e R and all j € {0,1,2,...}.
Consequently, Theorem 1 yields the following result on the existence of periodic
solutions of Abel-like equations.

COROLLARY 1. Let (2) on R be subject to both (9) and A’ I and let p, be given
by (5). If ||folli # O and if there exists ro > 0 for which p.(ro) < ro and pl(ro) <
1 simultaneously then, in Bp*(,o)(ZT) given by (7), there exists a unique nontrivial
solution 6 of (2). Furthermore, 0 is absolutely continuous on bounded intervals and
0’ € NBV(2T).
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The corollary can be viewed as a result on the number of limit cycles for Abel’s
equation (2) on R. It constitutes one more small contribution to Hilbert’s 16" problem.
In the next section, our more general Theorem 2 allows the presence of jumps in 6’
of state dependent amplitude a;(60) at state dependent instant 7;(6) € [0,7) for all
k € N and jumps in 6 of state dependent amplitude b;(60) at state independent instant
0; €10,T) forall [ € N. These amplitudes are characterized by

_ JO(m(8)+) - 0'(w(6)-), 0<m(6)<T
adey_{euHﬁ+9%T—x 7(0) =0 (19)
and
_J6(o+)—0(0—), 0<o<T
lw)_{9®+%+MT—L 0, =0 (

respectively. Formulas (10) for 7,(6) = 0 and (11) for 0; = 0 will be evident once
we extend 6 that satisfies (3) to a 2T -periodic function that satisfies (9) on R since
we will then have 0(0—) =0(2T—)=—0(T—) and 6'(0—) =0'(2T—)=—0'(T—).
We make the following assumptions regarding the instant and amplitude of the discon-
tinuities:

A2. ay : NBV — [—oy, o] for some o > 0 and there exists a; > 0 such that
|ar(x) — ax(y)| < @pv(x—y)

for all k € N and all x,y € NBV. We write

A= o, A=Y a
keN kN

which we assume finite.
A3. T, : NBV — [0,T) and there exists 7, > 0 such that

|%(x) = 7 ()] < Gv(x—)

for all k € N and all x,y € NBV. We write

C=Y o
keN

which we assume finite.
A4. b; : NBV — [, ] for some f; > 0 and there exists b; > 0 such that

|b1(x) = by (y)| < bjv(x—y)

forall / € N and all x,y € NBV . We write

B=Y B, B =)0

leN leN
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which we assume finite.

A5. 0, €[0,T) forall I € N.
Given such discontinuities, we replace (2) with the more general equation

0 = fo+ Y, fi07+ Y ax(0)Jy )+ X, bi(0)];, 12)

jEN keN IEN

restricted to [0, T] where, for arbitrary 7o € [0,T), J;, : R — R denotes the 2T -periodic
function characterized by

—1/2, nw<t<tp+T
Jo@)=1491/2,  t0+T <t <ty+2T (13)
0, t=ty, to+T, to+2T.

As we shall see, each term a;0)J, g) corresponds to a jump in 8’ of amplitude a;(6)
at state dependent instant 7;(0) and each generalized derivative b;(0)Jg, is associ-
ated with a jump in 0 of state dependent amplitude b;(0) at state independent instant
0; €10,T). (See for example [16] and [37] for the definition of a generalized periodic
function and its generalized derivative.) The conditions A < eo in A2 and B < e in A4
imply that the sums Yenax(0)Jy (6) and e bi(6)Jg, are of bounded variation on
[0,T]. For (3) to hold, we impose

2 a(0) = bi(6) =0 (14)
keN leN
as an added requirement.

The concept of a solution of a differential equation satisfying 7 -anti-periodic
boundary condition (3) was introduced by Okochi [28] and subsequently proved useful
for a variety of nonlinear equations with or without state discontinuities (see [1], [2],
[13]-[15], [17]-[20], [23]-[27], [29], [33]-[36]). So far, there are no results in the liter-
ature on the existence of anti-periodic solutions of Abel’s equation, even in the absence
of state discontinuities. Results for this equation are limited to the existence of limit
cycles (see [4]-[12]) with some attention given to the center problem, which consists in
finding conditions guaranteeing that all solutions are periodic of given period (see [21],
[30] and the references therein). The equation 8’ = 0 without state discontinuities is an
Abel equation satisfying Al. Up to multiplication by a constant, its unique nontrivial
solution on [0,7] is 6(¢) = €', which is not T -anti-periodic for any 7 > 0. On the
other hand, 6’ = coswt + 6 (® = /T ) without state discontinuities is also an Abel
equation that satisfies A1. Its particular solution () = (—cos wt + wsinwt) /(1 + »?)
(0<t < T)isclearly T -anti-periodic for any 7" > 0. In this paper, our aim is to obtain
conditions that guarantee the existence of a solution of (12) on [0,7] subject to (3),
A1-AS5 and (14).

2. Main result

Before we state our main result, we introduce the following notions and nota-
tion. The family AC of real absolutely continuous functions on [0, 7] is an important
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subspace of NBV [3, p. 269] which in turn is a subset of the space L! of Lebesgue
integrable functions on [0,7]. Any 6 € NBV admits a derivative 8’ € L' and v(6) >
fOT |6'] [31, p. 104] with equality when 6 € AC [3, p. 273]. For X either NBV or AC,
let X7, denote the subspace of all functions in X T -anti-periodic in the sense of (3).
Any 6 € Xz, can be extended from [0,7] to [0,27] by way of (9) and then to all R by
2T -periodicity, in which case the extended function satisfies (9) for all # € R. We write
X714p(2T) to denote the real linear space of such 27 -periodic extended functions and
note that Xr,, can be identified with Xr,,(2T). NBVr,, with norm v and NBVz,,(2T)
with total variation norm over any interval of length 7' are equivalent Banach spaces.

Given 1y € [0,T), the 2T -periodic function J;, : R — R characterized by (13)
satisfies (1) and (9). It is also of bounded variation on [0,27], so making it an element
of NBVr,,(2T). Its restriction to [0,7] clearly satisfies (3). On the right hand side
of (2) we add jumps to 0" (but not 0) of state dependent amplitude a;(0) at state
dependentinstant 7 (0) € [0,T) forall k € N by introducing the term ¥y ax(0)Sz, (o)
where

1
Sty = ) +Ji

for any 7 € [0,T). For condition (3) to be maintained, we assume Y;cnax(0) =0 and

o)
> a(0)Sy0) = X, ar(0)Jz6).
keN keN
Similarly, if we add 3,y b1(0)Sg, to the right hand side of (2), then each generalized
derivative b;(6)Sg, is associated with a jump in 6 of state dependent amplitude b;(6)
at state independent instant ;. Again for condition (3) to be maintained, we assume

Sienbi(6) =0 and so

D bi(0)S, = > bi(6)J,

leN leN
in the sense of generalized functions. Thus we obtain (12) by adding discontinuities
that satisfy (14) to the right hand side of (2). Subject to A1-AS and (14), studying (12)
and (3) simultaneously on [0, 7] is equivalent to studying (12) and (9) simultaneously
on R. This fact will be used to prove our results.

For arbitrary 7 € [0,27], let p, denote the radius of convergence of the Maclaurin

series x — ¥ jen f(¢)x/ and define

p =inf{p, : 0< 1 <2T}. (15)

In what follows, we assume p # 0. The Maclaurin series 7+ X7 || ;| 17/ converges
forall r € (0,p). Thus, for all r € (0,p) we have convergence of the Maclaurin series
in the definitions

A .
pl) =0+ 7472 =T (1045 + S 1500 ), (16)
JjeN
p(r):po(r)+B:T<f01+%+z ||f,-1rf'>+B (17
JjeN



224 J.-M. BELLEY AND A. GUEYE

and
q(r)=p'(r)+T(A"+2C)+ B’

Denote by &, the real 2T -periodic function

eina)(t—to)

n2w?

, o=n/T, i=+Vv-1

with generalized derivative

eina)(t—to)

/
& (t ) - .
! nezjoy MO
By comparing Fourier coefficients we obtain, for all 7 € [t, 70+ 277,

6T (t —19) —3(t —19)* —2T2
oy = ST 30-10

and

0

£ (1) = T+ty—t, to<t<to+2T
! 0, t=ty, to+2T

(18)

19)

respectively [22, p. 53]. Clearly g, is absolutely continuous and 8[0 is of bounded
variation on [0,27]. Furthermore, in the sense of generalized functions, 1+ st’é (¢) is

precisely the Dirac delta function

&0 (t) — 2 einw(tftu)

nez

associated with an impulse that gives rise to a jump in 8,’0 of amplitude 27 at instants

to+2kT forall k € Z [37, p. 333]. It is easy to show that

&y (1) — &, (1)

Jlo(t) = T

forall # € R. The generalized derivative Jt’0 becomes the generalized function

" "
8!0+T - 8[0 o 6l()+T - 6t0

Jy =
g 2T 2T

Let Fy and F be the operators on NBVz,,(2T) given explicitly by

Fo(0) = foxey+ D, Gj(0)+ Y, ax(0)Hi(6)
jeN keN

and

F(8) =Fy(0)+ Y, bi(6)J5,
ieN

(20)

21

(22)
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where G; and Hj are defined on NBVz,, (2T) by
G;(0)=(f;6') =g (23)

and
E0.(0)+T — €(6)
2T

with convolutions in the sense of generalized 27T -periodic functions. Clearly Fy and F
can be viewed as operators on either NBVr,), or NBVTMP(ZT) since the two spaces are
equivalent in the sense that an element of NBV7y, is the restriction to [0,T] of a unique
element of NBV7,,(2T). We can now state our main result.

Hk(e) = J‘Ek(e) * 86 = (24)

THEOREM 2. Suppose (12) with discontinuities on [0,T] is subject to (3), AI-A5
and (14). Let p(r) and q(r) be given by (17) and (18), respctively, and B, be defined
by (4) for all r € (0,p) where p > 0 is given by (15). If there exists ry € (0,p) for
which p(ro) < ro and q(ro) < 1 simultaneously then, in the ball B, there exists
a unique solution 0 of (12) on [0,T]. Furthermore, we have 6 — ¥ ,cnb;(6)Js, =
Fo(0) € By (ry) NACrap and 0" —Y,cnbi(0)Jg, € NBVray where Jo, is given by (13)
and Fy(0) by (21).

REMARK 1. In Theorem 2, the solution 6 is nontrivial (i.e. 6 # 0) provided

fo+ Y, ar(0)J5 o)+ X, bi(0)Jg, #0 (25)

keN leN

as is the case when ||fy]|; # 0. For this reason 6 in Theorem | is nontrivial. To
prove Theorem?2 we will show that F is a total variation norm contraction on B, .
Thus, under the conditions of the theorem, for any 6y € B,,, the iterates {F"(6p) .
converge uniformly to the solution 6 with uniform norm || — F"(6y)||., bounded by
(see (37))

< ZA”rO

)

|6 —F"(60)]|, < v(6—F"(60))
for L = q(ro).

We prove Theorem 2 in section 3. For 6’ = 0 we have p(r) = p.(r) = Tr. The
graph of p(r) for r > 0 fails to cross that of the identity and so the theorem is not
applicable here. In fact, the equation admits no nontrivial 7 -anti-periodic solution for
any T > 0, as mentioned in section 1. On the other hand, for 8’ = coswr + 0 we
have p(r) =2/w+ Tr and so the graph of p intersects that of the identity at ry =
2/o(1—T) whenever 0 < T < 1, in which case g(r9) = p'(ro) =T < 1. Thus the
theorem guarantees the existence of a differentiable T -anti-periodic solution whenever
0 < T < 1. In reality, there exists such a solution for all 7 > 0, as mentioned in
section 1. Hence, Theorem 2 only provides sufficient conditions for the existence of
anti-periodic solutions. It can yield information difficult to obtain otherwise, as the
following nontrivial examples show.
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EXAMPLE 1. Consider

0'(1)=(2—T)+ > (2t =T)'07 (1) + Y, ar(0)Jr0)(1) + X, bi(0)J5, (1) (26)
jeN keN 1eN
for
in@(T /k T in@ (T /1
a(®)= 200N g (0)= Leoorin. nio)= 0T o)

and o; € [0,T). Choosing og = a, = 1/k*, B; = b} = 1/100/*> and 7, =T we get
A=A'=((2)=r%/6, B=B'={(2)/100 = n*/600 and C = T7*/6. Furthermore
fi(t) = (2t —T)7*! and so
' Ti+1

I =

for all j € {0,1,2,...} and p = 1/T. We obtain by (17) and (18) the continuous
monotone increasing functions

T '+l )
p(r)zz(T-l-A +TY +2rf+B
/GN
1/, @ 1 (Tr)? n?
- (7 T_>_—1 1 —Tr)+T —
2( % r2[n( DT+ |+ 500

=Tr*/12— [In(1 - Tr)+Tr] /r* + x* /600

and

2

q(r) = ()+TT(1+4T)+@

=2[In(1 = Tr)+Tr|/r* + T*/(r—Tr*) + Tr*(1+2T)/6 + x> /600

for 0 < r < 1/T. For example, if we take T =0.1 and ro =1, then 0 < rp < 1/T,
p(ro) = 0.30406 < ro and g(r9) = 0.21423 < 1. Hence, by Theorem2, (26) with
T = 0.1 admits, in the ball B, a unique nontrivial solution 6. Furthermore, this
solution is such that 6 — ¥,y b1(0)Jg, € ACrap, 0" — X enbi(8)JG, € NBVrg, and
v(6) < 0.30406.

EXAMPLE 2. Consider, for @ given in (19),

0'(t) = cos(wt) + Y cos' ! (wr)07 (1) + Y ar(6 (28)
jeN keN
where
sinO(T /k))

a(0) = — 5 ,‘L’k(G):gcoszO(T/k)7 b(6) =

and o7 € [0,T) forall j,k,1 € N. Choosing oq =a}, = 1/k*, B; =b, =0 and 7 =T we
get A=A'={(2)=nr?/6, B=B =0 and C=Tnr?/6. We have f;(t) = cos’/*!(cwt)
and so

2
ol = =



ANTI-PERIODIC ABEL EQUATIONS WITH DISCONTINUITIES 227
and, by Wallis’ integrals,

”fjHl I /+1

where

m(2p)!/2(p!)*4r, n=2p

for all n € N. It is easy to see that p, = 1/|cos(wr)| and so p = 1. Hence (17) and
(18) become

(1) = {4P(P!)2/(2p+l)!, n=2p+1

2 A 2T .
pr)=T(Z+5)+ 7 X Wer’
T 2 T
and )
Tr? Tr
q(r) = p'(r) + == (1+27) = 7 Z]W,Hr/ 1+T(1+2T)

jeN

for 0 < r < 1. For arbitrary T > 0 small enough we can find ro € (0,1) such that
p(ro) <rp and g(rp) < 1 simultaneously. Thus by Theorem 2 there exists for all 7 > 0
sufficiently small a unique nontrivial solution 6 € ACrq, of (28) on [0,T] for which
0" € NBVr,, and v(0) < p(ro).

If (12) is of the form

0 = fo+ 160/ + 07+ 367 + Y aw(0)J )+ D, bi(0) (29)
keN leN

for f3 # 0 then p = oo and so, for all » > 0, (17) and (18) become

) =T (A2 + 1l + Al +1AI2 4 1A0R) +B - (G0)

and
q(r) =T (4 +2C+ | fili+ 2L+ 35172 + B (3D

respectively. Suppose that the graph of p: (0,00) — (0,0) intersects that of the identity
1(r) = r at some point ryp > 0, which we take to be the least of all such points of
intersection. But, the graph of the monotone increasing function p intersects that of the
identity 1(r) =r at ro > 0 if and only if there exists a point 7 > ro for which p/(7) =1
and p( ) < 7 simultaneously. By way of the quadratic formula, there exists 7 such
that p’(r) =1 if and only if T||f1]]; < 1, in which case

r= <— T\ 2]l + \/T2||f2||%+3T(1 - T||f1||1)||f31)/3T||f3||1~ (32)

Thus, if T f1]|; < 1 andif p(7) < 7 and g(r) <1 for 7 given by (32) then (29) fulfills
the conditions of Theorem 2 and so admits, in B, a unique nontrivial solution 6 for

which 6 — ¥, b1(0)J5, = Fo(0) € Bpy(r,) NACT4p and 0" — Y enbi(0)Jg, , ENBVrgp.
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EXAMPLE 3. Consider, for @ given in (19),

0" = cost + 0 +Jo(t)0% + (sin201) 67 + Y ar(6)Jy,(6)(0) (33)
k=1
where ak and T; are again given by (27). Here we have fy(t) = coswr, fi(r) =1,
fa(t) =Jo(t) and f3(t) = sin20t and so || fol[1 = || f3]1 =2/7 and || fi][1 =2 2lls =
1. Again B=B'=0 and choosing o =a}, =1 /k* and 7, =T we get A=A'={(2) =
n?/6 and C = Tr?/6. Equations (30) and (31) now become

2 r? 1, 2
p(r)= T( +E+ —l—zr —l——r)

and
2

g(r) = T(l et %r2+ %(1 +2T)>.

Thus, if T <1 (i.e. T <1/]/f1]]1), then p'(7) =1 for

T+ /T?n>+24Tn(1-T) —n+\/m?+24x(T-T—1)

127 B 12
by (32). Furthermore, p(7) < r and ¢(r) < 1 for all T > 0 small enough. Hence,
(33) is in the conditions of Theorem 2 for all T € (0,1) small enough. In other words,

forall T € (0,1) small enough, (33) admits a unique nontrivial solution 6 € ACr,,, for
which 6" € NBVr,, and v(0) < 7.

}'_':

Suppose now that (12) is of the form

0’ —f0+f19’+f292+2ak +Zbl (34)
keN leN

for fo #0 and f, #0. Forall r >0, (17) and (18) become

p(r) =T (A/2:+ | fll + I illur+ 2] ) + B
and
q(r) =P/ + T/ +20)+ B = T (A'+20+ | il +2] follr) + B

respectively. Let the graph of the monotone increasing function p : (0,00) — (0,00)
intersect that of the identity at some point ry > 0, which we take to be the least of all
such points of intersection. Such a point ry exists if and only if there exists 7 > 0 for
which p/(7) =1 and p(F) < 7 (in which case ry < 7). The condition p'(7) = 1 yields

F=(1=TlAlL) /2T A] (33)

and so r > 0 exists if and only if 0 < T||fi||; < 1. Thus, when 0 < T||fi]i <1,
if p(r) <7 and g(r) <1 for r given by (35) then (34) fulfills the conditions of
Theorem?2 and so admits, in Bz, a unique nontrivial solution 6 for which 6 —
ZZGNbl(G)JO'] = FO(G) po(l’o) mACTap and 8" — ZIENbl( )Jér, € NBVTup-
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EXAMPLE 4. Consider, for @ given in (19),

m
9/=C08wt+9+.fo(l‘)92+ Zak(G)JTk(g)(O) (36)
=1
where a; and 7; are given by (27). Then fy(t) =coswr, fi(t) =1 and fo(t) = Jo(¢)
and so || foll1 =2/x and ||f1|l1 = 2||/2||1 = 1. Again we have B = B’ = 0. Choosing
o =a,=1/k> and 7, =T we get A=A"={(2) =7°/6 and C = T7?>/6. So we
have
2

2
12
=T —+—+ —
P(r) < B r+2r)

and
2
q(r) = T(l +r4 ?(1 +2T)).

Reasoning as in Example 3, it follows that for all T € (0,1) small enough, (36) admits
a unique nontrivial solution 6 € ACrq, for which 8’ € NBVr,, and v(0) < p(7) where

F=(1-T)/T
by (35).

In the absence of jumps in 6 and 6’ (i.e. A/2= (A'+4C") =B =B =0), (12)
becomes (2), p reduces to p, given by (5) and g = p,. By Theorem 2 we obtain The-
orem | and Corollary 1. The condition ¢(r9) < 1 becomes superfluous when p,(r) —r
has more than one (and so exactly two) strictly positive distinct roots. In fact, if we
take for ry the smaller of the two, then the graph of p, intersects that of the identity
1(r) = r at ry with slope p,(rp) <1 (i.e. g(ro) < 1). Furthermore, for F given by (22)
and ) € By, , the iterates {F"(6y)}:"_, converge uniformly to 6 with uniform norm
|6 — F"(60)||., bounded by

22,"}”()
1-2

|6 —F"(60)]|.. <

where A = p/.(rg).

3. Proof of Theorem 2

Let L'(2T) denote, as usual, the Banach space of almost everywhere 2T -periodic
Lebesgue integrable functions f : R — R with norm (6) and essential supremum || f||o -
We write Ly,,(2T) for the subspace of all 6 € L'(2T) that satisfy (9) almost every-
where. If x € L}GP(ZT) and y € L'(2T) then x *y, which is known to lie in L!(27T)
[22, pp. 4-5], satisfies (9) since

(xxy)(2)

1 2T
3T /0 x(t—s)y(s)ds
1 2T

= —— T —
T Jo x(t+T —s)y(s)ds

— —(exy)(t+T).
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This proves the following.

LEMMA 1. Ifx € L}GP(ZT) and y € L'(2T) then xxy € L}GP(ZT).

Given x € NBVr,,(2T) and 7 € [0,T], there exists ¢’ € [0,7] such that |x(r)| <
|x(¢) —x(¢')| and so we have
(1) < v(x) (37

forall t € [0,T]. By (9) we obtain (37) for all 7 € R.
PROPOSITION 1. If x € NBV7,,(2T) then xx €} € ACrqp(2T) and

v(xxgp) =T|lx[|;. (38)

Proof. By Lemmall, x* 86 is T -anti-periodic. Given 0 < 7] <1, < 2T we have

|(xx &) (12) — (xx€0) (11)| < |lxer, —xgr It < v(x) e, — &, |1
where

/
|

1
! _g/ = —/ ! — & |+ ==
e, =& [ 2T Jity ) &~ & 2T Jo2r\[1 12

1 1
< — 2T | 4+ — / th—t
2r <‘/[tl ) ) 2T ( [0,2T]\[t1 2] & 1)

ey, — & Il < 2| —11]. (39)

e =]

and so

By (39) we obtain
(o) (12) — (v £6) ()] < 2v(@)l2 — 1]

and so x* g} is absolutely continuous on any interval of length 27. Thus xx¢g) €
ACrqp(2T) and so (xxg}) exists in Lt,,(2T). Since (x* &))" = x Lebesgue almost
everywhere [22, p. 13] we get

eee)) = [ Neee)|= [ hi=3 [ =Tl

which proves (38). U

The following corollary is a consequence of (23), (24) and Proposition 1.

COROLLARY 2. The operators G and Hy map NBVr,,(2T) into ACrap(2T)
and so we have Fy : B,(2T) — ACrq,(2T) for all r € (0,p).
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By (22) and A2 we have, for all 6 € NBVr,,(2T),

v(Fo(0)) < Y, v(Gj(0)) + Y, awv(Hi(6))

JjeN keN

where, by (37) and (38),

v(Gj(0)) =T £;6/|y <T|filliv(6)’

and by (24)

V(Hi(6)) = T o)1 = 5. (40)
Thus, for all r € (0,p) and all 8 € B,.(2T), we have

v(Fo(8)) < po(r)
for po given by (16) and so the operator Fy given by (21) is such that
Fo:By(2T) — By (2T ) NACr4p(2T)

by Corollary 2. We also have

v(bi(0)Jo,) < Bv(Js,) = B (41)

Thus

v(F(0)) < v(F(0)) + V( > bl(e)Joz>
leN
< po(r)+B=p(r)

for all 6 € NBVz,,(2T) such that v(6) < p, which proves the following corollary.
COROLLARY 3. If 6 € B.(2T) for r € (0,p) then
v(F(6)) < p(r)
where p is given by (17).
For arbitrary 6y, 6, € B,(2T) we have

V(Fo(@z) —F()(Gl)) < 2 V(G./(Oz) — Gj(@l)) + 2 OCkV(Hk(GQ) —Hk(el)).
jeN keN

The identity x/ — y/ = (/3 /"' %y*) (x — y) along with (37) and (38) yields

j—1

. . -
v(Gj(62) —Gj(61)) =TI\ ;04 — £;6] I < T f; Y, 63 0|l 1v(6:— 61)
k=0



232 J.-M. BELLEY AND A. GUEYE

and so
v(Gj(62)—G;(6)) < Tl filljr’ 'v(62—61).
Using
ar(62)Hi(62) — ar(61)Hi(61) = (ar(62) —ax(61) ) Hi(62) +ax (61) (H (62) — Hi(61))

we obtain

v(ak(Gz)Hk(ez) — ak(el)Hk(el))
< |an(82) — ar(61)[v(Hi(6:)) + |ax(61)|v (Hi(62) — Hi(61)).

By (20), (38) and (39) we have
v(Hi(62) — Hi(61)) = T[| 5, 00) — Iz (00 11 < 2T |1(62) — 7(61)]
from which follows that

V(Hk(ez) —Hk(el)) < ZTTIZV(OQ — 91)

by A3. Hence
v(ar(62)Hy(6,) — ax(61)Hi(61)) < T(A"+2C) (42)
by A2 and so
v(Fo(62) — Fo(61)) < qo(r)v(6,—61)
for go=q—B'.

By A4 and v(Jg,) = 1 we have
v(b1(62)J0, — bi(61)Jo,) < |by(62) — by(61)|v(Js,) < byv(62— 6y)
and so, if 0 <r < p, then

v(F(6)) <v(Fo(0)) + D v(bi(6)Js,) < po(r)+B=p(r)

and

V(F()(Oz) — F()(el)) +B/V(92 — 91)
(q0(r) +B')v(62— 1)
=q(r)v(62—61)

forall 6 € B,(2T). Hence, if 0 <r < p, then F : B,(2T) — B(,)(2T) and F is a con-
traction on B,(2T) when ¢(r) < 1. By Corollary 2, we have F(0) — ¥,cnb:1(0)J5, =
Fy(0) € ACr,4p(2T) for all 6 € B,(2T). Theorem2 now follows by the contraction
principle.
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4. A refinement

By (38) we obtain

v((fo+ T 167 +e) = Tlfo+ 3, £071 (43)

jeN jEN

forall 8 € NBVr,,(2T) such that v(6) < p. For any r € (0,p), the function

o:(6) =sup{[fo() + ¥, ()| : ~r <x<rxeQ)

JjEN
is Lebesgue integrable [32] and so we can define the monotone increasing function
1 27
1) =Tlolh=3 [ owar

With respect to this notation (43) yields

v((fo+ X £67) &) < x()

JeN

forall & € B,(2T). This, in conjunction with (40) and (41), gives

v(Fo(0)) < Py(r), 6 € B.(2T) (44)
and
v(F(0)) <P(r), 6 €B,(2T) (45)
for
R =x(r) + (46)
and A
P(r) :Po(r)+B:x(r)+7+B. 47)

By Corollary 2, (44) and (45) we have Fy : B;(2T) — Bp () (2T) NACr4p(2T) and F :
Similarly, for any r € (0,p), the function

(VA3 —sup{}—Efj }.—r<z<r,z€@}

JEN

is Lebesgue integrable and so we can introduce the function

1 2T
o) =Tllvilli = 5 /O v (1) di

which is monotone increasing in r > 0. By (38) we have

V(2 1i06] = 0])) veh) =7 X £i(0d — o])||

jeN jeN
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forall ;,6, € B,(2T). For any ¢ € R, the mean value theorem yields

3 £(0(810) - 6{0) = (T 1076 ) (620) — 60(1))

jeN jEN

and so

X 10(850) - 6/0) | <| X, 150076/ [v(6:- 1)

JjeN JjeN

for some 6, € R between 6;(¢) and 6,(¢) (and so between —r and r). From this

follows that
V(T 163 —0])) <&5) < o(rv(6:-61)

jeN

which, in conjunction with (42), yields

V(F(@z)—F(el)) SQ(V)V(@Q—Ol); 01,6, € B.(2T)

for
Q(r)=¢(r)+T(A'+2C)+B'. (48)

The contraction principle now yields the following result.

THEOREM 3. Given the simultaneous equations (12) and (3) on [0,T] subject to
AI-A5, let Py(r), P(r) and Q(r) be defined by (46), (47) and (48) and B, by (4) for all
r € (0,p) where p is given by (15). If there exists Ry € (0,p) for which P(Ry) < Ro
and Q(Ro) < 1 simultaneously then there exists, in Bp(ry), a unique solution 6 of
(12) on [0,T]. Furthermore, 6 —¥,cnbi(0)Jo, = Fo(0) € Bp(ry) NACrap and 6" —
Zlngl(G)J(’yl € NBVr,, where Jg, is given by (13) and Fy(0) by (21).

In the context of Theorem 3, 6 is nontrivial if and only if (25) is satisfied. Fur-
thermore, for F on NBVr,, given by (22) and 6y € Bg,, the iterates {F "(60)
converge uniformly to 6 with uniform norm ||6 — F"(6y)||.. bounded by

2A"Rg
_Fn <
o~ Fan) < 25
for L = Q(Ry).
‘We have
<|fo@)+ X 1f@))r
jeN
and so

x(r) < | folli+ X il
jeEN
From this we obtain the two inequalities

Po(r) < po(r), P(r) <p(r) (49)
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for 0 < r < p. Similarly we have

O(r) < 4(r) (50)

again for 0 < r < p. The following example shows that, in some cases, Theorem 2 and
Theorem 3 yield the same result in the sense that P = p and Q = gq.

EXAMPLE 5. In the context of Example 1, (26) can be conveniently written as

+ 2 ak(0)Jy0)(1) + X bi(6)Jg (1)

keN 1eN

2t —

0'(t) = T

provided (2t —T)0(t) < 1. Hence p, = 1/|2t — T| and so p = 1 /T from which follows

that o T
! — !
¢r(t) Sup{’l—(Zt—T) ‘ TISES ’"XGQ} 1 (T—20)r

and

- _7)\2
Wr(f)zsup{‘diz(%ﬂ:—rézér,zEQ}Z%

forall 7 € [0,27] and all r € (0,1/7). Thus we have

T2 T2t 2
2/ i 2t>d——[ln(1—Tr)—|—Tr]/r

and

/2 92

and so
P(r)=Tx*/12— [In(1 — Tr) + Tr]/r* + n* /600

and
O(r)=2[In(1 = Tr)+Tr]/r +T*/(r— Tr*) + Tr*(1 +2T) /6 + /600

forall » < 1/T. Hence P = p and Q = ¢ from which follows that there is no gain in
using the refinements of this section for this example.

The next example shows that Theorem 3 can yield stronger results than Theorem 2
in the sense that P # p and/or Q # q.

EXAMPLE 6. Forall r € [0,T], consider the equation

o 2t T)2n+2
Z 2n +1)!

n=0

07 (1) + Y ar(0) o) (1) + X, b1(0)J5, (1) (SD)
keN leN
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with

sinO(T /k))
k2 ’

sin@(T /1))

a(0) = 10012

T
(0) = ) cos’ O(T k), bi(6) =
and o € [0,T). Choosing o = a}, = 1/k*, B; = b, = 1/100/> and 7, =T we get
A=A"=¢(2)=n?/6, B=B = {(2)/100 = 1?/600 and C = Tn?>/6. We also have
pr =0 forall r € [0,T] and so p = eo. Here each f; can be extended to a T -periodic
function on R such that

f,(t)_{(—1>"<zz—r>2"+2/<2n+1>z, j=2+1, 0<1<T
(1) =

0, j=2n, 0<1<T
and so
T T2"+2/(2n+1) (2n+3), j=2n+1
! 0, j=2n.
Thus 2n+2 2
N r w1, LT
_ - 52
po(r) ,g;)(zn+1)!(2n+3)r ST (52)
i —TM et I8 7 (53)
= (2n+1)!1(2n+3) 12 600
and 2n+2 2( ) 2
e T 5,  Tm*(142T) &
= — 54
q(r) Z;)(Zn)!(Zn+3)r T T (>4)
forall r > 0.
Clearly
o 2t T 2n+2
Z 2 +1)) X = (2t — T)sin (21 — T)x)
= n

forall # € [0,T] and so we have for all # € [0,T /2] and t,, = max {0, (T /2 — 7 /4r)}

o-(t) = sup{’(2t—T)sin((2t—T)x)| : —r<x<r7xEQ}

(T —=20)sin((T —21)r), tm<t<T)/2
)\ T-2, 0<t<ty

and
v, (1) = sup{’d%(%—T)sin((2t—T)z)‘ 1—r<z< nzGQ}
= sup{(2t—T)2’cos((2t—T)z)’ i—r<z< nzGQ}
=(2-T)
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for all » > 0. From these we obtain

tm T/2
x(r)zz/o (T—20)de+2 [ (T —21)sin (T —20)r) dt

Im

d (T2
= 2 (T — 1) —2—/ cos ((T —2t)r)dt
dar Ju,

1 1
= 2 (T —ty) — ;(T — 2ty) cos (T —2tm)r) + s sin ((T — 2t,)r)
) (sinTr—Trcos )/, 1, =0
o\ 1?2282 41/, 0<1, <T/2

and

forall r € (0,e0) and so

(sinTr—TrcosTr)/r*, 0<r<m/2T
Py(r)=Tr*/12+
o(r) / {Tz/Z—n2/8r2—|—1/r2, r>=mn/2T
by (46),
2 inTr— TrcosTr)/r? 2T
P(r):Tn2/12—|—n— (s;n r 2rcozs r)/rz, O<r<m/
600 T°/2—n°/8r +1/r*, r>mn/2T

by (47) and
73 Tr*(1+2T) n?
=3+ 5w
by (48). Regardless of T > 0, there exists a point Ry > 0 where the graph of P in-
tersects that of the identity. It now follows by Theorem 3 and (25) that (51) admits, in
Bp(r,) - @ unique nontrivial 7 -anti-periodic solution for all 7' such that

T3/3+Tr*(1+2T)/6+r%/600 < 1.

By (49), (52) and (53) we have Py(r) < po(r) and P(r) < p(r). Thus, if the graph of p
intersects that of the identity at some point ro >0, then Ry <ro and so Bp (r)) & By (ry)
and Bp(gy) G B, (y,) - Furthermore, by (50) and (54) we obtain Q(r) < g(r) forall r > 0.

Hence, for this example, the refinements of this section lead to sharper results.
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