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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF IMPULSIVE
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Abstract. In this paper, we investigate the asymptotic behavior of solutions for a class of mixed
type impulsive neutral delay differential equations with constant jumps. Sufficient conditions are
given to guarantee that every non-oscillatory solution of the system tends to zero as t — oo. An
example illustrating the result is also presented.

1. Introduction

The asymptotic behavior of solutions of neutral delay differential equations has
been studied by two basic methods, by construction of Lyapunov functionals, see [1]-
[5] and by considering the asymptotic behavior of non-oscillatory and oscillatory solu-
tions respectively, for example, see [0, 7] and the references therein.

The theory of impulsive differential equations is not only richer than the corre-
sponding theory of differential equations but also represents a more natural frame-
work for mathematical modeling of many real world phenomena, see the monographs
[8,9, 10].

In [11] Jiang and Shen investigated the following nonlinear neutral delay differen-
tial equation with constant impulsive jumps and forced term

[x(t) —px(t—7 +2611 (x(t—01)) =h(t), t #1,
'x(tlj_>_ (tk)_a/a k€Z+,

and derived that every non-oscillatory/oscillatory solution tends to zero as t — oo. These
results were improved in [12].

In [13] Jiang and Sun considered the asymptotic behavior of every non-oscillatory/
oscillatory solution for the following forced nonlinear neutral differential equation in
first-order Euler form with constant impulsive jumps and unbounded delay
- Fi(t)

[e(2) = C(0)x(y(1))] +i21 S (x(Bit)) = h(2), 1 # 1, 12

x(t;)_x(tlz):aka kEZ+,
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and proved that every non-oscillatory/oscillatory solution tends to zero as t — co.
The aim of this paper is to investigate the asymptotic behavior of solutions of the
following mixed type impulsive neutral differential equation with constant jumps:

(1)~ b — 1) — Cle)(r0)]
+3 a0t =)+ g f a0, 120 0y

1

x(t) —x(t7 ) =ox, k=1,23,...,

1

where b, T, o; are given constants such that 7> 0, 0 < 01 < 0r, < --- < 0Oy, 7 is
monotone increasing for t >ty and y(r) <r, 0 < f3; < 1 satisfying i < o < -+ < By,
i€A; C, g, P, h € PC([tg,~),R) where A ={1,2,...,n}, fo >0, R denotes the
set of real numbers, for J C R, PC(J,R) denotes the set of all functions ¢ : J — R
such that ¢ is continuous everywhere except at some points #;, k € Z4 and the limits
o) = limt_>tk+ o), ot, )= limt_ﬂkf @(t) exist with @(tx) = @(z, ), the sequence
{tc}, k € Z is impulsive points satisfying 0 <1y <] < -+ <fx <ty <-+- — o as
k — oo, the notation {0y}, k € Z. is a constant impulsive sequence, and Z, denotes
the set of positive integers. Notice that problem (1.3) reduces to the problem (1.1) for
C =0, P,=0 and to problem (1.2) for »=0,g;, = 0.

In this paper we derive sufficient conditions such that every non-oscillatory solu-
tion of system (1.3) tends to zero as ¢ — oo. The rest of the paper is organized as follows.
In the next section, we present some preliminaries. In Section 3, we give and prove our
main result by a technique of construction. Finally, in Section 4, as an application of
our results, we present an example to illustrate the usefulness of the obtained results.

2. Preliminaries

Before going to prove our main result, we would like to state the hypotheses. Let
f,g : R — R be continuous functions. Assume that:

(H;) There exists two constants M > 0 and N > 0 such that
[f(xX)| <Mlx| for xeR; xf(x)>0 for x#0,

and
lg(x)| < N|x| for xeR; xg(x)>0 for x#0.

(Hy) Forall 0 < 1y <t, the integral

G(t):/ h(s)ds is convergent.
t

(H3) 1 —7, Y(1) are not impulsive points for all k € Z. and the limit lim; .. o =0
where o = max{oy,0}.
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To set the initial function, we define p; = max{7,0;,}, p» = min { %0),[31 }, 0<p=

min{ty — p1,P2to } . Also, we define an initial value function

x(t) = (1), 1€lp.nl, 2.1

where ¢ € PC([p,1%],R) = {¢ : [p,fo] — R : ¢ is continuous everywhere except at
some points #;, k € Z; and @(t, ) = limH[; o), o(tf) = limH,; @(r) exist with

o1 )=o)}
The solution of problem (1.3) is defined as follows.

DEFINITION 1. A function x(¢) is said to be a solution of system (1.3) satisfying
the initial value condition (2.1) if

(1). x(t) = ¢(z) for 0 < p <1 <tp and x(¢) is continuous for t > 1y, t £ 1y, k € Z+;

(2). x(t) — bx(t — t) — C(t)x(y(¢)) is continuously differentiable for 7 > #o, t # 1,
k € Z and satisfies equation (1.3);

(3). x(¢{") and x(z;") exist with x(z, ) = x(t) for all k € Z, and satisfies equation
(1.3).

The oscillatory and non-oscillatory solutions of system (1.3) are defined as follows.

DEFINITION 2. A solution x(7) of system (1.3) is said to be eventually positive
(negative) if it is positive (negative) for all sufficiently large ¢. It is said to be oscillatory
if it is neither eventually positive nor eventually negative. Otherwise, it is said to be
non-oscillatory.

Throughout this paper, we introduce the function H(z) defined by

/ h(s)ds, 1 € (ti,1xs1)s
t

H(t) (2.2)

/h(s)ds—ka,:l,t:tbkEZJr,
13
where o = max{0y,0}, k € Z; U{0} and 0 = 0.

3. Main result

THEOREM 1. Let the conditions (H,)—(H3) hold. Assume that for some &;,& >
0, there exist two constants 0,6, > 0 such that

[f()] 261, x| =81 and |g(x)] = 62, |x] > & 3.1
Suppose that

|b| =B < 1, tlim |C(t)| =C < 1 suchthat B+C < 1, (3.2)
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and .
Y qi(t+0;) > / Eq,s—l—q ds = oo, (3.3)
i=1 o =
S Pzt/ﬁz /""iP(S/ﬁt)
> > = . (3.4)
i=1 o =1
In addition, for sufficiently large t, assume that there exist constants Ay >0 and A, >0
such that o
Z/ q; (s+o; ds—l—Z/ ql (s+0;)ds < Ay, (3.5)
oj<rl oi>r
2/ <L/ﬂ'> d+2/ ( s/ﬁ’) s < o, (3.6)
Bi<u” Pit § Bi>u

where a fixed constant u € (0,5,], A < (1—|b|—C)/(M+N) and A = max{A;,A2},
r€0,0,], g (s) = max{qi(s),0}, g; (s) = max{—qi(s),0} and

((P(s/B))/ (5))" = max{(P:(s/B))/ (5),0},
((Pi(s/Bi))/(s))~ = max{(=Fi(s/Bi))/(s),0}.

Then every non-oscillatory solution of equation (1.3) tends to zero as t — oo.

Proof. Firstly, we choose a positive integer N sufficiently large enough such that
there exists a positive integer m large enough satisfying y(¢,), t — 7 > ty and (3.5)—
(3.6) hold for ¢ > ty, where N is the largest subscript satisfying y(tn), t — 7 > ty.
Let x(¢) be a non-oscillatory solution of equation (1.3). Without loss of generallity, we
will assume that x(7) is eventually positive solution. For the case x(¢) is eventually
negative, the proof is similar and we omit it. Let x(¢) > 0 for t >ty . For all 7 > ty, we
set .

_ ) ous >INt
o) = {O§ t € [tn, v, G-
where N' corresponds to the largest subscript of impulsive points in the interval ¢ > ty .
Next, we define

—i[ qu(s+al)f ))ds +/MP (/1) g(x(s))ds

i=1

+H(t) — a(t), (3.8)

where H(¢) is as in (2.2). Now, we derive the derivative of a function o/(#). For 7 # 1,
we choose Ar sufficiently small such that there is no impulsive point in the interval
(t,t 4+ Ar). Then we have

ot +At) — at
a’(z):gjgo%zo, t # 1.
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From (3.8) and (H,)—(H3), we getthat for t # 1y, t #tx+0i, t # 1 /Bi, i€ A, k€ Ly,

V' (t) = [x(t) — bx(t — 1) — C(t)x 2[ (t—r+o0)f(x(@t—r))
i)/l — o) + P’(“r’/ P gtatunyr— 2 eta(pip] - )

— ()~ e )~ RO + 3, i) at— o)+ )
P/B)

M-

I
—_

{qi(t —r+0)f(x(t—r))+

= =3 [ate=r+onrtats =)+ 2B x| <o 39)
i=1
Fort=t,k=N+1,N+2,..., we have
H(t[)—H)=—o . (3.10)

In addition, for t =1, k=N+1,N+2,..., we obtain
y(65) = y(t) = x(67) = bx(t;" — ) = C(5)x(v(r))

-3 [ [ atsrapsenas [ Mg(x(s))ds]

—0j ity N

+H(t,:r) - a(t,j) —x(tx) + bx(ty — 7) + C(t)x(y(1x))

+E [/ qi(s + i) f (x(s ))ds+/ﬁ:: Mg(x(s))ds}

—H (1) + ou(tr)
= x(tf) —x(w) + H(t ) — H(n) — ou(t) + otz

=o—oy  —of o = — oy 0.

From (3.9) and the above inequality, we have y(r) is nonincreasing on [ + o).

Now, we will claim that y(z) is convergence. Let L = lim,_... y(r), we will show
that L € R. Otherwise, L = —oo, then x(¢) is unbounded. Indeed, if x(¢) is bounded
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then it follows from (3.8) and (H) that for some constants D >0, E > 0,

¥(6) = x0) = (= 1)~ O
S [ atsronstnast [ BB uioya] + 0 -t

—0;

> x(t) = bx(t — 7) — C(t)x(y(1))

-D Z/t:q q; (s—o; ds—l—Z/ T (s+o)d 1
B A

From the conditions (H)—(H3) and (3.5)—(3.6), we have that L = —oo > K. This is a
contradiction and then x(7) is unbounded.

On the other hand, from x(7) is unbounded and lim,_.., y(f) = —oo, we can choose
t* > max{ty + Oy, tn + T,tn / B1, Y(tm) } such that y(+*) — H(t*) + a(r*) <0 and x(t*) =
max{x(¢) : ty <t <1*}. Therefore, it follows from (3.5)—(3.6) that
0> y(")—H(")+ a(t”)

= x(t") = bx(t" — 7) = C(t")x(v(1))

il/%@+mvw®MH-mqﬁﬂ@awmw]

i—1 Bit* s

+H(t") —a(t*) — H (") + a(r")
)—

2 x(17) — [blx(r") — Cx(1")
—Mx(t [Z/tt*_q q; (s—o0y) ds—i—Z/t*_r s+Gld]

* [ Fi(s/Bi) P ( Bi(s/B:)
—Nx(t*) ﬁ,g'u/ﬁﬂ* <f) ds +B§>1u/ ( ) ]

> x(t){1 — |b| — C— MA; — NAs}

> x(t) {1 — |b| —C— A(M+N)} >0,

which is a contradiction and therefore L € R.
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Integrating both sides of (3.9) from 7y /B + 0, to ¢, we obtain

/;;+G [ZQzS—r+GI S—r +Z us/ﬁl )) "

B i=1

t
_ /
N /’ﬂ+o,,y (s)ds

By

=—y<t>+y(;ﬂl+an)+t Y ) ()

E+6n<tk<t

<y<ﬁl+6n> —L (3.11)

From (3.3), (3.4) and (3.11), we have

flx(n) eL! ({&4-0”, ),R) and g(x(r)) € L! <|:ﬁl + oy, ),R).

Hence, liminf; .. f(x(¢)) =0 and liminf; ... g(x(z)) = 0.

Now, we claim that

}Lriloinfx(t) =0. (3.12)

Let {S,,} be a sequence such that S,, — oo as m — e with limy,—.e f(x(S;;)) =0 and
limy;—e g(x(Si)) = 0. We must show that liminf,,—..x(S,) =c=0. If ¢ > 0, then
there exists a subsequence {S,, } of {S,} such that x(S,, ) > c¢/2 for some k suffi-
ciently large. From (3.1), we have f(x(Sy,)) = 01, and g(x(Sy,)) > 62, for some 6;_,
6. > 0 and sufficiently large k. Then it is a contradiction because limy_... f(x(Sy, )) =
0 and limy e g(x(Sy,)) = 0. Thus, (3.12) holds.

Observe that (3.11) implies

/qus—rm)f( (s —r))ds+ miprs/ﬁ’ (sr))ds <. (3.13)
) = o j=
Set

“ Fi(s/Bi)

b s Sx(s)) | ds—H(t) + ot).

)+ Z [/ o (s+0,) f(x(s))ds +

From (H,)-(H3) and (3.13), we have

limz(r) =p exists.

[—o0

Then, from (3.8), we obtain

lim [x(t) — bx(t — ) — C(1)x(¥(1))] = w. (3.14)

t—oo
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Next, we will show that lim,_.. x(¢) = 0. From the condition (3.2), we can choose
a sufficiently large 77 such that |b| +|C(¢)| < 1 for r > Tj . Set

N = limsup x(¢).
t—o0
By liminf;_..x(t) = 0, we get that there exist two sequences {u,} and {v,} with
Uy — o0,V — o0 as n — oo such that
tlimx(u,,) =0, tlimx(v,,) =n.

For all t > T;, we divide the following nine possible cases to discuss.
Case 1. If b =0 and lim,_...C(z) =0 for t > T, then we get

tlimx(t) =u=0.

Since limy ... x(#) exists and liminf, . x(z) = 0.
Case2.If b=0and —1 < C(r) <0 for r > T}, then we have

p= lim [x(uy) — Clun)x(y(un))] < Cn,

n—00

and
p = lim [x(v,) — C(va)x(y(va))] = M,

n—oo

which imply that n < Cn. It follows from n > 0 and 0 < C < 1 that n = 0. This
shows lim;_..x(¢) = 0.
Case3.1f b=0 and 0 < C(t) < 1 for r > T;, then we obtain

= lim [x(un) — C(un)x(Y(un))] <O,

n—o0

and
i = Tim [x(v,) — C(v)x(y(va))] = 1 — €,

n—oo

which imply that (1 —C) < 0. It follows that 7 > 0 and 0 < C < 1 which imply
1 = 0. This shows lim,_...x() = 0.
Case 4. If lim;_.C(t) =0 and —1 < b < 0 for 7 > Tj, then we get

u = lim [x(u,) — bx(u, — 7)] < B7,

n—oo

and
u = lim[x(v,) — bx(v,— 7)] > 1,

which imply that 1 < Bn. It follows that 1 > 0 and 0 < B < 1 which imply n =0.
This shows lim,_...x(z) = 0.
Case 5. If lim;...C(t) =0 and 0 < b < 1 for r > T}, then we obtain
= lim [x(u,) — bx(u, — 7)] <0,

n—00
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and
p = lim [x(v,) — bx(v, — T)] > n —Bn,

n—oo

which imply that (1 — B) < 0. It follows that 1 > 0 and 0 < B < 1 which yield
1 = 0. This means lim, . x(t) = 0.
Case 6. 1f 0 <b <1 and —1 < C(r) <0 for r > T7, then we have
= lim [x(un) — bx(up — ) — C(un)x(y(un))] < Cm,

n—oo

and
u = lim [x(v,) — bx(v, — T) — C(v,)x(y(vx))] = n — Bn,

n—oo

which imply that n[1 — (B4 C)] < 0. It follows that 1 > 0 and 0 < B+C < 1 which
lead to n = 0. This implies lim, .. x(¢) = 0.
Case7.1f0<b <1 and 0<C(t) <1 for t > Tj, then we obtain

= 1im [x(un) — bx(un — 7) = C(un)x(y(un))] <0,

n—00

and
= lim [x(vy) — bx(vy — 7) = C(va)x(y(va))] 2 1 — B +Cn,

n—oo

which imply that n[1 — (B4 C)] < 0. It follows that 1 > 0 and 0 < B+C < 1 which
imply 11 = 0. This shows lim, . x(t) = 0.
Case 8. 1f —1 <b <0 and —1 < C(¢) <0 for r > T}, then we get

= 1im [x(u,) — bx(t, — 7) — Clu)x(y(w,))] < BN +C,

n—00

and
po= lim [x(vn) — bx(vy, — T) = C(va)x(y(va))] = M,

which imply that n[1 — (B+C)] < 0. It follows that 1 >0 and 0 < B+C < 1. Thus
1 = 0. This shows lim,_...x() =0.
Case9.1f —1 <b <0 and 0<C(t) <1 for t > Tj, then we have

= lim [x(uy) — bx(up — T) — C(uy)x(y(un))] < B7,

n—o0

and
w = lim [x(vy) — bx(vy, — T) — C(vu)x(y(vs))] = n —Cn,

which imply that n[1 — (B+C)] <0. It follows that 1 >0 and 0 < B+C < 1. Thus
1 = 0. This shows limy_..x(¢) =0.
Therefore, we conclude that lim; ... x(¢) = 0, and so the proof is completed. [J
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4. An Example

EXAMPLE 1. Consider the following mixed type neutral differential equation with
impulsive perturbations

-3 (=3) e (3)]+ (75) (Foim)

1 2 2x(t —2)
+2(1n(%z)—1)3x(7t_e> ( t+2 )<1+(E 2))2>

1 t 1 2x(t —3)
YD) (5)*( 12 )( (t—3))2> @1
+ ! 3x(é>:l3 t>ty=e, t#£1t,

2
(G0 = x() = (=103, w=k+2, kEZy,

where

_ (k+2)[1]
()_2k2+2k+4’

Here b=1/4, 1=1/3, y(t) =2t/e, f(x) =2x/(1+x%), g(x) =3x, h(t) = 1/,
q1(t) =3/(t+2), g2(t) =2/(1+2), q3(t) = 1/(t +2), Pi(c) = 1/ (2(In(52) = 1)),
)= 1/ (3 (n (26) 1)) B = 1/ (4 in () 1)), 01 = 1, 02 =2, 05 =3,
B1=1/(Te), B =1/(5¢), B3 = 1/(3¢), when we choose M =2, N=3, r=5/2 ¢
[0,3], u=1/(6e) € (0,1/(3¢)]. We can find that

€(kk+1], k=2,3,4,....

2
() |f ()|—‘ <2, x€eR, x<rxxz)>o for x # 0 and
lg(x)] = 3x| <3Jx], xeR, x(3x)>0 for x#0;
} Cm N
(i) G(t)—/t s—3ds—2—t215 convergent for 1 > e

(iii) 1 — (1/3) and (2/e)t; are not impulsive points for all k € Z; and klg?o of =

1 1 3
(iv) |b\:Z:B<l,tlim\C(t)|:§:u<1 with B+C:Z<1;

3
3 2 1
it i) = >0 fort > d
(v) Z{q(—i—c) t+3+t+4+t+5 ort > e an

o < 3 2 1
/e 9i(s + oi)ds /e [s+3+s+4+s+5 ’
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3
pB(t/B) 13
f
2 t "~ 12¢Inz >0 forz>

o 3 oo
3 B s/ﬁl 13 '
/ B _/e [IZSInS]dS ’

(vii) For large enough ¢, there exist constants A; > 0 and A > 0 such that

t—0; t—5/2 1
S (s+o0i)ds+ / s+0 )ds —/ K
(Z'r/ 4 l 2 l -3 s+5

(vi) e and

i=1

|
8

. In(s +5)[.23* — 0;
and
ﬁig'u/:{: <Pi(ss/ﬁi)> dH,;z;,,/ﬁ' ( e ) /t/ . 2slns

! /(60) _ (.
= Elnln(s)|t/(7e) — 05

by L’Hopital’s rule. Hence, by (i)—(vii) all assumptions of Theorem 1 are satisfied.
Therefore, we conclude that every non-oscillatory solution of (4.1) tends to zero as

[ —> oo,

REMARK 1. In this paper, by combining the impulsive neutral differential equa-
tions with bounded and unbounded delays (1.1) and (1.2), respectively, an asymptotic
behavior of non-oscillatory solutions of equation (1.3) is proved. Notice that in [11]
and [13] the authors proved the asymptotic behavior of oscillatory solutions by assum-
ing that there exists a critical point & such that y'(§) = 0 (on page 11 of [11] and
9911 of [13], respectively), and y(&) is the extremum value for oscillatory function
y' € PC(R,,R) which does not satisfy the Definition 2.
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