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OSCILLATIONS CAUSED BY SEVERAL
NON-MONOTONE DEVIATING ARGUMENTS

GEORGE E. CHATZARAKIS

(Communicated by Leonid Berezansky)

Abstract. This paper presents new sufficient conditions, involving limsup and liminf, for the
oscillation of all solutions of differential equations with several non-monotone deviating argu-
ments and nonnegative coefficients. Corresponding differential equations of both delay and ad-
vanced type are studied. We illustrate the results and the improvement over other known oscilla-
tion criteria by examples, numerically solved in MATLAB.

1. Introduction

Consider the differential equation with several variable deviating arguments of
either delay (DDE)

M)+ 20 pit)x(w(r) =0, Vi =1, (E)
or advanced type (ADE)
X(0) = X0 qi0)x(0i(t) =0, 1> 10, (E")

where p;, gi, 1 < i< m, are functions of nonnegative real numbers, and 7;, 0;, 1 <
i < m, are functions of positive real numbers such that

7(t) <t, t>1y and llimri(t):oo, 1<i<m (L.1)
and
oi(t)>1, t>1, 1<i<m, (1.1)
respectively.

In addition, we consider the initial condition for (E)
x(t) =o(t), t <to, (1.2)
where @ : (—e,79)] — R is a bounded Borel measurable function.
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A solution of (E), (1.2) is an absolutely continuous on [fy,) function satisfying
(E) for almost all ¢ >ty and (1.2) for all # <ty. By a solution of (E’) we mean an
absolutely continuous on [ty, ) function satisfying (E’) for almost all ¢ > 7.

A solution of (E) or (E’) is oscillatory, if it is neither eventually positive nor even-
tually negative. If there exists an eventually positive or an eventually negative solution,
the equation is nonoscillatory. An equation is oscillatory if all its solutions oscillate.

The problem of establishing sufficient conditions for the oscillation of all solu-
tions of equations (E) or (E’) has been the subject of many investigations. The reader
is referred to [1 —23] and the references cited therein. Most of these papers concern
the special case where the arguments are nondecreasing, while a small number of these
papers are dealing with the general case where the arguments are not necessarily mono-
tone. See, for example, [1 —4, 12] and the references cited therein.

In the present paper we establish new oscillation criteria for the oscillation of all
solutions of (E) and (E") when the arguments are not necessarily monotone. Our results
essentially improve several known criteria existing in the literature.

1.1. DDEs

By Remark 2.7.3 in [18], it is clear that if 7;(¢), 1 <i < m are nondecreasing and

1
limsup/ " pils)ds > 1, (1.3)
() <=

[{—o0

where 7(¢) = max|<j<n{Ti(?)}, then all solutions of (E) oscillate. This result is sim-
ilar to Theorem 2.1.3 [18] which is a special case of Ladas, Lakshmikantham and Pa-
padakis’s result [15].

In 1978 Ladde [17] and in 1982 Ladas and Stavroulakis [16] proved that if

t m 1
liminf/ > pi(s)ds > —, (1.4)
() <7 e

t—oo

then all solutions of (E) oscillate.
In 1984, Hunt and Yorke [8] proved that if r — 7;(r) < 70, | <i<m, and

. . m l
1lgglfzizlpi(t)(f—7i(f)) > 2 (1.5)

then all solutions of (E) oscillate.
Assume that 7;(¢), 1 < i< m are not necessarily monotone. Set

hi(t)= sup Ti(s), t>19 and h(r)= max hi(t), t>1 (1.6)
to<s<t I<i<m

and

ai(t,5) =exp{[{ X1, pi(§)d{}
ar1(t,5) =exp{ [[ T, pi(§)ar(C,m(£))d L}

Clearly, h;(r), h(t) are nondecreasing and 7;(z) < h;(t) < h(t) <t forall t > 1.

(1.7)
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In 2016, Braverman, Chatzarakis and Stavroulakis [1] proved that if for some r €

N
timsup [ S pi(€)an (h(e) 5(8)aE > 1. (18)
or
(Y — _ — 2
fmsup [ S, p(arlh(n) 5(E)ag > 1 - IEREEE )
. T 1
lltnlglf/}l(t) 3 pilC)arhle), w(§)dE > -, (1.10)

where o = liminf;_.. f;m > pi(s)ds, then all solutions of (E) oscillate.
Recently, Chatzarakis and Péics [4] proved that if

I1+nky 1—-a—vV1—-20— 0?2
Ao 2 '
(1.11)
where Ag is the smaller root of the transcendental equation e =) , then all solutions
of (E) oscillate.

imsup [ ;) " o ©)ar(h(), 1(E))dE >

1.2. ADEs
For Eq. (E’), the dual condition of (1.3) is

o(t) m
limsup/ S qils)ds > 1, (1.12)
t

[{—o0

where 0;(t), 1 < i< m are nondecreasing and o (7) = min;<;<m{0i(¢)}. (see [18],
paragraph 2.7.)
In 1978 Ladde [17] and in 1982 Ladas and Stavroulakis [16] proved that if

Y 1
hmlnf/t > qils)ds > > (1.13)

[—o0

then all solutions of (E’) oscillate.
In 1990, Zhou [23] proved that if 0;(t) —t < 0p, 1 < i< m, and

liminf Y " q;(t) (0i(t) —1) > 17 (1.14)

[—o0 e

then all solutions of (E’) oscillate. (See also [5, Corollary 2.6.12])
Assume that ;(r), 1 < i< m are not necessarily monotone. Set

Pf(”:i‘;f(’i“)’ t>1ty and p(t)zlrgnz'ignmpi(t)7 t>1 (1.15)

and

bi(t,s) :==exp{ [ X1 qi(§)dC}
bria(t,s) :=exp{ [ XL, 4i(8)br (1, 6i(C))dC} -

(1.16)
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Clearly, p;(t), p(r) are nondecreasing and o;(r) > p;(t) = p(r) >t forall t > 1.
In 2016, Braverman, Chatzarakis and Stavroulakis [1] proved that if for some r €

N
(t)
timsup [* 37 (b (p(0).(£)dE > 1. (117)
or
(t) _B_ _2B_R2
timsup [ 57 ai©orlp(0), 01 ag > 1 - EENIZBEE g
o o P 1
timinf [ 3 (§)brp(0). 610 > <. (1.19)

where 8 = liminf;_... ff(t) " qi(s)ds, then all solutions of (E) oscillate.

2. Main results

2.1. DDEs
We further study (E) and derive new sufficient oscillation conditions, involving
limsup and liminf, which essentially improve all known results in the literature.
THEOREM 1. Assume that h(t) is defined by (1.6) and for some j € N
1

limsup [ P(s)exp <
h(r)

f—o0

h(t) _
Pj(u)du) ds>1, (2.1)

7(s)

where

Bi(1) = P(1) [1 + /T;) B(s)exp (/TZ) B(u)exp (/T() Fj_l(é)d€> du> ds} Y

with Py(t) = P(t) = X" | pi(t). Then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory
solution x(¢) of (E). Since —x(¢) is also a solution of (E), we can confine our discussion
only to the case where the solution x(¢) is eventually positive. Then there exists #; > #g
such that x(¢), x(7;(r)) >0, 1 <i<m forall  >¢;. Thus, from (E) we have

X(t)==" pi(t)x(t(r)) <0, forallt>1,

which means that x(¢) is an eventually nonincreasing function of positive numbers. In
view of this, and taking into accout the fact that 7;(r) <, (E) implies

)+ Q0 pi@) x(1) <X () + X0 pi(t)x(5(t)) =0, forallr>1,

or
X (t) +P(t)x(t) <O0. (2.3)
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Dividing the last inequality by x(z) > 0 and integrating on [s,7] we obtain
t +/ 1
/ x(u>du+/ P(E)dE <0
s .X(M) s

x(s) > x(t) exp ([F(g)dg) L n<t(s)<s<t.

Now we divide (E) by x(t) > 0 and integrate on [s, t] S0

/Zl 1 l (u)
. <zrlpz<u>w;g>>du

= [ P,

x(s) | [ B

In—= > [ P(u)

x(t) s x(u)

Since t(u) < u, setting u =1, s = t(u) in (2.4) we take

or

—

or

u

*(2(u)) > x(u)exp ( / F(é)dc?) .

()

Combining (2.5) and (2.6) we obtain, for sufficiently large ¢

ln% > / "Pu)exp ( /T ?u) F(é)d&) du
x(s) = x(t) exp ([I_’(u) exp (/T?u) T’(é)d&) du) .

Integrating (E) from 7(z) to ¢, we have

+/ Zl 1pl l )ds:o,

or

or

i.e.,

In view of (2.7) the last inequality gives

x(t) = x(2(6)) +x(1) /T ;) P(s)exp ( /T ’() P(u)exp ( /T L)F(g)mﬁ) du> ds

289

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

<0.
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Multiplying the last inequality by P(¢), we find
P(t)x(1) — P(t)x(z(1))
1 1 u
P / P(s)exp ( / Pu)exp ( / To(g)dg) du> ds<0. (2.9)
7(r) 7(s) T(u)
Furthermore,

() == Y0 pilx(u(t) < —x(2(0) X0 pilt) = ~Plx(2(1).  (2.10)
Combining the inequalities (2.9) and (2.10), we have

X () +P(0)x(t) + P(0)x(1) /T ;) P(s)exp ( /T ;)F(M)exp ( /T ?M)F(é)dé) du> ds < 0.

Hence,

X (t)+P(¢) [1 —|—/th) P(s)exp (/Tzs) P(u)exp (/T?M) F(é)d&) du) ds} x(1) <0,
> X () +P(t)x(t) <0 (2.11)
where

Pi(t) = Pr) [1 + /T ;) P(s)exp ( /T ;) P(u) exp ( /T :M) F(é)d&) du) ds} .

Clearly (2.11) resembles (2.3) with P replaced by P, so an integration of (2.11) on
[s,7] leads to

(o) = xesp ([ P&z ). @.12)

Taking the steps starting from (2.3) to (2.6) we may see that x satisfies the inequality

u

*(1()) > x(u)exp ( / R (é)d&) . (2.13)

Combining now (2.5) and (2.13), we obtain

or

x(1(s)) > x(t) exp (/TZ) Pu)exp (/T P (g)dg) du> . (2.14)
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By (2.8) and (2.14) we have

(1) = x(2(1)) +x(1) /T ;) B(s)exp ( /T ;)F(u)exp ( /T L)Fl (§)d§> du) ds <0.

Multiplying the last inequality by P(¢), as before, we find

X(0)+P() [1 + /T ;) Bls) exp ( /T Z) Blu)exp ( /T :M)E (é)d&) du) ds] x(1) <0.

Therefore, for sufficiently large ¢
X (1) + Py (t)x(¢) <0, (2.15)

where

Po(t) = P(1) [1 4 /T ;) B(s) exp ( /T t() Bu) exp ( /T :M)E (é)d&) du) ds} .

Repeating the above procedure, it follows by induction that for sufficiently large ¢

X () +Pi(1)x(t) <0, (JEN),

0 [1 + /T ;)F(S) exp ( /T t(x)ﬁ(u)exp ( /T ?u) Py (§)d§> du) ds} .

Moreover, since T (s) < h(s) < h(r) from (2.13) we have

where

Pj(t) =

~l

ht) _
x(t(s)) = x(h(r))exp (/T(S) P; (u)du) . (2.16)

Integrating (E) from A(z) to ¢ and using the above inequality, we obtain

0= +(0)—x(h(0) + [ S, p(spe(sto)) s
0+ [ p0)(e(s)ds
h(t)) + /h RONGOR

> x(1) — x(h(t)) +x (h (1)) /h ;) B(s)exp ( /T ?()’) F,»(u)du) ds

or

1 h(t) _
x(t) = x(h(t)) +x(h (t))/h(t) P(s)exp (/T(S) Pj(u)du) ds <0. (2.17)
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The strict inequality is valid if we omit x(z) > 0 in the left-hand side:

1 _ h(t) _
0> —x(h(t))+x(h(1)) /h(I)P(s) exp ( o) Pﬂf(u)du) ds,

D[ Porex( ?f)')ﬁ,(u)du) as-1] <o

limsup ()P( ) exp ( Pj(u)du> ds < L.

[—o0

or
ie.,

This contradicts (2.1).

The proof of the theorem is complete.

We now cite three lemmas which will be used in the proof of our next results.
The proofs of their are similar to the proofs of Lemmas 2.1.1, 2.1.3 and 2.1.2 in [5],
respectively.

LEMMA 1 Assume that h(t) is defined by (1.6). Then

liminf / Y. pis)ds = liminf / > pils (2.18)

[—o0

Next lemma provides a lower estimate for the ratio x(¢)/x(h(z)) in terms of the
smaller root of the equation 2 — (1 — a)& + o? /2 = 0, where « is given by

l

0<o= liginf/ X pils)ds < . (2.19)

LEMMA 2 Assume that x is an eventually positive solution of (E), h(t) is defined by
(1.6) and o by (2.19). Then

t l—o—+V1—-2a—o02
o) . (2.20)

liminf 0) 5

t—oo X

—

The last lemma provides a lower estimate for the ratio x(A(¢))/x(¢) in terms of the
smaller root of the transcendental equation A = ¢®* .

LEMMA 3 Assume that h(t) is defined by (1.6), x is a positive solution of (E) and o
is defined by (2.19). Then
liminf 2

P ()

where Ay is the smaller root of the transcendental equation A = e

> Ao, (2.21)

oc)L‘

Based on the above lemmas, we establish the following three theorems.
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THEOREM 2. Assume that o is defined by (2.19), h(t) by (1.6) and for some
jeN

: l—a—vVI—20—02
lim sup P(s exp(/ Pji( )du)ds>1— “ Oc’ (2.22)

t—so0 h(t) 2

where F,' is defined by (2.2). Then all solutions of (E) are oscillatory.

Proof. Let x be an eventually positive solution of (E). Then, as in the proof of
Theorem 1, (2.17) is satisfied, i.e.,

t_ h(t) _
x(t) —x(h(t)) +x(h (t))/h(t) P(s)exp ( . Pj(u)du) ds <0

That is,

which gives

! x(t)
li P(s P 1-1 f . 2.2
imsup o s)exp (/ du) ds < 1;251 N0) (2.23)

By combining Lemmas 1 and 2, it becomes obvious that inequality (2.20) is fulfilled.
So, (2.23) leads to

d l—-a—vV1-20—0a?
lim sup ()P exp(/ P du)d 1— > ,

f—o0

[{—o0

which contradicts (2.22).
The proof of the theorem is complete.

REMARK 1. It is clear that the left-hand sides of both conditions (2.1) and (2.22)
are identical, also the right hand side of condition (2.22) reduces to (2.1) in case that
o = 0. So it seems that Theorem 2 is the same as Theorem 1 when o = 0. However,
one may notice that condition (2.19) is required in Theorem 2 but not in Theorem 1.

THEOREM 3. Assume that o is defined by (2.19), h(t) by (1.6) and for some
jEN

! 2
lim sup P(s)exp (/ P du) ds > , (2.24)
t—eo Jh(1) l—-a—vV1-20—0a?

where F,' is defined by (2.2). Then all solutions of (E) are oscillatory.
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Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory

solution x of (E) and that x is eventually positive. Then, as in the proof of Theorem 1,
for sufficiently large r we have

x(T(s)) = x(t)exp ( / I(S) T%(&)d&) : (2.25)

Integrating (E) from h(z) to ¢, we have

+/ > pils)x(ti(s))ds =0,

or
)+ / " pils)) x(x(s))ds <.

N+ ;) P(s)x(z(s))ds < 0.

In view of (2.25), the last inequality gives

)+ /ht(;) P(s)x(t)exp (/T;) Fj(u)du) ds <0,
x(t) = x(h(1)) +x(h(1)) /h ;) F(s)x();f(tt))) exp ( /T ;) F,»(u)du) ds <0.

Since x(r) > 0, it is clear that

x(h(1)) [% /h ;)F(s) exp ( /T t() F,(u)du) ds — 1} <0.

That is, for all sufficiently large 7 it holds

i Poreso ([, Prtayiu)as < <22

Thus

or

and therefore

i h
lim sup P(s)exp (/ P du) ds < limsup X (t)) (2.26)
oo Jh(t) oo X(1)

By combining Lemmas 1 and 2, it becomes obvious that inequality (2.20) is fulfilled.
So, (2.26) leads to

lim sup

{—o0

t l—a—V1-20—0?
P(s exp(/ Pj( du)d a > ¢ a7
h(t

which contradicts (2.24).
The proof of the theorem is complete.
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THEOREM 4. Assume that o is defined by (2.19), h(t) by (1.6) and for some
jeN

ro_ hs) _ 1 l—a—V1—2a—o2
limsup ()P(s)exp( ()Pj(u)du>ds>l+n%— “ ¢ a’
h(t T

s Ao 2
(2.27)
where P,' is defined by (2.2) and A is the smaller root of the transcendental equation
A = e%* . Then all solutions of (E) are oscillatory.

t—o0

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory
solution x of (E) and that x is eventually positive. Then, as in the previous theorems,
(2.25) holds.

Observe that (2.21) implies that for each € > 0 there exists a 7¢ such that

2()—a3<)M forallt >t . (2.28)

x(t)
(h(r))

Noting that by nondecreasing nature of the function XxT in s, it holds

x(h(1)) _ x(h(2)) _ x(h(z))

1= < < , e <h(t)<s<t,

x(h(r)) ~ x(s)

in particular for € € (0,49 — 1), by continuity we see that there exists a t* € (h(z),1]
such that

(k)
I<hg—e="15 (2.29)
By (2.25), it is obvious that
h(s) _
(e o) = xnes ([ Pie1az ). 230)

Integrating (E) from #* to r we have

X0 =)+ [ S, pls)a(a(s))ds =0,

or
t

x(t)=x(t)+ | (X, pi(s)) x(x(s))ds <0,

t*
i.e.,
4 —
x(t) —x(@")+ [ P(s)x(t(s))ds <0.
t*
By using (2.30) along with %(s) < i(r) in combination with the nonincreasingness of
X, we have

T

x(t) — x(t*) +x(h(1)) / To(s)exp<

1*

h(s)
Pj(u)du> ds <0,

T(S
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or

1 h(s) _
/ P(s)exp ( ( Pj(u)du) ds <
t* T(s)

In view of (2.29) and Lemma 2, for the € considered, there exists té > t¢ such that

' h(s) _ 1 l—o—V1-20—a?
/ﬁP(s)exp( . Pj(u)du) ds < To_c 5 +e, (231
fort>1).
Dividing (E) by x(¢) and integrating from %(¢) to r* we find
T x(ti(s)) /’* x'(s)
. Di ds=— ds,
/hm 2P a(s) EON
. * ((5) )
d m x(T(s ©oX (s
. Di ds < —/ ds,
/hm (X2 pi(s) O O
i.e.,

" x(1(s) R,
/h<t>P(S) x(s) @< /hm X(S)d’

and using (2.30), we find

o x(h(s)) . h(S)_.u ; S B £ x/(S) ’
/hmp(s> x(s) p( 7(s) Fitwd )d s /hm X(S)d' (232

By (2.28), for s > h(t) > t}, we have ’% > Ao — €, so from (2.32) we get

o h(s) "X (s)
(Ao — 8)/h(t)P(S) exp < . P.,'(u)du) ds < —/h(t) ) ds

Hence, for all sufficiently large ¢+ we have

[ pwee( [7w)
P(s exp(/ P-udu)ds
h(t) w(s)

1 Xs) 1 x(h()  In(Ae—e)
/h s = In

STl ho x0T To—e " x| Ao
i.e., o
o h(s) 1 _
i 70 exp( » P,(u)du) ds < % (2.33)

Adding (2.31) and (2.33), and then taking the limit as # — oo, we have

t

limsup [ P(s)exp (
t

i Jh()

h(s) _
Pj(u)du> ds
T(s)

o I+In(lg—¢) 1-a—VI-2a-o0o?
I P 2
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Since € may be taken arbitrarily small, this inequality contradicts (2.27).
The proof of the theorem is complete.

THEOREM 5. Assume that h(t) is defined by (1.6) and for some j € N

1
liminf [ P(s)exp <
{—00 h(l)

h(s) _ 1

Pi(u)du ) ds> —, (2.34)
o(s) e
where P; is defined by (2.2). Then all solutions of (E) are oscillatory.

Proof. Assume, for the sake of contradiction, that there exists a nonoscillatory
solution x(¢) of (E). Since —x(¢) is also a solution of (E), we can confine our discussion

only to the case where the solution x(¢) is eventually positive. Then there exists #; > #y
such that x(7), x(7;(r)) >0, 1 <i<m forall > 1. Thus, from (E) we have

X(t)==3" pi()x(t(r)) <0, forallz>1,

which means that x(7) is an eventually nonincreasing function of positive numbers.
Furthermore, as in previous theorem, (2.30) is satisfied.
Dividing (E) by x(¢) and integrating from h(z) to ¢, for some #, > t1, we have

M)\ _ X))
III( (1) )—/h([)z”-lpz() x(5) d
i 2

)
_/h(t)Pj() R (2.35)

Combining the inequalities (2.35) and (2.30) we obtain

In (%) > /h;) F(s)xih(gs))) exp (/T?:) Pj(u) du) ds.

Taking into account that x is nonincreasing and %(s) < s, the last inequality becomes

In <x(xh(5t)))> > /ht(t) P(s)exp ( TZ‘()S) P; (u)du) ds. (2.36)

From (2.34), it follows that there exists a constant ¢ > 0 such that for some 73 > 1,

r h(s) _ 1
/ P(s)exp (/ P; (u)du) ds>zc>—, t>t3. (2.37)
h() w(s) e

(s)
Combining inequalities (2.36) and (2.37), we obtain

() s 0
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Thus

which implies for some t > #4 > 13

x(h(t)) = (ec)x(r).
Repeating the above procedure, it follows by induction that for any positive integer k,

x(h())
1) > (ec),

Since ec > 1, there is k € N satisfying k > 2(In(2) —In(c))/(1 +1In(c)) such that for 7
sufficiently large
x(h(1))

x(1)
Next we split the integral in (2.37) into two integrals, each integral being no less
than ¢/2:

for sufficiently large 7.

4
=. (2.38)

> (ec)k >
> (ec) >

D h(s) 5 c
,i’(’;) P(s)exp (ff((s)) P; (u)du) ds > §,

(2.39)
> h(s
I Ps)exp ([P wdu) ds > 5.
Integrating (E) from ¢, to ¢, gives
!
)+ [ S piloix(a(s)) =0,
[V”
or
x(im +/ " pils)) x(x(s)) <O0.
Thus )
x(t) —x(twm)+ [ P(s)x(t(s)) <0,
tﬂ‘l
which, in view of (2.30), gives
' h(s) _
x(t) —x(tm) +x(h(t)) | P(s)exp ( P; (u)du) ds<0
tm 7(s)
The strict inequality is valid if we omit x(z) > 0 in the left-hand side:
' h(s) _
—x(tw) +x(h(1)) / Bs) exp ( , P (u)du> ds < 0.
tm T(s)
Together with the second inequality in (2.39), implies that
X(tn) > Sx(h(1)). (2.40)

2
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Similarly, integration of (E) from (z) to 1, with a later application of (2.30) leads
to

fm __ h(s) _
lon) () +xi) [ Pls)exp ( [P <u>du) ds <0.

The strict inequality is valid if we omit x(z,,) > 0 in the left-hand side:

tm h(s)
—x(h(t)) +x(h(tm)) /h(t) P(s)exp ( o) P;(u) du) ds <O0.

Together with the first inequality in (2.39) implies that

x(h(t)) > %x(h(tm)). (2.41)

Combining the inequalities (2.40) and (2.41), we obtain

2 4
x(h(tm)) < —x(h(1)) < —x(tm),
which contradicts (2.38).
The proof of the theorem is complete.
2.2. Advanced differential equations

Similar oscillation conditions for the (dual) advanced differential equation (E')
can be derived easily. The proofs are omitted, since they are quite similar to the delay
equation.

THEOREM 6. Assume that p(t) is defined by (1.15) and for some j € N

p(t) a(s)
limsup Q(s)exp( o 0;(u)d )ds> 1, (2.42)
[—o0 t P l
where
— — o) _ o(s) _ ou) __
0,000 1+ [ 2eww ([ e ([0 (8108 ) an) s,
(2.43)
with Qy(t) = O(t) = ™, qi(t). Then all solutions of (E') are oscillatory.
THEOREM 7. Assume that
0 o 1
0<fB:= htrgglf/t 2;‘:1 qi(s)ds < - (2.44)

and for some j € N

2 )

1-B—\/1-2B_p2
hmsup Q s)exp ( ) ds>1-— B PP (2.45)
[—o0 p
where Q; is defined by (2.43) and p(t) by (1.15). Then all solutions of (E') are
oscillatory.



300 GEORGE E. CHATZARAKIS

THEOREM 8. Assume that p(t) is defined by (1.15), B by (2.44) and for some
jeN

Q;(u)du (2.46)

) "0 5 ( o(s) _ )d )
> s
TR RWERL, IRl

where Qj is defined by (2.43). Then all solutions of (E') are oscillatory.

THEOREM 9. Assume that p(t) is defined by (1.15), B by (2.44) and for some
jeN

(

o(s

p(s)

)Qj(u)du> ds > 1+11;120 _1-B- \/;—2[37—[32

. P
limsup

1—0o0 1

n_
0)enp
(2.47)
where Q ; is defined by (2.43) and Ay is the smaller root of the transcendental equation

A = eP* . Then all solutions of (E") are oscillatory.

THEOREM 10. Assume that p(t) is defined by (1.15) and for some j € N

o(s
liminf

f—o0

p(t
t

_ ) __
) O(s)exp < Qj(u)du> ds > é, (2.48)

p(s)

where Qj is defined by (2.43). Then all solutions of (E') are oscillatory.

2.3. Differential inequalities
A slight modification in the proofs of Theorems 1 — 10 leads to the following re-

sults about differential inequalities.

THEOREM 1 1. Assume that all the conditions of Theorem 1 [6] or 2 [7] or 3 [8]
or4 [9] or5[10] hold. Then

(i) the delay [advanced] differential inequality

X+ Y pi)x(n() <0 [X() =X qi(t)x(0i(t) = 0], Vi > 1o,

has no eventually positive solutions;
(ii) the delay [advanced] differential inequality

X+ X0 O (n) 20 [X0) ~ 3 qit)x(0i(0)) <], ¥ > 1o,

has no eventually negative solutions.
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3. Examples

In this section, examples illustrate cases when the results of the present paper
imply oscillation while previously known results fail. The calculations were made by
the use of MATLAB software.

EXAMPLE 1. Consider the delay differential equation

4 2
X(t)+ gx(n (1)) + gx(fg(t)) =0, >0, (3.1)

with (see Fig. 1, (a))

1.5t —2.5k—1, if 1 € [5k,5k+1]
—0.5t4+7.5k+1, ifre[5k+1,5k+2]
T({t)=<1-2, ifr € [5k+2,5k+3] and 1(r) =1(t) — 0.5
—1.5t+12.5k+5.5, if t € [Sk+3,5k+4]
4.5t —17.5k—18.5, if t € [Sk+4,5k+ 5]

where k € Ny and Nj is the set of nonnegative integers.

/
>
2 3 5 1 2A3 445 6 7 8 9 10 11
4 T
=) =B

@) R )
Figure 1: The graphs of 7,(z) and hy(z)

By (1.6), we see (Fig. 1, (b)) that

1.5r—2.5k—1, ift € [5k,5k+ 1]

5k+0.5, ift € [5k+1,5k+2.5]
Sk+1, ift € [Sk+3,5k+13/3]

[

[

h(t)=1< t-2, ifr € [5k+2.5,5%k+3] and hy(t)=h(r)—0.5

[
4.5t —17.5k—18.5,if t € [5k+13/3,5k+ 5]

and consequently

h(r) = max {h;(t)} =hi(t) and 71(r) = max {7(+)} = 1, (2).

1<i<2 1<i<2
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Observe that the function F; : [0,00) — R, defined as

[ poen( [ 7w
= P(s exp( P-udu)ds
) o)

attains its maximum at ¢ = 5k+13/3 , k € Ny, for every j > 1. Specifically, by
using an algorithm on MATLAB software and taking into account the fact that P(r) =

S7, pit) = 5%, we obtain

Sk+13/3 Skl
Filt = 5k+13/3) = / B(s)exp ( / Py (u)du) ds
5 T

k+1 (s)

_ SkHB/BI_’(s)exp{/TSkHI_’(u)[1

Sk+1 (s)

+ /T :M) P(v)exp ( /T :{v) P(E)exp ( /T Z)Fo(z)dz> dé) dv} du}ds

~ 1.0209.

Thus

t
limsup Fy (¢) = limsup P(s)exp (/ Py( )du) ds ~1.0209 > 1,
t—o0 [—>o0 h( )
that is, condition (2.1) of Theorem 1 is satisfied for j = 1, and therefore all solutions
of (3.1) oscillate.
Observe, however, that

5k+13/3
limsup/ Z | Pi(s)ds = limsup Y pils)ds=08<1,
t—o0 k—o0 Sk+1 -
Skl 1
o = liminf s)ds =1i f . i($)ds =0.12 < —,
pa / 2 1 Pils)ds ll?lgl 5k+0.5 2’:1pl(s) y e

2
= htmlnf[ (t—m(r))+ %5 (t—(m(r)—0 5))}
~ liminf| 2 (0 — 1y(6)) + - | = timinf | 2 (¢ — 7 ()] +
- g I T il PR 25
6 1 6 1 1
— — . limi — — = — 0. — = 1 -
55 htrgglf(t Tl(t))—|—25 2% 05—1—25 0 6<e

Also, observe that the function G, : [0,e0) — R, defined as

0=, T piQar(hie) 5())ag
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attains its maximum at 7 = 5k+ 13/3 and its minimum at t = 5k + 1, k € Ny, for every
r € N. Specifically,

5k+13/3

Gi(t =5k+13/3)=/5k+1 [p1(8)ar(5k+1,71(8)) + p2(§)ai (5k+1,72(£))] d€

Sk+2

= |, [Pr(©a Skt 1m(E) + pa(Q)an (Sk+ 1, 7(E)] af

Sk+3
+/5 [p1(8)ar(5k+1,71(8)) + p2(f)ar (5k+ 1, %2(L))] d€

k+2

Sk+4
[ I ©a Sk Ln(0) + pa(Oar (k+ 1. 1(E)] 4
S5k+3

Sk+13/3
[ P ©a sk Ln(©) + pa(Oar (Sk+ L ma(E))] g

k+4
~ (0.9840529

and

Sk+1

Gilt =Sk+1)= [ [pi(§)ar(5k+05.1(8) + pa( Qe (5k-+0.5.5:(¢)] g

=~ 0.137066.

Thus
limsup,_... G (¢) ~ 0.9840529 < 1
liminf; . Gy (¢) ~ 0.137066 < 1/e

and

l—a—vVi—20—a2
0.9840529 < 1 — — & > ‘O 0.99174.

Also

Sk+13/3

®\(1 = 5k+13/3) = / o pilQ)ar(r(§) w(8))dg

Sk+1
Sk+13/3

= [P1(8)ar(h(E), 11(8)) + p2(8)ai(h(§), 12(8))] dE

Sk+1
S5k+2

= [P1(8)ar(h(C),1(8)) + p2(8)ai(h(E), (L)) dE

Sk+1

S5k+3
+/5 [p1(S)ar(h(8),11(C)) + p2(8)ar (h(8), 12(E))] A

k+2

Sk+4
+/5 [P1(&)ar(h(8), 11(8)) + p2(&ai(h(E), 2(8))] d&

k+3

5k+13/3
+/5 [P1(&)ai(h(8), 11(8)) + p2(§)ai(h(8), 12(8))] d&

k+4
~ (0.90841.
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Thus

141 l—a—VI2a—0o
limsup®; (1) ~ 0.90841 < LM% _ 1= ¢ YT+ 0.98300,

t—o0 2:0 2

where Ay = 1.14765 is the smaller root of ¢%124 = 1 .

That is, none of the conditions (1.3), (1.4), (1.5), (1.8) (1.9), (1.10) and (1.11)
is satisfied.

Notation. It is worth noting that the improvement of condition (2.1) to the corre-
sponding condition (1.3) is significant, approximately 27.6%, if we compare the values
on the left-side of these conditions. Also, observe that conditions (1.8), (1.9), (1.10)
and (1.11) do not lead to oscillation for first iteration. On the contrary, condition (2.1)
is satisfied from the first iteration. This means that our condition is better and much
faster than (1.8), (1.9), (1.10) and (1.11).

EXAMPLE 2. Consider the delay differential equation

47 4
/ — — = > 2
X (1) + 25550 0) + 355x(R(0) =0, 120, (3:2)
with (see Fig. 2, (a))
6k —2, ifr € [6k,6k+ 1]
t—3, ift € [6k+1,6k+2
2t—6k—5, ifte|6k+2,6k+3

and (1)=1(r)—1

St —24k—21, ift € [6k+4,6k+5

[

[

Tl(Z)Z {
[

6k +4, if 1 € [6k+5,6k+6

]
]
—21+ 18k +7,if t € [6k+3,6k+4]
]
]

where k € Ny and Ny is the set of nonnegative integers.
By (1.6), we see (Fig. 2, (b)) that

6k —2, if 1 € [6k, 6k + 1]
-3, ifr € [6k+ 1,6k + 2]
) 2r—6k—5, ifre[6k+2,6k+3] o
M) =9 gy 1, ifr € ok+3,6k+44) 204 ) =h()=1
5t — 24k — 21, if 1 € [6k+4.4,6k+ 5]
6k +4, if 1 € [6k+5,6k+ 6]

and consequently

h(r) = max {h;(t)} =hi(t) and 71(r) = max {7(¢)} = 7, (2).

1<i<2 1<i<2
It is easy to see that
6k+5 51

.. — ) .. 1
o= hmmf/ . i(s)ds = liminf —ds =0.204 < —.
f—s00 T([) 21:1 P ( ) koo Ok d 250 .



Differ. Equ. Appl. 9, No. 3 (2017), 285-310. 305

1

173V567891011121314' 1T 2f3 4As 6 7 8 9 1011 1213 14
= -1
b 2

1.4

(a) )

Figure 2: The graphs of 7,(z) and hy(z)

Observe that the function F; : Ry — R defined as

Fi(t) = /h ;) P(s)exp ( /T ?()) F,(u)du) ds

attains its maximum at ¢ = 6k +4.4, k € Ny, for every j € N. Specifically, by us-
ing an algorithm on MATLAB software and taking into account the fact that P(¢) =
21-2:1 pi(t) = 255—10, we obtain

Gk+4.4 n(s)
Filt = 5k+13/3) = / B(s)exp ( / P (u)du) ds
T(s)

6k+1
Ok+4.4 _ h(s) _
- Bls) exp { / Pu) [1
6k+1 7(s)
+/ P(v)exp (/ P(&)exp (/é Fo(z)dz> dé) dv} du}ds
(u) 7(v) (&)
~ (0.9516.

Thus

[—o0 [—o0 T(S

t_ h(s) _
limsupF(¢) =limsup [ P(s)exp ( Pj(u)du) ds ~0.9516.
h(t) (s)

Since the smaller root of %2044 — 2 is Ao = 1.30503, we have
1+Indy 1—a—+V1—-2a—ad>
Ao 2

That is, condition (2.25) of Theorem 4 is satisfied for j = 1, and therefore all solutions
of (3.2) oscillate.

0.9516 > ~0.9432.
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Observe, however, that

. T o2 51
1 ) i(s)ds=—-3.4=0.6936 < 1
1msup/h(t) > pi(s)ds = 350

hmlnfz L pi(t) (1 —T(t)) zliminf[;j—70(t— ())—l—;—o(t—rz(t))]

f—o0

= liminf [;5—70 (t—1i(1) + 2‘5‘—0 (t—(m(r) - 1))]

[—o0

51 4 514 I
= 2 liminf o= 5 =022<

250 mInf( = n)+ 355 = 5561 ¥ a5 — 022 <

Also, observe that the function G, : [0,e0) — R, defined as

= [, Zi i €)arhie) (O

attains its maximum at ¢t = 6k +4.4 and its minimum at t = 6k+5, k € Ny, for every
r € N. Specifically,

6k-+4.4

Gi(t = 6k+4~4):/6k+1 [P1(8)ar(6k+1,71(8)) + p2(8)ai (6k+ 1,7(E))] d€

6k+2

= |, Pr(©a(Gk+1,7(E) + pa(Q)ar (6k+ 1, 72(E))]

6k+3
+ [ @an(6k+1.7(8) + pa(Oar (6 + 1,72(£))]

k+2

6k+4
+ [ pQan(6k+ 1.7(E) + pa(Oar (6 +1,72(£))] 4

k+3

6k+4.4
[ Qan(6k+ 1.7 (E) + pa(Oar (6k+1,72(0))] 4

k-+4
~ (0.96167432

and

6k+5
Gi(t :6k+5)=/6k+4 [P1(§)ai(6k+4,71(8)) + p2(S)ar (6k +4,12(8))] d§
~ 0.3609333.

Thus
limsup Gy (¢) ~0.96167432 < 1

t—o0
and |
litminfGl(t) ~(0.3609333 < p
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Also
6k+4.4

(1 = 6k +4.4) =/ [p1(8)ai (h(8),11(8)) + pa(§)ai (h(E), 22(8))] d€

6k+1
6k-+2

= [p1(S)ar(h(8),11(E)) + p2(8)ar (h(E), 12(£))] d€

6k+1

6k+3
+/6 [p1(S)ar(h(8),11(C)) + p2(8)ai (h(E), 12(8))] d€

k+2

6k-+4
+/6 [p1(8)ar(h(8), 11 (8)) + pa(8)ar(h(£),2(8))] d&

k+3

6k 4.4
+/6 [p1(8)ar(h(E), 11(8)) + pa(8)ar(h(£),2(£))] dE

k+4
~ (0.77416556.

Thus

1+1 l—a—+V1—-2a—ad?
limsup®; (1) ~ 0.77416556 < Z;A‘)_ a > a—a
[—o0

That is, none of conditions (1.3), (1.4), (1.5), (1.8), (1.10) and (1.11) is satisfied.

Notation. It is worth noting that the improvement of condition (2.25) to the corre-
sponding condition (1.3) is significant, approximately 37.2%, if we compare the values
on the left-side of these conditions. Also, observe that conditions (1.8), (1.10) and
(1.11) do not lead to oscillation for first iteration. On the contrary, condition (2.25) is
satisfied from the first iteration. This means that our condition is better and much faster
than (1.8), (1.10) and (1.11).

=~ 0.9432.

EXAMPLE 3. Consider the advanced differential equation

1101 60
/
——— - = > .
¥ (1) = =5557(01(0) = 5557(@2(0) =0, 10, (33)
with (see Fig. 3, (a))
5k—+3, ifr € [5k,5k+ 1]
4t —15k—1, ift € [Sk+1,5k+2
and o0y(t) =01(t)+0.5

[
[ ]
o1(t) = { —3t+20k+13,if t € [Sk+2,5k + 3]
5t—20k— 11, ift € [5k+3,5k+4]
—t+10k+ 13, if 7 € [Sk+4,5k+ 5]

where k € Ny and Ny is the set of nonnegative integers.
By (1.15), we see (Fig. 3, (b)) that

5k+3, if t € [5k,5k+ 1]
4 —15k—1, ift € [Sk+1,5k+1.25]

5t—20k— 11, if t € [Sk+3,5k+3.8]

[

[

pi(t) =4 5k+4, if 1 € [5k+1.25,5k+3] and pa(r) =pi(t)+0.5

[
S5k+38, if 1 € [Sk+3.8,5k+5]
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and consequently

p(1)= min {pi()} =pi(0) and  o(r) = min {6i(1)} = 1(0).

1<i2

t 1. t
2 3 4 5 6 7 8 9 10 11 12 13 14

Tz 3T4567891011121314 o

125 38

(@) (b)

Figure 3: The graphs of ¢;(¢) and p;(¢)

Observe, that the function Fj: Ry — R, defined as

P _ ols) _
:/t Q(s)exp( ( Qj(u)du> ds

p(s)

attains its minimum at t = 5k+ 3, k € Ny, forevery j € N. Specifically, by using an al-

gorithm on MATLAB software and taking into account the fact that () = Y2, ¢;(1) =
% , we obtain
Sk+d _
Fl(t:5k+3):/ O(s exp(/ 0, (u du)ds
5k+3
Sk-+4

"o e [ 00
+/ o(v p(/ v>Q( eXP(/ 0o )dZ>d(§)dv]du}d

161 ) 1161
See3 5000 5 35000
o) 1161 ) 1161 ©) 1161
"0z ) dE ) dv|du'bd
+/u 5000 p(/u 5000 p(/;; 5000 Z) 5) "} ”} s
~ 0.3689.

Hence

1
litmianl (1) ~0.3689 > e
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That is, condition (2.48) of Theorem 10 is satisfied for j = 1, and therefore all solutions
of (3.3) oscillate. Observe, however, that

p(r) 2 5k+8 1161
lim su / > 4i(s)ds = limsu 20 5= 097524 < 1,
t~>oop t lel 1 ( ) k—>o<)p sk+3.8 5000

ot) —m 5k+4 1161 1
liminf / S gi(s)ds = liminf o1 s—02322< L
t = e

k—eo  J5k43 5000

liminfy | qi(r) (0i(r) —1) = lim inf % (o1(t)—1)+ 5(6)% (o1(t)+0.5 —t)]
~ limin :%(o () — ”53%}
~ limin % (61(¢) —z)} 4 53%
;(l)g(l) 1+% —02382<l

Therefore none of conditions (1.12), (1.13) and (1.14) is satisfied.

Notation. It is worth noting that the improvement of condition (2.48) to the cor-
responding condition (1.13) is significant, approximately 58.87%, if we compare the
values on the left-side of these conditions.

REMARK 2. Similarly, one can construct examples to illustrate the other main
results.
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