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A NEW OSCILLATORY CRITERION FOR
THE GENERALIZED HILL’S EQUATION

G. A. GRIGORIAN

(Communicated by Satoshi Tanaka)

Abstract. In this note we use an oscillatory theorem for the second order linear ordinary differ-
ential equation in order to establish an oscillatory criterion for the generalized Hill’s equation.
We formulate a hypothesis about representation of the sum of periodic functions with rational
dependent periods by a sum of periodic functions with rational independent periods.

1. Introduction
Let ¢(t) be a real valued continuous function on [fo; +c). Consider the equation

9"(t) +q()o(1) =0, t=>10. (1)

Hereafter we will consider only the real solutions of this and other equations.

DEFINITION 1. Eq. (1) is said to be oscillatory if its each solution has arbitrarily
large zeroes.

The study of the oscillatory behavior of Eq. (1) is an important problem of the
qualitative theory of differential equations and many works are devoted to it (see [1]
and cited works therein, [2 -12]).

In the case of periodic function ¢(r) = g, (), where T > 0 is the minimal period
of q,(t), Eq. (1) was first studied by G. W. Hill (the Hill’s equation) in connection with
motion of the moon in a periodic gravitation field (see [13]):

9"(t)+q,(1)9(1) =0, t>10. ()

In particular for g, (f) = a+bcost, t > 1y, where a and b # 0 are some real constants,
Eq. (J#) was firstly studied by M. Emile Mathieu in 1886 (the Mathieu’s equation),
which has very important applications (see for example [14]). One of the generaliza-
tions of the Hill’s equation is Eq. (1) with q(r) = g, (1) +q,, (1), t > 1o, where ¢, (1)
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and qr, (1) are periodic functions with the rational independent periods 7] and 75 re-
spectively:

9" (t) + gy, (1) +q,, ()]9() =0, t>10. (A)
It is well known that (see for example [15]), that Eq. (.¢) is oscillatory if

to+T
/ q,(t)dt > 0.

T

This result was generalized in [12], where it was shown that Eq. (.¢) is oscillatory if

to+Th to+1>
! dt+ - dt >0
7 | an@ars g [ gy @ar=o.
fo 0]

In this note we use an oscillatory theorem, proven in [12], for establishing an oscillatory
criterion for a new generalization of Eq. (#).Our result is a generalization of the
above mentioned result for Eq. (7).

2. Auxiliary propositions

In this section we formulate the oscillation theorem from [12] and prove an impor-
tant lemma. They will be used in the section 3 for establishing an oscillatory criterion
for the generalized Hill’s equation.

Denote by € the set of positive and continuously differentiable functions on
[to;+0). For any f € Q denote

o= /p{ / = / 2153a05)- 57 }((jﬂds}dr.

T

t
Denote A;,—LJL = {t >1p: j:(?t—i—tfq(r)d‘r) 20}7 AER.
0

THEOREM 1. Let for some f € Q the following conditions be satisfied:
1) Iq7f = +o0;
2). there exists an infinitely large sequence {Gn},ffl such, that

3;?{@ 7[4 F(2)q(t) — f}(éﬂ dt _4761(1)611} < oo,

and let for some A € R
T
3). [ drt=+c4). [ (l —|—fq(s)ds)2d1 = 4o0;

+ Il
ArM 0

A
q.A
Then Eq. (1) is oscillatory.
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See proof in [12].
DEFINITION 2. The numbers ay,...,a, are said to be rational independent (or lin-
early independent over the field of rational numbers), if for the arbitrary not all zero

integers ji,..., jn, the inequality Y, jraix # 0 holds.
k=1

REMARK 1. The rational independence of the numbers a; and a, means that the
relation a; /ay is irrational.

LEMMA 1. Let the positive numbers T1,...,T, be rational independent. Then for
each € > 0 and for the arbitrary real numbers &y,...,&, there exist infinitely large
sequences of positive integers {mk,}j 1, k= 1,n such, that

\mlel—mijk—éﬂ <8, k:27n, j=1,2,.... (2)

Proof. For an arbitrary real number x denote by {x} its fractional part, and by [x]
- its integer part (x = [x] + {x}, {x} € [0;1)). Since T3,...,T, are rational independent
(see [16], p 59, Theorem 6.3 and Example 6.1) the set of points ({m% }7 s {m% }) ,

m=1,2,... is everywhere dense in [0;1]"~!. Therefore there exists an infinitely large
sequence of positive integers my;, j=1,2,... such that

{mlj%} {%H<7kk 20, j=1,2,. 3)

Denote: ny; = [ml,%] (3], k=2,n, j=1,2,.... We will assume my;, j =1,2,.

so large that my; > 0, k = Z,n, Jj=1,2,... . Itis evident that the sequences {mk,}, 1>
k = 2,n are infinitely large. From (3) we have: mlj% —myj — %} < —k, k=2n,

j=1,2,.... From here it follows (2). The lemma is proved. O

3. Oscillation criterion for the generalized Hill’s equation

Let Hy(t), H;(t),...,H,(t) be real valued continuous functions on [fo; +o) and let

n
H(t)= Y Hi(t), t > tp. Consider the equation
k=0

9"(t) +H()9(t) =0, 1>10. (4)

o0
THEOREM 2. Let the integral [ Hy(T)dT be convergent (conditionally), and let
T
Hy(t),....H,(t) be periodic functions with the rational independent periods Ti,...,T,
respectively such that H(t) # 0, and

vL / Hy(7)d7 > 0. 5)
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Then Eq. (4) is oscillatory.

Proof. Let us prove the theorem only for the case

t0+Tk
/ Hy(1)dt =0, k=Tn. (6)
fo

The proof in the general case can be derived from the realized proof by using the Sturm

[ —_
comparison criterion (see [17], p. 332). Let (t) = [Hi(t)dt, t > 19, k= 1,n. It
]

is easy to derive from (6) that h(¢) is a periodic function with period T; (k = 1,n).
o to+Tx -
Denote hy = le | h(t)dt, k=1,n. Then
fo

hi(t) =he+hQ(t), t > 10, k=T,n, (7)

where
to+Ti
/ R (t)dt =0, k=T,n. (8)

]

By virtue of mean value theorem the equality i = /(&) holds for some & € [to;t0 +
t

Ti], (k=1,n). Then since hi(t) = h(&) + [ Hi(T)dT, t > 19, k = 1,n, from (6) and

Sk
(7) it follows, that
t
W)= [ H@dr >0, k=T, (9)
Sx+mTy
for each m =0,1,.... Denote M = min{M;,M,}, where M; =| min_ h)(r)|, M> =

t€ltosto+11)

max_ h9%(t). From (8) and H;(t) # O it follows that M > 0. Since by virtue of
t€ltoito+T1]

(6) and (9), we have hg(ék) =0, and therefore, for enough small value of 6 > 0 the
following inequality holds

\hg(z)\<%,t€[§k—5;§k+5],k:2,n. (10)

Let & be a minimum point of the function /%(¢). We have:

[ H(@dT == (&)+ () = ~H(E) +10), 1 > 10 (1)
=

It is evident that
—h}(&) =M. (12)
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~+oo
Since the integral [ Ho(T)dt is convergent we chose T >y so large that
To

“+oo

/Ho(r)dr

t

M
<§, t>T. (13)

Since Ti,...,T, are rational independent on the basis of Lemma 1 we chose the positive
integers ng and my, k = 2,n such that

& +m T — & —noTi| < 6, k=2,n; (14)
Eo+noli =T, (15)

t —_
and take 11 = & +noT; . Denote: gx(t) = [ Hi(t)dT, t > 11, k=0,n. By (13) and (15)
I

we have:

M
4 ’
By virtue of (6) and (11) the following equality takes place

lgo(1)] < 1=, (16)
g1(t) = = (&) +h(e), t=n. (17)

Itis evident that gi(¢) = hy(t) — hi(t1) = h(t) — h(t1), t > t1, k =2,n, or due to (9)
a(t) = hQ(E 4 mT) — k() +h2(t), t > 11, k=2,n. (18)

By virtue of (14) we will assume & > 0 so small that

n
D& +mT) — W (n)] <
k=2

(19)

R

t n
Denote h(t) = [H(t)dt, t > t; (then h(t) = Y gi(t), t > ;). From (16) it fol-
k=0

n

lows, that go(7) > —%, t > t1, and from (19) we have: i [ (& +my Ti) — hy(21)] =
k=2

t
—%’1. Then taking into account (12), (16), (17) and (16) that we will get: [h(7)dT =
5l

1

Jeo(®dr+ (1= 1)l-hE) + £ ((E+-+mB) - i) + £ [H(e)dr > 4

k=11

n t
t)+ Y [hY(t)dz,t >t;. From here and from (8) it follows thatif f(¢) =1 and 1o =1,
k=11
then for Eq. (4) the conditions 1) and 2) of Theorem 1 are fulfilled. Since g (¢),...,gn()
are periodic functions we have

gt) =gr+gt), t>1. (20)
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1 +Tg
Whereg_kETi f g(t)dt, k= 1,n,

oo n
Letustake A = — [ Ho(t)dt— Y, Zx. Then from (20) it follows that
k=1

too n
2 +/H(r)dr —_ /Ho(r)dr—i— 3 ), 10 (22)
k=1

Since g(l)(t) # 0, we can find the maximum and minimum points. Let 174 and 71— be
maximum and minimum point of g¥(¢) on [t1;#; + 7] respectively. Obviously g)(r) =
h(l)(t), t > t;. Therefore

glni) =M, g(n-)<-M. (23)

Let g(nx) =0, mi € [t1;t1 + T, k = 2,n (the existence of 1mi(k =2,n) follows from
(21)). Chose A > 0 so small that A < 6 and that

M
§0) >, r—nif<2a; (24)
M
a0 <—7 lr-n| <2 (25)
M
GO < oo l—md <24, k=27 (26)

By virtue of Lemma 1 we chose infinitely large sequences of positive integers {n
{mkj o k= 2,n such, that |niT1+ni—(mijk+nk)\ <A k=2n, j=12,.

/1’

Then from (13), (22), (24) and (26) it follows, that A + fH(T) T> %, te [n}rTl +
n

N — A n+T1 14 +A], j=1,2,..., and from (15), (20), (22), (25) and (26) it follows

that?H—fH( )dt Af,te[n_Tl—HL Asn;Ti+n-+4], j=1,2,.... From here

it follows that if 79 = #; then for Eq. (4) the conditions 3) and 4) of Theorem 1 are
fulfilled. The theorem is proved. O

REMARK 2. Due to remark 1 we conclude that Theorem 2 is a generalization of
Corollary 1 from [12].
REMARK 3. Let AH(z) be a real valued continuous function on [fy;+e°) such

that sup| f AH(t dT’ <M , for each #; > T, and for some T > ty (the number M is
[
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defined in the proof of Theorem 2). Slightly changing the proof of Theorem 1 it can be
shown that the equation

")+ [H(t)+AH®)]o(t) =0, =10

is oscillatory if H(¢) satisfies of the conditions of Theorem 2.

EXAMPLE 1. Consider the generalized Mathieu equation

o0 m P
0" (1) + [a+ Y arcos(Mt + ax) + Y b cos(utP) + Y cpr ™ sin(vir %) 9 (1) = 0,

k=1 k=1 k=1

27)
=1 where a, ai, A, O (k—l 2,. ) b, O, Wi, Br ( k=1 m) Ck» Yi» Vis Ok
=1, p) are some real constants. We suppose that ;A4 # 0, k=1,2,. bkuk # 0,

t
(k
k=T,m, cxvi 20, k=1,p.Leta>0, - i +)L be rational independent, Z |lay| <

oo, zkz |Z}<81<ax{|l 1}, o= Bt 1<0, k=T,m, e—&+1<0, k=

Here Hy(r) = z Dyt % COS(,uktﬁk) + 2 et Sin(\/kték), Hi(t)=¢ +akCOS(lkt + ),

k=1 k= 1
k=T,n, H(t)= Y Hi(t), AH(t) = z arcos(Mt + ay), t =>tg, M = max{] |}
k=0 k=n+1 1<k<n
~+oo

We can check the convergence of [ Hy(T)dt by integrating by parts of the elementary
fo

t ot —
integrals [ t% cos(u;tP)dt, k=T,m, [%sin(v;t%)dt, k=T, p, and then tending

T T
t to +oo. Obviously the minimal periods of H(z),...,H,(t) are T} = i—’f,...,Tn = i—”
respectively. Therefore from the rational independence of --...., - it follows the
p y p N 2
to+Tx

rational independence of Ti,...,T,, It is not difficult to check that [ Hi(7)dt =
1

~+oo
>0, k= 1,n. From the convergence of Y, |ax| it follows that AH(¢) is a con-
k=n+1

I

t oo
tinuous function on [fg;+) and | [AH(T)dT| < Y, \)L—"[sm(kkt + @) — sin( Aty +
151 k=n-+1

o0
o)l <2 X ||, t =1 >1t9. Without loss of generality we can take that |%| =
k=n+1 "*

1121]?2( {13 o |} and 19 = —7, - Then obviously (recall the definition of M; see above)

M= | min falcos(klr—l— o1)dt| = max falcos(/111'+a)1)dr = \)L‘ |. Hence
1€ty t0+T1]t0 t€tosto+T1] 1y

we have sup| fAH(T)dT| < %, t > t; >tg.. Thus we see that all the conditions of
t2t; n

Theorem 2 and Remark 3 are fulfilled for Eq. (27). Therefore Eq. (27) is oscillatory.
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It is easy to verify that the oscillation criterion of Ph. Hartman (see [2], p. 138,
Theorem 52) is not applicable to Eq. (27) (in general to Eq. (4)). and the oscillation
criterion of I. V. Kamenev [3] is not applicable to Eq (27) for a = 0 (in general to Eq.

10+T;
(4) for 2 f Hi(t)dt = 0). It is hard to verify (if it is possible) the oscillatory

behav10r of Eq (27) by using oscillation criteria of J. S. W. Wong (see [2], p. 100,
Theorem 1), Y. Jan (see [4], Theorem 1), M. K. Kwong (see [6], p. 16, Theorem 11),
Q. Kong (see [7], p. 265, Theorem 2.3), A. Elbert (see [10], p. 2, Theorem 2).

REMARK 4. (a hypothesis). If 7; and 7, are rational dependent then Fy(r) =
H\ (1) + Hx(t), t > 19, is a periodic function with some period 7; > 0. We conjecture
that this statement is true for the general case, i. e. if 71,...,7, are rational dependent
then there exist periodic functions Fi(z),...,F,(t), (m < n) with rational independent

periods Ti,.... T, respectively such that Y, Hy(r) = Y, Fi(¢), t > to. If this statement is
k=1 k=1

n tO""TA m tO""TA
true then it is easy to show that ¥ + — | Hi(r)dt 2 f Fi(t)d7, and therefore
k= 1 1o k=1
the condition of rational 1ndependence of Ty,..., T, can be omltted from the formulation

of Theorem 2.
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