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A COUPLED HYBRID FIXED POINT THEOREM INVOLVING
THE SUM OF TWO COUPLED OPERATORS IN A PARTIALLY
ORDERED BANACH SPACE WITH APPLICATIONS
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Abstract. In this paper we prove a coupled hybrid fixed point theorem involving the sum of two
coupled operators in a partially ordered Banach space on the lines of Dhage [Math. Student 61
(1992), 81-88] which improve a coupled hybrid fixed point theorem of Dhage [J. Fixed Point
Theory Appl. 19 (2017), 3231-3264] under a little stronger condition and correct and improve
the hybrid fixed point theorems of Yang et. al [J. Fixed Point Theory Appl. 19 (2017), 1661—
1678] involving the sum of two operators under weaker conditions. We apply our main abstract
coupled hybrid fixed point result to a nonlinear first order coupled linearly perturbed hybrid
differential equations with the periodic boundary conditions for proving the existence and ap-
proximation of solutions under certain mixed hybrid conditions. The abstract existence result
of the coupled periodic boundary value problems is also illustrated by furnishing a numerical

example.
1. Introduction
Throughout this paper, unless otherwise mentioned, let (E,<,||-||) denote a par-
tially ordered Banach space with the order relation < and the norm || - || defined on it.

Given an operator .7 : E x E — E, consider a pair of operator equations
x=T(x,y) (1.1)

and
y=7(yx) (1.2)

which are called the coupled operator equations and the operator .7 involved in them
is called the coupled operator on E X E.

A pair (x*,y*) of elements in E is called a coupled fixed point the coupled opera-
tor .7 or a coupled solution of the coupled operator equations (1.1) and (1.2) if

x'=7(x"y") and y =T(y,x").
A coupled fixed point (x*,y*) is called unique comparable if there does not exist an-
other coupled fixed point (u*,v*) which is comparable to it. A coupled fixed point
Mathematics subject classification (2010): 47H07, 47H10, 34A12, 34A45.
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(x*,¥*) is called unique if it is the only coupled solution of the coupled operator equa-
tions (1.1)~(1.2) in E x E. Finally, a point (x*,y*) is called a fixed point if x* = y*,
ie., x* =7 (x*x") and y* = T (y*,y").

The coupled fixed point theorems for mixed monotone partially condensing cou-
pled mappings on a partially ordered metric space guaranteeing the existence of coupled
fixed points have been proved by Dhage [17] which includes the coupled fixed point
theorems of Bhaskar and Laksmikatham [4], Berinde [3], Dhage and Dhage [21] and
Dhage [16] as special cases. Bhaskar and Lakshmikathan [4] used a contraction type
condition on the mixed monotone coupled operator .7~ which is further generalized by
Berinde [3] by generalizing the contraction condition to get the same conclusion via
constructive method. However, Dhage [16] used a compactness type topological ar-
guments on the mixed monotonic coupled operator .7 and obtained an algorithm for
the coupled solution of the coupled operator equations (1.1)—(1.2). Sometimes it may
happen that the mixed monotone operator .7 neither satisfies contraction condition nor
the compactness type condition, but the splitting of the coupled operator .7 into two
coupled operators .% and ¥ into the form .7 = .% + ¢ satisfy the above criteria. See
Dhage [9, 10, 11, 12] and the references therein. So in this case it is interesting to es-
tablish the coupled hybrid fixed point theorem involving the sum of two operators in a
partially ordered Banach space (cf. Dhage [13, 14, 15]).

The rest of the paper is organized as follows: Section 2 deals with the preliminaries
and auxiliary results that will be used in the subsequent part of the paper. Section 3
deals with the main coupled hybrid fixed point theorem and its various consequences.
Section 4 consists of coupled hybrid PBVPs and the related results to be used in the
subsequent section of the paper. Finally an application of the abstract coupled hybrid
fixed point theorem for proving the existence and approximation theorem is given in
Section 5. We claim that the results of this paper are new to the literature on nonlinear
analysis and applications.

2. Preliminaries and auxiliary results

Throughout this paper, unless otherwise mentioned, let (E,<,||-||) denote a par-
tially ordered Banach space. Two elements x and y in E are said to be comparable
if either the relation x <y or y > x holds. A non-empty subset C of E is called a
chain or totally ordered if all the elements of C are comparable. It is known that E is
regular if {x,} is a nondecreasing (resp. nonincreasing) sequence in £ and x, — x*
as n — oo, then x, < x* (resp. x, > x*) for all n € N. The conditions guaranteeing
the regularity of £ may be found in Guo and Lakshmikantham [24] and the references
therein. Similarly a few details of a partially ordered normed linear space are given in
Dhage [9] while orderings defined by different order cones are given in Deimling [7],
Guo and Lakshmikantham [24], Heikkild and Lakshmikantham [25], Carl and Heikkild
[5] and the references therein.

We need the following definitions (see Dhage [12, 13, 14, 15] and the references
therein) in what follows.

A mapping 7 : E — E is called isotone or monotone nondecreasing if it preserves
the order relation <, that is, if x <y implies Zx < Sy forall x,y € E. Similarly, .7
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is called monotone nonincreasing if x <y implies .7x > Zy for all x,y € E. Finally,
T is called monotonic or simply monotone if it is either monotone nondecreasing or
monotone nonincreasing on E. A mapping .7 : E — E is called partially continuous
at a point a € E if for given € > 0 there exists a 6 > 0 such that d(Jx,Ta) < €
whenever x is comparable to a and d(x,a) < 6. Z is called partially continuous
on E if it is partially continuous at every point of it. It is clear that if .7 is partially
continuous on E, then it is continuous on every chain C contained in £ and vice-
versa. A non-empty subset S of the partially ordered metric space E is called partially
bounded if every chain C in § is bounded. A mapping .7 on a partially ordered metric
space E into itself is called partially bounded if 7 (E) is a partially bounded subset
of E. 7 is called uniformly partially bounded if all chains C in .7 (E) are bounded
by a unique constant. A non-empty subset S of the partially ordered metric space E is
called partially compact if every chain C in S is a compact subset of E. A mapping
T E — E is called partially compact if 7 (E) is a partially relatively compact subset
of E. 7 is called uniformly partially compact if 7 is a uniformly partially bounded
and partially compact operator on E. 7 is called partially totally bounded if for any
bounded subset S of E, .7(S) is a partially totally bounded subset of E. If 7 is
partially continuous and partially totally bounded, then it is called partially completely
continuous on E .

REMARK 2.1. Suppose that .7 is a nondecreasing operator on E into itself. Then
 is a partially bounded or partially compacton E if .7 (C) is a bounded or relatively
compact subset of E for each chain C in E.

DEFINITION 2.1. (Dhage [13, 14], Dhage and Dhage [21]) The order relation <
and the metric d on a non-empty set E are said to be Z-compatible if {x,} is a mono-
tone sequence, that is, monotone nondecreasing or monotone nonincreasing sequence
in E and if a subsequence {x,,} of {x,} convergesto x* implies that the original se-
quence {x,} converges to x*. Similarly, given a partially ordered normed linear space

(E,<,||-]]), the order relation < and the norm || - || are said to be Z-compatible if
< and the metric d defined through the norm || - || are Z-compatible. A subset S of
E is called Janhavi if the order relation < and the metric d or the norm || - || are 2-

compatible in it. In particular, if S = E, then E is called a Janhavi metric or Janhavi
Banach space.

There do exist several examples of the regular and Janhavi Banach spaces in the
literature. In fact, every finite dimensional Euclidean space R is regular as well as
Janhavi with respect to the usual componentwise order relation and the standard norm
in R". The following results are of fundamental importance concerning the regularity
of a partially ordered Banach space and the Janhavi sets whereby which it is possible
to extend the utility or applicability of the abstract coupled fixed point theorems of this
paper to the variety of nonlinear problems in a natural way.

We recall that a non-empty closed and convex subset K of the Banach space E is
calledaconeif 1) K+K CK,ii) AK CK for A € R, A >0, andiii) {—-K} NK={6},
where 6 is a zero element of E. The details of cones and their properties may be found



456 B. C. DHAGE

in Guo and Lakshmikantham [24], Heikkild and Lakshmikantham [25] and references
therein. We define an order relation < in E by

x<y < y—x€K 2.1)

for all x,y € E. The Banach space E together with the order relation < becomes a
partially ordered or simply ordered Banach space and it is denoted by (E,K). Note
that every ordered Banach space (E,K) is not a Janhavi Banach space as against the
claim made in Yang et.al [30]. The following two useful lemmas are recently proved in
Dhage [19] play a crucial role in this connection. Since the proofs of these lemmas are
not well-known, we give the details of them for completeness and ready reference.

LEMMA 2.1. Every ordered Banach space (E,K) is regular.

Proof. Let {x,} be a monotone nondecreasing sequence of points in a partially
ordered Banach space (E,K). Then,

<< < < (%)

Suppose that the sequence {x,} converges to a point x*, that is, x, — x* as n — oo.
Then, every subsequence {x,, } of {x,} also converges to the same limit point x*, that
is, x,, — x* as k — oo. Since {xn} is nondecreasing, for any given positive integer n,
we have x, < x,, for each k> n € N. This further by definition of the order relation <
implies that x,, —x, € K. As the cone K is closed and convex set in E, one has

]{15130 (x,,k — X )zx* —x, €K
for each n € N. Therefore, x, < x* for all n € N. Similarly, if {x,} is monotone
noincreasing sequence of points in £, then using the similar arguments, it can be proved
that x* < x, forall n € N. As aresult, (E,K) is a regular ordered Banach space and
the proof of the lemma is complete. [

LEMMA 2.2. Every partially compact subset S of an ordered Banach space (E,K)
is Janhavi.

Proof. Let C be an arbitrary chain in a partially compact subset S of an ordered
Banach space E. Then C = C is a compact setin E. Let {x,} be a monotone nonde-
creasing sequence of points in the chain C, that is,

<< < < 2.2)

Then {x,} is a relatively compact set in E. Therefore, {x,} has a convergent
subsequence, say {x,, } convergingto a point x*. We show that {x,} also converges to
x*. Suppose not. Then for € > 0 there exists a subsequence {x,,} of {x,} such that

[xs; —x*|| > € foreach i=1,2,.... (2.3)
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Now, by relative compactness of {x,,}, there is a subsequence {x,,l./_} of {xy,}
such that x,, — x’ as j — . Hence for any given positive integer k, by nondecreasing
nature of {x:,} it follows that when j is large enough (j > k), we have that x,,, < X -
Then x,, —x,, € K. As K is closed and convex, taking the limit first as j — e and
then as k] — oo, We obtain

X—xeK = x*<J¥.

*

Similarly, it can be shown that X’ < x*. As a result, we have ¥’ = x* and that

Xy, = x* as j — oo. Therefore, we get
o, — x| < (2.4)

for large j. This is a contradiction to (2.3) and the proof of the lemma is complete. [

If C is a chain in E, then C' denotes the set of all limit points of C in E. The
symbol C stands for the closure of C in E defined by C = CUC'. The set C is called
a closed chain in E. Thus, C is the intersection of all chains containing C. Clearly,
inf C,sup C € C provided inf C and sup C exist. The sup C is an element z € E such
that for every € > 0 there exists a ¢ € C such that d(c,z) < € and x <z forall x € C.
Similarly, inf C is defined essentially in an analogous way.

In what follows, we denote by Z(E), Ppa(E), Prep(E)s Pen(E)s Ppacn(E),
Prep.en(E) the family of all nonempty and closed, bounded, relatively compact, chains,
bounded chains and relatively compact chains of E respectively. Now we introduce the
concept of a partial measure of noncompactness of the chains in E on the lines of
Dhage [13, 14, 15]. The related idea of classical measure of noncompactness may be
found in Appell [1], Banas and Goebel [2] and references therein.

DEFINITION 2.2. A mapping U, : Ppaen(E) — Ry = [0,00) is said to be a
partial measure of noncompactness in E if it satisfies the following properties:

(P1) 0# (up) ' ({0}) C Prepen(E). (kernel compactivity)

(P2) up(C)=,(C). (closure invariance)

(P3) up is nondecreasing, i.e., if C C D = u,(C) < up(D). (monotonicity)
(P4) up(AC)=|A|u,(C). (scalar multiplicativity)

(Ps) 1,(C+D) < uy(C)+uy(D). (subadditivity)

(Pg) If {Cy,} is a sequence of closed chains from Py (E) suchthat C,.1 CCy,n €
N and if lim p,(C,) =0, then Co. =, C, is nonempty. (limit intersection

property)
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The family of sets described in (P ) is said to be the kernel of the partial measure
of noncompactness [, and is defined as

ker ft, = {C € Ppgen(E) | 1y(C) = 0}. (2.5)

Clearly, ker u, C Prcp.en(E). Observe that the intersection set Co., from condi-
tion (P3) is a member of the family ker u,,. In fact, since p,(C..) < u,(Cy) forany n,
we infer that p1,(Cs) = 0. This yields that C.. € ker u,,. This simple observation will
be essential in our further investigations.

The partial measure 1, of noncompactness is called full if it satisfies
(P7) ker up, = Prepen(E).

Finally, p, is said to satisfy maximum property if
(Ps) 1y (C1UC2) = max {1y (1), 1 (C2)}-

EXAMPLE 2.1. Define two functions o, 8, : Ppaen(E) — Ry by

(xp(C):inf{r>O‘C: G, diam(C)) <rvz}, (2.6)
i=1

where C € P4 0n(E) and diam (C;) = sup{d(x,y) : x,y € G;}, and

By(C) = inf{r >0 ' CccC U%’(x,-,r) for some x; € E} , (2.7)

i=1

where A(x;,r) = {x € E : d(x;,x) < r}. Itis easy to prove that ¢, and 3, are partial
measures of noncompactness called respectively the diametric partial and ball partial
measures of noncompactness which are full and enjoy the maximum property in E.

DEFINITION 2.3. (Dhage [17]) A coupled operator .7 : E X E — E is called par-
tially condensing if

Up(T(Cx D))+ up(T (D xC)) < p(C)+ pp(D) (2.8)

for all C,D € Ppqcn(E) for which u,(C) + u,(D) > 0, where u, is a full partial
measure of noncompactness satisfying the maximum property on P ¢, (E).

The following coupled fixed point theorem for partially condensing mixed mono-
tone coupled operators is proved in Dhage [17].

THEOREM 2.1. (Dhage [17]) Let (E,<,| -||) be a complete and regular partially
ordered normed linear space and let every compact chain C in E be Janhavi. Suppose
that 7 : E*> — E is a partially continuous, partially bounded and partially condensing
mixed monotone coupled operator. If there exists an element (xo,yo) € E X E such that
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xo < 7 (x0,y0) and yo = T (yo,xo) or xo = 7 (x0,y0) and yo < 7 (yo,Xo), then 7
has a coupled fixed point (x*,y*) and the sequences { 7" (xo,y0)} and { 7" (yo,X0)}
of successive iterations converge monotonically to x* and y* respectively. Moreover,
the set of all comparable coupled fixed points is compact.

As mentioned in Dhage [17], the above coupled hybrid fixed point theorem is use-
ful to obtain other coupled hybrid fixed point theorems involving the sum and product
of two or three coupled operators in a partially ordered Banach space. In the following
section we prove our main coupled hybrid fixed point theorem of this paper on this line.

3. A coupled hybrid fixed point theorem
Given two mappings .%,¥ : E x E — E, consider a couple of operator equations
x=7(xy)+9(xy) 3.1

and
y=Z,x)+9(yx) (3.2)

forall (x,y) € E x E, where the operators % and ¢ are not necessarily continuous.

The operators .% and ¥ involved in the coupled operator equations (1.1)—(1.2)
are called the coupled operators on E X E into E. A pair of elements (x*,y*) € E X E
is called a coupled fixed point of the sum .% +% of two coupled operators .% and ¢
or coupled solution of the coupled operator equations (1.1) and (1.2) if

X'=FXy)+9(x",y") and Y =F( X)) +9(0"xY). (3.3)

The existence of such coupled fixed points for coupled operators is generally ob-
tained under certain monotonic condition of the coupled operator .7 on E x E. See
Heikkild and Lakshmikantham [25], Chang and Ma [6], Sun [29], Bhaskar and Lak-
shmikantham [4] and Dhage and Dhage [21] and the references therein. A coupled
operator 7 (x,y) is called mixed monotone if the map x +— Z (x,y) is nondecreasing
for each y € E and the map y — 7 (x,y) is nonincreasing for each x € E .

Before proving to the main coupled hybrid fixed point theorem, we give some
useful definitions in what follows.

DEFINITION 3.1. (Dhage [9, 10]) An upper semi-continuous and nondecreasing
function y : Ry — Ry is called a Z-function if y(0) = 0. The class of all Z-
functions is denoted by ©.

DEFINITION 3.2. (Dhage [12, 13]) An operator % : E — E is called nonlinear
partial & -contraction if there exists a Z-function y € ® such that

120 — Ay[| < w(llx—yl) (3.4)

for all comparable elements x,y € E, where  satisfies y(r) <r, r>0. If y(r) =kr,
0 < k<1, 2 is called a partial contraction on E x E with the contraction constant k.
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DEFINITION 3.3. A coupled operator .7 : E x E — E is called nonlinear partial
2 -contraction if there exists a & -function y € © such that

1
17 (y) = Z W)l < 5 - wllx—ul +ly =) (3.5)

for all comparable elements (x,y), (u,v) € E x E, where y satisfies y(r) <r, r>0.If
y(r)=kr,0< k<1, 7 iscalled a partial contraction on E x E with the contraction
constant k/2.

DEFINITION 3.4. (Dhage [17]) A coupled operator .7 : E x E — E is called non-
linear symmetric partial & -contraction if there exists a & -function y € ® such that

17 (x.9) = T )|+ 1.7 (%) = 7 (v | < w(llx—ull +[ly—v]]) (3.6)

for all comparable elements (x,y), (#,v) € E x E, where y satisfies y(r) <r, r>0.
If w(r)=kr,0<k<1, T is called a symmetric partial contraction on E x E with
the contraction constant k.

REMARK 3.1. It is clear that every nonlinear partial & -contraction is nonlinear
symmetric partial & -contraction, but the converse may not be true.

THEOREM 3.1. Let (E,<,||-||) be a complete regular partially ordered normed
linear space and let every compact chain C in E be Janhavi. Let ,9 :E XE — E
be two mixed monotone coupled operators satisfying the following conditions.

(a) F is partially bounded and nonlinear partial 2 -contraction, and
(b) 9 is partially continuous and partially compact.

If there exists an element (xo,y0) € E X E such that xo < Z (xo,y0) + % (x0,Y0)
and yo = F(y0,%0) +9 (o, x0) or xo = F(x0,y0) +9(x0,y0) and yo < F(yo,%o) +
Y (v0,X0), then the coupled operator equations (3.1) and (3.2) have a coupled solution
(x*,y*) and the sequences {x,} and {y,} defined by

X1 = F (X0, Yn) +9 (X0, ¥n) (3.7)

and
Yn+1 = ﬁ(ynaxn) +g(ynaxn) (3.8)

converge monotonically to x* and y* respectively. Moreover; the set of all comparable
coupled solutions is compact.

Proof. Define a coupled operator 7 : E x E — E by
T (x,y) = F(x,y) +¥(x.y) 3.9)

so that we have
T (3,x) = F(y,x) + 9 (y,%).
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Since .Z is a partial nonlinear & -contraction, it is partially continuous on E X E .
As a result, the coupled operator .7 = .7 + ¢ is well defined and partially continuous
on E x E into E. Again, the coupled operators .# and ¢ are mixed monotone and
partially bounded, so the coupled operator .7 is mixed monotone and partially bounded
on E x E into E. We show that .7 satisfies the condition (2.8) of Theorem 2.1.

Let € >0 be givenand let C= |JC; and D=
i=1 j=

m
D; be any two chains in E
=1

such that e
diam (G;) < ,(C) + 3 for each i, (3.10)
and e
diam(D;) < o, (D) + 3 for each j. (3.11)
Now, let
mj
F(CxD)=F=|]JF,.
=1
Then,

mj
U Z '(F) =CxD.
A=1
Similarly, if

ni
FDxC)=F =|]JF,
r=1

then,

ny
UZ'(F)=bxcC.
r=1

Since ¥ is partially compact, ¢4 (C x D) is a relatively compact or totally bounded
subset of E. Therefore, for € > 0, there exist subsets G1,Gf,...,Gy, of E such that

ny
Y(CxD)=G= ]Gy
u=1

and -
U 4 1(G,)=CxD
u=1
satisfying
diam (G,) < % for cach 4. (3.12)

Similarly, there exist subsets G},GY,...,G,, of E such that

nz
9DxC)=G=JG,
v=1
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and
U g1 =DxC
satisfying
diam (G,) < % for each v. (3.13)
Denote
GCrpnij=F (B9 (Gu)[)(CixDj)
and

%’;V‘/l = yil(F;) ﬂgil(c/\,)ﬂ (Dj X C,)
Then, we have
U %puij=CxD and |J 4}, ;;=DxC.
Aodii,j vVogi
Next, if Z = (x,y),W = (u,v) € €} . ; is such that Z = W, then by definition of
the diametric partial measure o, of noncompactness, we get
o(7(Cx D)) < diam (7 (€ 4.1,))
= sup 1.7 (x,y) = 7 (u,v)|

(X'VY)%(M%V)E%/LIJJJ

< s {IF @) - F)|+ 19 00) - @) |

(x,y),(u,v)e%";t‘u‘,-‘j
(3.14)

Again, if Z' = (y,x),W' = (vu) € €}, ;; is such that Z' < W', then we obtain

0(7 (D% C)) < diam (7 (4}, )

= sup |7 (y,x) = T (vu)]
(). (va)€ ),

< s {100 - FZ0wl+ 1900 -}
vx), (v )GK'J/V‘]I

(3.15)
Adding the expressions (3.14) and (3.15) together implies that
o, (T (Cx D))+ 0, (T (DxC))
< sup  [[Foy)=F )+ sup [ Fx) = F ()
(@), (V) ECY 44 (%), (v)€CY ,,
+  osup [[Gey) =G wy)+  sup |G (x) =G (vu)

() () ECY i j (02), (v €CY ;i
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W (Il —ull +[lv—yl) w (Il —ull+[lv—yIl)

< s ;
(x,),(u,v)€C;xD; 2 (¥x),(vu)EDjxC; 2
+ sup 19 (x,y) = (u,v) || + sup 1< (y,x) =< (v,u)|
(), () €9~ (Gy) (r),(v) €7 ~1(Gy)

< swp o w(le—ul+ v =yl)+ [diam (Gy) + diam (G|
(x),(u,v)€C;xD;

< y/(diam(C;) 4 diam(D;)) + €
< Sup{llf(r) : 1€ [0p(C) + 0y (D), 0(C) + (D) + €] } +&. (3.16)

Since € is arbitrary, from above inequality (3.16), we obtain
o, (T (Cx D))+ 0, (T (DxC)) < y(ap(C)+ (D))

for all bounded chains C and D in E, where y € © satisfies the inequality y(r) < r,
r > 0. Hence the coupled operator .7 is a nonlinear partial & -set-contraction and
consequently a partial condensing on E x E with the same method with respect to the
diametric partial measure of noncompactness U, = ¢, in E.

Next, by hypothesis, there exists the element (xq,yo) € E X E such that

xo < - (x0,0) +% (x0,Y0) = 7 (x0,Y0)

and

Yo 2 F(y0,%0) + % (y0,%0) = 7 (vo,Xo)
or

xo 2 F (x0,y0) + ¥ (x0,y0) = 7 (x0,Y0)
and

yo < F (yo,%0) +%(vo,%0) = 7 (yo,X0)-

Thus, the coupled operator .7 satisfies all the conditions of Theorem 2.1 and
therefore, the coupled operator equations x = .7 (x,y) and y = .7 (y,x) have a coupled
fixed point (x*,y*) € E x E. Consequently the coupled operator equations (3.1) and
(3.2) have a coupled solution (x*,y*) € E x E and the sequences {x,} and {y,} defined
by (3.7) and (3.8) converge monotonically to x* and y* respectively. This completes
the proof. [J

REMARK 3.2. Note that Theorem 3.1 is also obtained in Dhage [19] under the
condition that the coupled operator .27 is nonlinear symmetric partial contraction, but
with that method the proof goes wrong. In this connection, Theorem 3.1 is an improve-
ment of a coupled hybrid fixed point theorem proved in Dhage [19] containing the sum
of two coupled operators on E x E. Again, the regularity of the partially ordered metric
space E in above Theorem 3.1 may be relaxed and compensated with the continuity of
the mapping .% on E X E. See Dhage [8, 15, 16, 17] and the references therein.
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REMARK 3.3. If x =y in the coupled operator equations (3.1) and (3.2), then they
reduce to the operator equation 2dx+ Bx = x, where Ax = .7 (x,x) and Bx =¥ (x,x),
and consequently the Theorem 3.1 reduces to a hybrid fixed point theorem for the sum
of two operators in a partially ordered Banach space E proved in Dhage [13, 14, 15].

In view of the Lemmas 2.1 and 2.2 we obtain the following interesting applicable
coupled hybrid fixed point results in an ordered Banach space (E,K).

COROLLARY 3.1. Let (E,K) be an ordered Banach space and let T : E*> — E
be a partially continuous, partially bounded and partially condensing mixed monotone
coupled operator. If there exists an element (xg,yo) € E X E such that xo < 7 (x0,Y0)
and yo = 7 (yo,x0) or xo = 7 (x0,y0) and yo < 7 (yo,X0), then T has a coupled
fixed point (x*,y*) and the sequences {T"(xo,y0)} and {T"(yo,x0)} of successive
iterations converge monotonically to x* and y* respectively. Moreover, the set of all
comparable coupled fixed points is compact.

COROLLARY 3.2. Ler (E,K) be an ordered Banach space and let .F,9 : E X
E — E be two mixed monotone coupled operators satisfying the following conditions.

(a) F is partially bounded and nonlinear partial 9 -contraction, and
(b) 9 is partially continuous and partially compact.

If there exists an element (xo,y0) € E X E such that xo < .F (x0,y0) + 9 (x0,Y0)
and yo = F (yo,%0) + 9 (vo,%0) or xo = F (xo0,¥0) + % (x0,0) and yo < 7 (yo,%0) +
Y (v0,X0), then the coupled operator equations (3.1) and (3.2) have a coupled solution
(x*,¥*) and the sequences {x,} and {y,} defined by (3.7) and (3.8) converge monoton-
ically to x* and y* respectively. Moreover, the set of all comparable coupled solutions
is compact.

Again, when x =y and ¥x = 7 (x,x), Corollary 3.2 reduces to the following
well-known hybrid fixed point theorem in an ordered Banach space (E,K).

COROLLARY 3.3. Ler (E,K) be an ordered Banach space and let T : E — E
be a partially continuous, partially bounded and partially condensing nondecreasing
operator. If there exists an element xo € E such that xy < Txg or xo = Txg, then
% has a fixed point x* and the sequence {T"xo} of successive iterations converges
monotonically to x*. Moreover, the set of all comparable fixed points is compact.

Similarly, if x =1y and Ax = .#(x,x) and Bx = ¥ (x,x), then Corollary 3.3 re-
duces to the following hybrid fixed point theorem involving the sum of two operators
in an ordered Banach space (E,K).

COROLLARY 3.4. Ler (E,K) be an ordered Banach space and let A,8 : E — E
be two nondecreasing operators satisfying the following conditions.

(a) U is partially bounded and nonlinear partial 9 -contraction, and
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(b) B is partially continuous and partially compact.

If there exists an element xo € E such that xo < 2Axo+ Bxg or xo = Axg + Bxo,
then the operator equation Ax + Bx = x has a solution x* and the sequence {x,}
defined by x| = Ux, + Bx, converges monotonically to x*. Moreover, the set of all
comparable solutions is compact.

REMARK 3.4. The hybrid fixed point corollaries, Corollaries 3.1, 3.2, 3.3 and
3.4 are new to the literature on the theory of fixed point theorems in ordered Banach
spaces and applications. In fact Corollary 3.4 is a corrected improved version of the
hybrid fixed point theorems of Yang et.al [30] involving the sum of two operators in an
ordered Banach space (E,K) under weaker normality condition of the order cone K.
Note that the above mentioned hybrid fixed point theorems are very much useful in the
subject of nonlinear analysis for proving the existence and approximation theorems for
nonlinear differential and integral equations in Banach spaces.

The periodic boundary value problems are often times discussed for different as-
pects of the solutions via applications of the tools from nonlinear functional analysis. In
the following section we state a coupled periodic boundary value problem of first order
linearly perturbed nonlinear differential equations to be discussed by an application of
Theorem 3.1.

4. Periodic boundary value problems

Given a closed and bounded interval J = [0,T] of the real line R, we consider
the coupled hybrid periodic boundary value problems (in short coupled HPBVPs) of
nonlinear first order ordinary differential equations,

X (t) + Ax(t) = f(e,x(t),y(1)) + g (t,x(t),¥(1)), 1 EJ’} 4.1)
x(0) =x(T),
and
Y(O)+Ay(t) = f(t,y(1),x(2)) + (1, (1), x(1)), t €7 } (4.2)
y(0) =y(T),

for A € R, A >0, where f,g:J xR xR are continuous functions.

By a coupled solution of the coupled HPBVPs (4.1) and (4.2) we mean a pair of
differentiable functions (x*,y*) € C(J,R) x C(J,R) that satisfies the equations (4.1)
and (4.2) where C(J,R) is the space of continuous real-valued functions defined on J.

The special case of the coupled HPBVPs of the form

X (1) +Ax(t) = f(t,x(t),y(t)), t €J,
x(0) = (1), } @
and
Y (@) +Ay(t) = f(2,9(2),x(2)), 1 € J,
y(0) = ¥(T), } @9
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has been discussed by Bhaskar and Lakshmikantham [4] and Berinde [3] for the exis-
tence and uniqueness theorem if the nonlinearity f satisfies a Lipschitz type condition
and when f satisfies a compactness type condition it has been discussed in Dhage [16]
for the existence and approximation of coupled solutions on J. The purpose of the
present study is to establish an existence result and develop an algorithm for approxi-
mating the coupled solutions of the coupled HPBVPs (4.1) and (4.2) under some mixed
hybrid conditions on the nonlinearities f and g.

The following useful lemma is obvious and may be found in Dhage [16, 18] and the
references therein. The details are also found in Nieto [26], Nieto and Lopez [27, 28].

LEMMA 4.1. For any function o € L'(J,R), x is a solution to the differential
equation

"+ Ax(t) =0o(1), t€J,
X (0)+x(0) = o(0) s
x(0) =x(T),
if and only if it is a solution of the integral equation
T
(1) = / Gy (1,5)0(s)ds, 1 € J, 4.6)
0
where, the Green’s function G(t,s) is given by
elS7ll+lT .
G (t,5) = @.7)
elsflt .
AT 1’ if 0<r<s<T.

Notice that the Green’s function G, is continuous and nonnegative on J x J and
therefore, the number

K, :=max{ |G, (t,s)| : t,s €[0,T]}

exists for all A € RT. For the sake of convenience, we write G, (¢,s) = G(t,s) and
K, =K.

Other useful results for establishing the main result are as follows.

LEMMA 4.2. If there exists a differentiable function u € C(J,R) such that

! <
u'(t)+Au(t) <o), reld, 4.8
u(0) < u(T),
forall t € J, where A €R, A >0 and 6 € L'(J,R), then
T
u(t) < / G(t,5) o(s)ds, 4.9)
0

forall t € J, where G(t,s) is the Green’s function given by the expression (4.7) on
JxJ.
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Proof. The proof of the lemma appears in Dhage [13, 14, 15, 18] and Dhage and
Dhage [22, 23]. Since the proof is not well-known, for the sake of completeness we
give the details of it. Suppose that the function u € C(J,R) satisfies the inequalities
given in (4.8). Multiplying the first inequality in (4.8) by M,

<ehu(t)>/ <o),
A direct integration of above inequality from O to ¢ yields
Mu(r) < u(0) + /Ot Mo (s)ds, (4.10)
for all € I. Therefore, in particular,
AMu(T) <u(0)+ /OT o (s)ds. (4.11)
Now u(0) < u(T), so one has

u(0)e*” <u(T)e . (4.12)
From (4.11) and (4.12) it follows that

T
AT u(0) < u(0) +/ o (s)ds (4.13)
0
which further yields
T els
0 </ ————0(s)ds. 4.14
I/l( ) 0 (CAT—I) (S) s ( )

Substituting (4.14) in (4.10) we obtain

u(t) < /0 " Gle.s)0(s)ds,

for all # € J. This completes the proof. [l

Similarly, we have the following result of differential inequality related to the first
order periodic boundary value problems defined on J.

LEMMA 4.3. If there exists a differentiable function v € C(J,R) such that

! Av(t) = , LEJ,
V(t)+Av(t) =2 0(t), t € @.15)
v(0) = w(T),
forall t € J, where L. € R, A >0 and ¢ € LI(JJR), then
T
V() = / G(t,5)o(s)ds, (4.16)
0

forall t € J, where G(t,s) is the Green’s function given by the expression (4.7) on
JxJ.
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Now we are ready to apply our abstract coupled hybrid fixed point theorem to
coupled HPBVPs (4.1) and (4.2) under suitable natural conditions. In the following
section we prove our main existence and approximation theorem for coupled solutions
of the coupled HPBVPs (4.1) and (4.2) defined on J.

5. Existence and approximation results

The equivalent integral forms of the coupled HPBVPs (4.1) and (4.2) are consid-
ered in the function space C(J,R) of continuous real-valued functions defined on J.

We define a norm || - || and the order relation < in C(J,R) by
[[x[| = sup |x(z))| (5.1)
ted
and
x<y ifandonlyif x(r) <y(r) forall relJ. (5.2)

Clearly, C(J,R) is a Banach space with respect to above supremum norm and
is also partially ordered w.r.t. the above partial order relation <. It is known that
the partially ordered Banach space C(J,R) is regular and is a lattice, so every pair of
elements in the space has an upper and a lower bound in the space. The next lemma
concerning the % -compatibility of sets in C(J,R) follows by an application of the
Arzeld-Ascoli theorem.

LEMMA 5.1. Let (C(J,R),<,||-||) be a partially ordered Banach space with the
norm || -|| and the order relation < defined by (5.1) and (5.2) respectively. Then, every
partially compact subset of C(J,R) possesses 9 -compatibility property w.rt. |- || and
< and so is Janhavi.

Proof. The proof of the lemma is well-known and appears in the papers of Dhage
[13, 14, 15, 16] and Dhage and Dhage [21, 22]. Here we give the proof of the lemma
using somewhat different arguments via cones in a Banach space C(J,R). Define a
subset K of C(J,R) by

K={xeC(,R) |x(t) >0 forall t € J}. (5.3)

Clearly K is a non-empty, closed and convex subset of the Banach space C(J,R)
satisfying the properties (i)- (iii) of a cone. So K is a cone in C(J,R). Now, the order
relation < given by (3.2) is equivalent to the order relation < defined by the cone K
in C(J,R). Therefore, the desired conclusion follows by an application of Lemma 2.2.
This completes the proof. [

We need the following definition in what follows.

DEFINITION 5.1. A pair of differentiable functions (u,v) € C(J,R) x C(J,R) is
said to be a lower coupled solution of the coupled equations (4.1) and (4.2) if

W (t)+Au(t) < f(t,ut),v(t)) +gt,u(t),v(t)), t €J, }
u(0) < u(T),
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and
V(0 +AV(E) > Fle0(0),u(t)) + e, v(0),u(e), 1 €,
v(0) = v(T).
Similarly, a pair of differentiable functions (w,z) € C(J,R) x C(J,R) is called an

upper coupled solution of the coupled HPBVPs (4.1) and (4.2) if the above inequalities
are satisfied with reverse sign.

The coupled HPBVPs (4.1)—(4.2) will be considered under the following assump-
tions:
(H{) The function f is bounded on J x R x R with bound M.

(H,) There exists a Z-function ¢ € © such that

1
0 < f(t,x1,51) — f(t,x2,y2) < 5'(P(x1 —X2 +)’2—)’1)

forall (x1,y1),(x2,y2) € RxR with x; > x, and y, > y;. Moreover KT ¢(r) <r,
r>0.

(H3) g(t,x,y) is nondecreasing in x and nonincreasing in y for each 7 € J.
(H4) The function g is bounded on J x R x R with bound M,.

(Hs) The coupled HPBVPs (4.1)—(4.2) have a lower coupled solution (u,v) € C(J,R) x
C(J,R).

The hypotheses (H ) through (Hs) are standard and have been widely used in the
literature on nonlinear differential and integral equations. The special case of the hy-
Lr
K+r’
we formulate the main existence and approximation result for the coupled HPBVPs

(4.1)—(4.2) under above mentioned natural conditions.

pothesis (Hy ) with ¢(r) = L < K is considered recently in Dhage [9, 12]. Now

THEOREM 5.1. Assume that the hypotheses (H1 ) through (Hs) hold. Then the
coupled HPBVPs (4.1)—~(4.2) have a coupled solution (x*,y*) and the sequences {x,}
and {yn} of successive approximations defined by

X0 — M7T
51 (1) = [ G0 (5,30(5) 3u() ds 5.4
T
—|—/0 G(t,5)g(s,x,(5),yn(s))ds, n >0,
and
Yo =1
T
yuet(t) = [ G(0.9)(5,30(5) (5)) ds 55

T
—|—/0 G(t,5)g(s,yn(s),xn(s))ds, n >0,
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for t € J, converge monotonically to x* and y* respectively.

Proof. Set E = C(J,R). Then, by Lemma 5.1, every compact chain C in E is
Janhavi. Next, by Lemma 4.1, the coupled HPBVPs (4.1) and (4.2) are equivalent to
the nonlinear coupled integral equations of Fredholm type,

/st (5,x(5), () ds+/ G(t,5)g(s,x(s),y(s))ds, t €J,  (5.6)

and

T T
W) = /0 G(t,5)f(s5,y(s),x(s)) ds + /O G(1,5)g(s,y(s),x(s))ds, t €J. (5.7

Now, consider the two coupled operators .#,¥ : E x E — E defined by

/Gts 5.x(s),y(s))ds, 1 € J, (5.8)
and
/Gts 5,x(s),y(s))ds, t € J. (5.9)

Then the nonlinear coupled integral equations (5.6) and (5.7) are equivalent to the
coupled operator equations,

x(t)=F(x,y)t)+9(x,y)(t), 1 €J, (5.10)

and
y(t)=F(y,x)(t)+9(y,x)(t), 1 €J. (5.11)

We shall show that the coupled operators .% and ¢ satisfy all the conditions of
Theorem 3.1 on E x E into E. This will be done in a series of following steps:

Step I: F and 4 are mixed monotone.

Let (x,y), (u,v) € E X E be arbitrary and let (x,y) = (u,v). Then by definition of
=, we get x > u and v > y. Now, by hypotheses (H») and (H3),

= /T G(t,5)f(s,x(s),y(s))ds

/Gts s,u(s),v(s))ds
F () (1)

and
T
Ix)1) = [ Glr.5)g(5,4(9).5(5)) ds

> /OT G(t,5)g(s,u(s),v(s))ds
=9 (u,v)(t)
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forall r € J. Hence .% and ¢ are mixed monotone operators on E X E into E.
Step II: % is partially bounded and nonlinear partial 9 -contraction.
Let (x,y) € E X E be arbitrary. Then,

7 (6,)(1)] < /OT G(t,5)|f (s, x(s),y(s))|ds < KTMg

for all ¢ € J. Taking the supremum over 7 in the above inequality yields ||.% (x,y)|| <
KTM; for all x,y € E. So the coupled operator .% is bounded and consequently par-
tially bounded on E x E.

Next, let (x,y), (u,v) € E X E be any two elements such that (x,y) = (u,v). Then,
by hypothesis (H»),

| Z (x,y)(1) = F (u,v)(1)] < /OTG(hS)|f(S7X(S)’Y(S)) — f(s,u(s),v(s))|ds
< [ Gle.9) [F5,4(6),56)) — 55,005, s
1 T
< 5/0 G(t,5)@(x(s) —u(s) +v(s) —y(s)) ds
1 /T
< 5/0 G(t,5)@(|x(s) — u(s)| + [v(s) = ¥(s)|) ds
< SKTQ (vl + v ).

Taking the supremum over ¢ in the above inequality yields,
1
17 (x,y) = F ()| < SKTQ(|lx—ull + v =) (5.12)

for all comparable elements (x,y), (u,v) € E x E. This shows that the coupled operator
Z is anonlinear partial & -contractionon E X E.

Step lll: 9 is partially continuous on E X E.

Let C and D be any two chains in E and let {x,} and {y,} be two sequences in
C and D respectively such that x,, — x and y, — y. Then, by continuity of the function
g, we obtain

lim 4 (x,,,y,)(t) = lim TG(t,s)g(s,xn(s),yn(s))ds

n—oo n—-eo /()

T

:/0 G(1,s) {}}Ergcg(s,xn(s),yn(s))] ds
T

= [ 6.9(s.x(5).5()ds

=9 (x,y)()

for all + € J. This shows that the sequence {¥ (x,,y,)} convergesto ¢ (x,y) pointwise
on J. We show that the convergence is uniform. To do so, it is enough to show that
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the sequence {¥(x,,y,)} is equicontinuous set of functions in E. Let 71,1, € J be
arbitrary. Then,

|g(xn7yn)(t ) =G (Xn,yn) (12 )|
< [1601,5) ~ 62,5 (s ) ls) | s

<%Aumh> Gltr,5)| ds

uniformly for all n € N. This proves the equicontinuity of the sequence {¥ (x,,y,)}
of functions in E. As a result, 4 (x,,y,) — 4(x,y) uniformly. Hence ¢ is continuous
coupled operator on C x D. Consequently, ¢ is partially continuous on E x E .

Step IV: 4 is partially compact on E X E .

Let C and D be any two chains in E. We show that 4 (C x D) is a partially
compact subset of E. First we show that ¢ (C x D) is a uniformly bounded subset of
E. Let z€ %(C x D) be a fixed element. Then there exists a point (x,y) € C x D such
that z =% (x,y). Then,

[2(0)| = [Z ()] < /OT G(t,5)|g(s,x(s),¥(s))|ds < McKT

for all r € J. Taking the supremum over 7, ||z|| < M KT forall z € % (C x D). Hence
% (C x D) is a uniformly bounded subset of E.

Next, we show that ¢ (C x D) is an equicontinuous subset of E. Let 71,1, € J be
arbitrary. Then,

l2(t1) —2(t2)| = |9 (x,y) (1) = ¥ (x,) (12) |
< [16(1,5) - Glo2.9)lg(5.2(9),6) | s

M/WGn, Glt2.9)|ds
as 1 — 1y,

uniformly for all z € ¢(C x D). This proves the equicontinuity of the set 4 (C x D) in
E. As aresult, 4(C x D) is compact and hence relatively compact in view of Arzela-
Ascoli theorem. Hence ¥ is a partially compact coupled operator on E X E into E.
Step V: Coupled equations (5.10)—(5.11) have a lower coupled solution.
Now, by hypothesis (Hs ), there exists an element (#,v) € E X E such that

/(1) + Au(t) < f(tu(t), (1)) + g(t,u(t),v(1)), }

and

V() +Av() = £, V(t),u(f))+g(f,V(f),u(t)),}
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forall z € J. This further in view of Lemmas 4.2 and 4.3 implies that

/ G(t,s)f(s,u(s),v ds—|—/ G(t,s)g(s,u(s),v(s))ds
and
/ G(1,5)f(s,v(s),u(s) ds+/ G(t,5)g(s,v(s),u(s))ds

for all € J. Again, from the definition of the coupled operators .% and ¢ it follows
that

u(t) < F(u,v)(t)+9w,v)(t), t €J,
and

v(t) = Fu)t)+9(vu)(t), t€J.

Therefore, the coupled operator equations (5.10)—(5.11) have a lower coupled so-
lution (u,v) in E x E. Thus the coupled operators .% and ¢ satisfy all the conditions
of Theorem 3.1 and hence the coupled operator equations and consequently the coupled
HPBVPs (4.1)—(4.2) have a coupled solution (x*,y*) and the sequences {x,} and {y,}
defined by (5.4) and (5.5) converge monotonically to x* and y* respectively. [

REMARK 5.1. The conclusion of Theorem 5.1 also remains true if we replace the
hypothesis (Hs) by the following one:

(Hg¢) The coupled HPBVPs (4.1)—(4.2) have a upper coupled solution (u,v) € C(J,R) x
C(J,R).

The proof under this hypothesis is obtained by giving similar arguments with appropri-
ate modifications.

EXAMPLE 5.1. Given a closed and bounded interval J = [0,1] in R, we consider
the coupled hybrid periodic boundary value problems (in short coupled HPBVPs) of
nonlinear first order ordinary differential equations,

X (1) +x(t) = fit,x(1),y(1) +g1(r,x(t),¥(1)), t €J,
x(0) = x(1), } (5-13)
and
Y (6) +y(t) = filt,y(0),x(1)) +g1(2,y(t),x(1)), t € J, (5.14)

¥(0) =y(1),
where f1,g1:J xR xR are continuous functions defined by

0 if —eo<x,y<0,
1 X

- — if y<0<x< oo,
8§ T+ Bysuss

fl(t7x7y): 1 y ¢ 0

— 5T i < o,
8 T+y it x <y<
1 X y .

- |————1if 0 oo
3 [l—f—x l—|—y]1 <X,y < oo,
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and
g1(t,x,y) = tanhx — tanhy
forall 7 € [0,1].

It is easy to verify that the real-valued functions f; and g; are continuous on
[0,1] x R x R. We shall show that the nonlinearities f; and g; satisfy the hypotheses
(H ) through (Hy4). Clearly the function f; is bounded on [0,1] x R x R by My, = 1.
Next let x1,x2,y1,¥2 € R be such that x; > x, > 0 and 0 < y; < y;. Then, we have

0 < f(trxlayl) _fl(t7x27y2>

D R N L
8| 1+x; 14+y1 l4+x2 14y
I I N B 7 SN i
8| 1+x; 14+x2 14y 14y
_1 [ x—x Y2 =) }
8 L(I+x)(I+x2)  (L+y2)(L+y1)
I xmem Y2 =i
8 | 1+xi+x2+x1x2  1+y2+y1+y21
1 [ xi—x Y2 — Y1
S8 14xi+x L4yt
A x-x Y2 =1
=8 _1+X1—X2 1+y,—y;
<Ll _x—mty—n
T4 14xi—x2+yr—y
1
=§'¢(X1—X2+y2—y1)
1
where, ¢(r) = 3 IL—H for r > 0 and that ¢ € ©. Again, if 0 > x; > xp and y; <

y2 < 0, then also the above inequality is satisfied. Similarly, if x; > x; > 0 and y; <
y2 < 0, then also the above inequality is satisfied. Therefore, in all cases, the function
f1 satisfies the hypothesis (H; ).

Next, the function g; is bounded on [0,1] x R x R with bound M,, = 2. Again,
g1(t,x,y) is nondecreasing in x and nonincreasing in y for each 7 € [0,1]. Finally, the

1 1
pair of functions (u,v) given by u(t) = —3/ G(t,s)ds and v(t) = 3/ G(t,s)ds isa
0 0

lower coupled solution of the coupled HPBVPs (5.13) and (5.14) defined on J = [0, 1],
where the Green’s function G is defined by

esftJrl
, if 0<<s<r <1,
e—1
G(t,s) =
es—t
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1
Further, KT o(r) < = - ¢ I~y for r>0. Thus the functions Jf1 and g;
2 e—1 1+4r

satisfy all the hypotheses (H ) through (H4) of Theorem 3.1 and therefore, the coupled
HPBVPs (5.13) and (5.14) have a coupled solution (x*,y*) and the sequences {x,} and
{yn} defined by

xo(f) = —3/01 G(1,s)ds,
1
5p1(1) = [ G019 fi (5,309, 30(9) s

1
+/0 G(t,5)g1(8,xn(8),yn(s))ds
and 1
YO(I)=3/O G(I,S)ds,

1
yut(0) = [ G fils3n(s) 0 (5)) ds

1
+/0 G(t,5)g1(8,yn(8),xn(s))ds

for all ¢ € [0, 1], converge monotonically to x* and y* respectively.

REMARK 5.2. In the present study we have applied the newly developed coupled
hybrid fixed point theorem to a very simple and well-known PBVP of first order ordi-
nary differential equations. However, the technique can also be extended and applied
to other BVPs of nonlinear second or higher order differential equations under suit-
able boundary conditions for proving the existence as well as approximation result and
developing the algorithms for the solutions. Finally, while concluding this paper we
mention that the study of this section may be extended with similar arguments to the
coupled hybrid periodic boundary value problems of nonlinear second order ordinary
differential equations,

)4 AP0) = F0,0), 1))+ gl0,0),3(0), £ € J,} 51
x(0) =x(T), X' (0) =x(T), -
and
V) A0 = £l (0) + 8(e,3(0) x0), 1 € J,} 516
¥(0) =y(T), ¥'(0) = y(T), '

for L € R, A > 0, where the functions f,g:J x R x R are continuous and satisfy
certain mixed hybrid conditions from algebra, geometry and topology.
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