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POSITIVE SOLUTIONS FOR A CLASS OF FRACTIONAL
DIFFERENCE BOUNDARY VALUE PROBLEMS

JIAFA XU, DONAL O’REGAN, CHENGMIN HOU AND YUJUN CUI

(Communicated by Chris Goodrich)

Abstract. In this paper using the fixed point index and the Leggett-Williams fixed point theorem
we establish the existence and multiplicity of positive solutions for a class of fractional difference
boundary value problems.

1. Introduction

In this paper we study the existence and multiplicity of positive solutions for the
fractional difference boundary value problem

—Ay_y(t)=ft+v—1yt+v—1)), te0,b+2]y,,
Y(v=3) = [A% .y (O)hev-a—2 = A yOlli=yipi2p =0,

where 2<v<3,1<fB<2, v-B>1,0<a<l1,b>3 (beN), A} isadiscrete
fractional operator. For the nonlinear term f, we assume that

(HO) f(t+v—1,):[v—1,b+Vv+1]y, , xRT = R" is a continuous function
(R* = [0, +0)).

Note that, in this paper we use [a,b]y, to represent {a,a+ 1,a+2,---,b} (b—a€
N;), where N, :={a,a+ l,a+2,---}.

(1.1)

REMARK 1. If wedelete o in (1.1), then [AY_5y()]|—y—q—2 is changed to y(v —
2). Indeed, the fractional condition at v — oz — 2 and the Dirichlet condition at v —2
are equivalent. Note

1 t+o

[A3_3y(l‘)} t=v—o-2 - [m 5=;_3(t S I)L_ly(s)] t=v—o—2
1 o= o
= ey 2 (Ve s = HEhG)
R
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As aresult, y(v —3) = 0 implies that [A3_3y(t)} , =
t=v—o—
in (1.1), [AY_5y()]|i=v—a—2 = 0 could be replaced by y(v —2)

(v —2). Consequently,
=0.

In[1, 2, 3, 4], the authors developed the fundamental theory of discrete delta and
nabla fractional calculus and applications to various difference equations were pre-
sented in the literature (see for example [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19] and the references therein). In [5] the author studied the discrete fractional
boundary value problems of order less than one

(g—1A%u)(t) = f(t+o—Lu(t+a—1)), r€[0,T]ly, ac(0,1],
au(aa—1)+bu(a+T) =c,
using the Banach fixed point theorem, and in [6, 7, 8] the authors used a similar method
to study existence and uniqueness of solutions for some boundary value problems of
fractional difference equations. In [9] the authors used the Guo-Krasnoselskii’s fixed

point theorem in a cone to study existence of positive solutions for the three-point
boundary value problem of the nonlinear Caputo fractional difference equation

Adu(t)+a(t+o—1)f(u(0(rt+o0—1)))=0, teNor,
u(or—3) = A%u(a—3) =0,
u(T + o) = AA Bu(n+B),

under the superlinear and sublinear conditions:
f(u)

fo= lim M:0 or oo, fo=1lim——==0o or O. (1.2)
u—0t U U—eo Y
In [10, 11, 12, 13, 19] the authors used fixed point theorems and condition (1.2) to
study many types of discrete fractional boundary value problems with nonnegative and
semipositone nonlinearities.

In this paper, we use the fixed point index to obtain three existence and multiplicity
theorems of positive solutions with a nonnegative nonlinearity. Our growth conditions
on the nonlinearity improves that in (1.2) (see conditions (H1)-(H4) in section 3). We
also use the Leggett-Williams fixed point theorem to obtain a result of twin positive
solutions with a semipositone nonlinearity.

2. Preliminaries

We introduce some background materials from discrete fractional calculus; for
more details we refer the reader to [1, 2, 3, 4, 16].
DEFINITION 1. We define ¥ := Fgﬁf)\,) for any #,v € R for which the right-
hand side is well-defined. We use the convention that if £+ 1 — v is a pole of the
Gamma function and ¢ + 1 is not a pole, then ¥ = 0.
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DEFINITION 2. For v > 0, the v— th fractional sum of a function f is

1 —v

AVF(t) = — Z(t_s_ 1)V—_1f(s), for t¢& Ngpy.

We also define the v—th fractional difference for v > 0 by
AVF() =AYAYNF(t), for t€ Ny v,
where N e N with O<N—1<v<N.
LEMMA 1. Fort,v € R, we have AtY-= vt¥=L if t¥ Y=L are well-defined.
LEMMA 2. Let Ne N with O N—1< Vv <N. Then
AVAY_wy(t) = y(t) + ety b oot 2 eyt (¢ €R, 1 <P <N).

[(v+1)¥=«

LEMMA 3. For oo >0 and v € R, we have Agt!: m

We now construct the Green’s function associated with (1.1). For this, we let
h:[v—1,b+v+1]y, , — R be acontinuous function. Then we consider the fractional
difference boundary value problem

{—A\‘j3y(t):h(t+v—l), 1 €[0,b+2]n,, o

V(v =3) = A% y(O)]lmv-a2 = (A 3()]lmyspiap =0,

where v, o, B,b are asin (1.1). The following two lemmas are in [19] (for completeness
we present their proofs).

LEMMA 4. (see [19, Theorem 2.1]) The problem (2.1) has a unique solution

b+2

y(1) =Y G(t,5)h(s+v—1), t€lv—1b+v+1]y, ,, (2.2)
s=0
where
=Ly Bosy )Y BL v _
1 b il (t—s—1)Y=— 0<s<t—v+1<b+2,
G(t,s) = =—

T(v) | w=Lvip-B—s+1)¥=B=1
(vb—p+2)y=B=1

0<t—v+1<s<b+2.

b

(2.3)
Proof. From Lemma 2 we have
1 —v
y(t)= _W 2 (t—s—1)Y=Lh(s+v—1D)+ei =t epry=24c3rY=3, (c;eR, 1<i<3).
s=0
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The boundary condition y(v — 3) = 0 guarantees that ¢3 = 0. Therefore, we have

AY_3y(1) = 1A st =L+ A 3f——Aa(v7a)h(t+v— 1)
C(v)r=2=L = [(v—1)=e=2

—a I'v—a) = 'v—a-1)
t—v+a

Using this and [AY_,y(1)]|;=v—a—2 = 0 gives ¢, = 0. Moreover, we obtain

[ v3YOllvipia-p
T(v)i'= B-1 1 1—v+p ‘|

D (t—s—1)"=Pn(s+v—1)

TR TR & —vibi2p
=0,
and
1 b2 VB
R = = R A
As a result, we have
5 v—1
y(t) = ‘WEO(H‘ 1)*=h(s+v—1)
(=1 b2

—B—s VB-lpis i v_1).
+F(V>(V+b+z_g)v—ﬁ—1§)(v+b B—s+ 1)L lp(s+v—1)

Thus (2.2) holds. This completes the proof. []

LEMMA 5. (see [19, Theorem 2.2]) The Green function (2.3) has the properties
(i) G(t,5) >0, (t,5) € [v—1,b+Vv+1]n, , X [0,b+2]y,,
(ii) g(1)G(b+Vv+1,5) <G(t,5) <G(b+Vv+1,s), (t,5) € [v—1,b+Vv+1]y, |
v—1
% [0,b+2]n,, where q(t) = W

Proof. Clearly G(t,s) >0 when 0<t—v+1<s<b+2. If0<s<r—v+1
< b+2, we have

(V—D2(v4+b—B—s+ 1)L (v—1)(r—s—1)=2
Tv)(v+b— 2=t T(v)

D s )2 Y 2(vh b Bos 1)V Bl

B T(v) (t—s—1)Y2(v+b—B+2) A1

AtG(Z,S) =
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Let
Y2(v+b—B—s+1)BL
(t—s—1)V=2(v4+b—B+2)V AL
=21 (b +4) o
- btv—p—s+1)==L
(-1 p—si3) LTV Pos
Then F(¢,s,3) is nondecreasingin B (1 < 8 <2)since AgF(t,s, ) > 0. This implies

Y2y 4+ b—s)¥=2
(t—s—1)Y=2(v+b+1)¥=2
1(t—1)--- (t—s)(b+3)(b+42)--- (b—s+3)
(t=v42)(t—v+1) - (t—=v+2—5)(V+b+1)(V+D) - (v+b+1—s)

—i)(b+3—i .
t—vg-2—)§)(t+b-i)-l—i) > 1(0<i<s), weseethat F(r,s,8) > F(t,s,1) > 1 and thus

A/G(t,s) > 0. As aresult G(z,s) is nondecreasing in 7, i.e.,
I's+v)I'(b+v—B—s+2)T(b+4)
Fr(V)I'(s+DI'(b+3—-s)I'(v+b—PB+3)

F(t,s,B) =

F(Z,S,ﬁ) >F(t7s7l) =

Since i

G(t,s) 2G(s+v—1,5)= > 0.

Thus (i) of Lemma 5 is true.

When 0<r—v+1<s<b+2,wehave
(v=1)r=2(v4b—B—s+ 1)V B!
T(v)(v+b—B+2)VP-L

and thus G(z,5) < G(s+ v — 1,s). Moreover,

AG,(t,s) = >0,

V=L (vrb—B—s+1)V=B=L
G(1,5) (v+b—p+2)Y=P-1

G(b+v+1,s) (h+v+1)u(v+h7;3j;:1>vfﬁ*1 —(bv—1)-L
(v+b—B+2)—"—
YL ypb—f-s+1)YBL
(vb—p+2)y=B=1
(b+v+1)Y=L(v4b—B—s+1)V=B-1
(vb—p+2)y=B=1
fr=L

(b+v+1)=L

When 0 < s <t—v+1<b+2, from (i) we have AG,(z,s) > 0 and then G(s+ v —
1,5) < G(t,s) < G(b+ v+ 1,s). Moreover,

WV

Y=L (y+b—B—s+1)Y=B=! —1
Gls) (vib-pray BT ((—s—=
- v A v—PB—1
G(b+v+1,s) (b+v+1()‘j7(_v;i2)liigirll) —(b+v—1)¥=L

tu[(v+b—ﬁ—s+1)vﬁ1 (t—s—l)“:l

(v+b—p+2)YB1 =l

vet | b Bost )Y =Bl vyt ]
(b +v+ 1)_ |: (V+b—/3+2)v7'371 (b+v+1)"']
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where
g 1)r=l
= 5= )Lty 1)t
(btv—s)*=L —  pv=l(p 4y —g)v=1
(b+v+1)¥=L
(t=v+1)(t—vVv)-(t—v+1=s)(v+b+1)(V+D)---(V+Db+1—5)
t(t—=1)---(t—5)b+2)(b+1)---(b—s+2)
<L
i.e.,
(t—s—l)ﬂ< (b+v—s)¥=L
rv=1 S (b4 vyl
Therefore, we have
(vb—Bost D P (s 1)L (vabBost )L (pvos)t
(v+b—B+2)Y=B=L =1 (vib—Ba2)v=B=L  (btv+1)vL
and
G(t,s) =L
Gb+v+1,5) ~ (b+v+1)=L

Consequently, (ii) of Lemma 5 holds. This completes the proof. [

Let o(s+v—1)
Li—v+1)forre[v—-1,b+v+1]y, .

b+-v+1

Y q)e(t)-o(s+v—1)<

t=v—1

for s € [0,b+ 2]y,

=G(b+v+1,s) for s € [0,b+2]y,. Then (1) =

. For convenience, we let k] =

Gb+v+

From Lemma 5 we have the inequalities

b+v+1
> o) os+v—1), 24
t=v—1

b+v+

> q( )o(t) and 1, = Z qo()

t=v—1 t=v—1

Let E be the collection of all maps from [v —3,b+ v+ 1]y, , to R, which is
equipped with the max norm, || - ||. Then E is a Banach space. Define a set P C E by

P={yeE:y@)

Then P isaconeon E.

>0,telv—1,b+v+1]y, ,}.

From Lemma 4, we have that (1.1) is equivalent to the sum equation

b+2

y t) = Z G(Z,S)f
s=0

(s+v—-1,y(s+v—-1)):=

Ay)@), relv-Lb+v+ly,

(2.5)

where G is defined in (2.3). From (HO) it is immediate that A : P — P is completely
continuous. It is clear that y € P\ {0} is a positive solution for (1.1) if and only if
y € P\ {0} is afixed point of A.
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LEMMA 6. Let By={y € P:y(t) > q(t)|ly||,Yyet € [v—1,b+v+1]n, ,}. Then
A(P) C Py.

This is a direct result from (ii) of Lemma 5.

LEMMA 7. (see [20]) Let E be a real Banach space and P a cone on E. Suppose
that Q C E is a bounded open set and that A : QNP — P is a continuous compact
operator. If there exists @y € P\ {0} such that

0—Aw £ Aay, YA >0, o €IQNP,
then i(A,QNP,P) =0, where i denotes the fixed point index on P.

LEMMA 8. (see [20]) Let E be a real Banach space and P a cone on E. Suppose
that Q C E is a bounded open set with 0 € Q and that A : QNP — P is a continuous
compact operator. If

0—AA0#0, VA €10,1], @ € 0QNP,

then i(A,QNP,P)=1.

DEFINITION 3. Given a cone P in a real Banach space E, a functional o : P —
R is said to be nonnegative continuous concave on P, provided o (tx+ (1 —1)y) >
to(x)+ (1 —1)a(y), for all x,y € P with 7 € [0,1].

Let a,b,r > 0 be constants and let the functional o be as defined above. Let
P.={yeP:|y| <r}and P{lo,a,b} ={y € P:a(y) >a |yl <b}.

LEMMA 9. (Leggett-Williams fixed point theorem, see [20]) Let E be a real
Banach space, P C E a cone in E. Suppose that A : P, — P, (¢ > 0 is a constant) is
a continuous compact operator, and 0. is a nonnegative continuous concave functional
on P such that a.(y) < ||y|| for y € P.. Assume there exist 0 < a < b < d < ¢ such that

(i) {y € P(o,b,d)|oe(y) > b} # 0 and o(Ay) > b forall y € P(ot,b,d),

(ii) |Ay|| <a forall ||y|| < a,

(iii) ol(Ay) > b forall y € P(o,b,c) with ||Ay| > d.

Then A has at least three fixed points y; (i =1,2,3) with

Iyill <a, b<ay), [ly3ll >a, o(ys) <b.

3. Main results

Now, we list our assumptions on f in this section.
(HD) liminf,_, . 70 > &7 uniformly on 7 € [v — 1o+ v+ 1y, .
(H2) limsup,_+ @ < i;" uniformlyon 7 € [v—1,b+v+1]y, .

(H3) liminfy_,o+ @ > K‘l_l uniformlyonz € [v—1,b+v+1]y, .

(H4) limsup, .. {4 < i7" uniformly on 1 € [v— 1,5+ v+ 1], , -
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(HS) There exists M > 0 such that f(t,y) < &, 'M for (t,y) € [v—1,b+Vv+
1N, , x [0,M].
Let B, :={y€ E :|jy|| <p} for p >0.

THEOREM 1. Suppose that (HO)—(H2) hold. Then (1.1) has at least one positive
solution.

Proof. From (H1), there exist € > 0 and d; > 0 such that
f,y) > (Kfl +e)y—dy, for yeRY, telv—-1,b+v+ n, ;- (3.1)

This implies

1))=Y Gt,s) (k] +e)y(s+v—1)—d|]

| b+2 3.2)
> (k' +&) Y Gt,s)y(s+v—1)—diky, for yeRY,

s=0
relv-1b+v+1]y, .

In what follows, we prove that there is a R > 0 such that

y#Ay+ Ao, Vye dBrNP, 1 >0, (3.3)
where ¢* is a fixed element on Py. If the claim is false, there exists yg € dBg NP and
Ao = 0 such that

yo = Ayo + Ao@”.
This implies:
(i) yo € Py since A(P) C Py and ¢* € By,

(i) yo(r) = (Ayo)(t), forr € [v—1,b+v+1]y, ,.
From (3.2), we have

b+2
yo(t) = (k" +&1) Y Gt,s)yo(s+v—1)—diky, for te[v—1b+v+I1]y, .
=0
' (3.4)
Multiplying both sides of (3.4) by ¢(¢), and from (2.4) we have
btv+l bv+1 X b+2
2 wmed)= Y o) (k' +e) Y Glts)yols+v—1)—dik
t=v—1 t=v—1 s=0
b2
2(1(1‘1—1—81)1(1Zyo(s+v—l)qo(s+v—l)—d11<22 (3.5)
s=0

b+v+1
1 +81K1 2 y() dle

t=v—1
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As aresult, we have
b+v+1
2

> o)) <& 'dikg i

t=v—1

Note that yg € Py, and then

bv+1
ol Y, a@)e) <e'dix k3, and |lyol < e 'din; k5.
t=v—1
Therefore, we can choose R > sfldl K1—2K22 s0 (3.3) is true. From Lemma 7 we have

i(A,BRNP,P) =0. (3.6)

From (H2), there exist r € (0,R) and & € (0, k; ') such that

ft,y) < (k' —g)y, for yel0,], te[v—1Lb+v+1]y, . (3.7)
This implies
b+2
(Ay)(1) &) ZGts (s+v—1), for y€B, telv—1,b+v+lly, .
(3.8)

Now we prove
y# LAy, Vy€dB,NP, A €0,1]. (3.9)

Suppose there exists y; € dB, NP, A; € [0,1] such that

b+2

yi(t) =2 (An) () < (1(2_1 - &) Z G(t,s)yi(s+v—1), forte[v—1,b+v+l1]y, .
s=0
(3.10)
Multiplying both sides of the above inequality by ¢(z), and from (2.4) we have
b+-v+1 b+-v+1 . b+2
> e < Y o) (5! —e) Y Gl (s +v—1)
t=v—1 t=v—1 s=0
b+2
<oo'—8) Y ys+v—De(s+v—1) (3.11)
s=0
b+-v+1

=(1-&K) Y

t=v—1

This implies Z yl( Jo(r) =0 andso y;(r) =0 forr € [v—1,b+v+1]y, ,. This
t=v—1
contradicts y; € dB,NP. Hence, (3.9) is true. From Lemma 8 we have

i(A,B,NP,P)=1. (3.12)



488 J. XU, D. O’REGAN, C. HOU AND Y. CUI

From (3.6) and (3.12) we have
i(A,(BR\B;)NP,P) =i(A,BRNP,P) —i(A,B,NP,P)=0—1=—1+#0. (3.13)

Consequently, the operator A has a fixed point in (B \ B,) NP, ie., (1.1) has at least
one positive solution in (Bg \ B,) N P. This completes the proof. [J

THEOREM 2. Suppose that (HO), (H3)—(H4) hold. Then (1.1) has at least one
positive solution.

Proof. From (H3), there exist &3 > 0 and r > 0 such that
fty) = (k' + &)y, for yel0,], te[v—Lb+v+l1]y, . (3.14)

Consequently, we have

b+2
(Ay)(1) > (K1_1+83) Z G(t,s)y(s+v—1), for yel0,r], te€[v-1,b+v+l]y, ,.
s=0
(3.15)
We prove that
y#£Ay+Ao*, VyedB,NP, A >0, (3.16)

where @** is a fixed element on P. Suppose there exists y, € dB, NP and A; > 0 such
that
y2 = Ay + 0"

This implies y(r) > (Ay2)(t), fort € [v—1,b+v+1]y, ,. Now with (3.15), we have
b2

() = (Kl_l +&) 2 G(t,s)y2(s+v—1), for te[v—1,b+v+ l}Nv—l' (3.17)
s=0

Multiplying both sides of (3.17) by ¢(¢), and from (2.4) we have

b+-v+1 b+-v+1 b+2
Y nMe@) = Y o@) | (" +e3) Y Glrshya(s+v—1)
t=v—1 t=v—1 s=0
b+4-2
> (k7 +&)K Y ya(s+v—1e(s+v—1) (3.18)
s=0
b+-v+1

=(1+&k) Y, »l

t=v—1

btv+1
Hence, we have ¥ y2(7)@(r) =0, and thus y,(r) =0 forr € [v—1,b+ v+ 1]y, .

t=v—1

This contradicts y, € dB, N P. Thus (3.16) holds. From Lemma 7 we have

i(A,B,NP,P)=0. (3.19)
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From (H4), there exists d» >0 and & € (0,x, 1) such that

ft,y) < (k' —e&)y+dy, for yeR", relv—1Lb+v+ly, . (3.20)

Thus
b+2
(Ay) (1) - Z G(t,5)y(s+v—1)+drks, for yeR", r€[v—1,b+v+l1]y, ;.
(3.21)
Now we prove there is a R > r (r is defined in (3.14)) such that
y# Ady, Yy € dBgNP, A €[0,1]. (3.22)
Suppose there exists y3 € dBR NP, A3 € [0, 1] such that
h42
y3(t) :7L3(Ay3)(t) < (K2_1—84) z G(t,s)y3 (S+V—1)+d21(2, for t € [V—l,b—FV—Fl]NWI .
s=0
(3.23)
Multiplying both sides of the above inequality by ¢(¢), and from (2.4) we have
b4-v+1 b4-v+1 b2
D o)< Y, o) |5 —&) Y, Glt,9)ys(s+v—1)+dorr
t=v—1 t=v—1 s=0
h42
< Kz(Kz‘l—a)Zyg(s+v—l)qo(s+v—l)+d21c22 (3.24)
s=0
b4-v+1
=(1—&Kxy) 2 ya(t +d2K2
t=v—1
This implies
b4v+1
Y, w)e() <g'dw.
t=v—1
Note that y; = A3Ay3 € Py from Lemma 6. Hence,
Iys]l < & 'dari ' ko
Taking R > max{r, &, Yd, Kfl K>} we have (3.22). From Lemma 8 we have
i(A,BRNP,P) = 1. (3.25)

As aresult, from (3.19) and (3.25) we have
i(A,(BR\B;,)NP,P) =i(A,BRNP,P) —i(A,B,NP,P)=1—-0=1+#0. (3.26)

Consequently, the operator A has a fixed point in (B \ B,) NP, ie., (1.1) has at least
one positive solution in (Bg \ B,) N P. This completes the proof. [J
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THEOREM 3. Suppose that (HO), (HI1), (H3), (H5) hold. Then (1.1) has at least
two positive solutions.

Proof. From (H5), for (1,y) € [v—1,b+Vv+1]y, , x [0,M], we have

b+2
(A () = Y, G(t,5)f(s+Vv—Ly(s+v—1))
s=0 (3.27)
b+2 b+v+1
<Y Gt ' M<KK'M Y, o(t)=M.
s=0 t=v—1
This implies
|Ayl[ < [|ly[| for y€ dBuNP. (3.28)
‘We now show
y# AAy, Yy € dBy NP, A <[0,1]. (3.29)

Suppose there exists y4 € By NP and A4 € [0,1] such that y4 = A4Ays. Hence,
(Av4)(t) = ya(r), for re[v—-1,b+v+1]y, .

Consequently, ||Ay4|| > ||ya||, and this contradicts (3.28). Thus (3.29) holds. From
Lemma 8 we have

i(A,ByNPP)=1. (3.30)
Note that we can choose R > M > r such that (3.6) and (3.19) are satisfied. Now with
(3.30), we obtain

i(A,(Bg\By) NP,P) = i(A,BRNP,P) —i(A,ByNP,P) =0—1=—1#£0,

_ 331
i(A,(By\B,)NP,P) = i(A,ByNP,P) —i(A,B,NP,P) =1 —0=1#£0. 63D

As a result, the operator A has two fixed points in (Bg \ Byy) NP and (By \ B,) NP,
respectively. Therefore, (1.1) has at least two positive solutions. This completes the
proof. [

Consider the semipositone condition:
HO) f(t+v—1,):[v—1,b+Vv+1]y, , x R" — R is a continuous function,
and moreover, there exists a positive constant M| > 0 such that

ft,y) =My, forall (1,y) € [v—1,b+v+1]y,_, xR
In the following we replace (HO) with (HO)'.

‘— mi — i =1
Let go = minyefy 1 prv4)y, 900 = Mie_1ppv1)y | Brviner > 0-

THEOREM 4. Suppose that (HO)' holds. Moreover, there exist positive constants
e,a,c,N with M, qual <e<e+MKky<a< q%c, qal <N < qof suchthat
(H6) f(t,y) < Kiz —M; forte[v—1,b+v+l1]y, , 0<y<e,

(H7) f(t,y) > amN—M forte v—-1Lb+v+1]y, ,, a—Mixy <y< q“—2
0

(H8) f(t,y) < K% —M; forte[v—1,b+v+l1]y, , 0<y<ec.
Then (1.1) has at least two positive solutions.
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Proof. Let w be a solution of

—AV_5y(1) =1, t€[0,b+2]y,,
y(v—=3)=[AY_3y(t)]li=v—a—2= [A€_3Y(t)“t:v+h+2—ﬁ =0,

where v, o, 3,b are as in (1.1). Define z = M, and then from Lemma 4, we have

(3.32)

b+2 b+2 b+v+1
Z(I)ZMl(D( MIZGIS <M12(p S+V—1 Z (p =M K.
s=0 s=0 s=v—1

We note that (1.1) (under condition (HO0)’) has a positive solution y if and only if
y+z=1Y is a solution of the problem

{—A‘\ﬁ3y(t) :f(t+v— Ly(t+v—1)—z(+v—1)), t€[0,b+2]y,, (3.33)

YV =3) = (AL y()]—v-a-2 = [A_y()]lvipr2-p =0

and y(t) > z(t) fort € [v—1,b+v+1]y, |, where v,a,B,b are asin (1.1) and

Ft,y) = 4 S0 M, (t,y) €lv—1,b+v+1]y,_ , xR,
e f@,0)+M, (t,y)e[v—1,b+v+1]y, , X (—,0).

For y € P, we define the operator

b+2
ZGts Flsv—1,y(s+v—1)—z(s+v—1)), for 1 € [v—1,b+v+1]y, ;.

Note that gg > 0. Then from Lemma 6 we have B(P) C P;, where Py ={y € P:y(t) >
qolly|l,Vt € [v—1,b+v+1]y, ,}. We now show that all the conditions of Lemma 9 are
satisfied. We first define the nonnegative, continuous concave functional o : P — R™
by a(y) =minc(y_1 pyvri)y |y( )|. For each y € P, we see that or(y) < ||y||. Next

we prove that B(P.) C P,. Let y€P.. Thenfort e [v—1,b+v+1]y, ,,wehave

() if (1) > 2(0), then 0.< y(2) ~2(r) < (1) < ¢ and F{t,y(t) —(1)) = £, ¥(0) —
z(t)) + M, > 0. From (H8) we have f(¢,y(r) —z(r)) < <.

~ K
(i) if y(r) < z(7), then y(r) —z(r) <0 and f(r,y(t) —z(t)) = f(t,0) + My > 0.
From (H8) we have f(z,y(t) —z(t)) < -
Therefore, we have proved that, if y € P, then f(z,y(1) —z(t)) < 5 forte
[v—1,b+Vv+1]y, . Then,

b2

By|| = max G(t,s)f s+v—1, s+v—1)—z(s+v—1

I8yl =, max, 3G ( )~ )
c b2

< — s+v—1
Kzgow )

=C.
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This implies B(Pc) € Pc. If y € P, then (H6) yields f(t,y(r) —z(r)) < & for 1 €
[v—1,b+v+1]y, . Thus B: P, — P,, i.e., assumption (ii) of Lemma 9 holds.

Let y(t) = q—‘%, forte[v—1,b+v+1]y, . Theny€P, afy) =a/q} >a,ie.,
{y € P(a,a, q“—%) sa(y) > a} #0. Moreover, if y € P(a,a,%), then o(y) > a, and
a< |yl < q—‘%. Thus, 0 <a— MK < y(t) —z(r) < y(t) < ;—%J € [0,1]. From (H7) we

obtain f(t,y(t) —z(t)) = ;G N fort € [v—1,b+v+1]y, . From the definition of
o, we have

o(By) = min (By)(t) = qol|By|
te[v—l,therl]N%l

b+2 _
> qo max EG(t,s)f(s—l—v—1,y(s+v—l)—z(s+v—l))
IG[V*IJHVH]NV,I =0
a b2 a b2
>qo——N ) G(t,s) 2qo——N ) q(t)p(s+v—1)>a.
e ZB( ) e SZEO()( )

Therefore, condition (i) of Lemma 9 is satisfied with d = a/ q%.

Finally let y € P(a,a,c) with ||By|| > a/q3. Then we have a(By) > qo||By|| >
> a. Hence, condition (iii) of Lemma 9 holds with ||By|| > a/q3.

As a result all the conditions in Lemma 9 are satisfied. Hence B has at least three
positive fixed points yj, y, and y3 such that

a
q0

Vil <e, a<a(n), [yl>e a@s)<a
Furthermore, y; = y; +z (i = 1,2,3) are solutions of (3.33) and moreover,

¥2(1) = qolly2ll = qoot(32) > qoa > goMiKaqy ' = 2(t), t €[V —1,b+v+1]y, ,,
Y3(t) = qoll33]| > qoe > qoMikagqy ' > 2(t), t € [v—1,b+Vv+ 1]y, _,.

Thus y, =y, —z, y3 = y3 — z are two positive solutions of (1.1). This completes the
proof. [
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