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MULTIPLE POSITIVE SOLUTIONS FOR A CHOQUARD
EQUATION INVOLVING BOTH CONCAVE-CONVEX AND
HARDY-LITTLEWOOD-SOBOLEV CRITICAL EXPONENT

R. ECHARGHAOUI, M. KHIDDI AND S. M. SBAI

(Communicated by Claudianor O. Alves)

Abstract. In this paper, we consider a Choquard equation involving both concave-convex and
Hardy-Littlewood-Sobolev critical exponent. By using the .4 ehari manifold, fibering maps and
the Lusternik-Schnirelman category, we prove that the problem has at least cat(Q)+ 1 distinct
positive solutions.

1. Introduction and main result

In this paper, we are concerned with the multiplicity of positive solutions of the
following critical nonlocal problem

—Au—= (fg ‘\Lﬂi: dy) |u\271‘2u+7tu‘1 in Q,
u=0 on dQ,

(1.1)

where 0 € Q is a smooth bounded domain of R¥N, N >3, 0 < g <1, A is a positive
parameter, 0 <y <N, and 2, = 2]]\\,]__2“ is the critical Sobolev exponent (in the sense
of the Hardy-Littlewood-Sobolev inequality). This problem has a wide ring of appli-
cation in physics and related sciences such as quantum theory of a polaron at rest by
S. Pekar in [16] and the modeling of an electron trapped in its own hole in the work
of P. Choquard, as well as a certain approximation to the Hartree-Fock theory of one-
component plasma [ 13]. For a complete and updated discussion on the current literature
of such problems, we refer the reader to the guide [15]. Recently, many papers have
studied the multiplicity of positive solutions by way of .4 ehari manifolds, fibering
maps and the Lusternik-Schnirelman category for different semilinear, quasilinear, and
nonlocal problems involving a critical exponent and concave and convex nonlinearities
(see [4, 6, 10]). Our purpose here continue this line of work by relating the number
of positive solutions of a nonlinear Choquard equation (1.1) to topology of €. Several
works have been devoted to the study of nonlinear Choquard equations of the type (1.1).
The reader can find a lot of papers in the literature involving this subject, we cite [1],
[21, [6], [9], [8], [14]. The main result is the following.

Mathematics subject classification (2010): 35J25, 35J60, 35A15.
Keywords and phrases: Choquard equation, .4 ehari manifold, Concave and convex nonlinearities,
Lusternik-Schnirelman category.
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THEOREM 1. Let N > 4 and % < g < 1. Then, there exists N, > 0 such that

2
if for each A= € (0,A), problem (1.1) has a least cat(Q)+ 1 distinct positive solu-
tions.

To establish our main result we follow, as in [1], [3], [5], a classical approach,
some techniques employed in [18], and an argument developed in [8]. The paper is
organized as follows. In Section 2, we fix some notations and give some preliminary
results and known facts. In section 3, we show some technical lemmas which enable
us to construct homotopies between € and certain sublevel set of the energy functional
associated to (1.1). In section 4, we prove theorem 1.

2. Some notations and preliminaries

In this section, we recall some preliminary results that are required in the later
sections.

We denote |- |, as the standard L”(Q) norm with 1 < p <o, and ||- || for H](Q)
norm. we set || the Lebesgue measure of Q and [, [u|9dx < C 4|lu|9. The follow-
ing well-known Hardy-Littlewood-Sobolev inequality [12] is key in order to follow a
variational approach for our problem (1.1).

Proof Lett,r>1and 0<pu <N with L+ & 41 =2 rec/(RY and h e
L"(RN. There exists a sharp a constant C(¢,N, i, r), independent of f,h, such that

/]RN RN ‘x y‘ﬂ dXdy (t N7”7r)|f|t‘h|r~

Iftr=r= then

2N w’
- _ aT(G=5) rr R
C(t,N,u,r)—C(N,H)—ﬂani_%(Tié))

In this case there is equality in (6) if and only if f = Ch and

—

2N—
hx) = AP+ —af) 7T
for some A € C, 0 # y € R and a € R". Notice that, by Hardy-Littlewood-Sobolev

inequality, the integral
NE
/ / )|ub) dxdy
RN JRN ‘ X — y‘ﬂ

2N—pu gquN_“
N N-2

is well defined if

We say 2NA7 £ is the lower critical exponent and 2, = 21{,\’—2 is the upper critical ex-

ponent in the sense of Hardy-Littlewood-Sobolev inequality. From this inequality, for
each u € 2'2(RV), we have

1

< C(N, ) [uf3.

t*|—

Hlu(y
(Jw S L0 i)
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where C(N, 1) is a suitable constant defined in Proposition 2 and 2* = % ]

We use Sy to denote the best constant defined by

Vul?d
Sup= inf Jrw [Vul"dx : @.1)
ue 712 (RV)\{0} ulx 2% " 2% 7%
< RN JRN I ( )l‘x}ily‘;(iv)_‘ udxdy) K
The constant Sy ; defined in (2.1) is achieved if and only if
t N=2
= C(—m— 7
u(x) (t2—|—|x—a\2)

where C > 0 is a fixed constant, « € R and 7 > 0 are parameters (refer Lemma 1.2 of

[9]). Moreover,
S

N-2
C(N,p)™s
where S is the best Sobolev constant. Let

NI

2.2)

be a minimizer for S, see [18], then

50 :SUZNH)I(JzHN) CN. ) e [N(N-2)]7

is the unique minimizer for Sy ; that satisfies

2 .
—Au = < 1) dy)|u\2ﬂ*2uin RN
Q fx—yl#

2 |2 U )| ks
VU dx = 7 dxdy =Sy .
HL
RV RN |x — y|# :

Moreover, Let N > 3, for every open subset Q of RN ,
Vul|*d
Susl@= it Jo Vi dx =Sus,  (23)
ue21:2(Q)\{0 2 () 2R
( ARG R

[x—y[#

with

Su.1(€) is never achieved except Q = RV, (see [9]).
The energy functional associated to equation (1.1) is defined by

1 1 A 1
I (u) == 5””‘\2 — 55 D(u) - ) ulfh), (2.4)
u

|u(x) “|V +1 1
d dy, and |ul? :/ a+lgx.
// |x Y|“ e ‘u|q+l Qu *

The Hardy-Littlewood-Sobolev inequality implies that 7, is well defined on Hg ()
and belong to ¢! (H}(Q),R) with its derivative given by
)P 2u(

/VuV(pdx //‘ 1o0) |dxdy—7t/uq(pdx,
\x yl# Q

where
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forall u, ¢ in H}(Q).
Therefore, the solutions of (1.1) correspond to critical points of the energy I, . let
us denote by .47 the .4 ehari manifold related to I, given by

Ny = {u € Hy(Q),u#0: (I (u),u) =0},
namely
N = {u € HY(Q),u 0 Jul* = D) + Alufg 1}
For ¢t > 0, we define the fibering maps

t22;

225

t2 5 q+1 441
9ult) =1 (u) = > [[u]] "~ D(M)—lq—lu\ :

Then we have
9(t) = tl|u]| — 2" D) — Ar9Jul 1.
and
01 (1) = llul* = (22, — 1) 7D () — gt Jul 2.

It is easy to see that ru € .4, if and only if ¢)(z) = 0, and in particulary for = 1
we have u € .4, . The elements in .45 correspond to stationary of fibering maps ¢ (7).
Thus, for u € .4;, we have

90 (1) = (1=q)lul* = (22, = 1 = g)D(w),
= (2-22)|ull* = (g +1 - 22;)Alulf ).
Therefore, we can split the .4 ehari manifold .4} into three parts. Namely:
N i={ue N9/ (1) >0}
N ={ue N 9/ (1) <0}
A= {ue N 4)(1) =0}

LEMMA 1. If ug is a local minimizer of I) on N3 and ug ¢ JVAO. Then ug is a
critical point of I,.

Proof. The proof is the same as that in [10], we give it here for completeness. Set
Jy,(u) = (I} (u),u). Since uy is a local minimizer of I; under the constraint I (uo) = 0,
by the theory of Lagrange multipliers, there exists o € R such that

L (uo) = 6, (o)

Thus implies
(I (uo), uo) = o (I3 (o), u0) = G, (1).

Since ug ¢ 47", so ¢ (1) # 0. Hence ¢ = 0. We complete the proof. [

2
LEMMA 2. There exists A, >0 such that 2.7=1 € (0,A.), such that .A;" = 0.
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Proof. We suppose that there exists A € (0,A.), such that 4;° # 0 Let u € A°,

we have
¢/ (1) = (1—q)l|ul*+ (22, — 1 — g)D(u) =0,
then
) (22;‘i —1—gq)
[lul” = WD(M)-

And by definition of Sy ; given in (2.3), we have

1
]l = Spr LD (u),
so with (2.5) and (2.6), we have

e Eer
- -9 \2@;-D
lull > s (i)
Since,
* * +1
9 (1) = (2 =22, [lull> — (g +1 = 22;)Aluf}; =0,
and by using the above equality and the Sobolev inequality, we have

1
ul| < (225 — 1— g)s % @ 552) T AT
(22 q)S~ 7 |Q]
by (2.6) and (2.8), we can deduce that
1
2 2% 1— 2025 -1) g+l
ATa > [SH“’LQszfq)} ! [(22* —1-gq)s % \Q|

Which is a contradiction. [J

Then, we can write .4) = Jﬁﬁ’ U Jﬁ* and define

—2
2]

)= uénxifﬁ L(u), ¢ = ueig%];t(u), ¢, = inf I(u).

uE-,/V)f

2
LEMMA 3. There exists A, > 0 suchthat AT=4 € (0,A.), then
i) ¢y <0

i) there exist po > 0 such that I (u) = po for all u € N;".
Proof. i) Letuee/%fCJth,wehave
1 1 1 1
S
w0 = (5 )P~ (337~ 5P

(1 —q)llul® = (225 — 1 = ¢)D(u) >0,

and

this implies
B < @Dt up <o
u) << — ) —=—|u||” < 0.
A 2+

(2.5)

(2.6)

2.7

(2.8)
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Then ¢; < 0.
ii) Letu € A, C M), we have

(1=q)lull® < (22 — 1 - ¢)D(u), (2.9)
and by definition of Sy ; given in (2.3), we have
L
Sy D2 (u) < [Jul|*. (2.10)
By (2.9) and (2.10), we deduce that

1
% (_1-q \]T%mD
o> [, (s7t3) |7 @2.11)

Then

11 1 .
fa(u) = (5_ 22*)”””2_“?_ 225, Julgs
> (5= 55 )l = 2 (s — 23 )8 10l 2 o
2 23 q+1 223

1 gl 21
>l (3~ ﬁ)uuul q—x(qil—ﬁ)s ot
1—
> [5i(mmt) | G ) [ ()|

= 22— 22; H,L\ 22)—1—¢

(L L),
q+1 22

So, there exists A, > 0 small enough and py > 0 such thatif 4 € (0,A.), c;[ = po>0
forall u € .#;~. This completes this proof. [

For each u € H}(Q), with D(u) > 0, set

>2(2;;—1) 0

[l
tmex 1) = (2o
Then the following lemma holds. Its proof is similar to the lemma [10] (or see Taran-
tello [17]).
LEMMA 4. For each u € H}(Q) with D(u) > 0, then there are unique 0 <1+ <

tmax () < 1~ such that ttu € ,/Vf, tTue N, and

L(tTu)= inf I (tu), I (t u) =suply (tu).
ngglmax(u) =0

We have the following Lemma.

LEMMA 5. There exists a Cy > 0 (depending only on N,i and |Q|) such that
2
L, (u) > CoA T4, forall u e N;.
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Proof. Let u € .4, by the Sobolev embedding theorem and Young inequality, we
have

+1
w7

B0 = (5337 P -2y~ 5z

1 1
> (5- *)n IP=ac( o - *)n ot
2 22 22

I 1 N—u+2y, »
> (2 - =
/(2 22, 42N ))” ul|” = GoA T

2
_COA' q7
for some constant Cp > 0, depending only on N, and |Q| such that
11 N—p+2
(3- 252 50). O

Next we establish that I, satisfies the (PS). (Palais-Smale condition) under some
restriction on the level of (PS).-sequence in the following.

LEMMA 6. I, satisfies the (PS).-condition for
N+2—pu i 2
(XS <—°°,Cl = mSHJrL # —lefq>7
where K > 0 is independent on A.

Proof. The first step for the (PS).-sequence to hold is bounded.
I, (un) = ¢+ 0n(1) and I (u,) = 0, (1) in H™ Y, (2.12)
so, there exists C; > 0 such that

1L, ()] < C1 and {1 (un), —) < € (2.13)

I nH

Let 6 € (22* %) For n large enough, we have
Cr (Lt lunl}) > 1 (st) — B0 (1) )
1 2
= (5-0)lunlP+2(6-

1 1
q+1 ( _ )D
q+ l)‘”"‘q«&»l + 9 22* (un)

> <%—0>Hun\\2+/l<0—ﬁ>

+(o- 2;;1)1@(14")

Since (0 — ﬁ) >0, (3—6)>0and 0<g< 1, weknow that (u,),>1 is bounded in

H{ (). Hence, we may extract a subsequence denoted again by (u,) such that

Uy, — Uo in H} (Q),
Uy — U inL? (Q),
IM [P = Juo| in L% (),

Mun| +1 = Muo‘qﬂ +o(1),
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as n — +oo. By the Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a
2N 2N
linear continuous map from L¥-£ (Q) to L # (Q), so we have
* * 2N
[ H P — el T x fuPH in L ¥ (Q)
as n — +oo, Combining with the fact that
22 22 .
[t |H ™ “upy — uo| ™ “up in LN-4+2(Q)
as n — —+oo, we have
e e a5 P20, = ] o o PP i L2 ()
as n — oo, Since, for all ¢ € H}(Q),
(£, (un), @) — 0
we obtain by passing to the limit as n — oo
<IA (u0)7 (P> =0.
So that, we may apply Brézis-Lieb’s Lemma[7], we obtain that
et — uol|* = lleen|* — lJuo | + 0 (1),
and
D(up — uo) = D(up) —D(up) +o(1).

Then, we have
1

223,

1
e =l (wn) +0(1) = 3 [lun — ol = =D (ttn — o), (2.14)

and
0= {03 (ttn), (tn = w10)) = [l — o> = D(atn — o) +-o(1)
Without loss of generality, we suppose that
[t — ul|* = a+o(1).

So

D(u, —up) =a-+o(l).
If a =0, we complete the proof. On the contrary, we suppose that @ > 0. Then by the
definition of Sy 1, we have

az SH,Laﬁa

this implies
2N—Lu
a>Sy7 . (2.15)

By (2.14), (2.15) and ug € .4}, such that ug # 0, we have

a a2, —=1) _ N+2—p 2* 2
—1 22— > SHEE _coAT,
¢ =1 (uo) + 7 2 2 (o) + 2, AN 2y SHL oA T

2N—u
. . N+2—pt (N2
which contradicts ¢ < Z5=, Sy,

u strongly in H}(Q). O

2 .
— CyAT=4. So, we have a = 0, that is u, —

Then we have the following lemma
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LEMMA 7. There exists A, > 0 such that if A € (0,A.), then I, has a minimizer
u;[ € Jif” and its satisfies

i) L(ul)=c;
i) u;[ is a positive solution of (1.1).

iii) I (uf ) — 0 and ||uf||* — 0 as 2 — 0.

Proof. The proof is almost the same as that [[11] Lemma 2.5] and is omitted
here. [

LEMMA 8. There exists A, € > 0 and oy > 0 such that for all € € (0,&),

2
AT=0 € (0,A.), we have
supl) (tue) < ¢ — 0o,
10
2N—

ANl 2
where ¢; = IX;B;;S[’;EZ” —KAT,

Proof. Let us consider py > 0 such that B(0,2pp) C Q and define a cut function
N € 6;°(2) such that 0 < n < 1 [Vn| <C, n(x )_ 1 for |x| < po and n(x) =0 for
|x| > 2pg. For e >0 Ug =¢ 5 U(z) and ug( ) = NUg(x) where U(x) given in (2.2)
is minimizer for S, the best Sobolev constant and also for Sy ;. From [9], we know
that

2 Nz 5 N=2
€ = ’ B ) .
ue|* = C(N,u) 8285, +0(e"?) (2.16)
and N
;ﬂ
D(ue) > C(N,u) 38,2 —0(e¥5). (2.17)
Moreover
X
|u |q+1 _/ e (x \‘Hldx—g &N (q+1)/ U‘Hl(—)dx
o (0.po) £
R Rl O
0
-1
> Ce 22N) (f1+1)+N/P08 rz(qH)*qN*ldr
0
Now, since NL q < 1, by suitable choice of Ry > 0, it follows that
—1
‘u£|q+i >Ce ( (¢1+1)+N/P05 r2<q+l)7qN71dx
q+ Ro
_ ceBar N ir 2 g, 2.18)

ce et N n(e) it g = 125 < 1,

where C is a positive constant.
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Let
2

t 14+1 R
g(t) = Iy (tue) = EH”S”z —lmluslﬁ

g+1 ED(%)

Since g(0) =0 and lim, . g(t) = —oe, so there exists z¢ such that sup,-,g(t)
is attained at 7. This implies that 7. satisfies

225 —1—q 1
> =1 “Due) + Alue 4]

then we deduce 1
this implies that 7. is bounded above for € small enough. And by lemma 4 we have
fe = tmax(ug) >0,

then, we can also suppose that 7. is bounded below. So we conclude that there exist the
positive constants C; (i = 1,2) independent of €, such that

0<Cl<te <(Cy<oo, (2.19)
Consider
s N2y N N2 2 N JAH N-_K
w0 =5 ((covm) s, + o) ~ 3 (v is,] - oev4))

An easy computation implies that

2N—u
N—pu+2 cova) i B voen2) e
suph(t) = ——— Nen Xz (2.20)
so AN (e s, o)
2
%Sﬁ +O(emnN2N=5)y (2.21)

We have, by (2.16), (2.17), (2.18) and (2. 19)

CS 2 (q+1)+N if %2 < q < 1’
g(te) =1 (teue) < h(te) — A

CS@WHHN]H( g)ifg= 3% <1,
Then, by (2.20)
N— IJ+2 NZI+Vzu in(N—2,N— 4
I (¢ <———8,. " +0 gmin(N-2N=%)
A(sus) AN —2u + ( )
. Ce“THar N if 2 < g <,
B @-N)

Ce 2 @D VIn(e)ifg = 25 < 1,
In the case of ﬁ <g<1,and N >4, we have

(2-N)
2

0< (q+1)+N<min<N—2,N—ﬂ).

2
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Then, there exists & > 0 small enough,A. and o(€) > 0 such that for € € (0,¢),
2
AT-4 € (0,A,) and o € (O o(e))

0<O( (‘1+1 +N) 2’0( mmN 2N-4) )< —Clﬁ—a

and then, .
gglk(tug) < %S’V”u‘l CAT —0=c),—0C
It % = g, we can verify that
(-0 T) <5

then it is easy to see that
suply (tug) <c; —o. O

>0
Let the set
N, (c)—o)={uecN, :I}(u) <c, -0}
COROLLARY 1. By lemmas 8 and 7, the functional I) has a local minimizer in
N, (¢ — 0), that is, there exists u; € N, (c) — 0) satisfying

L(up)=c)—o0
3. Some technical results

In this section, we shall introduce some useful results which are crucial for the
proof of theorem 1

LEMMA 9. Let(u,) C HL(Q) be a non-negative function sequence with
2N—u
D(u,) =1 and ||u,|? —>ngqu.

Then, there exists a sequences (y,,€,) C RN x RY such that v,(x) = Sn un(snx—i- Yn)
contains a convergent subsequence denoted again by (vu(x)) such that vy(x) — v(x)
in H}(Q) Moreover, we have &, — 0 and y, —y € Q as n — +oo.

Proof. the proof of this lemma is standard, we refer the readers [18] for similar
proofs. [

LEMMA 10. Suppose that X is a Hilbert manifold and F € €' (X,R). Assume
that, for co € R and k € N :

1. F satisfies the (PS). condition for ¢ < cy,
2. cat({x€ X, F(x) <co}) =k

Then F has at least k critical points in {x € X,F(x) < co}.
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Proof. See section 5.31in [18]. O

We consider
Ny (e)={ue N 1 L(u)<cy}

Now, let us introduce the following map f3: .4, — RN given by
 Jox|uPdx
P = P
Then we have the following result.

LEMMA 11. There exists A, > 0 such that for each A € (0,A,) we have
B(A (c2) C Q.

Proof. We argue by contradiction and suppose that there exist (7,) C [0,1], A, — 0
and (un) C N, (cy) such that

B(u,) ¢ Q;f foralln € N.

We can assume that, up to a subsequence, 1, — to € [0, 1]. As in the proof of Lemma 6,
it is easy to verify that the sequence (u,) is bounded in Hj (€2) and by this we obtain

1
7L,,|u,ﬂgil — 0 as n — +oo. Then,

1 1
Iln(un) = <§ - 2% )HM"H2+O(1) < Cln +0(1)
u

and
1/ N—u+2 2 1
N\ all” < 1<—<
3 (G ) Il < e, o) < 5

Since (un) C A “(cz,) C A; ", we have
H’/‘nHz = D(un) +o(1),
and by definition of Sy, we obtain

() 112

1

Dﬁ(”n)

N—p+2 ot
—_ - 1).
) ST ()

2(N—u+2)
Su1 < <ot ||7 ) < Sy p+o(1).

B

Thus

2 N—p 2N—p_
lun||” — (Se,p)¥ 72 and D(u,) — (Sp,p) V442,
Now, it is easy to see that the sequence (u,) given by
~ U,

Un = 2N—u

(SH,L) 2(N+2—1)

verifies
D(u,) = 1 and ||L7n||2 — SH L

Then, by using lemma 9, there exists a sequences (y,) C RV and (g,) C R™ such that
N-2

€, —0, vy, —»yeQand v, =&, (€. x+y,) — vy with v >0 in RN as n — oo,
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Considering x € €;°(R") such that y(x) = x in Q, we infer
B (up) = Jo X|un|*dx _ Jo X[t |*dx _ Jo X (&n% + Yn) |1k (€0x + yn) [Pdx
Vo lunlPdx T [o [ia)2dx Jo tin(€nx + yn) [2dx

_ fQ ){(Snx+yn) |Vn \2dx
fQ Va |2dx
Moreover, by the Lebesgue theorem, we have

fgx(s,,x+y,,)|v,,\2dx
fQ ‘Vnde

as n — oo, so that lim,_ .. f(u,) =y € Q, in contradiction with (u,) ¢ Q. O

—yeQ

Note that € is compact, then by lemma 6 and corollary 1 we can easily get there
exists 1~ > 0 such that
tug(x—y) € N, (cy —0)

uniformly in y € Q. Moreover, by lemma 11,
Bl ue(x—y)) € Q.
Then, we can define the map 1 : Q" — ;" (c; — 0) given by
t"ue(x—y) ifx € B.(y),
0 ifx ¢ Br(y).
Below we denote by f3; the restriction of 8 on .4, (cj — ). Taking into account that
ue is radial, we have for each y € Q]
Joxlt"ue(x—y)Pdx _ Jo(z+y)|ue(z)*|dz
Brom)(s) = - -
PromO) = vy~ o leod:
Next, we define the map Hj, : [0,1] x A4; (c; — o) — RN by
H (t,u) == 15 (u) + (1 — 1) By (w).

n)x) = {

2
LEMMA 12. There exists Ay > 0 such that for each A7 € (0,A.) we have
H; ([0,1] x A5 (e —0)) C Q.

Proof. We argue by contradiction and suppose that there exist (z,) C [0, 1], 4, —0
and (un) C A, (c3 — 0) such that

Hj, (tw,un) ¢ Q;F foralln € N.

We can assume that, up to a subsequence, #, — o € [0,1]. Then, by Lemma 3 and
argument as in the proof of Lemma 11, we have

H)L,, (tnaun) —Yye€ ﬁa

as n — oo, which is a contradiction. [

2
LEMMA 13. There exists A, >0 such that if A7~ € (0,A.), we have
cat(N; (cj —0)) = cat(Q).
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Proof. Suppose that cat(.4; " (c; — 0)) = n, this means that n is the least integer
such that
N, (ep—0)=A1U...UA,,

where Aj, j=1,....,n, is closed and contractible in .4}~ (c) — o) that is; there exists
a continuous function h; : [0,1] x A; — A, (c; — o) such that for all u,v € A;
hj(0,z) =zand hj(1,z) = wj,

where @ € A; is fixed. Consider B, := y~!(A;), j=1,....,n. The sets B; are closed
and
Q; =BiU...UB,.

Noting Lemma 12, we define the deformation g; : [0,1] x B; — Q; by setting
gj(tvy) = H?L(tvhj(t7 e(y)))
So, we have for all y € B;
8j(0,y) = H)(0,h;(0,1(y))) =y
and
8j(Ly)=H; (Lhi(1,n(y))) = Br(w) € Q]
Thus the sets B; is contractible in Q;". It follows that
catgs (L") = cat(Q) < n,

which completes the proof. [

4. The proof of Theorem 1

Denoting by 4 the restriction of ; on .4,

2
LEMMA 14. There exists A* > 0 such that if AT=4 € (0,A*), then I.,/V)L’ satisfies
the (PS). condition for ¢ € (—e,c;).

Proof. 1f (uy,) is a Palais-Smale sequence for 1 4 atlevel c, by [[18], Proposition
5.12], there exists a sequence 6, C R such that

L (un) = 6,05 (un) +0(1), 4.1)
where
1
T tn) = (I () ) = [t ]|* = D(1t) = Aluan 27
Recall that u, € A, so (J; (u),un) <O.

If (J5 (un),un) — 0, we see by the Sobolev embedding theorem that there are two
positive numbers Cy, C; independent of n and A, such that

] |* < C || + 0(1),
and
]| < CoA ]|+ 0(1),
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we conclude that 1
202

wy +o(1).

lunl| = C,

and 1
)
||un|| < Cll’q?Lﬁf +o(l),

if we choose A. is small enough. This is impossible.

Thus we may assume that (J7 (u,),u,) — [, as n — +eo. Since (I} (), un) =
0, we conclude that 6, — 0 as n — 4o and, consequently I} (u,) — 0. Using this
information, we have

I (un) — c € (0,¢y,), and I (u,) — 0, 4.2)
so by Lemma 2.12 the proof is complete. [J

2
LEMMA 15. There exists A* > 0 such that if A'=1 € (0,A*), then a critical point
of IW[ on N, is acritical point of I, in H}(Q).

Proof. For the proof of this lemma, is similar to lemma 14. O

Proof of Theorem 1. Applying Lemmas 6 and 3, [ e satisfies (PS). condition
for all ¢ € (0,c;). Then, by Lemmas 13 and 10, 1 . admits at least cat(Q) critical

points in .4, (c3 — 0). Hence, we deduce from Lemma 15 that ) has at least cat(Q)
critical pointsin .4, ~. Moreover, 4, ﬁ,/l/[r =0, I) atleast cat(Q)+ 1 critical points
in H}(Q). O
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