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THE (p,q)-ELLIPTIC SYSTEMS WITH
CONCAVE-CONVEX NONLINEARITIES

XIAOQI L1U AND ZENGQI OU

(Communicated by Chun-Lei Tang)

Abstract. Multiple positive solutions for the (p,q)-elliptic systems with the concave-convex
nonlinearities are obtained by using the Nehari manifold and the fibering method.

1. Introduction and Main Result

In this paper, we consider the existence of weak solutions for the following (p,q)-
elliptic systems

—Apu = Aoa(x)|u|*ulv|P + yb(x)|u"2ulv|®  inQ,
—Agv = ABa(x)|u|*v[B~2v+ 8b(x)|ul’|v]®~2v inQ, (1.1)
u=v=0 on dQ,

where Q C RV (N > 3) is a bounded open domain with a smooth boundary dQ, 1 <
P,g<N,aa>0,8>0,y>0,6 >0 satisfy that 1 < oc+ 8 < min{p,q}, max{p,q} <
Y+ 8 < min{p*,q*}, where p* = A],VT’; and ¢* = A],V—_qq are the critical Sobolev exponents

of p,q, respectively. The functions a(x),b(x) € C(Q) are somewhere positive and may
change sign on Q.

The Nehari manifold and the fibering method were introduced by Pohozaev in [7]
and were widely used to study the existence of multiple solutions for elliptic equations
(see [11, [2], [5], [8] and references therein) and elliptic systems (see [3], [4], [6], [9],
[10], [11], [12] and references therein). Especially, Brown and Wu in [5] discussed
the existence of at least two positive solutions for the semilinear elliptic equation with
the concave-convex nonlinearities. Ramos Quoirin in [8] investigated the existence
and multiplicity of non-negative solutions for the the following concave-convex type
equation

—Aput+ V()P ™ = Aa(o)u] T+ b(x) |1 e Wy P(Q),
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where 1 < r < p < g < p*. Bozhkov and Mitidieri in [4] proved the existence of
multiple solutions for the following (p,q)-Laplacian system

—Apu = Aa(x)[uP2u+ (o + 1)e(x)|u|* TulvP+ in Q,

—Agv = ub(x)||9 2+ (B + De(x)|u/*y[f~1y  inQ,

u=v=0 on 0Q,
where o, satisfy the following conditions:

a+1 +1 a+1 +1
" +ﬁ — <1, —+ﬁ— 1. (1.2)
p q p q

Adriouch and El Hamidi in [1] considered the existence and multiplicity results of
positive solutions for the following system

—Apu = AP 2u 4 (o + 1) ulvBH in Q,
—Apy =P+ B+ DU Py inQ,
u=v=0 on 0Q,

where 1 < p; < p <N, and o, f3 satisfy (1.2) and ﬁ“

linear elliptic boundary value problem

< 1. For the following quasi-

—Aput = Aa(x)|u|P~2u+ Ab(x)|u]* ulv/P + ((XH)( 570 |u\7’ Lu[2*1 in Q,
—Aqv:/la(x)|v|‘1_2v+kb(x)\u|“+1\v\ﬁ_lv+( ) g)(c y lu| "9~y inQ,
u=v=0 on dQ,

where o, B > 0 satisfy O‘Ifl +ﬁ;1 =1l,and p<y+1(org<do-+1)and y;1+5;1

1, applying the Nehari manifold, Zhang, Liu and Liu in [12] proved that there is at
least a nonnegative nonsemitrivial solution for every A € (0,A;), where A, is principal
eigenvalue for the unperturbed system.

Influenced by these finds, in this paper, we will study the existence of multiple
positive solutions for system (1.1) with the concave-convex nonlinearities by using the
Nehari manifold and the fibering maps.

Let WO1 (Q) be the usual Banach space endowed with the norm

1/p
ullrp = (/Q Vupdx> for any u € WOIvP(Q).

Since the embedding WO1 P(Q) — L9(Q) is continuous and compact for any 6 € [1, p*),
we define s
+
. a7,
S| = inf S| =

=
wewy (@\{(0} [ull 7

lully,

a+ﬁ
oa+f

mn
ueWy P (Q\{0} |u
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8 +
o e M I
2= 2=
veW, 4 (Q)\{0} |v|Ha ’ vew, 4(Q)\{0} \v\“‘*ﬁ ’

7+6 o+
where |- |, denotes the norm of L”(Q), and s1,52,51,5, > 0. Let W = Wol’p(Q) X

WO1 “1(Q) be the product space with the norm

[, ) || = u

1p+[v|[1,4 forany (u,v) e W.

DEFINITION 1. (weak solution) We say that (u,v) € W is the weak solution of
system (1.1), if (u,v) € W, one has

/ \Vu\”’2Vu-Vzdx=7LO¢/ a(x)|u|® 2ulv|B - zdx+ )// b(x)|u|"2ulv|® - zdx,

Q Q Q
/|Vv\q72Vv-dex:lﬁ/a(x)|u\a|v|ﬁ72v-wdx+5/ b(x)|u|?|v|® 2y - wdx
Q Q Q

forany (z,w) e W.

REMARK 1. We call a solution (u,v) of system (1.1) is nontrivial, if # # 0 and
v# 0, asolution (u,v) is positive if # > 0 and v > 0, and semitrivial if it is of the form
(u,0) with u= 0 or (0,v) with v £ 0. It is easy to prove that if (u,v) # (0,0) is a
solution of system (1.1), then it is nontrivial.

The main result can be described as follows:

THEOREM 1. If 1 < a+f <min{p,q}, max{p,q} < y+ 06 < min{p*,q*}, then
there exists Ao > 0 such that when 0 < A < Ay, system (1.1) has at least two nontrivial
solutions.

REMARK 2. (1) From o+ 8 < min{p,q}, we have

@ B__ « B

: : <
p g min{p,q} min{p,q}

1,

which implies that the nonlinearity |u|*[v|® is the concave term. As far as we know,
there is no paper to consider the existence of weak solution for the (p,q)-elliptic
systems with the concave nonlinearity |u|%|v|®, hence our result is new. And from
max{p,q} < y+ 6 < min{p*,¢*}, we obtain
0 0
Y < Y

<1,
p* ¢ min{p*,q*} - min{p*,q*}

and 5 5
Y. 25 r__ >
p g max{p,q} max{p,q}
which implies that the nonlinearity |u||v|® is subcritical and convex.
(2) Theorem 1 extends the results of [5, 12] from the semilinear elliptic equation
to the (p,q)-elliptic systems and is complement for the ones of [1, 4, 12].

L,
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2. Proof of the Theorem

From a variational point of view, the weak solutions of system (1.1) correspond to
the critical points of the functional J; : W — R given by

1 1
Sa(u) =l ol A [ au P [ bl P @

It is not difficult to prove that J, is unbounded below on W. In order to get rid of the
unboundedness of the functional J; , we will consider the functional J; on the Nehari
manifold:

M), (Q) = {(u,v) € W\{(0,0)}[(/; (,v), (u,v)) = 0}.
The Nehari manifold M) (Q) is closely linked to the behavior of the functions of the
form ) : t — Jy (tu,tv) for t > 0 defined by

tP 4
Vi) 0 = Sl S = 40P [ g P70 [ bolal?lvPa
By a simple computation, we have

Vi ) = 17 Nl 407 = Ao+ B [ a(lul P

~(r+8)r [ p(olulplax,
Q

"

Wi () = (p= D2 [ullf,+ (g = 12| l|{, — A+ B) (e + B 1)
xzaﬂH/ a()ul®v|Bdx— (y+ 8)(y+ 6 — 1)ﬂ+5*2/ b(x) ]|V dx.
Q Q

It is easy to see that (u,v) € M) (Q) if and only if V/Eu.,v)(” =0, i.e., the elements
in M, (€2) are stationary points of the fibering maps y,,(#). Naturally, M; (€2) can
be subdivided into three parts: local minima, local maxima and points of inflection
respectively, that is

M (Q) = {(u,v) € My (Q)] ., (1) > 0},
My (@) = {(u,v) € My ()] ., (1) <0},
MY(Q) = {(u,v) € M ()] [, (1) = 0}.
Next, we describe the nature of the fibering map which is determined by the signs
of the functions [, a(x)|u|*|v|Pdx and [o,b(x)|u|?|v|®dx.
Case 1. 1 [ a(x)u|*v|Pdx <0 and [ob(x)|u|v|®dx <0, W(uy)(t) increases
strictly for 7 > 0 and no multiple of (u,v) lies in M, (Q).

Case 2. If [ya(x)|ul®|v[Pdx >0 and [qb(x)|u|"|v|?dx <0, W(uy) () decreases
firstly and then increases. In this case, ¥, ,)(#) has a local minimum at # =#(u,v) and

t(u,v)(u,v) EMI(Q).
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Case 3. If [ a(x)u|*v|Pdx < 0 and [ob(x)|u|v|®dx >0, W(uy)(t) increases
and then decreases and there is a maximum of v, (¢) at t =t (u,v) and t(u,v)(u,v) €
M, (Q).

Case 4. If [ya(x)|u|®|v[Pdx >0 and [qb(x)|u|"|v|°dx >0, W(uy)(t) decreases
and then increases and finally decreases. Hence, Y, ,)(¢) has a local maximum at t =
t1(u,v) and alocal minimum at # =1, (u,v) with #1 (u,v)(u,v) € M, (Q) and tp(u,v)(u,v)
eM;(Q).

In the following, we will prove a series of lemmas to finish the proof of Theorem
L.

LEMMA 1. J; is coercive and bounded below on M, (Q).

Proof. If (u,v) € M, (Q), we have u/(’u »(1) =0, thatis

a4 1011y = 2+ B) [ ol vlPas—(r+6) [ bolulPax=0. @2

Hence, from (2.1), (2.2) and the Young’s inequality, we obtain

) = <11? Y+5) (é Y+5) Vi
) (1— ?/ig)/a(x)u|a|v|ﬁdx

> (5=t + (5 - 5 ) i
p y+é qg y+6
—x<1 ‘”ﬁ)n ||N<a+ﬁ/ |u\°‘+ﬁdx+—/ va+ﬁdx>
i [ (O o L
Al S s Tl + By )

which shows that the functional J, is coercive from 1 < a+ 8 < min{p,q}. O

LEMMA 2. Assume that (u,v) is a local maximizer or local minimizer for J, on
M, (Q)\ M)(Q), then (u,v) is a critical point of Jy,.

Proof. Suppose that (u,v) is a local minimizer for J; on M, (Q)\ M) (Q) (if
(u,v) is a local maximizer for J, on M, (Q) \Mg (Q), we can consider the functional
—J,), by the theory of Lagrange multipliers, there exists y € R such that J; (u,v) =
ul’(u,v), where

1) =, + 919, = A +B) [ a)lul®lviPx— (1-+6) [ bolul?vfa.
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Hence, we obtain

<J§L (u,v), (u,v)) = ”(1/(u7v)v (u,v)).
From (u,v) € M (Q), it follows that (J; (u,v), (u,v)) = l//(,u_v)(l) =0, and moreover
from (u,v) & MY (Q), we have

(7 1,9), (1)
= pllull, +alvl = 2(a+B) [ abolullvPax—(y+6) [ blo)ul’blax.
= Wi (D + W (1)
= W) (1) #0.

Therefore, we obtain u = 0. Thus, the proof is completed. [J

LEMMA 3. There is Ay > 0 such that for any A € (0,A1), M} (Q) = @.

Proof. Suppose by contradiction that for any A; > 0, there is A € (0,A;) such
that MY (Q) # . Let (u,v) € MJ(Q), we have (1) =0 and y, (1) =0, i,
(2.2) and the following equality hold:

(p—1)\\u\\’1’,p+(61—I)HVIIE’,q—A(OﬂJrB)(aﬂLﬁ—1)/Qa(x)|u|°‘IVI’3dx
—()/+5)()/+5—1)/Qb(x)|u|7\v\5dx:O. 2.3)
By (2.2), (2.3) and the Young’s inequality, we have

(min{p,q} — o= B)(llullf , + [VII{,)
< lp—(a+B)lllullf, + g — (+BIVIT,

= (y+8)[(y+8) — (a+B)] /Q b(x)|ul?|v|®dx
<1+ 0)~ (oot ol [ Ju*2av6 [ vf70ax)
< [(7+8) — (a+ B))|[b]|max{ysy ", 855 H([ull 750+ [WIIT5),
let C = (min{p,q} — ot —B) "' (y+ 6 — 0. — B)||b]|max{yS; ', 855 '}, hence we get
a1, + ¥119, < Colllull 52 + w75 (2.4)
Similarly, we obtain
lullf,+ V114, < AC(lull 5P + vlIFEP), (2.5)

where C; = (y+ 6 —max{p,q}) "' (y+ 8 — a— B)||al|«max{as, ', Bs; ' }.
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From (2.4), at least one of the following two inequalities holds:
14 1)
I}, < Cullae[ or VI, <GV,

Without loss of generality, we assume that ||u||11’ < Cyl|ul| T p , therefore we obtain
[l > €7 TH7P) From (2.5), it follows that
(y+6— + +
I < ullf vl g < Al 3P VTSP,

which is a contradiction for A sufficiently small. Hence, the conclusion is proved. [

LEMMA 4. There exists Ay > 0 such that, when 0 < A < Az, W,,)(t) can get
positive values for any (u,v) € W\ {(0,0)}.

Proof. If [ b(x)|ul?|v|%dx < 0, it is easy to see that Wiy (t) > 0 for ¢ large

enough. Assume that [, b(x)|u|"|v|®dx > 0, from (2.1) and the Young’s inequality, it
follows that

T B V18
Vi) ©) = Tl 4 ]~ A [ aloleuliPae— | bl

tP ollal|e bl
2 _||u||117p_ ||Cl|| (x+ﬂ/ \u|a+ﬁdx— YH || terﬁ/ \u|Y+6dx
r y+96 Q

o+p
1 4 Blall-, 65|
"’g”"Hq _ OH_[} oc+/3/ |V|a+[3dx__ty+5/9|v|y+5dx
o+p
> g”unp o a||a||°° H 717 toc+/3_ ’)/HbH'X’ H 717 t’)/+5
~p e a—i—ﬂ 51 Y+6 S
a+ﬁ y+6
+ﬁ”v q toc+[3 BHwa ” Lgq ty+6. (2.6)
g e OH—B 52 y+8 S,
Let
o+p
ft) = Ju Hlp P /laHan ”””Lp (0B _ 7’||b||°° ”””1p ITWp y+6
o+ s y+8 S ’
a+ﬁ y+6
g(t) = v qu 9 q_jo+p 5|5]|- IV v lg (Yo
O(-l—ﬁ 52 Y+6 S ’
y+45 o
bl 0|b||e
S SN ] P 8 L gy

p Y+6 S ’ q Y+ 6 S2

By a simple calculation, we know that f;(¢) takes on a maximum value of

Y+5—p< ) )17/()’+5p)at; _( ) )1/(7+517) 1
(y+0)p \ VIl "\ 1B lull,p’
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and g () obtains a maximum value at 7, = (82/8]1b]|- YW OH8=a) /|ly| .
Without loss of generality, we assume 7,4, < Tmax - Then, we have

ol|al|e ||”||1p 70+
Ol+ﬁ s1 max

_y+6—p< Si )ﬁfs’p_A aaa;( 51 >ﬁ?l o
(r+8)p \7Ib]- (@+Bysi \7pl-)  ~

From (2.7), it is obvious that there exist A; > 0 and ¢; > 0, independent of u, such
that f(fmax) = ¢1 forany 0 <A < ;.

On the other hand, from 7ax < fmax, £1(0) =0 and g;(¢) is increasing in 1 €
[0,7max] > &1 (Fmax) > 0. Noting that

f(ime) =h (EmuX) —A——0

B||a||o<, v ,q ;a+ﬁ B||a||o<, v 7f1 ';a+[3
Of+ﬁ $ max \ Ol+ﬁ $ max

a+p
Blalle (8 Y75 g
(a+B)sz \ 8To]l-

0<4

as A — 07, then there exists A, > 0 sufficiently small, independent of u,v, such that

2 Blall- v vllty” SlgP s forany 0<2 <A 28)

imax 2 Emux max /
8ima) > 81(Tmar) =2, 7 2

From (2.6), (2.7) and (2.8), for any 0 < A < Ay = min{4;,A,}, we have
_ _ _ c
Vi) Tmax) = f(Emax) + 8 (Tmax) > 31 >0. O

COROLLARY 1. Assume that 0 <A < Ay, there exists vi >0 such that J, (u,v) >
vy forall (u,v) € M; (Q).

LEMMA 5. Assume that 0 < A < Ag=min{A,A;}, there is a minimum of J» (u,v)
on M (Q).
Proof. 1f (u,v) € M;(Q), Jy(u,v) is bounded below and so on M; (Q). Hence

there exists a minimizing sequence { (u,v,)} C M; (Q) such that

lim J; (up,vy) = inf  Jp (u,v).
n—ee (u,v) EM;Lr (Q)

As J) (u,v) is coercive, (u,,v,) is bounded in W. Therefore there exists a subsequence,
still denoted by (uy,vy), and (up,vo) € W such that

(ttn,vn) — (up,vo) in W, and

Uy — up in LY(Q) forany 1 < T < p*, v, — vo in L%(Q) forany 1 < 6 < ¢".
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If (u,v) € W satisfies [ a(x)[u|*|v|Pdx >0, W(u,)(t) can only be shown in the
case 2 or 4, and there is 71 =1 (u,v) > 0 such that (tu,1,v) € M; (Q) and J; (tu,1v) <
0, hence we get inf, Vems (@ )/ (1,v) <0. From ((2.1)) and {(un,va)} C MF(Q), we

have
A(l—%)/ a()\uta| v dx

1 1 1 1
J Un;Vn - Un P - Vn H .
)L( ) (p ) 717 (q ,y 6) ||17q

y+0
Therefore, let n — oo, we have [ a(x)|uo|*|vo/Pdx > 0, which implies that there ex-
ists tg = to(uo,vo) > 0 such that (touo,2ovo) € M; (Q) and ) (f) is decreasing on
(0,79) and V/u o) ( )=0.
Suppose that (uy,v,) — (uo,vo) in W does not hold, we get

/ |Vug|Pdx < liminf/ |[Vu,|Pdx or / [Vvo|9dx < liminf/ |Vv,|7dx.
Q n—oeo JQ Q n—e |0
Moreover, noting that

Vi) 10) = 15 a1, 18 ol = 20+ B [ o)l i Pt
~+ O [ bl
and
Visgwo 0) = 1l 8 ol = 2o+ B)eg ™" [ alluo| ol

—(y+0)ty e 1/b (x)|uto|"|vo | dix,

and from liminf,_... V’Eun.v (to) > Wuo o) (t9) = 0, we have that qun.v,,)(to) >0 for n
large enough. )
Since {(un,va)} C M; (Q), from the case 2 or 4, it follows that Y ) (r) <0 for

any 0 <7< 1 and w{um)(l) =0, Hence 7o > 1. But (touo,tovo) € M (Q), we have

Iy, (toug, tove) < Jy (1o, vo) < lim Jy, (un,vy) = inf  Jy(u,v),
n—ee u,v)GM;Lr (Q)

which is a contradiction. Hence, we obtain (u,,v,) — (ug,vo) in W, and

Do (uo,vo) = lim Jy (uy,ve) = inf  Jy (u,v),
e (u,v)eMI(Q)

which implies that (uo,vo) is a minimum for J; (1,v) on M; (Q). O

LEMMA 6. Suppose that 0 <A < Ao, there is a minimum of J (u,v) on M, (Q).
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Proof. From Corollary 1, we get J; (u,v) > v >0 forany (u,v) € M, (Q). Hence
inf,, Veu; (@ )Ja(u,v) = vi, and there is a minimizing sequence {(un,va)} C M, (€2)
such that

lim J; (un,vy) =  inf  Jy(u,v) > 0.
oo (uy)eM; (Q)

Since Jj (u,v) is coercive, (uy,v,) is bounded in W . Without loss of generality, we can
suppose that
Uy — @ in WyP(Q), v, =7 in W, 9(Q), and

Uy, — i@ in L7(Q) forany 1 < 7 < p*,v, — vin L% (Q) forany 1 <6 < ¢*.
Similar to the proof of Lemma 5, we can get that there is 7 > 0 such that (7i,77V) €
M, (). If (un,vn) — (@, ¥) does not hold, we know

/\Vﬁ|pdx<liminf/ |Vu|Pdx or /|V\7\‘1dx<liminf/ [Vv,|9dx

Q n—ee JQ Q n—e JQ

and Jy (up,vn) = J), (tuy,tv,) forall + > 0. Then we get
. .
Wa ©) = S Nalf 4 SRl ~ 47 [ atlaipPax—i1'3 [ bColal i
»
< lim (—un

p

n—oo

_r+d / b(x)un7|vn5dx)
Q

lim J; (fuy,tvy)

A O Yy R AR

< lim Jj (uy, vn)
= inf  J, (&,7),

(uy)eM, (Q)

we obtain a contradiction. Then (u,,v,) — (ii,V) as n — . Similar to Lemma 5, the
proof can be completed. [

Proof of Theorem 1. From Lemma 5 and Lemma 6, there are (u*,v") € M; (Q),
(u=,v7) € M, (Q) such that

Lt vty = inf T (u,v), J(u v )= inf  Jp(u,v).
(u,v)EM;Lr (Q) (u,v)EM; (Q)

Moreover, J,l( ) = J, (Jut],[vE]), hence, we can assume ™ > 0,v* > 0. From
Lemma 2, (u™,v*) are two critical points of the functional J, . Thus, the proof is
completed. D
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