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Abstract. Motivated mainly by the localization over an open bounded set Q of R" of solutions
of the Schrodinger equations, we consider the Schrodinger equation over € with a very singular
potential V(x) > Cd(x,dQ) " with r > 2 and a convective flow U. We prove the existence
and uniqueness of a very weak solution of the equation, when the right hand side datum f(x)
is in L'(Q,d(-,0Q)), even if no boundary condition is a priori prescribed. We prove that, in
fact, the solution necessarily satisfies (in a suitable way) the Dirichlet condition u =0 on dQ.
These results improve some of the results of the previous paper by the authors in collaboration
with Roger Temam. In addition, we prove some new results dealing with the m-accretivity
in L'(Q,d(-,0Q)%), where o € [0,1], of the associated operator, the corresponding parabolic
problem and the study of the complex evolution Schrédinger equation in R”.

1. Introduction

The main goal of this paper is to improve some of the results of a previous paper
by the authors in collaboration with R. Temam [15], as well as some of the recent
researches presented in [25], concerning the Schrodinger type stationary equations with
a very singular potentials and/or a possibly unbounded convective flow

—Au+U(x)-Vu+V(x)u=f(x)in Q, (D)
where Q is an open subset of R"and f € L!(Q,§), with

8(x) 1= d(x,0Q). )

Mathematics subject classification (2010): 35J75, 35J15, 35J25, 34K30, 76M23.
Keywords and phrases: Schrodinger equation, very singular potential, no boundary conditions, very
weak distributional solution, local Kato inequality, accretive operator, complex evolution equation.
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We assume given a convective flow U € L"(Q)" such that
divi=0 Q,
{ R 3)
-v=0

with V the unit exterior normal vector to dQ and a potential V (x) in the general class
of functions satisfying V € L}, (Q),V >0 a.e. on Q. Our main motivation is to deal
with “very singular potentials” in the sense that they satisfy

Vix) > % for some r > 2, near d<Q. 4
but many results are obtained merely for V > 0 when f behaves suitably near 0Q.
We send the reader to [15] for considerations and references concerning the case of
“moderate singular” potentials corresponding to r € (0,2). Notice that our purpose, as
already indicated in the title of the paper, is to prove the existence and uniqueness of
a suitable class of solutions of (1) without prescribing any boundary condition in an
explicit way. Nevertheless, we shall demand the solutions to have a certain integrability
condition which implicitly assumes some behaviour on dQ: we shall enter into details
later.

In our previous paper [15] we offered a set of relevant applications leading to the
consideration of problem (1). In the special case of U =0 some of those motivations
where: linearization of singular and /or degenerate nonlinear equations, shape opti-
mization in Chemical Engineering and, very specially, the study of ground solutions
w(t,x) = e "F'u(x) of the Schrodinger equation

oy . 0
s = —Ay+V(x)y in (0,00) x R )
v(0,x) = yy(x) on R"

for very singular potentials (i.e., satisfying (4)) which try to confine the wave function
Y of the particle in the domain € of R”. A very interesting source of concrete singular
potentials examples was described in the long paper [11] where only asymptotic tech-
nics were sketched for the treatment of the problems. We recall that the confinement
takes place once that we prove that the solutions of (1) are, in fact, “flat solutions” (in
the sense that u = % =0 on dQ).

Concerning the case U # 0 the main motivation mentioned in [15] was the study
of the vorticity equation in Fluid Mechanics. Schrodinger equations involving also a
flux term, motivated by some questions in Control Theory, were already considered also
by several authors when proving the “unique continuation property” (see, e.g. [20] and
its references). Notice that the existence of flat solutions to this equation implies the
failure of the “unique continuation property” for such very singular class of potentials.

So, roughly speaking, the aim of this paper is to study the problem

Au=finQ, (6a)
u=0ondQ, (6b)
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where
Au=—Au+U-Vu+Vu. 7

The content of this paper is organized as follows: after a short presentation of nota-
tions, definitions and previous results (in Section 2), we list in Section 3 some of the
main new results in this paper. The equivalence between two different notions of very
weak solutions of the equation under considerating is proved in Section 4 by means
of a sharper approximation argument applied to the test functions. Section 5 contains
the proof of the new existence and regularity regularity results, while the uniqueness of
such solutions is considered in Section 6. Here the main tool is a new “local type Kato
inequality” in which no use is made on possible boundary conditions (in the standard
sense). The analysis of the solution when the right hand side datum f is in L'(€;8%)
with a € [0,1] is made in Section 7. Finally, Section 8 collects several applications. In
Section 8.1 we prove the m-accretiveness of the operator in L!(Q,d(-,0Q)%) (and in
LP(Q,d(-,0Q)%) when U =0 or a = 0). Some consequences in terms of the associ-
ated parabolic problem are presented. Section 8.2 deals with the evolution (complex)
Schrodinger problem in R” associated to the very singular potential. We prove the lo-
calization of the solution in the sense that if supp yo C Q then supp y/(z,-) C Q, for all
t=>0.

2. Notations, definitions and previous results

We shall adopt the same notations as in our previous paper [15]. We set
Q)= {v : Q — R Lebesgue measurable}

and we denote by L”(Q) the usual Lebesgue space 1 < p < +oo. Although it is not too
often used, we shall use the notation

whr(Q) =w!Lr(Q)
for the associated Sobolev space. We need the following definitions:

DEFINITION 2.1. (of the distribution function and monotone rearrangement) Let
u € L°(Q). The distribution function of u is the decreasing function

m=m,:R — [0,|Q]]
t — measure {x: u(x) >t} =[{u>1}|.

The generalized inverse u, of m is defined by, for s € [0,|Q|[,
u.(s) :inf{t u>r} < s},
and is called the decreasing rearrangement of . We shall set Q. =]0, |Q|].

DEFINITION 2.2. Let 1 < p < +oo, 0 < g < Hoo:
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e If g < +oo, one defines the following norm for u € L(Q)

1
1 q9dtr]d |
ull pg = llul|ra :== [/Q {tl’|u\**(t)} 7} where | (1) = ;/0 lul«(o)do.

o If g = oo,
lullpeo=sup 17 fulus(r).
0<r<[Q|
The space
1r4(Q) = {u e 1°(Q)  flullpg < +oo} ®)

is called a Lorentz space.
o If p=g=+teo, L"7(Q) = L*(Q).
e The dual of L1 (Q) is called Lexp ()

REMARK 1. We recall that LP4(Q) C LPP(Q) = LP(Q) forany p>1, g > 1.

DEFINITION 2.3. If X is a Banach space in L°(Q), we shall denote the Sobolev
space associated to X by

wix = {(peLl(Q) :V<pex"}
or more generally for m > 1,
WX = {(pGWlx, Voa=(ap,...,o) eN" o] =0 +...+ 0o, <, D|°“quX}.

We also set
Wix =wixnw, ().

We shall often use the principal eigenvalue ¢; € W, of the homogeneous Dirichlet
problem

—A@;=A1p; inQ,
)
0 =0 on dQ,
where B
W2:{<pec2(g):<p:omag}. (10)
We also need to recall the Hardy’s inequality in L' saying that
|ul Lyn oo
/Q SVl Vue WL (@), (1)

with n’ = -7 - This inequality can be obtained from the results of [23] (see also [16])

since W L (Q) € W) (21 + |1og §]).
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DEFINITION 2.4. In the weak setting, by (3) we will mean
/<pv¢-l7:—/¢V<p-(7 Vo, € Ws. (12)
Q Q

In fact we will consider one of the following general assumptions (independently of the
singularity of V):

(Hp)

Ve Lll()c(g)7v 20,
U e LP1(Q)", for some p > n, and such that (12) holds.

or

loc

Uern! (Q)", with small norm (as in Theorem 4.1 in [15]), and such that (12) holds.
(H2)

{V eL! (Q),V>0,

Most frequently we will assume that

either (H;) or (H») holds. (H)

DEFINITION 2.5. Under assumption (H), the local very weak formulation of (6a)
results

/Qu(—A¢—l7-V¢+V¢)=/Qf¢ Vo € G2(Q). (13)
For V € L} (Q), we say that u is a "very weak solution in the sense of Brezis” of (6)
if
Vud € L'(Q) and

~ (14a)
/Qu(—Aq)—U-Vq)—i—V(p):/qu) Vo € W
We will say that u is a ”very weak distributional solution” of (6) if
Vus € L' (Q) and
, , (14b)
/Qu(—A(b—UVd)—i—V(b):/qu) Vo € G2(Q).
When f € L'(Q,8) the natural setting for both types of solutions is
uel”=(Q). (15)

In our previous paper [15] we proved that:

THEOREM 2.1. ([15]) Let f € L'(Q,8) and (H) hold. Then, there exists u €
L"=(Q) such that (14b) holds. Furthermore if V € L'(Q, 8) then (14a) is satisfied.
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Moreover, even without “usual” boundary conditions (see Remark 9 in [15] for some
comments on problem of different nature leading to uniqueness without boundary con-
ditions), we also proved the following uniqueness result:

THEOREM 2.2. ([15]) There exists, at most, one solution u of (14b) such that
5 € LY(Q), for some r > 1.

One of the main aims of this paper is to show that this exponent r > 1 is not opti-
mal in Theorem 2.2 because, in fact, r = 1 suffices. That improves a remark (following
different arguments) pointed out by H. Brezis to the second author concerning the case
U= 6) (see [19]). Moreover, we shall present here a numerous of other improvements
with respect to our previous paper [15], as, for instance, the study of the associated
eigenvalue problem, the consideration of flat solutions, the accretiveness in L' (€, §%)
of the operator when o € [0,1), the consideration of the associated evolution problem,
the confinement for the solution of the complex Schrodinger problem, etc.

3. Statement of new existence, uniqueness and regularity results

First, we show the equivalence of the Brezis and distributional formulations, in the
space L'(Q,571).

LEMMA 3.1. (equivalence of (14a) and (14b)) Assume that f € L'(Q,5), (H) and
let ue L"/7°°(Q) NLY(Q,87"). Then (14a) is equivalent to (14b).

First we prove an existence result in L"= with additional estimates

THEOREM 3.1. (General existence result) Assume that f € L'(Q,8) and (H). Then
there exists u € L”,’“(Q) such that (14a) holds. Furthermore, if f >0, then u > 0. Be-
sides

/QV\u|5<C,,/Q|f|5. (16)

where C, does not dependon V and f.

Then we will extend our uniqueness result

THEOREM 3.2. (Uniqueness in L'(Q,871)) Assume that f € L'(Q,8) and (H).
Then, there exists at most one u € L"=(Q) N L (Q,8 ) such that (14a) holds.

From this, several existence and uniqueness results follow. If the potential is “very
singular”, the condition Vu8 € L' acts as boundary condition.

THEOREM 3.3. Assume that f € L'(Q,8), (H) and V > C5~2 for some C > 0.
Then there exists a unique u € L" = (Q) N LY (Q,81) such that (14a) holds.
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Better integrability of the data improves the differentiability of the solution and,
in particular, the (unique) solution satisfies the Dirichlet condition in the sense that
/!
ueWiL"=(Q).

THEOREM 3.4. Assume that f € L'(Q) and (H). Then, there exists exactly one
ue L"=(Q)NL (Q: 8" such that (14a). Furthermore, u € WOIL"I”X’(Q) and

fvi<c [ il (17)
L viuls < ca(t+ 181, [ 1115, (1)
Vil <C [ 111 (19)

The intermediate cases of integrability of the datum f given by the inclusions, for
o< (0,1),

LY(Q) c LY (;6%) c LY(Q:;8(1 + |logd|))  L1(Q;9) (20)

can also be considered. In fact, in [23] it was shown that the condition 5 € LY(Q) is
equivalent to the data been in L' (Q; (14 |logd))).

THEOREM 3.5. Assume that f € L'(Q;8(1+ |logd|)) and (H)). Then there ex-
ists a unique u € L" = (Q) such that (14a). Furthermore, it is in L'(€;81).

When we improve the integrability of f near dQ we can relax the conditions on
U.

THEOREM 3.6. Let 0 < oo < 1. Assume that (Hy), f € L'(Q,8%) and U €
LT@(Q). Then, there exists a unique solution u € L"-=(Q) of (14a). Moreover; it
isin L'(Q;871). Furthermore, u € WolLHilHX and

[ vise < [ 717 1)

4. Proof of the Lemma 3.1

The proof is based on the following lemma, which improves [15]. The idea is
how well we can approximate a test function ¢ € W, by functions ¢; € €. In [15]
our approximation was that, for » > 1, we can have the convergence of derivatives:
0'D%¢; — 8"D%¢ in L~ for |ct| <2 (although this idea is older, see, e.g., Theorem
9.17 in [4]). Our improvement here is that, for » = 1, we can obtain the same approxi-
mation in L™ -weak-x.

LEMMA 4.1. (Approximation of test functions in W,) Let ¢ € Wo. Then, there
exists a sequence ¢; € C°(Q) such that
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1. There exists C > 0 such that |V¢||1= < C forall j> 1.

2. ||¢j =0~ +1Vo;j = V|1 — 0.
3. 8A9; — SAP in L~ -weak-x.

4. % — % in L™ -weak-*.

Proof. Following [15], we shall consider & € C*(R) such that

€

for j € N* set &=L and let ;(x) :h<5(x)_8> , x€ Q. Setting
2 3 .

One has the following properties of 4;:

—_

. Ahj(x) = [Vhj(x)| =0 for x € EY,

M

hj(x) — 1 as j — oo, for any x € Q (since hj(x) =1 if §(x) > %),

(98]

(|80 — 8| = max, g |8 (x)h; (x) — 5(x)| < 3(1+ |[]|)e,

~

pending only on 4 and Q).

. 8(x)|Vhj(x)| < 3||#|| and 82 (x)|AR;(x)| < c, on Q, where ¢, is constant (de-

Let ¢ € W», the sequence @; = h;¢ is in C%(Q) and enjoy the following property,

there is a constant ¢ > 0 such [|V@j||e < ¢||V||w.

Indeed
V@ (x)| <31 |||V lew =+ [[ ]| o] [V o

Moreover, one has
179 — ¢l < cg| VO,
3
/Q [V (x) — VO(x)ldx < cmeas {x € Q: 6(x) < ;} —0.
6(x)Ap;(x) — 8(x)Ad(x)| < [|8h; — 8|« |Ad(x)] for x € EF.
For x € E;, we have
|8(x)AQ; (x) — 8AP(x)| < [|8hj — 8[| A ()] + 7 (x)[|V [ oo | A (x)]
+268(x)[Vh;(x)[[[VO-.

(22)

(23)
(24)

(25)

(26)
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The statements (25) and (26) are obtained with a straightforward computation. From
those statements, we deduce that there is a constant ¢y > 0 such that

16AQ; — 8A ]| < co. 27)
Since
meas (E;) —— O and ||6h; — 6]|.c. —— 0
J—toe J—tee
we have

180920, = 8180 (ldx < [ 5(x)Ag;(x) = S()A0(x)dx +cgmens ()

< (|81~ 8][l|AG o+ comeas (E;) —— 0. (28)

j—>+o<)
One deduces from relations (27) and (28) that
O0Ap; — 0A¢  weakly-x in L™(Q).

Since C°(Q) is dense in C2(Q), we obtain the desired result.
With this technique we can now move the proof of the equivalence.

Proof. [Proof of Lemma 3.1] Let ¢ be in W,. Then, we have a sequence ¢; €
C(Q) with the convergence stated in Theorem 4.1 such that

/Qu{—Acp,-H?-wﬁchj}dx:/Qf¢,-dx. (29)
Therefore, we have
lim [ uAd;dx=lim / Y (5A;)dx = / uhd dx, (30)
j—teJo j Jad Q

since % € L1(Q) and SA¢;—S5A¢ in L=(Q)-weak-* as j — oo

For the same reason, one has:
lim/ uU-V(Z),'dx:/ ul -Vodx
J JQ ’ Q
since uU € L' and V¢; = V¢ in L”-weak-*. Moreover,
lim/ uVoidx = / uVodx
Q Q

(since Vud € L'(Q) and % - % in L™ (Q)-weak-%). We easily pass to the limit in
equation (29) and thus u satisfies (14a).
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5. Proof of the existence and regularity results

We will consider the approximating sequence

~Auj+U;-Vu+Viu; = f; 31)
uj € Wy (Q)NWALP 1 (Q)
ie.
/Quj(—A(p—Uj-V(p—i-Vj(p):/ij(p V(pEWz. (32)
where
V;(x) = min(V (x), j), (33)
[i(x) = sign(f (x)) min(| £ (x)], ) (34)
and U; € €°(Q)", such that (3) and
U; — U in L7 (Q)". (35)

First we recall our result in [15] about the approximation of solutions

THEOREM 5.1. (existence and approximation of solutions when f € L!(Q;§)

Assume f € L'(Q,8) and (H). Then, there is a unique solution u; € Wol"l(Q) N
W2LPY(Q) of (32) and there exists u such that:

1. u is a solution of (14b),

2. uj—uae. in Q,

3. uj—uin L= -weak-x and W'4(Q, §)-weak, for g < n',
4. uj—uin L'(Q) for r <n’,

5. u;U; — uU in L'(Q)",

6. o Vil < c(1+ [Tl o) fo L5164,

7. Viu;6 —Vud weakly in L}, .(Q).

We can make some additional estimates if we restrict the set of datum f to L!(Q):

PROPOSITION 5.2. existence of solutions when f € L!(Q) Assume that f € L'(Q)
and (H). Then, the sequence u; satisfies

Vit <€ [ 15 (36)
V-M-<C/ i 37
Lviwi<c [ 1 @)
Hence )
uj—uin WolL” “(Q), (38)

and the equations (36) and (37) hold for u,V and f.
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Proof. Let k> 0. Then the sequence given in Theorem 5.1 satisfies
/9(7,- -Vu;Ti(uj)dx = 0 and /QVjuka(uj)dx > 0. (39)
Therefore, we can use Ti(u;) as a test function in equation (31) and derive

[ IV Pax < [ [fldx <k [ 1700l (40)
Q Q Q
From relation (40), we deduce (see [3] or [21]) that
Vil e < €l flpr - (41)
While to obtain relation (37), we choose as a test function for 7 > 0,
(r:j) = (|uj| — 1), sign(u).

Knowing as before that
/ U, Vu®(tu)dx = 0 2)
Q

one obtains from equation (31) that
/ |Vuj|2dx+/ Vjujq)(t;uj)dx: / qu)(t,uj)dx. 43)
|uj| >t Q Q

We derive with respect to ¢ this equation

d
- _/I . \Vuj|?dx + Vilujldx = (x) sign(u;)dx. (44)
uj

dt |uej|>1 Juej| >t

Since the first term is non negative, we conclude from relation (44) that, for all # > 0,

[ viwlar< [ (rwlax (45)
[oaj]|>1

[oaj]|>1

Letting t — 0, we get the desired relation (37). Since Vju; — Vu a.e. in Q, Fatou’s
lemma yields

[ Vi< [ 17)lax (46)
Q Q
Given that Vu; — Vu in e -weak-x, we derive

1Vl < lflur “7)

That (14a) is satisfied is a consequence of Lemma 3.1, since, by the Hardy’s inequality,
we have

u
2 <l Vall e < o 4
Bum>6””h~<+ (48)

This concludes the proof.
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With this we proceed

Proof. [Proof of Theorem 3.4] According to Theorem 5.2, the sequence u; be-

longs to a bounded set of WOIL"/*X’(Q) and since the sequence converges to a solution

u of the equation (14b) given in Theorem 2.1, we deduce that this solution u is in

WOIL"I*”(Q) and satisfies the same kind of estimates as u;. Moreover, § € L!(Q) ac-

cording to relation (48). Now we may appeal Theorem 3.2 to conclude that u is unique.
Finally we can prove

Proof. [Proof of Theorem 3.1] Let f be in L!(€2;8) and consider
fi=sign (f(-)) min (| f]: /), j > 0.

Then according to the above result Theorem 3.4, there exists a unique u; € WOIL"/*X’(Q)
satisfying

[ail-80-0-Vo+velar=[ fioar voew. (14

Since fj— fi € L'(Q) for k and j in N, by the same corollary 1 of Theorem 3.2 and
Theorem 5.2, we deduce that u; — 1y is the unique solution of

/Q(’Zf_ﬁk)[_mz’—ﬁ'v¢+v¢]dx=/9(fj—fk)¢dx, Vo €W,
then it satisfies
[ Vi —adda <, [ 1fi- lgas
and
[ — g oo < Cu/g‘fj—fk‘6dx. (49)

Thus (u;); is a Cauchy sequence in L"=(Q) and (V uj); is also a Cauchy one in
LY(Q:8). Therefore one has easily # € L =(Q) with Vi € L'(€;8) such that i
satisfies equation (14a). Moreover, [, V|u|0dx < ¢ [ fédx andif f >0 then f; >0
therefore u; > 0 which yields that u > 0.

6. Proof of the uniqueness results

To complete the proof of the results above we only need to prove the uniqueness
of the solutions of the equations. Once we complete the proof of Theorem 3.2 the rest
of the proofs will follow as a corollary. The main tool in this proof will be a Kato type
inequality up to the boundary.
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6.1. Kato’s inequality

Notice that, in the following result no Sobolev space is included, and hence no
trace is involved. We do not consider boundary conditions in the usual way.

THEOREM 6.1. (Variant of Kato’s inequality) Let @ be in W' (Q)NL"*(Q) with

loc
% e L(Q) and U e LN (Q)" with div(T) =0 in 2'(Q), U-V =0 on Q. Assume
that Lii = —ATi+div(U ) € L' (€ 8). Then, forall ¢ € Wy, ¢ >0 one has

1. /E+L*¢dx</ ¢ sign (@) Ludx,
Q Q

2 / 7L ¢ dx < / 0 sign(w)Lirdx,
Q Q

where L*¢p = —A¢p —U -V = —A¢ — div (U ¢),

1 ifo>0 b fo>0,

sign, (0) = ' 7 and sign(c)=<¢0 ifo=0,
0 otherwise, | ifo <0

-1 .

The proofs of both theorem (Theorem 3.2 above and Theorem 6.1 below) follow the
same argument as we did in [15] (Corollary 4 Theorem 10, Theorem 8). The only
difference is the use of the new approximation Theorem 4.1. For the convenience of the
reader we sketch here those proofs :

Proof. [Sketch of the proof of Theorem 6.1] Let ¢ > 0, ¢ € W,. Then according
to Theorem 4.1 one has a sequence ¢; € C°(Q) such that §A¢; — SA¢ in L”(Q)-
weak-x. This implies, together with the hypothesis that “¢ € L'(Q), that

lim ﬁ+A¢,»dx:/ﬁ+Aq)dx. (50)
=t ’ Q
For the same reason
lim /U-V¢/ﬁ+dx:/ 0-Vou, dx. (51)
J=teJQ ’ Q

We conclude as in [15], knowing that the local Kato’s inequality (Theorem 10 in [15])
holds true.

One of the consequence of the Kato’s inequality is the following maximum prin-
ciple.

COROLLARY 6.2. (of Theorem 6.1) Under the same hypothesis as for Theorem
6.1, assume that Li = f(x) — G(x;%) € L'(Q;8), with G : Q@ x R — R a Caratheodory
Sunction (i.e for a.e x, 6 — G(x;0) is continuous, and x — G(x;0) is measurable
Vx), satisfying the sign-function condition

sign(0)G(x;0) 20 VoeRaexeQ.

Then, if f <0 one has u < 0.
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Proof. Let ¢ € W, be such that ¢ > 0. Then

/Q T L dx < /Q 0 sign, () £ (x)dx — /Q 0G(x: T )dx, (52)

since G(x;0) =0 and sign, (0)G(x;0) = G(x;04) > 0. Therefore, from this last
inequality (52), knowing that

_¢G(X;ﬁ+) < 07 f(x) SignJr(ﬁ) < Ov

we deduce that
Vo >0, ¢ 6W2:/E+L*¢dx<0. (53)
Q

Since @ € L"=(Q) and L*¢ = —Ap — U - V¢ is in L"(Q) for ¢ € WAL (Q)N
H}(Q), thus a density argument leads from equation (53) to

/ WL odx<0 Vo e WL (Q)NHL(Q), ¢ >0. (54)
Q

Thus, we get:
uy = 0.

This completes the proof.

6.2. Proof of the uniqueness results

Proof. [Proof of Theorem 3.2] Let T = u; — uy where u; arein L = (Q)NL' (Q;67!)
and are two solutions of equation (14a) (or (14b), these formulations are equivalent due
to Lemma 3.1 since u; € L' (Q;67!)). Then

Li=—-VaeL'(Q;5).

From Theorem 6.1 one has, for a test function ¢ € W, such that ¢ >0,
/ L odx < —/ 0 sign(u)Vai = —/ oV|aldx < 0. (55)
Q Q Q
As before one has:
/ @l 0dx <0 Vo e WAL (Q)NHN(Q), ¢ >0. (56)
Q
Considering ¢, € W2L"1(Q)NH} (Q), ¢, > 0 solution of L*¢, = 1, we deduce

/ ildx < 0
Q

thus = 0.

Proof. [Proof of Theorem 3.5] First let us assume that f > 0. Since f is a non-
negative function in L'(€2;§), the existence of a solution u > 0 is a consequence of
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Theorem 3.1. To prove the uniqueness result, let us show that exists a ¢ > 0 indepen-
dent of u, f and V such that

/ gdx+/ Vus(1 + |log8|)dx < c/ F()(1 + [log §])8dx. (57)
Q Q Q
For this, we use the argument introduced in [23] by choosing as a test function

¢ =oilog(p)+¢€), €>0,

where ¢ the first eigenfunction of —A with homogeneous Dirichlet boundary condi-
tion.
One obtains

- /Q uA(pilog (@1 + €))dx — /Q T u-V(gilog (¢r +€))dx
—|—/9Vu(p110g (1 +€)dx :/Q foilog (@) +¢€)dx.  (58)

We develop each term in relation (58) as we did in [23] knowing that ¢ is equivalent
to the distance function (say Jcg > 0, ¢; >0, c90 < @ < ¢16). We derive

Vo —4—ad —/ Vugil d 59
/Q| o1 o e ™ o upilog (@1 + €)dx (59)
ch u(x)dx+/f(x)(l+|10g5|)5dx}
Q Q
+c/guz7|| |10g5\udx+c/g||l7H(x)u(x)dx.
Since U € L' (Q), p > 1 then ||U||logd € L' (Q) and there exists a constant ¢ > 0.
|10110g3|| | <elTllia-

Therefore, we have

C/Q||I7H\10g5|udx+c/gHl?H(x)u(x)dxécUHuHL,,/W<C/Qf(x)5(x)dx. (60)

From relations (59) and (60), we deduce

/|V(p1\2 u dx—/Vu(pllog((pl—i-s)dxgc/ F(0)(1+[log8))8dx.  (61)
Q Qo +€ Q Q

As in [23] we write

/ Vugi|log (@1 + €)|dx = — / Vugilog (@1 + €)dx+2 / Vugilog (@1 + €)dx.
Q Q Q1+e>1

(62)
Combining these two last relations, we get
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\v4 2
Pl

u dx+/Vu(p1|log((p1+£)\dx
£ Q

c/ f(x)(l+|log5|)5dx+c/ Vuddy. (63)
Q Q

Noticing that in a neighborhood of the boundary dQ C U C Q one has ian] Vo (x) >
Xe
0, we derive from relation (63) the inequality (57).

Let f bein L'(€;8(1+|log8|)), we decompose f = fi — f— where fi,f- >0
Due to the first part of the proof, we have u; (resp. u;) a nonnegative solution of (14a)
associated to fy (resp. f—). One has according to relation (57) for i = 1,2

/Q dx+/Vu, (1+[log8|)d /\f\ 1+ [log 8|)8dx. (64)

By linearity we deduce that u = u; —uy is a solution of equation (14b) and satisfies
% € L'(Q). We conclude with Theorem 3.2 to obtain the result.

7. Estimates when the datum f is L! (Q;6%),0< <1

LEMMA 7.1. Under the same assumptions as for Theorem 3.5, if furthermore f €
L'(Q;6%), 0 < a < 1 then the function u solution of equation (14a) verifies

L Vs s < co [ 170167 (o)

Proof. For k >0, let us consider V;, = min(V;k) and define the linear operator 7}
on L'(Q;8) by setting Tj.f = Viiiy ¢, where 1 is the unique solution of

/Qﬁkf {—A¢+U~V¢+Vk¢} dx:/gf(bdx Vo €W (65)

The existence and uniqueness follows from Theorem 7 in [15].
According to Corollary 3.4 of Theorem 3.2 and Theorem 5.2. T maps L!(Q) into
itself with

1Ty = [ Vel ldx < £ (66)
and Ty maps L'(€;8) into itself with
ITef Il @5y < 1+ 101 ) 1F 1121 0:5)- (67)

Since L'(Q;8%) is the interpolation space in the sense of Peetre between L!(€; ) and
L'(Q), that is

L'@,8% = (L'(@8).L'(@) .

o,l

we derive from Marcinkewicz’s interpolation theorem (see [2, 21]) that 7; maps L! (Q;6%)
into itself and

ITifllr sy < <X (LTl )1 f 1 @60y VF € L1 (Q:8%).
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Considering the unique solution i ; for j fixed in N, of the equation

/Qﬁkj[—A(p—U-V(z) +Vk¢}dx:/gfj¢dx, Yo € W, (14a);
where f; = sign(f)min(|f], j), applying Theorem 5.1 with the sequence (i), and

due to the uniqueness result we deduce that, when k — oo, 1y ; — u; in L"=(Q) and
u; is the solution of (14a);. Therefore, one has

/QV\ﬁj\S“dx < Jim (Tifjlo@ise < calfilLiqse): (68)
As we have shown in the proof of Theorem 3.1, u; converges to u as j — +oo; we

deduce the desired inequality.
The proof of Theorem 3.6 needs the following lemma given in Theorem 13 of [15].

LEMMA 7.2. Let 0 < e < 1, g € L'(Q;8%), U in L@ (Q)", (3). Then, there
exists a unique solution u € L”’?‘”(Q) satisfying

/u[—A¢—(7-V¢]dx:/g¢dx Vo € Wh. (69)
Q Q
Moreover; there exists a constant K(o; Q) > 0 such that

gty < K059 r, ) I8l ise- (10)

Proof. [Proof of Theorem 3.6] Let u be the unique solution (2) given by Theorem
3.5when feL! (Q;6%),0<a<1.Weset g=Vu— f. Then following Lemma 7.1,
one has g € L'(Q;8%) and u satisfies the same type equation (69). Therefore, we can
apply Lemma 7.2 to conclude.

8. Some consequences: principal eigenvalue and eigenfunction of —A+ U -V and
of the operator A, the m -accretivity of A and the complex Schrodinger
problem in the whole space

8.1. Principal eigenvalue and eigenfunction for —A+ U -V and the m-accretivity
of -~ A+U-V+V

Let us start by recalling a well-known result (see, e.g., [12])

THEOREM 8.1. (Krein-Rutman’s theorem) Let X be an ordered Banach space,
the interior positive cone K of which K is nonvoid, T : X — X a compact linear
operator which is strongly positive, i.e Tf > 0 if f > 0. Then, the spectral radius of
T, r(T) > 0 and is a simple eigenvalue with an eigenvector Yy, € K.

We recall the following definition of an m-accretive operator.
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DEFINITION 8.1. (m-accretive operator) Let X be a Banach space. A linear un-
bounded operator
A:DA)CX—X

is called accretive if
1. Vue D(A) and VA > 0 it holds that ||u]|x < ||u+ AAu]x.

The operator is called m-accretive if it is accretive and

2. VA >0 we have that D(A) C R(I+ 1A).

Let us consider U € LP!(Q)", p > n (orin L"'(Q)" but with a small norm as in
[15]), we define a compact operator

T:C0(Q) — WiLP Q) — C(Q)

by setting
—Au—U-Vu=f

T f = u if and only if
f Y {uEW()lLP=1(Q),p>n

(the existence, uniqueness and regularity of u in given in [15]). Using the Bony’s
maximum principle or Stapamcchia’s argument, we have for f > 0 the solution u > 0.
Since the positive cone K = C, (Q) = {¢ € C(Q) : ¢ >0} has its interior K non void,
we may apply the Krein-Rutman’s theorem (see Theorem 8.3) to derive the

THEOREM 8.2. There exist a real A, >0 and a positive function y, € W>LP'1(Q)N
HY(Q) such that

—Ay —U-Vy; = Ly
Moreover, L' (Q;8) — L' (Q;y) and if U € L™(Q)" then y; > ¢8 so that
LY(Q;8) =L (Qy).
REMARK 2. The fact that L (Q;8) — L'(Q; y;) comes from the fact
0 <y1(x) S8Vl < cllwillwzrra 8(x) <Aoo, x € Q.
Next, we want to prove Theorem 8.3 concerning the m-accretivity of A = —A+ U-V+
V in the Banach space L' (Q;8%), 0 < o < 1. The argument is similar to the one given

in [22].
First, we endow the space L!(Q;8%) with the following equivalent norm

Iflla= [ L),

with y; given in Theorem 8.2. We shall introduce the following definition
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DEFINITION 8.2. Let @ be in L'(Q,;8%) with Vi € L' (Q;8%). We will say that
At € L1 (Q;8%) if there exists a function f € L!(Q;8%) such that Az = f and

/¢fdx_/ —Ap—U-Vo+Voldx, V¢ ecC*(Q). (71)

Here, V > 0 locally integrable and U is as in Theorem 2.1. When U = 0 and 0 <
V € L7(Q) then we choose D(A) C WOl 1(Q). In this setting, in which traces exist,
previous results apply (see, e.g., [10]). However, when V > ¢§~2 (our main case of in-
terest due to the Schrddinger equation) we can no longer expect that D(A) C WO1 Q).
Nonetheless, we have shown that D(A) C L'(Q;87!), a space which also acts as hav-
ing a Dirichlet boundary condition on 9Q.

We can define the operator A : D(A) C L'(Q;8%) — L'(©;8%), where the domain
of A is

() = {me L"=(@) N1} (Q:67) N1 (@:v8)  Am e L (:6%) |

Therefore, we always have C2(Q) C D(A) C L'(Q;8%) this implies that D(A) is dense
in L! (Q;6%), 0 < o < 1. Moreover, one has the :

LEMMA 8.1. Let V > 0, locally integrable, Ue L=(Q) be such that (3) and
0< o <1. Then, forall 2 >0 and f € L (Q;8%), there exists a unique function
u € D(A) such that

u+AAu=f.

Proof. Indeed, since L'(Q;6%) C L'(Q;8(1+ [logd|)), we may apply Theorem
3.5 to derive that for all 2 > 0 all f € L'(Q;8%) we have a unique function u €

L"=(Q) with % € LY(Q), Vue L1(Q;8%) and for all ¢ € W2L™1(Q) € HL(Q),

/f¢dx—/ [0+A(— A¢—0-V¢+V¢)}dx. 72)

This is equivalent to say that u+AAu = f and u € D(A).
So for 0 < a < 1, it remains to show that for all @ € D(A), forall A >0

[l < [[2+AAU| o (73)
That is to say, setting f =u+ AAu,
[ mwrax< [ |fviax (74)
Q Q

To prove such inequality, we introduce as in [22] the
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LEMMA 8.2. Let € >0, 0< ax < 1 and let
Vie = (y+e)%—e* e WL (Q)NHL(Q). (75)

Then, for all w e L= (Q), >0, one has

Jo = / 7 [—Amg 0. V%S} dx > 0. (76)
Q

Proof. We develop the term —Aye — U- Wi to derive the
Jg:a/gﬁ[—Awl—(7-Vq/1](u/1+e)°“ldx+ oc(l—oc)/Q|Vy/1|2(q/1+£)°“2ﬁdx
:ocll/ ﬁw1(l//1+e)°“1dx+oc(l—oc)/ |V [ (w1 + €)% 2iadx > 0.
Q Q

Let us decompose f = f, — f_, fi € L'(Q;8%), f- € L'(Q;8%). By Theorem 3.5,
we know that we have u; € D(A) (resp. us € D(A) such that

uy +AAuy = fo uy+AAuy = f-—. (77)

So by linearity and uniqueness, one has
uU=1u;—up. (78)
Therefore, it suffices to show that the inequality (74) holds for u; (resp. u;). That is
to say that is sufficient to prove the inequality for f > 0. But in that case, the unique

solution of (72) is non negative : # > 0 and we can choose as a test function ¢ = Y,
given in Lemma 8.2. We then have

/fullgdxzfﬁlylgdx—i—?t/ﬁ[—Awlg—ﬁ-leg]dx+l/Vullgﬁdx. (79)
Q Q Q Q

According to Lemma 8.2 and the fact that V u y1 > 0 the two last integrals in relation
(79) are non negative. Therefore,

[ fviedr> [ ayiear. e>o0. (80)
Q Q
Letting € — 0 in (80), we obtain
/ Tydx < / Fyldx @1)
Q Q
whenever f € i+ AA#, u € D(A).

We have shown that the Schrodinger operator A = —A+U -V +V is m-accretive
in L'(Q,8%), whenever 0 < & < 1, as in the first statement of Theorem 8.3. [
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We have a similar result in L'(€;8) provided that V(x) > ¢8(x)~? in a neighbor-
hood U of the boundary. The argument is similar to the preceding one but we need to
replace the use of Theorem 3.5 by Theorem 3.3. Indeed, if f = f, — f_ € L'(Q;8)
and u € D(A) satisfies u+ AAu = f then, Theorem 3.3 allows us to spleet & = uy — uy
with u; € D(A) and u; +AAu; = fy (idem uy + AAup = f). therefore, it suffices to
show the inequality

/ﬁwldxg/fwldxforf>o,ﬁ>o.
Q Q

To do so, we choose ¢ = y; in equation (72) and derive

/fl[/ldxz(l-l-ﬁ,ﬁ,])/ﬁl{/ldx+/Vﬁl{/1dx. (82)
Q Q Q

We drop the nonnegative term with V' to derive

1
s < g [ rwmar< [ (83)

This show the desired inequality and implies that
VA >0,VueDA), i+ AAu=f € L' (Q;d)

/\mwldng i+ ATy dx. (84)
Q Q

2

Therefore, we have shown the following theorem :

THEOREM 8.3. Let U € L™ (Q)" such that (3) and V > 0 locally integrable. Then
the Schriodinger operator

Au=—Au+U-Vu+Vu, forue D(A)

is m-accretive in L'(Q;8%) forany 0 < a < 1. If a =1 and V(x) > c¢§(x)"% ina
neighborhood U of the boundary then the operator A is still m-accretive in L' (Q;8).

The operator A is also m-accretive in LP(€;8%) when U = 0 for p € (1,09
and o € [0, 1]. The result for the case o =0 was already proved by Brezis and Strauss
[7] for bounded potentials.

THEOREM 8.4. Let p € (1,+eo|. Assume that

{aE[O,IL {azo,
or (85)

andU =0 and (Hy).

Let f € LP(Q,8%), 0<V €L}, .(Q) and let u € D(A) be the unique solution of the
equation
Autu=f. (86)
Then
[l zr(:50) < 1 fllzp(:se)- (87)
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Proof. As in the proof of Theorem 8.3 we can assume without loss of generality
that f > 0 and thus « > 0. By regularity arguments it can be well-justified that we can
take as test function the one given u”~ !y, (x) with . as in Theorem 8.2 if U=0
and u?~ ' if o = 0. Then, from (14a), and since V > 0, we get that

p—1

1

P
/‘”|pll/1,s+1</f”p_lllflg< (/ fpll/1£> (/ ”pll/15> y
Q Q Q Q

1:/Qu(—A(uP—lwlg))—/Quﬁ-V(uP—lm).

We recall that in LP(€2,8%) we can use as an equivalent norm to the one given by

(/, |uﬂwlg)%.

Thus, it is enough to prove that / > 0. Assume now that U=0. Again, we can assume
that u is regular and so

where

1:-/ Au(u? My ) = (p_1)/ up_2|Vu|21V17g+/ WV V.
Q Q Q

The first integral is clearly nonnegative. Moreover

p

1
/up_1Vu~Vl[/17£=/ —Vup~VlV17s=/ u—(—A‘lfl,e)a
Q Qp Qp

and, from the definition of y; ¢, we get that 1 > 0. This concludes the proof for the
case U =0.
Assume now that & = 0. Then, by applying Lemma 2.6 in [15], we get that

/ wul -VuP~ 1 =0
Q
and again / > 0.

As a first application of Theorem 8.3 and Theorem 8.4 we get the solvability of
the associated parabolic problem

du —» .
E—Au—!—U-Vu—i—V(x)u—f(x,t) inQx(0,7), (88)
u(x,0) = up(x) on dQ,

for theclass 0 <V € L}OC(Q) and thus also for very singular potentials. Here is a simple

statement in term of “mild solutions” (see, e.g. [1], [9] or Proposition 1.5.14 in [5]).

THEOREM 8.5. Let T >0, oc € [0,1], U € L=(Q)" such that (3) and V > 0 lo-
cally integrable (satisfying (4) if a =1). Let ug € L' (Q;8%) and f € L'(0,T;L" (Q;8%)).
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Then, there exists a unique u € C([0,T] : L' (Q;8%)) mild solution of (88). Moreover
V(x)u € L'(0,T;L"(Q,8%)) and, if &t denotes the solution to data ity and f under the
same assumptions, then, for any t € [0,T],

1
([ (u(t,-) =t )+ Nl @ise) < Mo — do)+ |1 (@, 50) +/0 [(f@) = £t )+l .0
(89)
In addition, if U =0, uy € L?(Q,8%) and f € L'(0,T;L"(Q,8%)) for some p €
(1,+c0], then u € C([0,T];LF(Q,8%)) and (89) holds replacing the norm of L' (Q, 5%)
by the norm of LP(€,8%).

The application of abstract semigroup theory results on the time differentiability of
solutions of (88) requires the reflexivity condition on the abstract Banach space. This
holds in the case of the second part of Theorem 8.5 when 1 < p < 4o (and U=0
or oo = 0). Nevertheless, a direct approach to this question for problem (88) can be
obtained as an application of Proposition 1.3.4 of [5] if f =0 and Proposition 1.5.5 if
f # 0. We have

THEOREM 8.6. Let T >0, ug € D(A), f€C([0,T];D(A))UC!([0,T]; L' (€;8%))
for some o € [0,1]. Then, there exists a (unique) function satisfying :

ue C([O,T];D(A)) nc! ([O,T};Ll (Q;S“))
d
S0+ Au) = f(0), V1 €[0,T), u(0)=up.

REMARK 3. It is possible to obtain several qualitative properties of solutions of
the parabolic problem (88). The smoothening effect for bounded potentials can be
found, e.g., in [5, 6, 10, 22]. If V(x) is a very singular potential then the Dirichlet
condition is verified in WOIL”/’""(Q) once we assume that o € [0,1). In fact, it is not
complicated to adapt the techniques of proof of the Section 8.2 of this paper to show
that if uy and f(z,-) are “flat” data near dQ then the (unique) solution of (88) is also
a “flat solution” in the sense that not only u# = 0 but 3—3 =0 on JdQ. Notice that this

is in contrast with the instantaneous blow-up of solutions which arises when U= 0,
V(x) <0, Li(—A+ (1 —¢€)V) = —oo for some € >0 and V is very singular (see [8]
and the references therein).

8.2. Complex Schrodinger problem

Let us apply our previous results to the mathematical treatment of problem (5). In
some sense, our main aim now is to show that the solution of this Schrédinger equation
is localized for any t > 0, in the sense that if we start with a localized initial wave
packet Y, € H'(R": C) (here C denotes the complex numbers), i.e. such that

support ¥, C Q,
then the particle still remains permanently confined in € in the sense that

supporty(z,-) C Q for any ¢ > 0.
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As in [14] we start by considering the auxiliary eigenvalue problem

—Au+U-Vu+V(x)u=Au inQ,
DP(V,A,Q) ()
u=0 on dQ.
PROPOSITION 8.7. Let 0 <V € L] (Q). Then there exists a sequence of eigen-
values Ay — +oo, A1 > Ay q (the first eigenvalue for the Dirichlet problem associated
to the operator —A+ U-VonQ), A isisolated and u; > 0 on Q.

Proof. We start by arguing as in the proof of Proposition 3 of [15]. We introduce
the space
W={pecH)(Q): V> cL'(Q)}.

For any h € L>(Q) we define the operator Th = z € W solution of the linear problem
Az=h inQ, (90)
z=0  ondQ.

We recall that the existence and uniqueness of a solution was obtained in Proposition 3
in [15] when h € W' (the dual space of W) and that, trivially, L?(Q) C W’.Then the
composition with the (compact) embedding H} (Q) C L*(Q) is a selfadjoint compact
linear operator T = ioT : L*(Q) — L*(Q) for which we obtain in the usual way a
sequence of eigenvalues A,, — +oo. By well-known results (see e.g. [24] or [4]) we
know that A; > 0 (notice that A; = 0 would imply that z = 0). In fact, since V(x) >
0, by the comparison principle we know that A; > A; . The positivity of the first
eigenfunction u; is an easy modification of Proposition 3.2 of [14]. Moreover a variant
of the Krein-Rutman can be applied (see [12]) and so we know that A; is isolated.

REMARK 4. When r =2 in (4) then, by the Hardy inequality, W = H} (Q).

A different, and useful, consequence of Proposition 3 of [15] is the following:

PROPOSITION 8.8. Let 0KV € L}, (Q). Thenthe operator A: D(A)(C L*(Q)) —

L*(Q) givenby D(A) =W = {@ € H}(Q) : Vo? € L'(Q)} and Au= —Au+U-Vu+
Vu if u € D(A) is a maximal monotone operator in L*(Q).

Proof. Given h € L?>(Q), the existence and uniqueness of solution of the equation
Au+u = h was obtained in Proposition 3 of [15]. Moreover, thanks to the assumptions
on U, by Lemmas 2.6 and 2.7 of [15] we get that

llull 2y < lIAll2)

which proves the monotonicity in L>(Q) (i.e. the operator is m-accretive in L*(Q)).
Let us prove now that the singularity of the potential implies that all the eigen-
functions u,, of operator A are flat solutions (in the sense that u = % =0 on JdQ).
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As usual in Quantum Mechanics we shall pay attention to the associate eigenfunctions
with normalized L?-norm, i.e. such that

([tmll 2 = 1. oD

THEOREM 8.9. Assume (4) and let u,, be an eigenfunction associated to the
eigenvalue Aw. Then uy € L*(Q2) and uy is a flat solution of DP(V, A, Q). In fact,
there exists K,,, > 0 such that

|t ()| < Kpd(x,0Q)*  ace. x€ Q. (92)

Proof. 1t suffices to repeat all the arguments of Theorem 2.1 of [14] (concerning
the case r =2 and U = 0) since the the main idea of the proof consists in the use of a
Moser-type iterative argument (as in [17]) and take as test functions

o(x) = v;’f;,}l (x), with v,,, 5/ (x) := min{|uy, (x)], M} sign(u,(x)), (93)

for any arbitrary M,k > 0. Then, by using (4) and Lemmas 2.6 and 2.7 of [15] we
conclude that ¢ € H(} (Q) is an appropriate test function and

K Q K
(z;<+1)/gyv%4 (x)|\Vum|2dx+/95(x)2 VL ()| 1]

< (2K+l)/g|v12v}c(x)}\Vu’n‘2dx+/QV(x)|v12uK+l(x)||um\dx
_ 2K+1
—kn/Q}VM (x)“um\dx 94)

where we used the simplified notation vy = v, ». This is exactly the same starting
energy estimate than the one used in the proof of Theorem 2.1 of [14] and thus the rest of
the proof (passing to the limit when M ' 4-c0) applies without any other modification.

REMARK 5. The flatness of the eigenfunctions u,, of operator A can be also
proved by using Proposition 2.7 of [25] nevertheless the statement given here supplies
some decay estimates on u,, near dQ which are not given in the mentioned reference.

REMARK 6. The decay estimate (92) is not optimal if » > 2 in (4). It seems
possible to adapt the formal exposition made in [1 1] developing asymptotically some
Bessel functions to prove that in that case

~

Kin

(r=2)

lt (x)] < KnS (x)*exp (- 5(x)<’2>/2> ae. xeQ, (95)

for some positive constants K,, and I?m, but we shall not enter into the details here.
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REMARK 7. Arguing as in [14] it is easy to get several qualitative properties of
solutions of the complex evolution Schrédinger problem

Oy - . 0
e = —Ay+U-Vy+V(x)y in (0,0) xR 96)
v(0,x) = o (%) on R"

for very singular potentials over Q which are extended (for instance) in a finite way to
the whole space. So, we assume now that there exists g € [0, +e<) such that

V() ifxeQ,
Voalx) = {q ifxe R\ Q ©7)

and that (4) holds. We can study the time evolution of a localized initial wave packet
Vo € H'(R" : C) such that support yy C Q.

Then we can prove that there exists a unique solution y € C([0,+o0) : L?>(R" : C))
with y € C([0,+0) : H(R": C)) and V, o(x)y €L*(0,T : L*(R":C))} forany T >0,
and that the Galerkin decomposition

Vo(t,x) =Y ane M, (x), (98)
m=1
holds with convergence at least in L?>(R" : C) where A, and u,, are the eigenvalues
and eigenfunctions given in Proposition 8.7 and

am:/gvo(x)um(x)dx.

For localizing purposes we assume that

D || K < +oo, (99)

m=1
where K,, > 0 was given in Theorem 8.9. Thus, we conclude that
\w(r,x)] < Kd(x,0Q)* foranys>0andae. x€Q, (100)

for some K > 0, and in consequence the unique solution of (96) satisfies that support
y(t,.) C Q forany t > 0.

Concerning the existence of solutions, it is enough to apply the Hille-Yosida theo-
rem (see, e.g. [24, 4, 5]). For the Galerkin decomposition we can adapt the arguments
given in [5].
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