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Abstract. In this paper, we investigate the following fractional p-Laplacian problem

]
s ) ‘ u‘l’x.a u .
(=A)pu=AlulP~"u+ @ in Q,

u=0 on dQ,
where Q is a bounded domain containing the origin in RY with Lipschitz boundary, p € (1,e),
s€(0,1), 0<a<ps <N and p;, = (N—oa)p/(N— ps) is the fractional Hardy-Sobolev
exponent. We prove the existence, multiplicity and bifurcation results for the above problem.

Our results extend some results in the literature for the fractional p-Laplacian problem involving
critical Sobolev exponent and the p-Laplacian problem involving Hardy-Sobolev exponents.

1. Introduction and main results

Let Q be a bounded domain containing the origin in RY with Lipschitz boundary,
we consider the following fractional p-Laplacian equation

¥ =2
AV, p—2 ‘u|p&,a .
(—=A)pu=Alul u+7|x|°‘ uinQ, (1.1)
u=0 on 0Q,

where p € (1,00), s € (0,1), 0< o < ps <N, A >0 is a parameter, and p; , = (N —
a)p/(N — ps) is the fractional Hardy-Sobolev exponent. For p € (1,e0), s € (0,1) and
N > ps, the fractional p-Laplacian operator (—A);‘, is the nonlocal operator defined on
smooth functions by

(—A)Su(x) =2 lim ‘u(x)_u(y)‘p_z(u(x)_u(y))
p

dy, xeRY.
N0 JBe(x)° |x — y|Ntps Y

This definition is consistent, up to a normalization constant depending on N and s. We
would like to point out that, in the last decades, great attention has been attracted to

Mathematics subject classification (2010): 35R11, 35]92, 35B33, 35A15.
Keywords and phrases: fractional p-Laplacian, fractional Hardy-Sobolev exponents, Brezis-
Nirenberg problem.

This research is supported by The National Natural Science Foundation of China (11571176, 11701289) and Jiangsu
Province Science Foundation for Youths (BK20170936)..

© depay, Zagreb 87
Paper DEA-10-06


http://dx.doi.org/10.7153/dea-2018-10-06

88 GAIXIA NING ET AL, Differ. Equ. Appl. 10, No. 1 (2018), 87-114.

the study of problems involving fractional Laplacian operators. We refer the readers to
[2,8,9, 14,15, 18,22, 23, 27] and the references therein.

When s = 1, problem (1.1) reduces to the following p-Laplacian problem involv-
ing critical Hardy-Sobolev exponents

|ua| P (@)
]

u=0 on dQ,

—Apu = AlulP2u+

uin Q, (12)

where Q is a bounded domain in RY containing the origin, 1 < p <N, A >0 isa
parameter, 0 < o < p and p*(a) = (N — at)p/(N — p) is the critical Hardy-Sobolev
exponent. In this setting, denoting A; the first eigenvalue of the eigenvalues problem

— - P2y
{ Apu = Alu|P~*u in Q, (1.3)

u=~0 on 0Q
in W, (). Perera-Zou [21] proved that:
e N> p2 and 0 < A < Ay, then problem (1.2) has a positive ground state solution;

e N> p?and A > A; is not an eigenvalue of problem (1.3), then problem (1.2)
has a nontrivial solution;

e (N—p»)(N—0a)>(p—oa)p and A > Ay, then problem (1.2) has a nontrivial
solution.

We refer the readers to [12] for more details.
When o = 0, problem (1.1) reduces to the fractional p-Laplacian problem

—A)u = AlulP~2u+ |uP 2w in Q,
u=0 on dQ,

where A > 0 and p} = Np/(N — ps) is the fractional critical Sobolev exponent. In
[17], by using an increasing and unbounded sequence of variational eigenvalues 0 <
M<A<A3< - of (—A)j,, Mosconi, Perera, Squassina and Yang proved that the
above problem has a nontrivial weak solution in the following cases:

e N=sp?and A < A;;

e N > sp? and A is not one of the eigenvalues Ay ;
o N2/(N+s)>sp*;

o (N> +5°p*)/N(N+s)>sp? and 9Q € C1!.

In fact, Much work on Brezis-Nirenberg problem has been done after the cele-
brated paper by Brezis and Nirenberg [4], see [1, 7, 11, 12, 24, 25, 26, 28, 29, 30] and
the references therein for the local case, and [24, 25, 28, 29] for the nonlocal case.
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Now let us recall the weak formulation of problem (1.1). Let

e = </RZN %dxdy) N

be the Galiardo seminorm of a measurable function u : RY — R, and let
WP (RN) = {u e LP(R") : < oo}
be the fractional Sobolev space endowed with the norm
lulls,p = (]2, + lul2)'7,
where ||, is the norm in LP(R"). We work in the closed linear subspaces
X5(Q) ={ueW([R):u=0 ae inR"\Q},

equivalently renormed by setting || - || = [ - |5,,, which is a uniformly convex Banach
space. A function u € X;(€2) is a weak solution of problem (1.1) if

/ ) — u(y)[P~2(u(x) — u(y)) (v(x) —v(y))
R2N

|.X _ y|N+.\'p

dxdy

P;a_z
:A/ |u\p_2uvdx+/ 4 uvdx, Vv € X(Q). (1.4)
Q o [*

Weak solutions of problem (1.1) coincide with critical points of the C! -functional

1 A 1 Pia .
R L P e = )
P p Pia o |

Let

[ae] |7

= m —,
WXV} [ pta \ PP
dx
o |x[*

which is positive by the fractional Hardy-Sobolev inequality and independent of Q.
Our first major difficulty is that an explicit formula for a minimizer for u, is not avail-
able. A natural conjecture is whether the family of minimizers consists of constant
multiplies, translations and dilations of the function

(1.5)

xRV,

Ux) = ;
(1

This conjecture has been proved in [12] when s =1, p > 1, and o € [0,p) through
Bliss inequality; and in [6] if s € (0,1), p =2, a =0. However, up to now, the explicit
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form of optimizers is not known for general p # 2 and s € (0,1). We will overcome
this difficulty by working with certain asymptotic estimates for minimizers recently
obtained in Marano and Mosconi [16].

The second difficulty is the lack of a direct sum decomposition suitable for apply-
ing the classical linking theorem. We will get around this difficulty by applying some
more general critical point theorems (see [20, 31]), which will be described in Section
2.

The Dirichlet spectrum of (—A)j, in € consists of those 4 € R for which the
problem

(1.6)

has a nontrivial solution. Although a complete description of the specturm is not known
when p # 2, we can define an increasing and unbounded sequence of eigenvalues via a
suitable minimax scheme. We will use the following scheme based on the cohomologi-
cal index as in Iannizzotto et al. [13] (see also Perera [19]). The eigenvalue of problem
(1.6) coincide with critical values of the functional

W(u) = (/Qu|pdx)_l — ﬁ

on the unit sphere .# = {u € X;(Q) : [Jul| = 1}. Set
Ye={ue s :Yu)<a}, Yo={uec A :¥Yu)>a}, acR.

Let .% denote the class of symmetric subsets of .# and i(M) stands for the Z;-
cohomological index of M € .# which will be introduced in Section 2. Set

A= inf Y(u), keN.
¢ M6=‘i’l}il(M)>kslelA§ (v)

Then 0 < A} < A; < A3 < --- — +oo is a sequence of eigenvalues of problem (1.6) and
Mo < My = (W) =i\ Wy,.,) = k. (1.7)

Set

(N=sp)o

Va() = [ o] 7 ax

and note that

|ua| P

P/Psa
/ |u|Pdx < Va(Q)(.vpfa)/(Nfa) < dx) . VueX)(Q) (1.8)
Q

Q |x[“

by the Holder inequality.
Our main results are as follows:
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THEOREM 1.1. (Nonlocal Brezis-Nirenberg problem) Let p € (1,00), s € (0,1),
0< a<ps<N and A > 0. Then problem (1.1) has a nontrivial weak solution in the
following cases:

(i) N=sp? and 0 <A < Ay,

N > sp* and M is not one of the eigenvalues A ;

(i)
(iii) (N—sp?)(N—a) > sp(sp—a);
)

(iv) N(N—sp?)(N—a)> (N—sp)sp(sp— ) and dQ € C"!.

REMARK 1.1. In the nonsingular case o« = 0, Theorem 1.1 reduces to Mosconi
et al. [17, Theorem 1.3]. In the case s = 1, Theorem 1.1 reduces to Perera-Zou [21,
Theorem 1.1, 1.2 and 1.3]. Therefore, Theorem 1.1 extends the main results of [17, 21].

THEOREM 1.2. Let p € (1,00), s€(0,1), 0< ot < ps<N.
(@) If

Ho
M= ey <A <M

then problem (1.1) has a pair of nontrivial solutions +u? such that u* — 0 as

A A
b) If i KA < Xy1 =+ = Arm < k1 for some k,m € N and

Ho
A > A'k-&-l — Va(g)(.\'pfa)/(Nfa) s (1.9)

then problem (1.1) has m distinct pairs of nontrivial solutions :I:ujt, j=1,---m,
such that ui“ —0as A/ Agyq-

Ha
Ve Q)P (N—a)

Now we note that A; > . Indeed, let ¢; be an eigenfunction asso-

ciated with A, then

[P1(x) — 1 (y)]?
/Rzzv —|x—y|N+5P dxdy

/ ¢y dx
Q

.Uoc( [ |p|Pse )p/p;ia

[x|*

/ ¢dx
Q

=

M=

Vo (Q)Gp-o)/(V-a)
by (1.5) and (1.8).
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REMARK 1.2. Since V(Q2) is the volume of Q, in the nonsingular case o =0,
Theorem 1.2 reduces to Perera et al. Theorem 1.1 in [20]. In the case s = 1, Theorem
1.2 reduces to Perera-Zou [21, Theorem 1.6 and 1.7]. Theorem 1.2 improves the main
results of [20, 21].

The remainder of this paper is organized as follows. In Section 2, some prelimi-
naries are presented. In Section 3, we prove Theorem 1.1 and in Section 4, we prove
Theorem 1.2.

2. Preminaries

2.1. Abstract critical point theorems

Here we will use a different sequence of eigenvalues introduced in Perera [13]
that is based on a cohomological index. The Z;-cohomological index of Fadell and
Rabinowitz [10] is defined as follows. Let W be a Banach space and let </ denote the
class of symmetric subsets of W\{0}. For A € &, let A= A/Z; be the quotient space
of A with each u and —u identified, let f : A — RP> be the classifying map of A, and
let f*: H*(RP”) — H*(A) be the induced homomorphism of the Alexander-Spanier
cohomology rings. The cohomological index of A is defined by

ml
i(4) = {(s)up{m >1:f (o #()}iigj

where @ € H'(RP™) is the generator of the polynomial ring H*(RP™) = Z,[w]. For
example, the classifying map of the unit sphere $”~! in R™ m > 1 is the inclusion
RP™"=!  RP, which induces isomorphisms on H? for g <m—1,s0 i(S"!) = m.

We will prove Theorem 1.1 using the following abstract critical point theorem
proved in Yang and Perera [31].

THEOREM 2.1. Let I be a C'-functional defined on a Banach space W, Ay and
By be disjoint nonempty closed symmetric subsets of the unit sphere S} = {u € W :
lul| = 1} such that

i(Ag) = i(S1\Bo) <
Assume that there exist R > r >0 and v € S1\Ag such that
sup/(A) < infI(B), supl(X) < oo,
where

A={tu:uecAp,0<t <R}U{Rr((1—t)u+tv):uecAp0<r <1},
B={ru:uc By},
X={tu:ucA,|ul|=R0<r <1},
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and 7 : W\{0} — S,u > u/||u|| is the radial projection onto S;. Let
I'={yeCX,W):y(X) is closed and y|a = ids },
and set

¢:=inf sup I(u).
yeruEF(X)

Then
inf I(B) < ¢ <supl(X),

in particular, ¢ is finite. If, in addition, I satisfies the (PS). condition, then ¢ is a
critical value of 1.

Now let I be an even C!-functional defined on a Banach space W, and let .o/
denote the class of symmetric subsets of W. Let r >0, S, ={u e W : |u||=r},and T
denote the group of odd homeomorphisms of W that are the identity outside 1~!(0,b)
for 0 < b < +eo. The pseudo-index of M € o7 related to S, and T is defined by

(M) = mini(y(M)NS;)
ye

(see Benci [3]). We will prove Theorem 1.2 using the following critical point theorem.

THEOREM 2.2. ([20]) Let Ay and By be symmetric subsets of Si such that A is
compact, By is closed, and

i(Ao) = k+m, i(S1\Bo) <k
for some integers k > 0 and m > 1. Assume that there exists R > r such that
sup/(A) < 0 <infI(B), supl(X) < b,

where A={Ru:u €Ay}, B={ru:uecBy} and X ={tu:uecA, 0<t<1}. For
j=k+1,--- k+m,let

o] ={M € &/ : M is compact and i*(M) > j}
and set

c¢j:= inf max/(u).
Me,gf/.* ueM

Then
inf I(B) < ¢y <+ <y <sup I(X),

in particular, 0 < c}‘- < b. If, in addition, I satisfies the (PS). condition for all ¢ €
(0,b), then each c}‘- is a critical value of 1 and there are m distinct pairs of associated
critical points.
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2.2. Minimizers for the fractional Hardy-Sobolev inequality

We have the following proposition from Marano and Mosconi [16] regarding the
minimization problem (1.5).

PROPOSITION 1. Let 1 <p <oo, 0<s<1,and 0 < ax < ps <N. Let [y be as
in(1.5). Then

(1) There exists a minimizer for Lo ;
(2) Every minimizer U is of constant sign, radially monotone.

We can see that for every minimizer U, there exists Ay > 0 such that

Ux) —U )" (v(x) —v()) _ UPsa=ly .
/RZN x— y[N P dxdy = Ay /RN de, Vv e X3 (RY).

In the following, we shall fix a radially symmetric nonnegative decreasing mini-
mizer U = U(r) for uy. Multiplying U by a positive constant if necessary, we may
assume that

) UP;a*I
AU = —— 2.1
Testing this equation with U and using (1.5), we obtain
UI’f.or
T
o1 = [, T
_ ”A(N_O‘)/(Sp_a). (2.2)
For any € > 0, the function
1 X
Ue(x) = U<|8—|> (2.3)
E P

is also a minimizer for  satisfying (2.1) and (2.2), so after a rescaling we may as-
sume that U(0) = 1. Henceforth, U will denote such a normalized (with respect to
constant multiples and rescaling) minimizer and U, will denote the associated family
of minimizers given by (2.3). In the absence of an explicit formula for U, we will use
the following asymptotic estimates.

LEMMA 2. There exist constants ci, ¢y >0 and 6 > 1 such that forall r > 1,

c1
r(N=sp)/(p—1)

e
<U(r) < =)D 24

and

(2.5)
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Proof. The inequalities in (2.4) were proved in Marano and Mosconi [16]. They
imply that

U(Gr) < (&) 1
U(r) ~ ¢ 60N=sp)/(p-1)

and (2.5) follows for sufficiently large 6. [J

2.3. Regularity estimates
Now let 0 be as in Lemma 2, let n € C*(R",[0,1]) be such that

(o= [ 0-if <26,
X =11, if || > 360,
and let ng(x) = n(%) for 6 > 0.

LEMMA 3. ( [17, Lemma 2.6]) Assume that 0 € Q. Then there exists a constant
C =C(N,Q,p,s) > 0 such that for any v € X;(Q) such that (—A),v € L*(Q) and
0 > 0 such that Bsgs C Q,
p/(p—1)

[vns]l” < HVIl”+C’(—A)};v Ch

2.4. Auxiliary estimates

We now construct some auxiliary functions and estimate their norms. In what
follows 6 is the universal constant in Lemma 2 that depends only on N, p, s and o.
For any €,6 >0, let

R Ue(9)
€37 Ue(8) — Us(08)’
let
0, if0 <1 <Ue(08),
ges(t) = { b5t —Ue(68)),  ifUs(68) <1< Ue(5),
t+Ue(8)(ml5! = 1), if t > Ue(5)
and let

/ l/pdT
if0<r<U:(69),
mgg (t—Ug(00)),if Ug(60) <t < U (9), (2.6)
ift > Ug(0).
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The functions g, 5 and G, s are nondecreasing and absolutely continuous. Consider
the radially symmetric nonincreasing function

g 5(r) = Ge,5(Ue(r)),

which satisfies

 JUe(r), ifr <6,
g 5 (r) = {o, ifr> 8. @27

We have the following estimates for u 5.

LEMMA 4. There exists a constant C = C(N,p,s,a) > 0 such that for any € <
6/2,

—a)/(sp— g\ N=sp)/(p—1)
lue.s1” < ™07 1 0(5) , (28)
1 B

~&log (), if N = sp?,
ueslh =9 ¢ <’3> (2.9)

ESSP, lfN > szv

upé‘,a (N—a)/(p—1)

/Q |;|‘Z dx > p 0 er=e) —C(%) : (2.10)

Proof. Using Brasco and Parini [5, Lemma A.2] and testing the equation

Pio—1
yhse

_ Ug
8= T

with g¢ 5(Ue) € X;,(€2) implies that

X))~ Ye ! € e\X)) — 8, €
foestwoly < [, I UON" eesUl0) —sealti0))

dxdy

P;F,oc_l
= [ s Uelo)ax

x|

Ué’fa P;F,oc_l

Ue
_ dx+ /R e (Ees(Uel) = Vel

RN |x[*

UP;‘,OC _ o
We have / o dx = piV /6P by (2.2,
R

e[
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~ et ()10 )]

ol eN=sp)/p(p—1)
S22 e S(N=sp)/(p—1)~’ V=0

—(p—1)

by (2.4) and (2.5),

Pio—1 vo—1
/ Ue ™ cN-sp)/p / UPrhe=
Q Q

x| x|
and the last integral is finite by (2.4) again, so (2.8) follows. Using (2.7), we have
/ ug §(x)Pdx > / ug 5(x)Pdx
RN 7 B '

= Ue(x)Pdx
Bs(0)

= 8“7’/ U (x)Pdx
B (0)

and the last integral is greater than or equal to
S )
/ /SU(r)perldr P sz/ : p =)/ (1)1
1 1

by (2.4). A direct evaluation of the integral on the right gives (2.9) since 6/e > 2.
Using (2.7)and (2.2), we have

[l [ sl
RN (0)

x| Bs ]
U Ps,a
= g(x)a dx
B5(0) ||
_ yNspsp-a) / u)re
Bs/e(0)° ||
By (2.4), the last integral is less than or equal to
g — 1) e\ (-a)/(p1)
Pia —W-a)/(p-1)-1 4, _ (P— 1) (_
K /6/er " (N—o) 5) ’

so (2.10) follows. [

By Lemma 4, we have the following estimate for

14,5117 — A lute, 5

g 5(x) Pra P/Pia
JRELLE
Q  |x*

He 5 (A) =
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there exists a constant C = C(N, p,s,a) > 0 such that for any € < §/2,

o — &SW log (g) +C(%>Sp, if N = sp?,
s>(N—sp)/(p—1) .

(2.11)
sp 2
,ua——ce —|—(I<—6 ,if N > sp~.

Hes(A) <
3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. For 0 < A < A;, mountain pass theorem
and (2.11) will give us a positive critical level of I below the threshold level for com-
pactness given in Proposition 5. For A > A;, we will use the abstract linking theorem,
Theorem 2.1.

PROPOSITION 5. Forany A > 0, I satisfies the (PS). condition for all

PO (N-0)/(sp-0)
‘S NZapte :

LEMMA 6. ([201) If (u;) is bounded in X(Q), and uj — u a.e. in Q, then
lajl|” = lluj = ull”+ lull”+o(1)  asj—ee.
By a similar way, we can prove the following lemma, here we omit the details.

LEMMA 7. If (u;) is bounded in X(2), and u; — u a.e.in Q, then

|u |I’aa |u,_u‘17¢a ‘u|l’aa .
o e / e ——dx+ o e ———dx+o(l) asj— eo. (3.1)

sp— @ ”(N—a)/(sp—a)
(N—a)p™*
First we show that (u;) is bounded in X;5(€2). We have

Proof of Proposition 5. Let ¢ < and (uj) bea (PS). sequence.

L[ u|Pse

1 A
) = gl = 2 -
! ! P prg Ja |x[@

— cto(l), (32)

ujlx)—u;j “2(ui(x)—u; v(x)—v
Py = [, =m0 |§C i(yfw.y,,’(y”( 0 =0 4y

2 \”j\p;“_z
—X/Q\uj\p ujvdx—/gwujvdx

=o(vl),  WweX,(Q), (3.3)
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as j — oo, Then we have

ps—o [ |uj|Pe
(N—oa)pJa |x[*

dx = I(Mj)—ll)l/(uj)uj
= o([lu;l}) +0(1),

which together with (3.2) and (1.8) shows that (u;) is bounded in X;(€2). So a renamed
subsequence of (u;) converges to some u weakly in X,(Q), strongly in L"(€) for all
re[l,pf) and a.e. in Q. Denoting by p’ = p/(p — 1) the Holder conjugate of p,

() = 1 (0[P (0 (x) = () /] =y NP
is bounded in L' (R?V) and converges to
() = ()P (u(x) = u(y)) /e = y| VP
a.e. in R?N and
(v(x) =v() /| = y| VPP € 1P (R,
so the first integral in (3.3) converges to

/ (o) — () [P~2(u(x) — u(y)) (v(x) — v(y))
R2N

o — y[NEsp

dxdy

for a further subsequence. Moreover,

ui|P2uvdx — ulPuvdx
J j
Q ’ Q

and
e [
—————uivdx uvdx
A e T g T
¥ =2 -
since oy uj — juf 2LtinL(’7§~"‘)/(£2) So passing to the limit in (3.3) implies
|x|a J |x|a ' . p g . p

that u € X;(Q) is a weak solution of (1.1), i.e. (1.4) holds.
Setting u; = u;j — u, we will show that u; — 0in X;(€2). We have

217 = ot 17 = luel]” + (1) 3.4)

by Lemma 6 and

‘i;j|p§a / |uj|p.§,a / |ua| P
dx = dx — dx+o(1 3.5
Jo = e T e o) G

by Lemma 7. Taking v = u; in (3.3), we get

|PS.a
sl = g+ [ B o) 66)
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since (u;) is boundedin X;(€2) and convergesto u in L7(€2). Testing (1.4) with v =,
we have

|u‘p.’€,a
dx. 3.7

Jul? = Afulg+ |

It follows from (3.4)-(3.7) and (1.5) that

= o |x|* ATOIS e TV
1y
S0
P (ule” = |7 r) < o(1). (3.8)
On the other hand,
1 A 1 [ |uj|Pse
o=l = Slulp——— [ BEGdxro() by (32
5,0
ps—o
= M(HujH”—Mu\’;)—i-o(l) by (3.6)
ps—a
= M(HWHPﬂLHuH”—llu\,’i)JrO(l) by (3.4)
pS—0 |u|Pr
= a1+ [ ) +o() by (3.7)
ps—o .,
= T N j 17
(A]__Cx)p“uj” +_0( )
S0
- N — _ _
limsup ||| < ﬁmuéﬁv o) (3.9)
Jree -
It follows from (3.8) and (3.9) that |ju;|| — 0. O
31. Casel: N>sp>and 0 < A < L,
By the definition of A, we have
A 1 |u| Pse

1
I(u) = = ||lul|” — =|ulb —
p p " piola |x[*

1 A 1 «
> = (1= 5 )l = —— e

P;a/p
p s, oMo
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so the origin is a strict local minimizer of I, . Fix 0 > 0 so small that Bgg(0) CC Q,
so that supp u, 5 C € by (2.7). Noting that

RP.:,a ‘u£76|1’;a

Pia Jo  |x|*

RP
I(Rug 5) = ;(Hue,a\\”—lluaalﬁ) -

fix Ro > 0 so large that I(Rou 5) < 0. Then let
F={yeC([0,1],X,(Q)) : ¥(0) = 0,¥(1) = Roue s }
and set

.= inf I(y(t)) > 0.
¢:= inf max, (v())

Since ¢ — rRoug 5 is a pathin T,

¢ < max I(tRoug 5)

r€[0,1]
 sp-a [ue 5" — Alue 517
- N — * P/P?,oc
N=a)p Jues|™
o [x*
sp—a _ o
= W ogyptes W, (310
By (2.11), we have
A s . 2
Mo+ | C— lloge| | &, N = sp7,
He,5(A) < A >
Lo — o CeN=sp )/(p—1)> &P if N > sp?,

S0 Ue 5(A) < U if € > 0 is sufficiently small. So

Sp— & (N-a)/(sp—a)

S W=t

by (3.10), hence I satisfies the (PS). condition by Proposition 5. Then c is a critical
level of I by the mountain pass theorem.

3.2. Case2: N > sp? and A > A, is not one of the eigenvalues 2;
We have A < A < Agy; for some k € N, and then i(WH) = i(A\Y,, )=k by
(1.7). In what follows,

n(u)zﬁ () = ——, u € X3(Q)\{0}

"4|p



102 GAIXIA NING ET AL, Differ. Equ. Appl. 10, No. 1 (2018), 87-114.

are the radial projections onto
M ={ueXp(Q): ull =1}, Ap={uecX,(Q): |ul, =1},
respectively.

PROPOSITION 8. ([17]) If Ak < Ay, then W7 has a compact symmetric subset
E with i(E) = k such that

<C, WEE,

where C = C(N,Q, p,s,k) > 0. In particular,
Ve <C, VveEE.

For v € E and § > 0, let v = vn5, where 7ng is the cut-off function in Lemma 3
and let

Es ={mn(vs) :ve E}.

PROPOSITION 9. ([17]) There exists a constant C = C(N,Q, p, s, k) > 0 such that
Sor all sufficiently small 6 > 0,

1

cS<Wg<C WweEs 1<g<e, (3.11)
sup W(w) < 44 C8N P, (3.12)
WEE5

EsNY;, =0, i(Es) =k, and suppw C Byg5(0)° for all w € Eg. In particular; the
supports of w and w(u, 5) are disjoint and hence (ug 5) ¢ Es.

Since

/|V5|pdx>/ [v|Pdx
Q Q\B35(0)

:/ |v|pdx—/ |v|Pdx
Q B3p5(0)
1

S — 8N
> % cs”,

where C = C(N, p,s, o, Q,k) > 0 is a constant, combining with (1.8), it implies that

v P;a 1
vs| dr>

o |x*
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if > 0 is sufficiently small. By Lemma 3 and Proposition 8, we have

[vs||? < 14+C8NP-.

So .
) [vs "o
e o e
- >, VYwecE;s. 3.13
EE N2 o

We are now ready to apply Theorem 2.1 to obtain a nontrivial critical point of  in
the case where A > A; is not one of the eigenvalues A;. Fix A’ such that 4, < A’ <
A < Ak11, and let & > O be so small that the conclusions of Proposition 9 hold with
A +CV 7P < A/, in particular,

Y(w) <A/, VweE;s. (3.14)

Then take Ag = E5 and Bp =¥y, |, and note that Ay and By are disjoint nonempty
closed symmetric subsets of .# such that

i(Ao) = i(#\By) =k

by Proposition 9 and (1.7). Now let 0 <& < §/2,let R>r >0, let vo = w(u, 5) €
M\Es and let A, B and X be as in Theorem 2.1.

For u € ‘P;Lk“ s
1 A s
I(ru))—(l——)rp—ﬁ

Ps oMo

Since A < Ay 1, it follows that inf7(B) > 0 if r is sufficiently small.
Next we show that I < 0 on A if R is sufficiently large. For w € E5 and ¢ > 0,

by (3.14). Now let w € E5 and 0 <t < 1, and set u = n((1 —¢)w+1tvp). Clearly,
II(L —2)w+tvg|| < 1, and since the supports of w and vy are disjoint by Proposition 9,

l—l t Pio . Pia * Pi
| w ol —(1-yia [ i dririe [ Do,
FE o |x|* Q |x|*
Julp, = 1= 1)w+volp
[(1=1)w+tvol|?
(1—f)p
¥(w)
. f)p

/ A/
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In view of (3.13) and since

P;F,oc
o /us,é
5,00 o
/"oa o — o lxl
Q |x| g 5|7
1
e (3.15)
by Lemma 4, it follows that
(1 —1)w+tvg|Pse
/ I( w+ tvo| I
[ e G
Q \x\"‘ (1= 1)+ tvg|| P2
[(1—1)w - tvg|Pre
d
> e )
tl’s‘a

C
if € is sufficiently small, where C = C(N,Q, p,s, o, k) > 0. Then we have

RP ARP RPs. lu |P§?a
1(Ru) = ?llullp—

7|u\§—

p;‘,a Q [x[*

RP A tl’:.or "
< - 1-t)P—1|— RPsw,
p [W S }

C
The above expression is clearly non-positive if # < 1 — (A//A)/7 :=1,. For t > 19, it is
non-positive if R is sufficiently large.

In view of Theorem 2.1 and Proposition 5, it only remains to show that

pS— & (N-a)/(ps—0)
Sup](x) < (N_a)p‘ua )

if € is sufficiently small. Noting that
X={pn((l-t)w+tvy):we€Es,0<t<1,0<p <R}.

Set again u = w((1 —t)w+1vp), it is obviously that I(pu) <0, forall 0 < p <R, if

0 <7 <ty. So we only need to consider the case 1 > > #y. Then

pP pPsa [ |ulPre
sup I(pu) <sup | — (1 —AlulP)— dx
ogsz (pu) p[l’ ( ) o Jo [x]®

p=0

(N—a)/(ps—a)

ps— o (1= Alulp)*

(N — a)p |M‘p§~a P/Pia
/ dx
Q [x|*




GAIXIA NING ET AL, Differ. Equ. Appl. 10, No. 1 (2018), 87-114. 105

(N—0)/(ps—a)
_ops—o | ([(A=t)w+owl]” = A|(1—1)w+rwolp)* (3.16)
(N—o)p |1—tw+zv0|1’w i
dx
|

Since w =0 in B,gs(0) by Proposition 9 and vo = 0 in Bgs(0)¢ by (2.7), it follows
that

(L —1)w+r1vo||?

() — ()P v0(8) = vo0)?
< (1—=1)?P — " dxd tp/ — " dxd
L N T A N et

(L= )w(x) —tvo(y)[”
A3 jox — y[NtPs
= (1-0)’I; + "L+ 2L, (3.17)

+2

dxdy

where
A1 =Bg5(0)° x Bgs(0)°, Az = Bygs(0) X Bygs(0), A3z = Bygs(0)" X Bg5(0).

We estimate /3 using the following elementary inequality: given kK > 1 and p—1 <
q < p, there exists a constant C = C(k,¢g) > 0 such that

la+b|P < klal? +|b|? +Clal?~ b7,  Va,b€R.

Taking k = A /A’ and, thanks to N > sp?, choosing g € (N(p—1)/(N — ps),p) , we
get

I %(l—t)pf WNil,éldxdy-l-tpf dedy
+C [y, MERSE dxdy =: (1 —1)P Ly + 1715+ CJy. (3.18)

Clearly, I} +2I4 < |w||? =1 and L +2I5 < ||v||/? = 1. By (3.11) and

=] > x| -
>[x/2 onas,

we have

J, <
T ue gl

C
< ﬁ/}RN ug 5()1dy,

Pra

q
C /”8,6()’) dxdy

As ‘x‘N+ps

since (2.9) and (1.8) imply that / dx, and hence also [|ug 5||, is bounded away

e

from zero if ¢ is sufficiently small. Recalling (2.6), it holds G, 5(¢) <t forall >0,



106 GAIXIA NING ET AL, Differ. Equ. Appl. 10, No. 1 (2018), 87-114.

and thus

[ ues)idy < [ Uely)tay

= gN—(N—pS)q/p/ U(y)4dy,
RN

and the last integral is finite by (2.4) since ¢ > N(p—1)/(N —sp). So combining (3.17)
and (3.18), we have

A .
[(1 = 0w rvoll? < 25 (1=0)P 17 +CeN-(N=psia/p, (3.19)
On the other hand, since the supports of w and v are disjoint,

[(L=1)w+1voly = (1 =1)"|wlj +17|vol},

l—l 1 Pra " Pra s 5,0
/' Wt ol :(1—:)Pw/| LN +sz/ [ol™ 4 3.20)
x| o |x|* a |x|*

‘Pv

By (3.13), /

dx is bounded away from zero, and (3.15) implies that so is

Pa o
/ |V0| dx if € is sufficiently small, so the last expression in (3.20) is bounded away

from zero for 1 =1 > 1. It follows from (3.19), (3.20) and |w|) = 1/¥(w) > 1 /1" by
(3.14), that

(=)ot tvoll? = AU pwrvols 1= Awolp

~
| (1—1) w+tv0|pm P/Pia \vo|p;~“ P/Pia
dx dx
|| a [x[*

Since vo = ug 5/ ||ue 5| , the right-hand side is less than or equal to

4+ CeN—(N=ps)a/p,

e s(A)+CeNWN=Pa/p <y (& _ ceN=sp*)/(ps—1) _CS(N—pS)/(l—q/p)) P
’ C

by (2.11). Since N > sp? and ¢ < p, it follows from this that the last expression in

(3.16) is strictly less than P& (N—o)/(sp-)

N_—a)p® if € is sufficiently small.

3.3. Case3: (N—sp?)(N—a)>sp(sp—a) and A = X

We note that (N —sp?)(N — &) > sp(sp — &) implies that N > sp?, and the case
where A > A; is not from the sequence (A ), was covered in the proof of Case 2, so we
assume that A = A; < A4 for some k € N. Take 6 > 0 so small that the conclusions
of Proposition 9 hold with A; +C8Y =P < Ay, in particular, W(w) < A4 for all
w € Eg, and take Ag = E5, By =¥;,,, and vo = m(ue5) € .4 \Es as in the last
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subsection. Then let 0 < & < 6/2, R>r >0, and let A, B and X be as in Theorem
2.1. As before, infI(B) > 0 if r is sufficiently small and

I(Rr((1 —t)w+1v)) <0, VweEs, 0<r<1

if R is sufficiently large. On the other hand,

<50

< CRPSN™P, YweEs, 0<t<R

by (3.12), where C denotes a generic positive constant independent of € and &. It
follows that

supI(A) < CRPSN—*P
< infI(B)
if & is sufficiently small. As in the last proof, it only remains to verify that (see (3.16))

(1 —=2)w+1vo||? — | (1 —1)w+1volh
(wt) EE(gX[O 1] ( ‘ l_t W+tvO|pra )p/pa‘a
dx

]

< U (3.21)

if € and O are suitably small. We estimate the integral /3 in (3.17) using the elementary
inequality

la+blP < |al + |b|P +C(|a|P~ |b| + |a||p|P™"), Va,beR (3.22)
to get
w(x) —w(y)[” [vo(x) —vo()/”
L < l—t”/ W) =W ) g [ O =N
T A M v e

(W) [P~ vo(y) w(x)[vo(y)P!
— " dxdy+C(1 —1¢ —_
A3 ‘x_y‘N+ps xdy+C( ) A3 |x_y|N+pS

= (1—1)PLy+1PIs +C(1 — )P +C(1 —1)J,— 1. (3.23)

+C(1—r)P!

Asbefore, I} +2I, <1, L +2Is <1 andforg=1,p—1,

‘W( )|p qu( )
J, = —d d
K /A |x — y|N+p5 Y

C/ ‘N+ps

9d
5,,/3%) e (y)“dy
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CeN—(N=sp)a/p
< B E— / U(y)idy.
Bys/e(0)

We take & = &P with B € (0,1) and use (2.4) to estimate the last integral to get
Jy < CeWN=sp)lp(p—q—1)B+4]/p(p—1)
So combining (3.17) and (3.23) gives
(1= t)w+1vol|P < (1 =0)P +12 + Ty +J, 1, (3.24)
where
fq =C(1—1)P~1J, < C(1 — 1)P~1gN=sP)lp(p=a=1)B+al/p(p=1)
Young inequality then gives

Jg < S (1—1)Psa 4 CePtTalBle—m (3.25)

WA

for any x > 0, where

Ty(B) =

[(N—sp*)(N—)—sp(sp—)](p—q) (p— 1) —(N—) p(N—5p) (p—g—1) (Bo—B)
[((sp—0)p+(N—sp)ql(p—1) ’

and

N —sp? (N—sp)(p—q)

=N "W ar--)r-a)

Then we have

2K *
|(1=wiv||? < (1—1)P 417+ ?(1 —1)Pse

) grl (ﬁ) grpfl (ﬁ)
+CeP i (3.26)
KN K71

by (3.24) and (3.25). Using (N —sp?)(N — &) > sp(sp — o), we fix B < By so close
to By that T'y(B) >0 for g=0,1,p—1,p. By (3.12) and Young inequality,

(1 =1)P|wlb > (1 —t)p<1 —c£<N—SP>I3)

_ g(l —1)Pse — Cg*PHT0B) =0, (3.27)

> (1—1)?
By (3.26), (3.20) and (3.27), the quotient Q(w,7) in (3.21) satisfies

(1— X|vo|p)eP + (1 — 1)Pra 4 CesPHT(B) v

Q(W7t) < * * p/pia’
(l—t)Piia/ e dx—l—tp.?a/ [vo[™ dx
o |x* Q |x[*

(3.28)
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where

I'(B) = min{T'o(B),T1(B).Tp-1(B)} >0,
N —sp

’y:max{%ﬁ’ylayp*l} = sp— a'

As before, the denominator is bounded away from zero if € is sufficiently small,
so it follows that
sup Q(wyr) < C(ef + xc+ &P TF)7)
(wit)EE5x[0,1]
< HUg

for some 79 > 0 if x and ¢ are sufficiently small. For ¢ > #(, rewriting the right-hand
side of (3.28) as

1— Xlvolp k(1 —1)Psa 4+ CePtTB) v
P}ia p/p;f‘a p}ia p/p;f‘a
‘v0| dx o ‘VO| dx
o |x[* Q |«
‘W‘p;a 17/1’;01
(1 _ I)P;a Q |x|a

s,
tPif.a/ [vo] mdx
o |x|*

gives Q(w,1) < g((1 —1)Pse), where

U o5 (M) +C(kT+ 7T P)c7)

T *
g( ) (1 +C—1T)P/Ps,oc

) C:C(N7p7s7t0’a)'

Since 0 < (1 —t)p;a < 1, then
Q1) < g op (M) + C(k+ PP,

If p, .p(A4) < Hs/2 for some sequence &; — 0, then the right-hand side is less than p
for sufficiently small k¥ and € = g; with sufficiently large j, so we may assume that
U, o5 (Ax) = Us/2 for all sufficiently small €. Then it is easily seen that if

PUs

K< — 08
Zp:,a(C_F 1)

then ¢'(7) < 0 for all 7 € [0,1] and hence the maximum of g((1 —7)?«) on [, 1]

occurs at t = 1. So, we reach

Q(w.1) < g g (M) +CeP TP

by (2.11), then the desired conclusion follows for sufficiently small k and €.
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3.4. Cased: N(N—sp?>)(N—a) > (N —sp)sp(sp—a), Qe C",and A = A

By Iannizzotto, Mosconi and Squassina [14, Theorem 4.4], there exists a constant
C=C(N,Q,p,s) > 0 such that for any v € X(Q) with (—A)}v € L*(Q),

1/(p=1)

oo

v(x)| < C‘ (—=A)v d*(x), VxeRN, (3.29)

p

where d(x) = dist (x,R¥N\Q).

LEMMA 10. [17] Assume that 9Q € CY'. Given o, B > 1, there exists a constant
C=C(N,Q,p,s,0,8) >0 such that if Bg,(0) C {x € Q:d(x) < ar}, then for any
v € X, (Q) with (—A),v € L™(Q),

1/(p

i) o) <clap et e B 0), e @By (0).

Let ng be as the cut-off function in Lemma 3.

LEMMA 11. [17] Assume that 0Q € CY'. Then there exists a constant C =
C(N,Q,p,s) > 0 such that for any v € X;(€2) such that (—A),v € L*(Q) and 6 >0
such that Bggg(0) C {x € Q:d(x) <1205},

r/(p-1)

lvnsll” < vl + | (—ay] " 8. (3:30)

Since dQ € C!, for all sufficiently small § > 0, the ball Bggs(0) is contained in
{x€Q:d(x) <1268} after a translation. Then by Lemma 11 and Proposition 8,

IvsllP <1+C8Y, veE,

and using this inequality in the proof of Proposition 9 (see [17, Proposition 3.2]) shows
that (3.12) can now be strengthened to

sup W(w) < A +C8Y. (3.31)

W€E§

Proceeding as in the last subsection, we have to verify (3.21) for suitably small € and
0. Since the argument is similar, we only point out where it differs. Let v € E and let

w=m(vs)=vs/|lvsll-

As noted in the proof of Proposition 9, ||vg|| is bounded away from zero, so

vs(x piqu q
quc/ vs (x)] &8()’) dxdy,
A3z e — y[Ntps

where A3 = Bygs(0)° X Bggs(0). By Lemma 10, (3.29) and Proposition 9, moreover,
since

=yl = |x]/2
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> 006 onAs,
we get
Vs ()P < [v(x)[P7
S C(v(x) =y + I
< C(Jx—y'P=9) 4 §5(P=9))
< Clx— ),
so

ug 5()
J, < C/ - dxd
q As |x|N+5q xay

c
<— [ Uy
5% /Bes(o) ety

< CetPlp=a=1N+sqlB+(N=sp)q}/p(p=1)
Then (3.25) holds with

Ty(B) =

[N(N—sp?)(N—ct)—(N—sp)sp(sp—0)](p—q) (p—1) = (N— ) p(N—sp) [(p—g— )N+ 5] (Bo—B)
[(sp—a)p+(N—sp)q](p—1)(N—sp) ’

so does (3.27) by (3.31). Using

N(N —sp?)(N — ) > (N —sp)sp(sp — ),
we fix B < By so close to By that IT';(8) >0 for ¢ =0,1,p—1,p and proceed as

before.

4. Proof of Theorem 1.2

Proof of Theorem 1.2. Here we only give the proof of Theorem 1.2 (b), since the proof
of (a) is similar and simpler. By Proposition 5, I satisfies the (PS). condition for all

Sp— & (N-a)/(sp-a)
W apt ’
so we apply Theorem 2.2 with

Sp— O (N—a)/(sp—0)

Y .
N—aphe

By Perera, Squassina and Yang [20, Proposition 3.5], the sublevel set Yhetm has a
compact symmetric subset Ay with
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We take By = ‘P;Lkﬂ , so that
i(S1\Bo) =
by (1.7). Set 0 < r < R and let A,B and X be as in Theorem 2.2. For u € By,

P P50
I(ru) > - <1 _ A ) "
A’k-‘rl p ‘upvoc/P

by (1.5). Since A < A4y and pj, > p, it follows that inflr(B) > 0 if r is sufficiently
small. For u € Ag C Whicem

R 2’ RP;‘,a
I(Ru) < — (1 - _ _
P My p;aVa(Q)(SP*OC)/(Nfsp)AIZ:IIZ p

by (1.8), so there exists R > r suchthat / <O on A. Forue X,

M1 — A P ! g o
1(u) < T/QM o Va@r A7) /g'“‘ =

— Psal/pP
< sup M1 —A p
p=0 p P Ve (Q)sP=)/(N=sp)

—
B h"a(ﬂ)wﬂ _ )N/ p-a),

So
sp—o
(N—a)p
Sp— & (N-a)/(sp—x)
(N—o)p™
by (1.9). Therefore, Theorem 2.2 gives now m distinct pairs of (nontrivial) critical
points iuf}, j=1,---;m of I such that

sup/(X) < Vo (Q) (Mg — A )N =)/ (sp=0)

0< 11}) < ~L=E Vi (Q)(Aps — MNP0 0 ash S Ay (4)

(N—oa)p
Then
‘I/L)L‘p“x (N—(X)p 2 1 AN A
/ |x|0‘ C sp—a [I(uj)_gll(uj)uj]
N—o)p
= 7(sp—o)t I(u;l) —0

and hence u* — 0 in LP(Q) also by (1.8), so

J
AR o R

The proof of Theorem 1.2 is completed. [J

|u /1|pm
dx — 0.
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