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BOX-COUNTING DIMENSION OF OSCILLATORY
SOLUTIONS TO THE EMDEN-FOWLER EQUATION

TAKANAO KANEMITSU AND SATOSHI TANAKA

(Communicated by Darko Zubrinic)

Abstract. The box-counting dimension of graphs of oscillatory solutions to the Emden-Fowler
equation is studied. The half-linear equation is also considered.

1. Introduction

In this paper, we study the box-counting dimension of graphs of the oscillatory
solutions to the Emden-Fowler equation

Y4 f@)y|"ly=0, xe€(0,x), (1.1)
where ¥ >0, y# 1 and
feC?0,x0], f(x) >0, f(x) <0, x e (0,x0], 1in+10f(x) = oo, (1.2)

The main result of the paper is stated in Theorem 1.1 below. A function Ax~°, 1 >0,
o > 0 is a typical example of f(x) satisfying (1.2).

A solution y of (1.1) is said to be oscillatory near x = 0 if there exists {z,}_,
such that y(z,) =0 for n € N and z, — 0 as n — . Otherwise, it is said to be
nonoscillatory near x = 0.

A study of the oscillatory solutions to the Emden-Fowler equation (1.1) has a long
history. See, for example, [1, 2, 6, 7, 8, 10, 17]. For instance, the following result
is well-known. (Consider the transformation Y (z) = ty(t~!) on (1.1) and apply the
celebrated results in [1] and [2].)

THEOREM A. Ler y>0, y#1, f € C(0,x0] and f(x) > 0 for x € (0,x0]. Then
every solution y € C?(0,xo] of (1.1) is oscillatory near x = 0 if and only if x" f(x) ¢
LY(0,x0), where y* = max{y,1}.

J. S. W. Wong [18] studied the rectifiability of oscillatory solutions to (1.1). A

solution y of (1.1) is said to be rectifiable (resp. nonrectifiable) oscillatory near x =0
if y is oscillatory near x = 0 and the length of y is finite (resp. infinite), that is,

X0
L+ [y (x)]2dx < oo (resp. =eoo).
[V wpds < (resp. =)
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THEOREM B ([18, Theorem 1]). Let y> 0 and y# 1. Assume that f € CZ(O,xO],
F(x) >0 for x € (0,x0], lim,_ o f(x) =0, f~1fL €L'(0,x0] and (= +2/r+1) gy
€ L1(0,x0), where f/,(x) = max{f'(x),0} and y* = max{y,1}. Then every nontrivial
solution y of (1.1) is oscillatory near x = 0 and the following properties hold:

(i) y is rectifiable if /3 € L'(0,x0];
(i) y is nonrectifiable if fY/"*3) & L1(0,xy).

Proposition 1.1 below shows that the box-counting dimension of rectifiable curves
is 1. In this paper, we will obtain the box-counting dimension of nonrectifiable oscil-
latory solutions to (1.1). For linear differential equations, it has been studied by Pasi¢
[11], Kwong, Pasi¢ and Wong [9], and Pasi¢ and Tanaka [12]. However, to the authors’
knowledge, there is no study about it for the Emden-Fowler equations.

Let T C R? be a bounded set. We define the box-counting dimension (Minkowski-
Bouligand dimension) of I" by

log|T
dimgT =2 fim 22ITel
e—+0 loge

b

provided the limit exists, where I'¢ denotes the €-neighborhood of T" defined by
Te = {(x.y) €R*:d((x.y).T) <e},

d((x,y),T) denotes the Euclidean distance from (x,y) to T', and |T¢| denotes the
two-dimensional Lebesgue measure of I'z. For any d > 0, the lower d -dimensional
Minkowski content of T" and the upper d -dimensional Minkowski content of T" are de-
fined by

A(T) :=liminfe~ || and .2*¢(T) := limsupe~?~|I],
e—+0 £—+0

respectively. If .#Z%(T") = .#*¢(T'), then it is said to be the d -dimensional Minkowski
content of T and denoted by .#“(T"). More details on the above definitions can be
found in Falconer [5] and Tricot [16]. It is easy to see that if 0 < .Z%(T") <.#*4(T) <
oo, then dimg ' = d. We have the following well-known result, see e.g. Tricot [16,
§9.1, Theorem].

PROPOSITION 1.1. Let T C R? be a simple curve of finite length. Then

n
1 —— = length(T"
im £ = tength(r),

£—+0
where length(T") denotes the length of T.

Therefore, the box-counting dimension of rectifiable curvesis 1.
For each y € C(0,x¢], we define the graph I'(y) of y by

I(y) = {(xy(x) : 0 <x < xo}

The main result of this paper is as follows.
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THEOREM 1.1. Let y> 0 and y# 1. Assume that (1.2) holds, (= +2)/(r+1) g1y
€ L'(0,x0] and f0+3) & L1(0,x0], where y* = max{y,1}. Assume, moreover, that
there exists d € (1,2) such that

2(2—d)

liminf (0] [ [AE)] FaE >0,

x—+0

=1 1

limsup [x[f(x)}‘ﬁ} i d/ /()77 dE <.
x——+0 *

Then every nontrivial solution y of (1.1) is oscillatory near x =0 and 0 < .4 (T(y)) <

M*(T(y)) < oo and hence dimgT'(y) =d.

We will prove Theorem 1.1 in Section 3.
Applying Theorem 1.1 to

Y4 Ax Oy ly =0, xe€(0,x], (1.3)

we have the following corollary.

COROLLARY 1.1. Let A >0, y>0, y# 1 and 6 > y+3. Then every nontrivial
solution y of (1.3) is oscillatory near x =0, 0 < #4(T(y)) < #*(T(y)) < o and
dimgI'(y) =d, where d = % - 7%3_

REMARK 1.1. Corollary 1.1 answers the open problem raised by J. S. W. Wong
[18]. Corollary 1.1 with y=1 was obtained by Pasi¢ [1 |, Theorem 1.5]. From Theorem
A, it follows that if o < y*+ 1, then (1.3) has a nonoscillatory solution near x = 0.
Theorem B implies that if ¢ > y*+ 1, then every nontrivial solution y of (1.3) is
oscillatory near x = 0 and we have: y is rectifiable when y*+1 < o < y+3; y is
nonrectifiable when o > y+ 3. (See also [18, Corollary].) Proposition 1.1 shows
that dimgI'(y) = 1 when y*+1 < 6 < y+3. Consequently, we do not know the
box-counting dimension of oscillatory solutions for the case where 0 = y+3. We
formulate the conjecture as follows. We note that Pasi¢ [11, Theorem 1.5] proved that
dimg I'(y) = 1 for every nontrivial solution y of (1.3) with y=1 and 6 = y+3 =4.

CONJECTURE 1.1. If A >0, v>0, v# | and 6 = y+ 3, then dimgT'(y) = 1
for every nontrivial solution y of (1.3).

J. S. W. Wong [18] gave the asymptotic behavior of oscillatory solutions to (1.1)
as the following form
_ 1
y(x) =) 73 V)] S(e(x)),
1
Y (x) ==[f@)]TF[V(x)]2S(e(x)),

where V € C1(0,xo] satisfies lim,_, 1oV (x) =V for some V>0 and S € C(R) is a
periodic function having zeros. See Proposition 3.1 below. In this paper, we give a
sufficient condition such that .#%(T'(y)) > 0 for each chirp-like function

y(x) = a(x)v(x)S(@(x)), x € (0,x0, (1.4)

1
+3
1
T

[~}
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where a € C'(0,x], v € C(0,x0], ¢ € C*>(0,x0] and S € C'(R) satisfy

a(x) >0, d(x) =0, xe (0,x), (L.5)

lil}rlov(x) v forsomevy >0, v(x)>0,xe (0,x], (1.6)
liTo(p(x) @(x) >0 and ¢'(x) <0, x € (0,x0), (L.7)
IS(t+ 1) =1|S(r)], t € R for some 7 >0, (1.8)

S(19) =0, S(t) #£0, t € (10,79 + 1) for some 75 € R. (1.9)

Namely, we will prove the following result.

THEOREM 1.2. Assume that a € C'(0,x0], v € C(0,x0] ¢ € C'(0,x0] and S €
C!(R) satisfy (1.5)~(1.9), and that there exists ® € C'(0,xo] such that

e —¢'(x)
liminf <1 o, 1.1
0 <limipf = ny Slimsup—pas= < (1.10)
®(x) >0, @ (x) <0, x € (0,x0], Tlimsup ([®(x)]"") < ee. (1.11)
x—+40

Assume, moreover, that there exists d € (1,2) such that

liminf [ (x)]>~¢ /Oxa(g)dg > 0. (1.12)

x—+0
Then .2 (T'(y)) > 0 for each chirp-like function (1.4).

Theorem 1.2 with v(x) =1 and ®(x) = —¢@’(x) has been obtained in [13]. The
proof of Theorem 1.2 will be given in Section 2.

Using the result in [13, Lemma 28], we can obtain the following consequence,
which will be shown in Section 2.

PROPOSITION 1.2. Let y € C'(0,x] be bounded on (0,x). Assume that

d—1

lim sup [ sup y@)] 7 [ veEae < (1.13)

x—+0 £ec(0,x] X

for some d € (1,2). Then #*¢(T(y)) < .

Combining these results, we can obtain Theorem 1.1.
Next we consider the half-linear equation

(Y P2Y) + f@)yP 2y =0, x€(0,x), (1.14)

where p > 1 and f satisfies (1.2). There are a lot of oscillatory results for (1.14). See,
for example, DosSly and P. Rehdk [3]. PaSi¢ and J. S. W. Wong [14] established the
following result.
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THEOREM C ([14, Theorem 6]). Let p > 1. Assume that (1.2) holds and

£ e LY (0,x0)  for some 6 € (0,1/p), (1.15)

0< limir(l)fx"f(x) < limsupx® f(x) < e for some G > p.
x—=+ x—+40

Then every nontrivial solution y of (1.14) is oscillatory near x = 0 and the following
properties hold:

() if p< o < p?, then 0 < . #NT(y)) <.4*(T(y)) < o and dimgT(y) = 1;

(i) if 0 > p?, then 0 < M4 (T(y)) < A4 (T(y)) < o and dimgT(y) = d, where
d=1+1_2
P

(o

Pasi¢ and J. S. W. Wong [14] gave the asymptotic behavior of oscillatory solu-
tions of (1.14). Therefore, in the same way as (1.1), we can obtain the box-counting
dimension of graphs of oscillatory solutions as follows.

THEOREM 1.3. Let p > 1. Assume that (1.2) and (1.15) hold. Assume, moreover,
that there exists d € (1,2) such that

liminf (0] 7" [ A&7 dE >0,

x—+0

imsup |+(70] 7 | - [ <

x—+0
where p' is a positive number with % —|—# =1, that is, p = p/(p—1). Then ev-

ery nontrivial solution y of (1.14) is oscillatory near x =0 and 0 < ///f(l"(y)) <
M (T(y)) < oo and hence dimgT'(y) =d.

The proof of Theorem 1.3 will be given in Section 3.

EXAMPLE 1.1. We consider the equation
(y'1P72Y) + Ax%lyP 2y =0, x € (0,x0], (1.16)
where p > 1, 2 >0 and ¢ € R. Theorem 1.3 implies that if ¢ > p?, then every non-

trivial solution y of (1.16) is oscillatory near x =0 and 0 < .Z%(I'(y)) < .#*(T'(y)) <
oo and dimg I'(y) = d, where d = 1_|_11_7_§'
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2. Lower and upper Minkowski contents

In this section we prove Theorem 1.2. To this end, we need the following result
obtained in [9, pp. 2350].

LEMMA 2.1. Let y € C(0,x0] be a bounded function on (0,xo] and let a, € (0,xo]
be a decreasing sequence of consecutive zeros of y(x) such that a, — 0. Assume that
there exists € > 0 and k : (0,&y) — N such that

an—any1 < € forall n>k(€) and € € (0,&). (2.1)

Then
Te()| > Y, max [y(x)|(an—ans1), €€ (0,&). (2.2)

n=k(e) XE a4 1,an]

Proof of Theorem 1.2. By (1.10) and (1.11), there exist x; € (0,xo], C; > 0 and
C, > 0 such that

0<CP(x) < —¢'(x) KCP(x), x€ (0,x]. (2.3)

Let y(x) be a chirp function given by (1.4). Set a, = ¢! (7 +n7) for all sufficiently
large n € N, where ¢! is the inverse function of ¢. From (1.7), it follows that a, is
strictly decreasing and @, — 0 as n — . Then y(a,) =0 and y(x) # 0 on (ayt1,a,)
for all sufficiently large n € N. We take N € N such that ay < x;. By the mean value
theorem, for each n > N, there exists ¢, € (7 +n7, T + (n+ 1)7) such that

a— et — @ 1) — o} n :_77,
n—an1 =@ (To+nt)—¢@ (o+(n+1)7) (0 (cn)

Since ®(¢p~!(¢)) is increasing, by (2.3), we observe that

-7 < T < T _ T
@' (9~ (cn)) ~ QL@@ (en)) ~ C1®(9 (T +nT7))  C1P(an)

for n > N. In the same way, we have

-1 T
P , n=N.
@9~ (en)) ~ Cr®(ant1)
Consequently, we obtain
T T
S S a1 S T > N. 2.4
G TS G, e

Note that 1/®(ay,) is decreasing. Moreover, 1/®(a,) — 0 as n — . Indeed, by (2.4),

we have

1 G
< =

0< <
D(apt1) T

(an—aps1) =0 asn— oo
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Set T
&= o
Ci1®(ay+1)
For each € € (0,&), let k(&) be the smallest positive integer satisfying
T
——— <& (2.5)
C1®(ae))

From (2.4), it follows that k(€) satisfies (2.1). Therefore, Lemma 2.1 implies that (2.2)
holds.
By (1.11), there exists L > 0 such that

= ([@x)]") <L, xe€(0,x) (2.6)

Set y(t) =log®(@~!(¢)) for t > @(xp). By the mean value theorem, for each ¢ >
@(x1), there exists ¢ € (¢,#+27) such that

v(r+21) —y(r) =21y (c),
that is,

21— @' (¢~ ' (c))]

log®(@ ' (t+21)) —log® (@ (1)) = (o ()= ¢ (o ()]

Therefore, by (2.3) and (2.6), we have

g 207 +20) 21 @(p"'(¢)) =@ (0)

oo 10) S D @)Calp (@) ! (e (o))
<21¢) 'L,
which implies that
D9 (1) =GP (1 +21)), 1= 0(x), (2.7)

where C; = ¢=27C1 'L
By the definition of k(&) and (2.5), we find that

T

—— > €.
C1D(ay(e)-1)

Hence, from (2.7), it follows that

e > C1@(ay(e)—1) = C1P(¢ ' (10 + (k(g) —1)7))
> C1CGD(¢ 1o+ (k(e) — 1)T+21))
=C1GD(¢ ' (70 + (k(g) +1)7))
=C1G3P(ay(e) +1),

+
+
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which means that
D(aye)1) <Cae™', €€ (0,8), (2.8)
where Cy = 7/(C1C3).
Set

M= S(t)| = S(t
r;g\()l fé}g’%‘(”

We can take v; > 0 such that v(x) > v; for x € (0,x¢] in view of (1.6). Since a(x) is
nondecreasing on (0,xp] by (1.5), we find that

max |y(x)] = max a(x)v(x)|S(e(x))]
X€[ap1,an] XE|ap41,an

>via(aps1) max  |S(e(x))| =viMa(apsr). (2.9)

XEdp-1,an]

From (2.4) and (2.9), it follows that

a(o™ N (w+ (n+1)1))
O (o (1+ (n+1)7))

ala
max V(1) l(an — aus1) > Cs ot

xe [anJrl’aﬂ] (a"+l)

:CS

for n> N, where Cs = tviMC, . Since a(¢~'())/®(¢~'(¢)) is nonincreasing, using
(2.3), we observe that

a(p N+ (n+1
Lo @e o+ (nt1

n>k
>CS/ e iii’;i
/ T L g ag
c/ e aE, (2.10)
where Cs = 77!C|Cs. By (1.12), there exists C; > 0 such that
/Oxa(é)dé > Cr[@(x)] 7Y, xe (0,x0]. 2.11)
Combining (2.2), (2.10), (2.11) and (2.8), we obtain

Te()| > Y, max [y(x)|(an — 1) = CoCr[P(a(e)11)]

n>k(5)xe[an+1 ain]

7))
7))

max |y(x)[(an — an41) = Cs
n>k(£)xe[an+l’an]

)
)

dt

—(2—-d)

> CeCr[Cae™']

=¥ ee(0,8),
where ¢ = C6C7C47(27d). Consequently, .Z%(T'(y)) >¢; >0. O

Now we give a proof of Proposition 1.2. That s a corollary of the following lemma
obtained in [13, Lemma 28].



Differ. Equ. Appl. 10, No. 2 (2018), 239-250. 247

LEMMA 2.2. Let y € C'(0,x0] be bounded on (0,xo]. Assume that y' & L'(0,xo]
and (1.13) holds for some d € (1,2). Then there exists ¢y > 0 such that |Te(y)| <
26?7 for £ € (0,1).

Proof of Proposition 1.2. 1f y' & L'(0,xo], then Lemma 2.2 implies that . *¢(T(y))
< oo. Now we assume that y' € L!(0,xo]. Then y is rectifiable. Indeed, since v/1+x2 <
1+ |x| for x € R, we have

/ox0 m‘ix < /Oxo(l + 1y (x)])dx < oo.

Hence, by Proposition 1.1, we conclude that .#*¢(T'(y)) =0 < e. [

3. Box-counting dimension of oscillatory solutions

In this section, we give proofs of Theorems 1.1 and 1.3.

According to Drabek and Mandsevich [4] and Takeuchi [15], for each p, g €
(1,e0), we define the generalized sine function sin, ; and the corresponding generalized
7 by the inverse function of

X
sin;jix::/o (l—sq)_l/pds, 0<x<1

and |
Tpg = 2Sin;_(111 = 2/ (1—s7)~"rgs,
’ 0

respectively. We note here that sin, ,(7, ,/2) = 1. The function sin, ,x is increasing
in [0,7, ,/2] onto [0,1]. We extend it to (7, 4/2,7p 4] by sin,4(7p, —x) and to the
whole real line R as the odd 27, ,-periodic continuation of the function. Then sin, 4 x
is a solution of

(6p(8))) + ;%""‘(S) =0, $(0)=0,5'(0)=1.

. . . s /
We define the generalized cosine function cos,, by cos, ,x := (sin, 4x)" for x € R.
Then we have
i p q_
|sin, 4x|P +|cosp x| =1, x€R.

For Emden-Fowler equations, we have the following asymptotic behavior result
obtained by J. S. W. Wong [18].

PROPOSITION 3.1. Let y>0 and y# 1. Assume that f € C*(0,x], f(x) >0 for
x € (0,x0], limy_ 40 f(x) = oo, f71fL € L1(0,x0] and (= +2/+1 g1y € 110, x0],
where f' (x) = max{f'(x),0} and yv* = max{y,1}. Then, for each nontrivial solution
y of (1.1), there exist functions V, ¢ € C*(0,xo] such that

1

y(x) = [F)] 7TV ()] 7T sing 1 (@(x)), 3.1
V() = ~[F()] 77 V()] cosa i1 (p(x)), (32)
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lin+10V(x) =Vy for some constant Vy > 0, (3.3)
lim g (x) ===, (3.4)
) =~V s T i () coss i (pa) G

Sfor x € (0,xo].

The following lemma was also obtained by J. S. W. Wong [18, Lemma 2]

LEMMA 3.1. Assume that f € C*(0,xo], f(x) >0 for x € (0,xo], lim,_ ¢ f(x) =
oo, and (f~ 2/ +1) 1Y € [1(0,x0], where y* = max{y,1}. Then

Tim [£(0] 55 /() =0.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let y be a nontrivial solution of (1.1). Proposition 3.1
implies that there exist V, ¢ € C! (0,x0] such that (3.1)=(3.5) hold. Therefore, y is
oscillatory near x = 0 and bounded on (0,x¢]. Set

1 2

a(x) = [fE)]777, v@) =[VWIPT, ®() = [fx)]77.
From Lemma 3.1, (3.3) and (3.5), it follows that

= (x) 2(Yf+11)

o @) 0

(3.6)

and ;
7+
lim ([@(x)] ") = ———= li T f(x) =0.
Jim (0] = = tim [F(0] 7 () =0
By (3.3), (3.4) and (3.6), there exists x; € (0,x0] such that v(x) >0, ¢(x) > 0 and
@' (x) < 0 for x € (0,x1]. Applying Theorem 1.2, we have .Z%(T(y)) > 0.
Next we will show that .#*¢(T'(y)) < e, by Proposition 1.2. From (3.1) and (3.3),
it follows that

1
@) < Cilf(x)] 7, x e (0,x]
for some C; > 0. Since f/(x) < 0 for x € (0,x¢], we have

1

sup [y(§)| <CIlf()] 77, x€(0,x0].
(0.4

By (3.2), we obtain
1
‘y/(x)| < C2 [f(X)} Y+37 PaS (vaO]
for some C; > 0. Hence, Proposition 1.2 shows that .2 *¥(T'(y)) <. [

Finally, we give a proof of Theorem 1.3. To this end, we need the following
Proposition 3.2 and Lemma 3.2, which were established by Pasi¢ and Wong [14].
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PROPOSITION 3.2. Let p > 1. Assume that (1.2) and (1.15) hold. Then, for each
nontrivial solution y of (1.14), there exist functions V, ¢ € C! (0,x0] satisfying (3.3),
(3.4) and

¥(®) = (p— 1) [F)] 7 V()] 7 sinpp (1)), (3.7)
V(@) = —(p— 17 [f(0)] 7 [V ()] 7 cospp (9(x)), (3.8)
5) = (=) F U]+ 2T i (o) cosp (0 P2 cosy ()

(3.9)
for x € (0,x].

LEMMA 3.2. Let p > 1. Assume that (1.2) and (1.15) hold. Then

1

lim [£(x)] 7 () = 0.

x—+0
Proof of Theorem 1.3. Let y be a nontrivial solution of (1.14). By Proposition 3.2,
there exist V, ¢ € C! (0,x0] such that (3.3), (3.4), (3.7), (3.8), and (3.9) hold. Then y
is oscillatory near x = 0 and bounded on (0,xp]. Set
_ L 1 L
alx)=[f)] »', vix)=(p-Dr V)], &) =[f(x)].

By Lemma 3.2 and (3.9), we find that

—¢'(x)

_1
Jim ey~ (3.10)

and

Jim (()] 1Y = == tim [F9] £ () =

From (3.3), (3.4) and (3.10), it follows that v(x) > 0, ¢(x) >0 and ¢’(x) <0 on (0,x;]
for some x; € (0,xo]. Therefore, Theorem 1.2 implies that .4 (T'(y)) > 0.
By (3.7), there exists a constant C| > 0 such that

bW <O 7, xe (0]

Since f’(x) < 0 for x € (0,x], we have

_ L
7

sup [y(§)[ <Cilf(x)] »', x€(0,x0].
ce(0.4]

From (3.8), it follows that

1
YY) < Clf)]7, x € (0,x)
for some C, > 0. Hence, Proposition 1.2 implies that .#*¢(T'(y)) < e. [
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