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PROCESSES IN CRYSTALLINE SEMICONDUCTORS
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(Communicated by Ulisse Stefanelli)

Abstract. We consider the question of global existence and asymptotics of small solutions of
a certain pseudoparabolic equation in one dimension. This model is motivated by the wave
equation for media with a strong spatial dispersion, which appear in the nonlinear theory of the
quasi-stationary processes in the electric media. We develop the factorization technique to study
the large time asymptotics of solutions.

1. Introduction

We consider the Cauchy problem for the nonlinear pseudoparabolic equation
o (u - a18xzu) + ardu+ a38x3u + a48)§u = o,

where a; > 0, a>,a3,as € R. This model is motivated by the question of global ex-
istence of solutions of the wave equation for media with a strong spatial dispersion,
which appears in the nonlinear theory of the quasi-stationary processes in the electric
media (see [19]). For example, this equation describes the creation, propagation, and
collapse of the so-called electric domains in semiconductors. This equation also can be
considered as a higher order Benjamin-Bona-Mahony equation (see [5]) and a modified
Sobolev type equation (see [4]). Local existence and blow up phenomena were studied
in [1], [2], [3], [14], [13]. Here we are interested in the global existence and large time
asymptotic behavior of solutions. Changing the independent variables we can reduce
the equation to the case of a; = 1 and a, = 0. Thus we consider the equation of the
form o; (u — 92u) — adu+bd2u = dur® with 0 < a < 325b. Then the pseudoparabolic
equation can also be rewritten in the form including the pseudodifferential operator as
follows
{ wy +iA (—ide)u = (idy) > dui®, (1,x) € R?,
(1.1)
u(0,x) =up(x), x e R,
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where the pseudodifferential operator A (—idy) is defined by the symbol

A(E) = “513:;255, here the parameters a, b > 0. Note that the symbol A (&)

has the following properties A’ (&) = 3“§2+“(5;;:1b)§4+3b§6 0(&%). Also A" (&) =

C¢ forall £ > 0 (here we use the condition 0 < a < 325b).

5 3a+(100-a) §3+9b§5+3b§ >
(&2+1)°

So that A’ (&) grows monotonically for & >0 and A () =a&?+0(&°) as & — 0 and

A(E)=bE3+0(E) as & — . Thus the coefficient a in the dispersion relation A (&)

determines the asymptotic behavior of the symbol A (&) at the origin, whereas the

coefficient b determines behavior of the symbol A (£) at infinity. Also we need the

information 8§A(§) =0 (&%) forall £ >0, k=0,1,2,3, and A" (&) > CE.

Specifically we are interested in the case of [ ug (x)dx = 0. Then by equation
(1.1) we get the conservation law [ u (t,x) dx = [ uo (x)dx =0 for all # > 0. We also
assume that the initial data ug(x) and the solution u (¢,x) are real-valued functions.
As far as we know the global existence and the large time asymptotics of solutions to
the Cauchy problem for the nonlinear pseudoparabolic equation (1.1) was not studied
previously. In the present paper we fill this gap, developing the factorization techniques
originated in papers [12], [7], [8], [91, [10], [11], [15], [16], [17].

We denote the Lebesgue space by L? = {¢ € S';||¢]|..» < e}, where the norm

18Il = (10 ()| dx)7 for 1 < p < oo and [[¢]|y- = ess.sup,cp|d (x)] for p = .
The weighted Sobolev space is Hiy® = {(p es; H(Z)HHks = H( )’ (i0y >k¢HL < oo} , for
kiseR, 1< oo, where (x) =V 1+x2, (idy) = \/1— 092, S’ stands for the space
of tempered dlstrlbutlons (the (continuous) dual of the Schwartz space S). We also use
the notations H®* Hks H* = H*? shortly, if it does not cause any confusion. Let
C(L;B) be the space of continuous functions from an interval I to a Banach space B.

Different positive constants might be denoted by the same letter C. We denote by F P
or ¢ the Fourier transform of the function ¢ by F¢ = ¢(&) = \/% Jr e (x)dx

then the inverse Fourier transformation .# ~! is given by .# !¢ = \/Lz_ﬂ Jre™ o (E)dE.
Define the stationary point g (x) as the root of the equation A’ (u) = x for all

x > 0. The Heaviside function 6 (x) is defined by 6 (x) =1 forx >0 and 6 (x) =0
for x <O0.

‘We now state our main result.

THEOREM 1.1. Assume that the initial data ug € H"' are real-valued with a suf-
ficiently small norm |luo|yq1 < € and [puo(x)dx = 0. Then there exists a unique
global solution u € C ([O,oo) ;Hl) of the Cauchy problem (1.1) satisfying the time de-

. _1 . . .
cay estimate ||u(t)||;- < Cet™2. Moreover there exists a unique modified final state
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W, € L™ such that the asymptotics

u(r) = %Ree”(’\(“(f))f#(f))%mr (0 ())

X exp (% e (u(3)) ’2logt> +o(ri) a2

is valid for t — oo uniformly with respect to x € R, where § > 0 is a small constant.

Section 2 is devoted to the factorization techniques. In Section 3 we find the

asymptotics for the decomposition operator ¥ (r) ¢ = ﬂ = Jo e7iSEM ¢ (E)dE and
the conjugate operator ¥ * (t) ¢ = 1/ gﬂ Jz €& M e (n)|A” (n)|dn. Section 4 and Sec-

tion 5 are devoted to the estlmates for the commutators with operators # and 7,
respectively. Then in Section 6 we obtain a priori estimates for the solutions in the
following norm

lellx, = up 167 (1+&%) Fu (—1)u(t)]|,-

+ sup 77 (7w ()l + [l (@) llgar) »
te[1,T]

where y > 0 is small. Finally, Section 7 is devoted to the proof of Theorem 1.1.

2. Factorization techniques

Define the free evolution group % (1) = .7 e~ "M8) 7. We write

_ g1y — o U kee-a)
u=U )7 qb—%\/;/Re ¢ (€)dg,

where Z,¢ = |t|7% ¢ (£) is the dilation operator. In the integral [ e =A())¢ (£)dE,

there are two stationary points & =+ (x) which are obtained as the roots of the equa-
tion A’(§) =x forall x> 0. Also A”(£) >0 forall £ >0 and A(—&)=—A(&).
Since A’ (€) is monotone in the domain & € R, there exists a unique stationary point
& = u(x), such that A’ (u (x)) =x for x > 0. We extend u (x) for all x € R by the

odd continuation ft (x) = —p (—x). We have A’ (§) = 0 (&?). Hence p (x) = O (ﬁ)

asx—0andas x — oo, ie. U(x)=0 (ﬁ) . Thus we have “‘i—‘A’ (1 (x)) = x for all
x € R and define the scaling operator (£¢) (x) = ¢ (u (x)).
Since u =% (t).# ¢ is areal-valued function, we have ¢ (—&) = ¢ (£), hence

u=%t)F '¢ =2ReZ, BMY ¢,
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—it( 2 A()=|n|A
where M = e lt("”A(n) InlA (r’)>, the phase function S(&,n) = A(§) — I;;_\A(n) -
AL A"(n) (& —n) and the decomposition operator

Tnl
e s
N0 =13z | Mo (E)ac.
Denote .7, = k;w 8,7Mk k=0,1, M = (%A(n)f\nlA’(n)). We have & =

oy +in, also AV = ”I/ i&, [, V] = —szb”i/ therefore we obtain the commutator
oV = —t|N"(n)|[lin,7]. Since 9:S(§,n) =N (&) - m|A/(’7)’ then we get

{\nl N(n),” } ¢ =—7(t)dz¢. Also we need the representation for the inverse
evolution group F% (—t) for £ >0

FU (—1) =™ Fo =vMB ' 979,

where 7, ¢ = |t|% o), (Z7'9)(n)=9¢ (‘glA’(n)> , and the conjugate operator

V() = \/%/}Re”s@’”)wn) |A” ()| dn.

We have i£7*¢ = ¥*/¢. Hence [i§, V™| = V*o.
Define the new dependent variable ¢ = F% (t)u(t). Since FU (—t).L =
O\ FU (—t), with £ = d, +iA(—idy), applying the operator .Z % (—t) to equation
(1.1) we get 0, ¢ = FU (—1) 0y (u?) = i§EFU (—t)u’. Then since u =2ReZ, BMy,
v ="7@, we find
FU (—)i® =V MB 97" 2ReD.BMy)® = (| v M (My + M)’
=7 (M3 Py 3B P ).

By the definition of the operator ¥ (r) we obtain
V() MEg = et G 7 (K 1)1) 9, where Qi1 = A (&)~ (k+ DA ()
for k # —1. Note that Q3 = Q_3 and Q; = Q_; = 0. We denote below Q = Qj3.
Therefore we find
1| FU (~t)u’ = D97 (30)y* +377 (1) |y y
139V (=) |W)P T+ €™ D31 (=30) . 2.1)

Hence we get the following equation for the new dependent variable @

~ lé eitQ o+ (3 3 3i§
BTG AR AT
315 » 21— £ ia « —3
@, V(- —2 Y Y (=3 ,

||<§> 1V (=) |y w+|t|<§>2 V(=3 Y

7 P
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where (§) = /1 + &2, Finally we mention some important identities. Define the free
evolution group % (t) = .% ‘e "M% .Z . The operator
I =U (0)xU (—t) = F e ™MOige o) 7
=7! (i&g —tN (’g’)) F =x—tN(—id),

plays a crucial role in the large time asymptotic estimates. Note that ¢ =x—1A’(—idy)

commutes with .Z = d; +iA(—id;), i.e. [ 7,.Z]=0. Note that the symbol A () =
£3 Hh((“;))z satisfies the identity é&gA ad,A = 3A. Hence we have the commutator

relation [@,e“m(é)} =0, with P = 310, — §dg + ady,. Thus to avoid the derivative
loss we also use the operators

P =3t0,+ dx+ad,

and
I =0y +itdA(—idy).

Also the commutator relations [$ F1=0 and [Z, 2] =32 hold. Using u(r) =
U)F =MV = ’tA(5)¢ we get

Pu= (310, 4 dx+ad,) F e ™G = F 1 e MG
[ }<p+§*1e*’m(5>§’7¢:%(t)ﬁ”ﬁ@.
Note that
Iu=IU)F '\ ¢=F " (0u+itdr(E))EP
=7 'Ed Q=% (1) 7' 0.0.

Hence || Zul|;2 = ||0.9]|;2 . Also we have the identity & =312+ 9, 7 +a.#. Also

we have deA (&) = éf}ign 0 ({65 (8)) where (£} =£(&)”"

3. Estimates for the uniform norm

3.1. Kernels

Define the kernel

aytem =0/ 1L 7 semo (en) giag

where the cut off funct1on 0 (z) € C*(R) is such that © (z)
©(z) =1 for 2 <z< 3 and the Heaviside function 6 (1) =
for n 0. We change & = ny, then we get

(l‘ n 1+10 / |t / —ztn3Gyn )yjdy.

=0 forz<%0rz>3and
lforn>0and 6(n)=
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where S(ny,n) = A(my) —A(M) —nA (M) (y—1) =n’G(yn). To compute the
asymptotics of the kernel A;(¢,7n) for large + we apply the stationary phase method

(see [6])

2r

irg(y) — irg(vo) -
JoH 01y = 0ty

eigsgng”(yo)+0<x*%> (3.1)

for A — +oco, where the stationary point yy is defined by the equation g’(yo) = 0. By
virtue of formula (3.1) with g(y) = -G (y,n), f(y) =0 )y, yo =1, we get

Aj(t,n) = ———~L—e 11" L 0 (ﬁnlﬂ (m®)” )

3y A1)
() =;

|

for 103 — +ee. Also since A” (1) = O(n) we obtain the estimate |A; (t,n)| <Cn’~z.
Next changing 1 = £y, we get

AL (.6 =86 (E \F/ D0 () [N (§)]yd

where S(&,6y) = A(§) = A(Ey) —EA/(§y) (1 —y) = 3G (1,&). Then by virtue of
formula (3.1) with g (y) = G(».&), f(y) =©(y)|A"(Ey)|y~*, yo =1, we obtain

* —a% A”(é) i sgnt % —a -1
AL (1,6)=E2"% EE e —|—O<t EF*(1E3) )

for t&3 — +oo. Since A” (£) = O({E}) we find the estimate |A% (1,€)| < CE e,
3.2. Asymptotics for the operator 7

In the next lemma we estimate the operator ¥ in the uniform norm. Define the
cut off function y (z) € C2(R) such that y; (z) =1 for z<2 and y; (z) =0 for z >3
and y(z) = 1 — x1(z) and the operators

o= \/;/ e &M (&) 3 (EImI ™) €,

so that we have the following representation ¥ (¢) ¢ = 71 (¢) ¢ + 72 (t) ¢. Define the
norm

1002 = 1670 llerzes + 1€) 968l 2, +11(E) Ol

Denote 8 (0) = &, & (k) =1 if k=1, &(0) =1, & (1) =2 and & (k) = L if
k>2.
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LEMMA 3.1. Let ¢ (0) = 0. Then the following estimates are valid for all t > 1
|m*r s igro—aemotm)| . <ci® ol

ifj=0, k=0,
2@ 19|,

5_ . .
)37 I g

if j20, k>0, and
|3y vl

fj=0,1,2, k=

il

L=(R)

Proof. We write 16/ —A;¢ = ¥7_, I, where

11—\/7/ e 1SEMe (YO (EnY) 1 (E1°) EdE
L=—-¢(n \/Z/ s O (En 1) xi (E1°) ETdE
L= \/;/0 e 1SEM (6(E)— 9 () O (En 1) xo (E1°) ETaE

14:\/5/:(”3(5’”)(15(5)(11 (EnY) -0 (En ") xa (&%) ElaE
for n > 0, with ¢ > 0. We have
()3 (P (| + 1)) < G0 g L -

For the summand I3 we integrate by parts via the identity
e SEM — Hy0 (&~ m)e "SED ) with Hy = (1-it(&~m)dzS(Em)
to get

I =cib /0 T ISEM) (£) (9(E)— 9 (1))
x(E=m)d (HO(En~") & (E) 1 (&) dé
+cr /Ome’”s(g’”)(é—n)H1®(€n’l)€~’<é>‘1Xz(ét")8g(<é>¢(€))d5-

Note that 8§A(§) =0(&%"), k=0,1,2,als0 9:5(&,n) =N (&) — A’ (1). Hence
we find the estimates

|10 (En~1) /(&) 2.(&1)| + |(E =)0 (mO (En ™) &7 ()2 (1))

. cn/(n)”!
1+m(E-n)
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in the domain %t“’ < % < & < 37. Therefore we obtain

< cib ! [ ELOE 0l —niat

1 &=l L+ (€ —n)
. 3n |E—nl|d d
sk (-t [T ()0 E)aE
1 I+m(E—n)
for n > 2:~°. By the Hardy inequality f %d& < C||¢|lgg1 and by the
Cauchy-Schwarz inequality we find
1
) 2
(E—n)"d§

M3 (¥ 1B < it (n)F (Y (16| /:n ’
3 <1+tn(<§—77)2>

cmim(m >Z||¢HHH<Cr 31(6) (1 .

(k) = 1 if k> 1. To estimate

for j,k >0, since 1 >2:~°, where §; (0) =
the integral I; we integrate by parts via the 1dent1ty

Pl )] :[-]2&g <€e*”5(57ﬂ)> (3.2)

with Hy = (1 it€0:S(£,1m)) ", to get
Iy = C[% /(:X) e—ifs(é‘:n)@g;(@

< 820 (0 (En ™)~ @ (En ™) o (8) 22 (&%)
b [T (g (En ) 0 (En ) g HE) 12 (E1°) 0 ((8) 6 (8)

0

Using 8§A(’g') =0(&%%), k=0,1,2, we find the estimates
(G (En™) —0(En ) He ! &) (&)

14j/7£\—1
+g20: (G En ) -0 En ) e @ ()| < S

1+1En?

in the domain +~° < & < 21 or 31 < & < 371). Then we obtain
LA (E) [0 (E)] g (E) T dg
L] < Ct2/
2 - 1+1&n2

nEIE) |0k ((6) 9.(8)] 46
at [ e .
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Hence by the Hardy inequality

1 3n £242j

We obtain for %t"’ <n<l1
3n g2+2j 24 . 1 y2jt+2g ; -2
/ § (&) 5 n2,+3/ y 3)’ - < Cn+3 (m?)
o (14ign?)? 0 (1+m)
andforn > 1
/3” EX (&) d%
t

o (1+1En2)?
Thus we have

3n . .
crint [TE T Pag <arin
0

()3 il < €0 o

forall 7 > 1, n>0 where & (0) =132, 8, (1) =52 and & (k) =1 if k >2. We
choose 0 = 2 if k=0, and 6 = 1 1fk>l then we get & (0) = 55, & (k) = § if
k > 1. In the domain 11 < O we integrate by parts using the identity (3.2)

y
el =it [T e iy, (£ln|™) (6170 (£)dE
vt [Temem B8 g, (1 (s1n1 1) &0 @) (%)) e
vt [T IEmE E) (81 (& |n|*‘)Hza¢ (£)0(£))dé.

Then as above we obtain <n>%7~f{n}k7j |71&70] < Ct* W)@l g1 forall >

0, where 6, (0) = 1’23", 8 (1) =12 and & (k) = 5 if k>2. We choose 0 =
k=0,1, and 6 = 1 if k > 2, then we get & (0) = &, &(1)=2 17 and & (k) =
k > 2. To estimate #,&/¢ we integrate by parts via the identity (3.2) to get &/
zk:S I;;, where

=t [T gy (£60) 1 (En1) ¢ (€)dE,
=it [T e 880, (510171 & @) e (6% .
=t [ ENE )y (807 g (I ") Hade (£ (E)dE.

As above we have (n)g_j{n}k_j |I5] < Cr3—oC+h) H§_1¢||LM(R+)~ Using 8§A(§) =
0(&3%), k=0,1,2, we find the estimates

120; (Ha (&) 6748) " 22.&1)) |
(@ (Bl ) 2 (&) | <

if

<
2
7
1if
¢=

ceig) !
1+1&3
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in the domain & > 3 [n|, & > 1%, we obtain

A gCt%/w (©)19 (&) &7 (5) " dg

im ¢ 1+1E3
[~ EE) T[9: ((8) 6 (£))]dE
\M<Cﬂ£w <>gi22(»|.

Hence by the Hardy inequality

" 2+2j
el + 117] < Ce (16 g (/max(émt") W>

We have for 1] < 1

~/max(%|n7t0) (1_,_;&3) S ~/t6 (l+t€3)2+Ct /% 5 J dé

1
3
2j 513

<aﬁﬁ/2§%%®*&+aﬂ
13

if 0 < j <2, andfor |n| >

- w 2j—6 2j-5
/max(gwo) (14183 <Cro /lmé dé <2 (n)¥ 3.

5 . .
Thus as above we have ()27 {0} (|Is| + |I7]) < Ct=%®) ||¢]| g1 for all £ > 1 if
0<j<2. Lemma 3.1 is proved.

3.3. Asymptotics for the operator 7 *

We next consider the operator 7. Since [|[#*¢||j g, ) < C\t\% M|l g and
|7*o ||L2(R+) <C H In \% ¢ HLZ(R) , then by the Riesz interpolation theorem (see [18], p.
52) we have

170l <CI* 7

7o e, (33)

for 2 < p < . In the next lemma we find the asymptotics of 7.

LEMMA 3.2. Let 0 < o < % Then the following estimate is valid for all t > 1

1

170 = Aa&%0 o,y < Cmax (4,65 ) {10y (111 9) lyage,
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Proof. We write 7 *¢ —A%E%) = Y2_ | I, where

=1L 7 s (g (n) — 0 (2)) 3" ()| @ (n ) -
L= \/;/_ie"’s(é’”)n°‘¢(n)|A”(n)| (1-0(n&"))n|"“dn

for & > 0. In the integral I; we use the identity ¢S = Hs0, ((n &) eitS(EM )

with Hy = (1+it (1 —&)dpS(§,1)) "', dS(E.1) = —|A"(m)|(§ —n), and inte-
grate by parts

ot [Fusen 100D~ £ (E)
I =Ct /0 S(&.m) n— é
x (N — &)y (H3|A" ()| n~%© (n&~1))dn

+cr /Owe"’m”” (=& Hz|A"(n)|n~*©(ME ") dq (n¥¢ (n))dn

Then applying the estimates A” (n) = 0 (n),
[(n—&)Hs | (m)[n~"© (n&™")|

2 // - w
+|(n =€) 0 (m1 A" ()@@ (nE ")) | < 1+1E(n—¢&)

in the domain 0 < %’g’ <n < 3&, we find

3¢ —EYd
|11\gCt%él‘“H&n(?’la(Z’)HL%Rm /; ——

1 (1rgm-2p)

Changing 1 = y&, we have

/35 (n—¢)dn <C/3 E-y'dy _ &
5 (1+t§( g)) %(1+t§3(1—y>2)2 ()3

Hence |I;| < Cmax <t‘%,t*1%@> | (\n\o‘(b)HLz(R” if 0 < a < 3. In the integral

I, using the identity "SEM = H,9, (nel‘fs(é‘ﬂ)) with Hy = (1+indnS(E.1)"",
IS (&E,n)=—A"(n) (& —n), we integrate by parts

Izzcl% /_Zeits(éan)‘n‘ :;)(n)n2an (H4 (1_6(1,'5—1))|A//(n)’|n|—a)dn

+Cr? /_Ze"’s@’”nm (1= m& M) A" (M)|In1"%q (In|*¢ (n))dn
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Then using the estimates dpS(£,n) = O(n (& +|n|)) in the domains N < 1& and
n >3& >0, we get

(%0 (Ha (L=© (n&E")) [A" ()] In|~%)]

2—a
s (10 (ng ™) [A” ()] || < —2L__ ()

L+m?(E+nl)
Therefore by the Hardy inequality

1
, © n[*an \°
L] < C2 |9y (In]*9) (/
[ 9n ( HLZ(R) —o (14102 (E+n])?

‘We have

/w m|* 2% an /1 In|* 2% dn
—e (L+m2(E+n))® S (1+m2(E+n))?
+C72 [T (E ) dn < Cmax (1207

1

if 0< a < 3. Therefore we get || < Cmax (t %,t_FTa> l|9n (In]*0) HLZ(R)' Lemma
3.2 is proved.

4. Commutators with 7

First we estimate the Fourier type integral

W=k [ e SENg(En)0(E)as

+

in the L? - norm. In the particular factorized case ¢ (&,1n) = q1 (€)g2(n), with esti-
mate |q2 (1 ()] < [A” (1t (x))|2. we find

1
179l <12

B (W) A ()| [ i g (6)0 (6)ae

+

L2
< CH(’.’A(M)

L =Claigllz-
Next we obtain a more general result.

LEMMA 4.1. Suppose that ‘(na,,)"q(;n)‘ <C(n) " {(E)T N} forall & €
Ry, neR, k=0,1,2, where vi >0, v, >0, v3 > —1, vu+Vv3 >0. Then the estimate

1ifV3>0,

1 .
H|A"|2W¢H <C¢L2<R+){ log (1) if v5 =0,
L®) 1|72 if —1<v3 <0

is true forall t > 1.
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Proof. We write

(R)
:Ct/Rdn|AH’/R dé/R dge"SEM=SEM)g (& n) ¢ (£)q(C,1)9 (0)
=i [ dge g (E) [ age 9K (E.0),

2
|A//}%W¢
1.2

where the kernel

K(E.Q) = [ an|a'|e g & myg (T,

Integrating two times by parts via the identity

SmNMED (ne”‘?”A V&9 with Hs = (1+ i A" ()] (€ =€)

we get

K(E.C)= [ TN g, (Hsmay (15 |8 g (E.m)g(Tm) ) an.
Since

CIA"[{n}*" (m) 2" (&) (£) ™
(1+m?[& = ¢|)? ’

Iy (Hsnay (Hs|A"|aE.m)aCm))| <

we get

V2 -2 IM ww
Kigl<eE e [ e [T

(1le-¢))2
<C@ MO M elE=gh e [T n ) an
2v3— —2vy o\ —4
CE—¢lr) /Ié 1)
<C<€_C>7v2 <(§ C) > . v3—|—C(|§_C|t)2v1—1<(€_§)t>—3—2v1
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if v3 > —1. Then by the Cauchy-Schwarz inequality and Young inequality we obtain

1 2
et

L2(R)

/]R (E=0)n" =010 (0)]dg

SCt]|9llzr,)

L%(R+)

FC Ol | [, (=810 (G =000 0 (¢)1ag

L2(R+)

<ci(|erme ) 190

S (=

L!
<clol}? g [ e
<ClolRxm,y ([ agen [ et

e /lw(g1V3vzd(§+/0°°(§2vl1<(§>—3—2v1d€>

lif vs >0,

<ClI9lf2m,)d  log(r) if vs=0,
[t if —1<v3 <0

if vi >0, v3>—1, v, > —v3. Lemma4.1 is proved.
Consider the commutator [A, #1].

LEMMA 4.2. Let ¢ (0) = 0. Suppose that h € C*(R) and Qé‘h (&)=0(&P7H)
forall £ e Ry, 0 < k< 4. Then the following estimate is true

Hwﬁ e P A1E

<Cl[ ]|y
L2(®) HU(Ry)

Jorallt>1,ifa>2—j—p, B<2—p—max(j—1,0), j>0.

Proof Integration by parts yields {n}* ()P ¢[h, %1]E/¢ = I + I, where

n=yl e M €3 (&) 0 (E)a
L= \/g/omeits(é’n)én(ém) <(§>§(§)d(§,

with g1 (&,17) = "L S () ()P {6} ()" 2 (EInl") and g2 (&, m) = Edeqn (&.m).

Since 9z S (§,n) = A'(§) — h A (n), 8§A(§) =0(&%*), we estimate

&+nl
-0 ({n}p+a+j—2 <n>p+[3—2+max(j—l,0)> 7

a1(.) =o<'”p [y P eV (& (én‘ﬁ)
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since & < 3|n|. In the same manner g3 (£€,1) = O ({1‘]}‘”0‘”72 <n>p+ﬁ72+max(jfl,0)> :
Hence taking v =min(p + o+ j—2,2 —max(j—1,0) —p — ) > 0, we get
(Man) qi(§.m)| <C{n}" ()™ forall £ € Ry, n €R, k=0,1,2. Then by
1
the Hardy inequality and by Lemma 4.1 we have H |A”|2 IkHU(R) <C|¢llgr1 (g, for

k=1,2. Lemma 4.2 is proved.
In the next lemma we estimate the operator 7.

LEMMA 4.3. Let ¢ (0) = 0. Then the following estimate is true

Lifa>2-)
<CH¢HH1.1(R+) 271_?g<t> ifoo=2—7j,

1 .
H|A”|2{n}°‘<n>’3t"f/zé~’¢ log
1|77 fl—j<a<2—j

‘LZ(R)
forallt>1,if0<j<3, a>0, a>1—j, B<min(3—j,1+a).

Proof. Integration by parts yields {n}* (n)ﬁ t%E1 ¢ = 1) + I, where

h=vgggwf“@mﬁ@nn%«@¢@»da
b::V;;Awéﬂﬂam@(an>@>§@>mi

o \Brjrey—1 _
where g1 (&) = PIEE —y (EmI™ ). g2(6.m) = Edeq1 (€.m). Next we

have g1 (£,1) = O ({n}**7 2 () ((n) + (€)' and

a2(&,m) =0 (I} (P ((n) + (£))') . Hence we have |(ndy)* a1 (&.m)| <

C(m)y ™" (&) 2N}, forall E€cR,, n€R, k=0,1,2, [ =1,2, with 0 < v; <
I+a—-B, vi<3—j—B, »=3—j—B—vi >0, vi=0+j—2> —1, so that
V2 + v3 > 0. Then by the Hardy inequality and by Lemma 4.1 we get

1 Lif v3 >0,
HIA”PIkH  <Cllga,) g logln) ifva=0,
L*(R) le| 72 if —1<v3 <0,

k=1,2. Lemma 4.3 is proved.
In the next lemma, we estimate the derivatives 8,, Y.

LEMMA 4.4. Let ¢ (0) = 0. Then the following estimates are true for all t > 1

HMWﬂnWmW&ﬂﬁw <Clolnae,)

‘LZ (R)
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if o >—j, B<min(1—j,0), j>0, and

I e ),

<Clollair,)
faz—-1,a>—j, f<min(l—jl4+0o), 0<j<2.

Proof. Since &V = Vi€ with & = oy +in, = t‘A,, 8,7, then we obtain
the commutator dp ¥ =¢|A" (n)|[in,?]. By Lemma 4.2 we ﬁnd

HIA”P n}* (m)? o7& IS I R

’LZ (R)

L2(R)
< Cl9llgi(r.)
forall > 1, if ¢ > —j, B <min(l—j,0), j > 0. Also by Lemma 4.3 we get
1 . 1 ,
[ e P anrsie| <l mer )+ s
L2(R) L%(R)

1 .
+C || e )P e el <l

‘LZ(R)

forallz > L, if a>—1, a>—j, B<min(l—j,1+a), 0<;j<2. Lemma44is
proved.

5. Commutators with 7*

First we estimate the Fourier type integral in the L? - norm
s 1
1=k [ Eng(Em) A" ()] o (m)dn
Ry

Consider a particular factorized case g (&,1) =q;1 (&) g2 (n), with estimate |g; (&)] <
C. Then we find

1
1z, <3

[ M () [N e (0)[F 0 1 )

LE (Ry)

<Clga (1 () [N (1 ()] 72 0 (1 (x))

=Clla2(m)¢ (Mllrz -

LI (R+)

In particular taking 1 (£) =1, q2(n) = |A”(n)\%, we obtain |76 (1) ¢ 2(r, ) <

C H //
A2 9 2@y
In the next lemma we generalize this result.
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LEMMA 5.1. Suppose that )(585)kq(§,n)) SCL{EY(&E)Y Y forall &, n eR,
k=0,1,2, where v > 0. Then the estimate |[I|[2r,) < Cl|®|l 2w, ) is true for all

t>1.
Proof. Changing 1 = u (x), we find
oo _ 1
e,y = Cr [ a8 [ emSEHg g ()0 (1 () [A ()
+

< [ e SEHNgE LN A ()] ay

= | M (u () [A (s () i

< [, OGO A ()] vk (1..9).

where

Kxy) = [ S0 g (€. (0)a(EHOE.
Integrating two times by parts via the identity ¢~ = Hgo; <§e”§(y"‘)> with Hg =
(1+ité (y—x)) " we get
K — [T o). (emco- (H, , dE.
(tox9) = | €020 (EHo0; (Hoq (&, ()1 T))) )

Since

M

80 (80 (o (8.0 0)aEROD) )| < 12,0

we find
1 2vd oo —2vd
Ksiec [ S o[ _EN
0 (1+1&ly—x]) 1 (1+e8 ]y —x])
<Cy—x)n) " HCl—x)? =0
if v > 0. Then by the Holder and the Young inequalities we obtain

102,y < €t [|A” ()] % 6 (1 ()

L(R+)

(H/ =002 A ()] 10 (1 0)

- H/o =P (=00 A ()] 210 (i ()] dy

2
L}(R)) ||¢HL$,(R+)

L2(Ry)

L2 (R+)>

2v— 1< > 1-2v

+H|xt\

<Ct <H(xt>12v

< CH(bHi%(R+)a

Li(R
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since v > 0. Lemma 5.1 is proved.
In the next lemma we estimate the commutator [k, ¥*]. We denote ¢, (§,1) =

M) g (&,m) = a1 (§,m) and G (€,n) =i (&,n)— (&) Za (0,m).

LEMMA 5.2. Assume that ‘(§8§)k6ﬁ(§,n)‘ SC{EV(EV ! forall Em >0, k=
0,1,2, 1 =1,2. Also suppose that |q; (0,1)| < C. Then the estimate

100,710 ()9 (M l2ge.) < cH|A”|%¢

3
+cr | n| 2
‘Lz(]lh) H\n\ o(n) 2R

is true forall t > 1.

Proof. Since dpS(&,m) =—|A"(n)|(§ —n), integrating by parts we obtain
it[h, 7] ¢ = Xi_, Ir, where

n-ey/l Mgy (0.1) 9y (6 (0)9 (),

h= @2\/;/& ¢"5Mg, (0,m) @dm

=\ o @M@ m) 30 (0.6 (),
ly = ;—n/& ei’“’”’é&(ém)@dn.

1
Using inequality || 70 (1) [l 2r,) = H|A”|7 [0

, we get
L2®,) o

"h _3
1N llze,) < 14712 rao B <c|m2om) .
Next using the assumption of the lemma, we apply Lemma 5.1 with v =1 to get
nit _3
5l <[ oo, and Lz, <C|nlF o (n)
5.2 is proved.

. Lemma
L2(R+)

6. A priori estimates

6.1. Estimates for the nonlinearity

Define the norm

lolly = |[€71 (&0

O IE) el + 0T IHEY Ol -

L=(Ry)

LEMMA 6.1. Assume that ||@||y < €. Then the asymptotics

. 1 3 1
T _\,3 = irQE) 3 12~ 37—
LFU (—t)u” =e 931_1\/,(&)(;) +A,,(§)\(p\ (p—|—0<8t 22)

istrue forall t > 1, & >0, where ¢ (t)=FU (—t)u(t), Q&)= A(é)—3A<%>.
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Proof. In view of the factorization formula (2.1) we find

LFU (—1)i® = D9 B0 > +37 () [y w
L3PV (=) WP T+ D (<30) PP,

LZ(R)) )

where y = 7 ¢. By Lemma 3.2 with o = 3, we get

an (Il v?)|

Gyt = A GBr)Eiyd+0 (:fz

By Lemma 3.1 with j =0, we have

<
_1 ~ LA
<clet@a],., +orEidly<ce
+

forn e R.lNext applying Lemma 4.4 with o = %7 B=-1, j=0 we get
1
H|A”|7 s ()" a,,l,/HLZ(R) < Cet?. Therefore

7By =AY (Br)Eiyd+0 <£3t7’*ﬁ> . Again by Lemma 3.1 with j = 0,

we have v = A0 + O (sﬂ"i> . Then using the asymptotics Ag (7,&) =

0<t%§<t§3>_1> and A* (31,E)E1 = \/r+0(§2t2 (1&3)" >7we get

1
iN"(&) *

(3 = A% (3 EF (409) + 0 (37 F)
1
T iNT(E)

In the same manner we find for the second summand

P +0 (£3t7’i> .

POy = A3 (08 4091 A+ 0 (%7 F)
1
TN

|¢\2$+0<s3ﬂ‘217>.

The third and fourth terms are remainders 2% (—t) |w|*¥ = O (£3t7’712> and
D3V (=3P =0 <£3t7’i> . Lemma 6.1 is proved.

6.2. Uniform norm

We prove a priori estimate for the uniform norm [|@|lg, = sup,c(; Hé (Ve .
uniformly in time 7 > 1. Also we define the norm

lullg, = sup,ei 7t (| Zu(t)|lg + l|u(t)||gn) with some small y > 0.
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LEMMA 6.2. Assume that |lullg, < Ce for any T > 1 and for sufficiently small
g. Then the estimate ||||s, < Ce is true.

Proof. By the contradiction we can find the first time 77 € (1,7] such that

H@HSTI = Ce. We use equation (2.1) for ¢ = F% (—t)u(t). In view of Lemma
6.1, we get

dy =e" s ! o+ 31§ \@\2y+0<83t7*712*1>.
A" (E) T AT (§)(6)?
wherey(r,é)=€’1<é>2¢( £). Choosing
2
¥(1,8) = exp(~ i 1B (1)), we get

amy(r,wo,é»=T(z,&>em%im,}@a3+o(e%y—f—z—l).
Integration in time yields
()% (1,6)] < b (0,8)
+C/‘P (1,8) ™ s A,,(é)@‘” +0(e).

Integrating by parts we get |y (t,&)| < €+ 0 (€*) < Ce for £ > 0. Since the solution
u is real, we have ¢ (¢,€) = ¢ (t,—&). Therefore ||($HST1 < Ce. This is the desired
contradiction. Lemma 6.2 is proved.

6.3. L2 - norm

We consider a-priori estimates in L? - norm uniformly in time.

LEMMA 6.3. Suppose that Hq?HST < Ce forany T > 1 and for sufficiently small
€. Then the estimate ||ul|q, < C€ is true.

Proof. Arguing by contradiction, we can find the first time 77 € (1,T] such that
Hu||Q = Ce. By the energy method we get & ||ul|y1 < C ||usy||p [|ulg - Via Lemma

3.1 we have lyi| < Ce, therefore | Okul|, . = | Z:M By ||
<Ct? |kl » < Cet™2, k=0,1, from which it follows that

2 lul| s < Ce% ! |Jul|yr - Integration in time yields [Jul|y < €+ Ce’t”. Note
that || _Zul|g = H<§>¢EHL2(R+)' To estimate the norm [ (£) @EHLZ(R” we differentiate
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equation (2.1) to get 9, (§) @z = 319 I, where

U o oo 3 0
I = Ak DIV (B30) Y, I = ml@g"f/ )|y v,

3 * BT 1 it . * 7
L= @@ 1E V" (—1) |’ W, 14=@e P iV (—31) P,
s = (@%%) FU (1),
Io = — ‘%g (DY B+ DV (30T

Consider the first term I}, = (é) " P3iE e 1 (3t) y*. Denote w; = ¥} (i€)’ @ and

= 5 (i€)) @, then we substitute y = @+ . Hence y = (> + 30>+ 3ro) r + o°.
Then

I = ﬁem%i&aé V*(3t) (P +30* +3ro) r

1.
+@eng.@3i§a§ v (3t) o = I+ 11>

In view of the identity i§ ¥ *¢ = ¥* . ¢ we find

gV = —EN (E) 1 +§”//*‘Z—‘A’(n)

_A(€> s of3 U LN
(i) O [ﬂ [n] (n)} 7 InIA(n)"Q{l'

Hence 11| =113+ 114+ 115, where

!
e"’Q%A (‘5)7/* (3t) 7 (3t) (r + 30 +3ro) r

= (i€ )2
Iy — —éem%%* (31) [m (30, %A’(n)] (P +302+3r0) r
Is = —éem%%* (31) |Z—|A’ (n) 4 (31) (P + 30 +3ro) .
We have
I = e, X ) (3 (3 ((r420) w3 4 601 02)

& ey
+18 (0f + yan) ri + 18y @irs +3y?rs + 18@ir] + 18 (r+ @) rira + 617)
i irQ (é)

= "9, Le+ Ly +1
<€> &)’ 5 (e + 17+ 1is) s
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with Ii6 =337 ¥* (31) (Bs—jrj) , Ly = 189 (3t) (wyr} + yrira),
Lig =67*(3t)r], and By = y?, B = 6yw;, B, =6(0wj+yw,) and B3 =

(v + o) w3 + 6w ;. Also we represent

L=~z (31) (P + 30 + 3ro) r

1(€)
and

115 = —%6”993%* (3t) ‘Z_‘A/ (77) (V/2r1 + (CO+ V/) (1)17') :

1
Wetave Iz < CZ] A1 |Bs ]
53 OH Pn-iB ) gc”@”é, j=0,1,2,3, thenby Lemma 4.3 with oz =

.

3—j, B=—j, 0< <3, we get

. Next using Lemma 3.1 we find

3
12
16l 2,y <ClOly X
j=0

| Y ()
L2

<cglly
R)

Next by Lemma 3.1 we estimate [[(1) 71|y~ (r) < Crr—Tr 1olly,

o,

<
ClIBlly. 11(m) Vli-(z) < ClI@ly. then by Lemma 4.3 with &z=2— j, B =—j, 0<
Jj <2, we find

17l e,y =17 G0 (@i +yrin) || g,

<Clm) il (H U B Wm))
<3
j=1

< Nog () |§lly < |§

l o o
}AU|2 {n}2 J <n> Jrj ”‘PHY
L2(R)

Also by estimate (3.3) with p =2+ 7, then by Lemma 4.3 with o = ”2—;2 >0, B=0,
j =1, we obtain

[ @t e, <17 OO R s,y < CHETF|fInl 2 | 2y
< Nl 0] s, 171 0y .
<a gy <l
Next we estimate
1
N (G R | S el G
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and

% n
TR cH% (30) AL () (v + 0+ v) o)

nl

1 1 . .
¢(m ol + In) e 3, Jiat gy,

L*(R+)

L2(R)
<’ gl
Thus we get ||111||L2 Ct7! H(p||Y Next we consider
Iy =; @ ”Q_%&g”f/* (3t) w* o+ ; (é) e P17 (3t) 0. We have
V" = [ S A ”//*] Also we have the identity 7] = Zj O(m)’%%f—l_j +

]
(in)" , therefore

[(ié)lw*} = (&) e =7 h(n) (in)

Z n) (i) ehery ' + [, 7710 (n) (in)’

Jj=0

+h(E) Y (1—0 () e — 7" (1—6(n)h(n)(in). (6.1)
We take /(&) = ?éf} [ =2, then

1 . .
V" = gh(gw*e(n)(iny%%*w[h,%*}e(n)(imz

+h(E) 7 (1= (n) o =¥ (1—0(n)h(n)(in)’.

Applying Lemma 5.2 with h (&) = A;(zé) we get the estimate

1 _ _
19: 7 (30) @ o[ 1o, < C | AP {n} ()7 9y (0702 + 20007

L%(R+)

+—1

+cr! Hn%a)za)l

|A”}2 ) O 0 @y

L2(Ry) L2(Ry)

+C H ]A”]% (0?03 + 0w 0+ 0 + n* 0 o)
L2(R.)

Next applying Lemma 4.4 with o =1—j, B =—j, j >0 we get
H|A”|% My my o o; L) < Ct"||@|ly and by Lemma 3.1 with k=1 we
+

find ’]<n>%’~f{n}"j “’~"HLm<R,> <Cr7 1|y for j>0. Hence ||| < Cr' V|| G]fy

and therefore ||I;[|{» <Ct"" || @ ||§( . In the same manner we estimate I, I5, I and Is.
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Consider now the term Is. Again we substitute y° = (r* +30* +3rw) r+ o,
then Ig = I19 + I»9, where

27iQ

S E2E)
27iQ

_l’_
§2(8)
and I = —%em@ where ® = 2;7* (3t) 0* + 237" (—3t)®>. As above in the

estimate of /;3, we obtain ||Ijo||;> < Ct7"! ||($||§( Next we represent

0 £2(E) o\ o S2(E)
<é>ia<é>q’>+ @™

To estimate the derivative o, *®>, we apply the identity

Iy = "5 (i) ¥+ (31) (P +30° +3ro) r

"D 3 (i€ v (=31) (2 + 302+ 3ro)r,

by =—0, (6

a,%*:%v* [éz\ %*] +iig, v

We take /1(£) = (Agg then by (6.1) take /(&) = 2&) and [ =3

2

(&) n*| = X n(@)r 6 ) () e +[1(E), 76 (n) (in)’

j=0
+h(E) Y (1—0(n) > — 7" (1—-0(n))h(n)(in) .
Also we have
. * l / _ * 1 !
[zé,”ﬂm‘A(n) e G(n)%wA(n)
W*(l—e(n))mfl%A’(n)—%*(1—e<n>>m‘%

AN(n).

A(E)
i£)’

Then applying Lemma 5.2 with (&) = we get the estimate

—

|97 (3t) 3||L2 <cr! |A”}%<n>a)3

Ry)

L2(R)

+C Y

N2 i () ot
L2(Ry) j=0,3

[

|A”}27’13 jg{lij .
L2(R-)

Then as in the estimate of 1 applying Lemma 4.4 with a =1—j, B=—j, j =0

and Lemma 3.1 with k =1 we get [|(3,7*) (31) ® 3HL2 R,) < ctv! Hq?H% Also by

equation (2.1) we find ||d;@[l{> < Ce3?~! and by the estimate of Lemma 4.2 with
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o)
Hence [0, (¥* (31) ® )||Lz B, S
o, ||(€) @z —e QCI)HLZ(R” <Ce’!. Wehave [|®| 2z, ) <CH\A”\% o’

p=3,j=0, a=0, B =-2 we obtain

1
A2 ()2 oe

~ 1 ~
17701 0°|| () < c||<p§(< ’ + H;A”|2 0
L(R)

<o gly

< Ce37!. Therefore we get

<

X

L2(R)
Ce3t". Then the integration in time of the above equation yields
o iQ 3 0 3
[(§) pe — " ®}|L2(R+) < €4 Ce3Y. Hence ||<§>¢5}|L2(R+) < e+ Ce3". Con-
sequently || _#u|lg < Cer”. This is the desired contradiction. Lemma 6.3 is proved.

7. Proof of Theorem 1.1

By Lemma 6.2 and Lemma 6.3, we see that the a priori estimate [|ully < Ce is
true for all 7 > 0. Therefore the global existence of solutions of the Cauchy problem
(1.1) follows by a standard continuation argument.

Now we turn to the proof of the asymptotic formula (1.2) for the solutions u of the
Cauchy problem (1.1). We need to compute the asymptotics of the function ¢ (¢,&).
As in the proof of Lemma 6.2 we get

o (v(1,8) ¥ (1,6)) =¥ (1.§) " (§)* 7

~3 3),72
A”(é)(p —|—0<£ t 22).

Integrating by parts implies |z(,&) —z(s,&)| < Ce3s~ 2+ forall 1 > s > 0, where
2(t,E) =y (1,E) W (1,&) . Therefore there exists a unique final state z; € L™ such that

llz() — z4 || < Ce3r~ 2+ forall t > 0. We write

[18@or T =80 [P L =@ e Plogr + 01 (),

We have

01 0) =@ () = £(8)* [ (1e@P ~0P)

+§2 <§>_4 (|Z(l‘)‘2 — |Z+|2> logé < C83S76

for all > s > 0. Hence there exists a unique real-valued function @, € L™ such that
|D(1) — Dy ||y < Ce3t~ 277 forall + > 0. Hence

e[ 3 e 3i¢
Hw’é) ) p(IA”(é)@“ oer IA”<€>I®+>

for all # > 0. Thus we get the large time asymptotics

L
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| -E@ ¥ (0)| =)~ 2l < and

3iE3 |z | 3i& L
WP (t,E)—ziexp| ——"—logt + —2—D, <Ct 2t
A" (E)(EY A" (S)] L
Therefore we obtain the estimate
?(1,8) —W+eXp( i W, | logt> <crnty
A" (8)] L=

with W, = & (£) 2z, exp ( I (5 3l (I)+> . Using the factorization
u(t) =2ReZ,MBV ¢(t), by Lemma 3.1 we find

u(t) = 2ReZMBY ¢ (1) = 2Re GMBAG (1) + O (z‘2_12+7>

B 0(¢) 3i s
= 2Re%M%’T(€)W+ exp(A” @Al [W4 | logt) +0 (t +Y>

This completes the proof of asymptotics (1.2). Theorem 1.1 is proved.

Acknowledgements. We are grateful to unknown referee for many useful sugges-
tions and comments.
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