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Abstract. We consider the question of global existence and asymptotics of small solutions of
a certain pseudoparabolic equation in one dimension . This model is motivated by the wave
equation for media with a strong spatial dispersion, which appear in the nonlinear theory of the
quasi-stationary processes in the electric media. We develop the factorization technique to study
the large time asymptotics of solutions.

1. Introduction

We consider the Cauchy problem for the nonlinear pseudoparabolic equation

∂t
(
u−a1∂ 2

x u
)
+a2∂xu+a3∂ 3

x u+a4∂ 5
x u = ∂xu

3,

where a1 > 0, a2,a3,a4 ∈ R . This model is motivated by the question of global ex-
istence of solutions of the wave equation for media with a strong spatial dispersion,
which appears in the nonlinear theory of the quasi-stationary processes in the electric
media (see [19]). For example, this equation describes the creation, propagation, and
collapse of the so-called electric domains in semiconductors. This equation also can be
considered as a higher order Benjamin-Bona-Mahony equation (see [5]) and a modified
Sobolev type equation (see [4]). Local existence and blow up phenomena were studied
in [1], [2], [3], [14], [13]. Here we are interested in the global existence and large time
asymptotic behavior of solutions. Changing the independent variables we can reduce
the equation to the case of a1 = 1 and a2 = 0. Thus we consider the equation of the
form ∂t

(
u− ∂ 2

x u
)−a∂ 3

x u+b∂ 5
x u = ∂xu3 with 0 < a < 325b. Then the pseudoparabolic

equation can also be rewritten in the form including the pseudodifferential operator as
follows {

ut + iΛ(−i∂x)u = 〈i∂x〉−2 ∂xu3, (t,x) ∈ R
2,

u(0,x) = u0 (x) , x ∈ R,
(1.1)
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where the pseudodifferential operator Λ(−i∂x) is defined by the symbol

Λ(ξ ) = aξ 3+bξ 5

1+ξ 2 , here the parameters a , b > 0. Note that the symbol Λ(ξ )

has the following properties Λ′ (ξ ) = 3aξ 2+aξ 4+5bξ 4+3bξ 6

(ξ 2+1)2 = O
(
ξ 2
)
. Also Λ′′ (ξ ) =

23aξ+(10b−a)ξ 3+9bξ 5+3bξ 7

(ξ 2+1)3 �Cξ for all ξ > 0 (here we use the condition 0 < a < 325b ).

So that Λ′ (ξ ) grows monotonically for ξ > 0 and Λ(ξ ) = aξ 3 +O
(
ξ 5
)

as ξ → 0 and
Λ(ξ ) = bξ 3 +O(ξ ) as ξ → ∞. Thus the coefficient a in the dispersion relation Λ(ξ )
determines the asymptotic behavior of the symbol Λ(ξ ) at the origin, whereas the
coefficient b determines behavior of the symbol Λ(ξ ) at infinity. Also we need the
information ∂ k

ξ Λ(ξ ) = O
(
ξ 3−k

)
for all ξ > 0, k = 0,1,2,3, and Λ′′ (ξ ) � Cξ .

Specifically we are interested in the case of
∫
R

u0 (x)dx = 0. Then by equation
(1.1) we get the conservation law

∫
R

u(t,x)dx =
∫
R

u0 (x)dx = 0 for all t > 0. We also
assume that the initial data u0 (x) and the solution u(t,x) are real-valued functions.
As far as we know the global existence and the large time asymptotics of solutions to
the Cauchy problem for the nonlinear pseudoparabolic equation (1.1) was not studied
previously. In the present paper we fill this gap, developing the factorization techniques
originated in papers [12], [7], [8], [9], [10], [11], [15], [16], [17].

We denote the Lebesgue space by Lp = {φ ∈ S′;‖φ‖Lp < ∞} , where the norm

‖φ‖Lp = (
∫ |φ (x)|p dx)

1
p for 1 � p < ∞ and ‖φ‖L∞ = ess.supx∈R |φ (x)| for p = ∞ .

The weighted Sobolev space is Hk,s
p =

{
ϕ ∈ S′;‖φ‖

Hk,s
p

=
∥∥∥〈x〉s 〈i∂x〉k φ

∥∥∥
Lp

< ∞
}

, for

k,s ∈ R, 1 � p � ∞, where 〈x〉 =
√

1+ x2, 〈i∂x〉 =
√

1− ∂ 2
x , S′ stands for the space

of tempered distributions (the (continuous) dual of the Schwartz space S). We also use
the notations Hk,s = Hk,s

2 , Hk = Hk,0 shortly, if it does not cause any confusion. Let
C(I;B) be the space of continuous functions from an interval I to a Banach space B.
Different positive constants might be denoted by the same letter C . We denote by Fφ
or φ̂ the Fourier transform of the function φ by Fφ = φ̂(ξ ) = 1√

2π

∫
R

e−ixξ φ(x)dx,

then the inverse Fourier transformation F−1 is given by F−1φ = 1√
2π

∫
R

eixξ φ(ξ )dξ .

Define the stationary point μ (x) as the root of the equation Λ′ (μ) = x for all
x > 0. The Heaviside function θ (x) is defined by θ (x) = 1 for x > 0 and θ (x) = 0
for x � 0.

We now state our main result.

THEOREM 1.1. Assume that the initial data u0 ∈ H1,1 are real-valued with a suf-
ficiently small norm ‖u0‖H1,1 � ε and

∫
R

u0 (x)dx = 0. Then there exists a unique
global solution u ∈ C

(
[0,∞) ;H1

)
of the Cauchy problem (1.1) satisfying the time de-

cay estimate ‖u(t)‖L∞ � Cεt−
1
2 . Moreover there exists a unique modified final state
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W+ ∈ L∞ such that the asymptotics

u(t) =
2√
t
Ree−it(Λ(μ( x

t ))− x
t μ( x

t )) θ (x)√
iΛ′′ (μ ( x

t

))W+

(
μ
(x

t

))

× exp

(
3iμ
(

x
t

)∣∣Λ′′ (μ ( x
t

))∣∣ ∣∣∣W+

(
μ
(x

t

))∣∣∣2 log t

)
+O
(
t−

1
2−δ
)

(1.2)

is valid for t → ∞ uniformly with respect to x ∈ R, where δ > 0 is a small constant.

Section 2 is devoted to the factorization techniques. In Section 3 we find the

asymptotics for the decomposition operator V (t)φ =
√

|t|
2π
∫ ∞
0 e−itS(ξ ,η)φ (ξ )dξ and

the conjugate operator V ∗ (t)φ =
√

|t|
2π
∫
R

eitS(ξ ,η)φ (η) |Λ′′ (η)|dη . Section 4 and Sec-
tion 5 are devoted to the estimates for the commutators with operators V and V ∗,
respectively. Then in Section 6 we obtain a priori estimates for the solutions in the
following norm

‖u‖XT
= sup

t∈[1,T ]

∥∥ξ−1 (1+ ξ 2)FU (−t)u(t)
∥∥

L∞

+ sup
t∈[1,T ]

t−γ (‖J u(t)‖H1 +‖u(t)‖H1

)
,

where γ > 0 is small . Finally, Section 7 is devoted to the proof of Theorem 1.1.

2. Factorization techniques

Define the free evolution group U (t) = F−1e−itΛ(ξ )F . We write

u = U (t)F−1φ = Dt

√
|t|
2π

∫
R

eit(xξ−Λ(ξ ))φ (ξ )dξ ,

where Dtφ = |t|− 1
2 φ
(

x
t

)
is the dilation operator. In the integral

∫
R

eit(xξ−Λ(ξ ))φ (ξ )dξ ,
there are two stationary points ξ = ±μ (x) which are obtained as the roots of the equa-
tion Λ′ (ξ ) = x for all x > 0. Also Λ′′ (ξ ) > 0 for all ξ > 0 and Λ(−ξ ) = −Λ(ξ ) .
Since Λ′ (ξ ) is monotone in the domain ξ ∈ R+, there exists a unique stationary point
ξ = μ (x) , such that Λ′ (μ (x)) = x for x > 0. We extend μ (x) for all x ∈ R by the

odd continuation μ (x) = −μ (−x) . We have Λ′ (ξ ) = O
(
ξ 2
)
. Hence μ (x) = O

(
x

1
2

)
as x → 0 and as x → ∞, i.e. μ (x) = O

(
x

1
2

)
. Thus we have μ

|μ|Λ
′ (μ (x)) = x for all

x ∈ R and define the scaling operator (Bφ) (x) = φ (μ (x)) .
Since u = U (t)F−1φ is a real-valued function, we have φ (−ξ ) = φ (ξ ), hence

u = U (t)F−1φ = 2ReDtBMV φ ,
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where M = e
−it
(

η
|η| Λ(η)−|η|Λ′(η)

)
, the phase function S (ξ ,η) = Λ(ξ )− η

|η|Λ(η)−
η
|η|Λ

′ (η) (ξ −η) and the decomposition operator

V (t)φ =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)φ (ξ )dξ .

Denote Ak = M
k 1
t|Λ′′(η)|∂ηMk , k = 0,1, M = e

−it
(

η
|η| Λ(η)−|η|Λ′(η)

)
. We have A1 =

A0 + iη , also A1V = V iξ , [iη ,V ] = −A0V therefore we obtain the commutator
∂ηV = −t |Λ′′ (η)| [iη ,V ] . Since ∂ξ S (ξ ,η) = Λ′ (ξ )− η

|η|Λ
′ (η) , then we get

it
[

η
|η|Λ

′ (η) ,V
]

φ = −V (t)∂ξ φ . Also we need the representation for the inverse

evolution group FU (−t) for ξ � 0

FU (−t)φ = eitΛ(ξ )Fφ = V ∗MB−1D−1
t φ ,

where D−1
t φ = |t| 1

2 φ (xt) ,
(
B−1φ

)
(η) = φ

(
η
|η|Λ

′ (η)
)

, and the conjugate operator

V ∗ (t)φ =

√
|t|
2π

∫
R

eitS(ξ ,η)φ (η)
∣∣Λ′′ (η)

∣∣dη .

We have iξV ∗φ = V ∗A1φ . Hence [iξ ,V ∗] = V ∗A0.
Define the new dependent variable ϕ̂ = FU (t)u(t) . Since FU (−t)L =

∂tFU (−t) , with L = ∂t + iΛ(−i∂x) , applying the operator FU (−t) to equation
(1.1) we get ∂t ϕ̂ = FU (−t)∂x

(
u3
)

= iξFU (−t)u3. Then since u = 2ReDtBMψ ,
ψ = V ϕ̂ , we find

FU (−t)u3 = V ∗MB−1D−1
t (2ReDtBMψ)3 = |t|−1 V ∗M

(
Mψ +Mψ

)3
= |t|−1

(
V ∗M2ψ3 +3V ∗ |ψ |2 ψ +3V ∗M2 |ψ |2 ψ +V ∗M4ψ3

)
.

By the definition of the operator V ∗ (t) we obtain

V ∗ (t)Mkφ = eitΩk+1Dk+1V
∗ ((k+1)t)φ , where Ωk+1 = Λ(ξ )−(k+1)Λ

(
ξ

k+1

)
for k 
= −1. Note that Ω3 = Ω−3 and Ω1 = Ω−1 = 0. We denote below Ω = Ω3.
Therefore we find

|t|FU (−t)u3 = eitΩD3V
∗ (3t)ψ3 +3V ∗ (t) |ψ |2 ψ

+3D−1V
∗ (−t) |ψ |2 ψ + eitΩD−3V

∗ (−3t)ψ3. (2.1)

Hence we get the following equation for the new dependent variable ϕ̂

∂t ϕ̂ =
iξ

|t| 〈ξ 〉2 eitΩD3V
∗ (3t)ψ3 +

3iξ
|t| 〈ξ 〉2 V ∗ (t) |ψ |2 ψ

+
3iξ

|t|〈ξ 〉2 D−1V
∗ (−t) |ψ |2 ψ +

iξ
|t| 〈ξ 〉2 eitΩD−3V

∗ (−3t)ψ3,
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where 〈ξ 〉 =
√

1+ ξ 2. Finally we mention some important identities. Define the free
evolution group U (t) = F−1e−itΛ(ξ )F . The operator

J = U (t)xU (−t) = F−1e−itΛ(ξ )i∂ξ eitΛ(ξ )F

= F−1 (i∂ξ − tΛ′ (ξ )
)
F = x− tΛ′ (−i∂x) ,

plays a crucial role in the large time asymptotic estimates. Note that J = x−tΛ′ (−i∂x)
commutes with L = ∂t + iΛ(−i∂x) , i.e. [J ,L ] = 0. Note that the symbol Λ(ξ ) =

ξ 3 1+b(aξ )2

1+(aξ )2
satisfies the identity ξ ∂ξ Λ− a∂aΛ = 3Λ. Hence we have the commutator

relation
[
P̂,e−itΛ(ξ )

]
= 0, with P̂ = 3t∂t − ξ ∂ξ + a∂a. Thus to avoid the derivative

loss we also use the operators

P = 3t∂t + ∂xx+a∂a

and
I = ∂a + it∂aΛ(−i∂x) .

Also the commutator relations [L ,I ] = 0 and [L ,P] = 3L hold. Using u(t) =
U (t)F−1ϕ̂ = DtMV ϕ̂ = F−1e−itΛ(ξ )ϕ̂ , we get

Pu = (3t∂t + ∂xx+a∂a)F−1e−itΛ(ξ )ϕ̂ = F−1P̂e−itΛ(ξ )ϕ̂

= F−1
[
P̂,e−itΛ(ξ )

]
ϕ̂ +F−1e−itΛ(ξ )P̂ϕ̂ = U (t)F−1P̂ϕ̂.

Note that

I u = I U (t)F−1ϕ̂ = F−1 (∂a + it∂aΛ(ξ ))Eϕ̂
= F−1E∂aϕ̂ = U (t)F−1∂aϕ̂.

Hence ‖I u‖L2 = ‖∂aϕ̂‖L2 . Also we have the identity P = 3tL +∂xJ +aI . Also

we have ∂aΛ(ξ ) = 2a(b−1)ξ 5

(1+(aξ )2)2 = O
(
{ξ}5 〈ξ 〉

)
, where {ξ} = ξ 〈ξ 〉−1 .

3. Estimates for the uniform norm

3.1. Kernels

Define the kernel

Aj (t,η) = θ (η)

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)Θ

(
ξ η−1)ξ jdξ ,

where the cut off function Θ(z) ∈C2 (R) is such that Θ(z) = 0 for z � 1
3 or z � 3 and

Θ(z) = 1 for 2
3 � z � 3

2 and the Heaviside function θ (η) = 1 for η > 0 and θ (η) = 0
for η � 0. We change ξ = ηy , then we get

Aj (t,η) = η1+ jθ (η)

√
|t|
2π

∫ 3

1
3

e−itη3G(y,η)Θ(y)y jdy.
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where S (ηy,η) = Λ(ηy)− Λ(η)− ηΛ′ (η) (y−1) ≡ η3G(y,η) . To compute the
asymptotics of the kernel Aj (t,η) for large t we apply the stationary phase method
(see [6])

∫
R

eiλg(y) f (y)dy = eiλg(y0) f (y0)

√
2π

λ |g′′ (y0)|e
i π
4 sgng′′(y0) +O

(
λ− 3

2

)
(3.1)

for λ → +∞, where the stationary point y0 is defined by the equation g′ (y0) = 0. By
virtue of formula (3.1) with g(y) = −G(y,η) , f (y) = Θ(y)y j, y0 = 1, we get

Aj (t,η) =
t

1
6− j

3

(
ηt

1
3

)1+ j

√
〈tη3〉 Λ′′(η)

η

e−i π
4 sgnt +O

(
t

1
2 η1+ j 〈tη3〉−1

)

for tη3 →+∞. Also since Λ′′ (η) = O(η) we obtain the estimate
∣∣Aj (t,η)

∣∣�Cη j− 1
2 .

Next changing η = ξ y , we get

A∗
α (t,ξ ) = ξ 1−αθ (ξ )

√
|t|
2π

∫ 3

1
3

eitξ 3G̃(y,ξ )Θ(y)
∣∣Λ′′ (ξ y)

∣∣y−αdy

where S (ξ ,ξ y) = Λ(ξ )−Λ(ξ y)− ξ Λ′ (ξ y)(1− y) = ξ 3G̃(y,ξ ) . Then by virtue of
formula (3.1) with g(y) = G̃(y,ξ ) , f (y) = Θ(y) |Λ′′ (ξ y)|y−α , y0 = 1, we obtain

A∗
α (t,ξ ) = ξ 2−αt

1
2

√
Λ′′ (ξ )
〈tξ 3〉ξ

ei π
4 sgnt +O

(
t

1
2 ξ 2−α 〈tξ 3〉−1

)
for tξ 3 → +∞. Since Λ′′ (ξ ) = O({ξ}) we find the estimate |A∗

α (t,ξ )| � Cξ
1
2−α .

3.2. Asymptotics for the operator V

In the next lemma we estimate the operator V in the uniform norm. Define the
cut off function χ1 (z) ∈C2 (R) such that χ1 (z) = 1 for z � 2 and χ1 (z) = 0 for z � 3
and χ2 (z) = 1− χ1 (z) and the operators

V j (t)φ =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)φ (ξ )χ j

(
ξ |η |−1

)
dξ ,

so that we have the following representation V (t)φ = V1 (t)φ + V2 (t)φ . Define the
norm

‖φ‖Z =
∥∥ξ−1φ

∥∥
L∞(R+) +

∥∥〈ξ 〉∂ξ φ
∥∥

L2(R+) +‖〈ξ 〉φ‖L2(R+) .

Denote δ1 (0) = 1
22 , δ1 (k) = 1

4 if k � 1, δ2 (0) = 1
14 , δ2 (1) = 5

14 and δ2 (k) = 1
2 if

k � 2.
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LEMMA 3.1. Let φ (0) = 0. Then the following estimates are valid for all t � 1∥∥∥〈η〉 7
4− j {η}k− j (V1ξ jφ −Aj (t,η)φ (η)

)∥∥∥
L∞(R+)

� Ct−δ1(k) ‖φ‖Z ,

if j � 0, k � 0, ∥∥∥〈η〉 5
2− j {η}k− j V1ξ jφ

∥∥∥
L∞(R−)

� Ct−δ2(k) ‖φ‖Z

if j � 0, k � 0, and∥∥∥〈η〉 5
2− j {η}k− j V2ξ jφ

∥∥∥
L∞(R)

� Ct−δ2(k) ‖φ‖Z

if j = 0,1,2, k � j.

Proof. We write V1ξ jφ −Ajφ = ∑4
k=1 Ik, where

I1 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)φ (ξ )Θ

(
ξ η−1)χ1 (ξ tσ )ξ jdξ

I2 = −φ (η)

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)Θ

(
ξ η−1)χ1 (ξ tσ )ξ jdξ

I3 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η) (φ (ξ )−φ (η))Θ

(
ξ η−1)χ2 (ξ tσ )ξ jdξ

I4 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)φ (ξ )

(
χ1
(
ξ η−1)−Θ

(
ξ η−1))χ2 (ξ tσ )ξ jdξ

for η > 0, with σ > 0. We have

〈η〉 5
2− j {η}k− j (|I1|+ |I2|) � Ct

1
2−σ(2+k)∥∥ξ−1φ

∥∥
L∞(R+) .

For the summand I3 we integrate by parts via the identity

e−itS(ξ ,η) = H1∂ξ

(
(ξ −η)e−itS(ξ ,η)

)
with H1 =

(
1− it (ξ −η)∂ξ S (ξ ,η)

)−1
,

to get

I3 = Ct
1
2

∫ ∞

0
e−itS(ξ ,η) 〈ξ 〉(φ (ξ )−φ (η))

× (ξ −η)∂ξ

(
H1Θ

(
ξ η−1)ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)
dξ

+Ct
1
2

∫ ∞

0
e−itS(ξ ,η) (ξ −η)H1Θ

(
ξ η−1)ξ j 〈ξ 〉−1 χ2 (ξ tσ )∂ξ (〈ξ 〉φ (ξ ))dξ .

Note that ∂ k
ξ Λ(ξ ) = O

(
ξ 3−k

)
, k = 0,1,2, also ∂ξ S (ξ ,η) = Λ′ (ξ )− η

|η|Λ
′ (η) . Hence

we find the estimates∣∣∣H1Θ
(
ξ η−1)ξ j 〈ξ 〉−1 χ2 (ξ tσ )

∣∣∣+ ∣∣∣(ξ −η)∂ξ

(
H1Θ

(
ξ η−1)ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)∣∣∣
� Cη j 〈η〉−1

1+ tη (ξ −η)2
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in the domain 2
3 t−σ < η

3 < ξ < 3η . Therefore we obtain

|I3| � Ct
1
2 η j 〈η〉−1

∫ 3η

η
3

〈ξ 〉 |φ (ξ )−φ (η)|
|ξ −η |

|ξ −η |dξ
1+ tη (ξ −η)2

+Ct
1
2 η j 〈η〉−1

∫ 3η

η
3

|ξ −η |∂ξ (〈ξ 〉φ (ξ ))dξ
1+ tη (ξ −η)2

for η > 2t−σ . By the Hardy inequality
∫ 3η

η
3

〈ξ 〉2|φ(ξ )−φ(η)|2
|ξ−η|2 dξ � C‖φ‖H1,1 and by the

Cauchy-Schwarz inequality we find

〈η〉 7
4− j {η}k− j |I3| � Ct

1
2 〈η〉 3

4 {η}k ‖φ‖H1,1

⎛⎜⎝∫ 3η

η
3

(ξ −η)2 dξ(
1+ tη (ξ −η)2

)2

⎞⎟⎠
1
2

� C 〈η〉 3
4 {η}k 〈tη3〉− 1

4 ‖φ‖H1,1 � Ct−δ1(k) ‖φ‖H1,1

for j,k � 0, since η > 2t−σ , where δ1 (0) = 1−3σ
4 and δ1 (k) = 1

4 if k � 1. To estimate
the integral I4 we integrate by parts via the identity

e−itS(ξ ,η) = H2∂ξ

(
ξ e−itS(ξ ,η)

)
(3.2)

with H2 =
(
1− itξ ∂ξS (ξ ,η)

)−1
, to get

I4 = Ct
1
2

∫ ∞

0
e−itS(ξ ,η) 〈ξ 〉φ (ξ )

ξ

× ξ 2∂ξ

((
χ1
(
ξ η−1)−Θ

(
ξ η−1))H2ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)
dξ

+Ct
1
2

∫ ∞

0
e−itS(ξ ,η) (χ1

(
ξ η−1)−Θ

(
ξ η−1))H2ξ j+1 〈ξ 〉−1 χ2 (ξ tσ )∂ξ (〈ξ 〉φ (ξ ))dξ .

Using ∂ k
ξ Λ(ξ ) = O

(
ξ 3−k

)
, k = 0,1,2, we find the estimates∣∣∣(χ1

(
ξ η−1)−Θ

(
ξ η−1))H2ξ j+1 〈ξ 〉−1 χ2 (ξ tσ )

∣∣∣
+
∣∣∣ξ 2∂ξ

((
χ1
(
ξ η−1)−Θ

(
ξ η−1))H2ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)∣∣∣� Cξ 1+ j 〈ξ 〉−1

1+ tξ η2

in the domain t−σ � ξ � 2
3 η or 3

2 η � ξ � 3η . Then we obtain

|I4| � Ct
1
2

∫ 3η

t−σ

〈ξ 〉 |φ (ξ )|
ξ

ξ 1+ j 〈ξ 〉−1 dξ
1+ tξ η2

+Ct
1
2

∫ 3η

t−σ

ξ 1+ j 〈ξ 〉−1 ∣∣∂ξ (〈ξ 〉φ (ξ ))
∣∣dξ

1+ tξ η2 .
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Hence by the Hardy inequality

|I4| � Ct
1
2 ‖φ‖H1,1

(∫ 3η

t−σ

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ η2)2

) 1
2

.

We obtain for 1
2 t−σ < η < 1∫ 3η

t−σ

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ η2)2 � Cη2 j+3

∫ 1

0

y2 j+2dy

(1+ tη3y)2 � Cη2 j+3 〈tη3〉−2

and for η � 1∫ 3η

t−σ

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ η2)2 � Ct−2η−4

∫ 3η

0
〈ξ 〉2 j−2 dξ � Ct−2η2 j−5.

Thus we have
〈η〉 5

2− j {η}k− j |I4| � Ct−δ2(k) ‖φ‖H1,1

for all t � 1, η > 0, where δ2 (0) = 1−3σ
2 , δ2 (1) = 1−σ

2 and δ2 (k) = 1
2 if k � 2. We

choose σ = 3
11 if k = 0, and σ = 1

4 if k � 1, then we get δ1 (0) = 1
22 , δ1 (k) = 1

4 if
k � 1. In the domain η < 0 we integrate by parts using the identity (3.2)

V1ξ jφ = Ct
1
2

∫ ∞

0
e−itS(ξ ,η)ξ 1+ jχ1

(
ξ |η |−1

)
χ1 (ξ tσ )φ (ξ )dξ

+Ct
1
2

∫ ∞

0
e−itS(ξ ,η) 〈ξ 〉φ (ξ )

ξ
ξ 2∂ξ

(
H2χ1

(
ξ |η |−1

)
ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)
dξ

+Ct
1
2

∫ ∞

0
e−itS(ξ ,η)ξ 1+ j 〈ξ 〉−1 χ2 (ξ tσ )χ1

(
ξ |η |−1

)
H2∂ξ (〈ξ 〉φ (ξ ))dξ .

Then as above we obtain 〈η〉 5
2− j {η}k− j ∣∣V1ξ jφ

∣∣�Ct−δ2(k) ‖φ‖H1,1 for all t � 1, η <

0, where δ2 (0) = 1−3σ
2 , δ2 (1) = 1−σ

2 and δ2 (k) = 1
2 if k � 2. We choose σ = 2

7 if
k = 0,1, and σ = 1

4 if k � 2, then we get δ2 (0) = 1
14 , δ2 (1) = 5

14 and δ2 (k) = 1
2 if

k � 2. To estimate V2ξ jφ we integrate by parts via the identity (3.2) to get V2ξ jφ =
∑7

k=5 Ik, where

I5 = Ct
1
2

∫ ∞

0
e−itS(ξ ,η)ξ 1+ jχ1 (ξ tσ )χ2

(
ξ |η |−1

)
φ (ξ )dξ ,

I6 = Ct
1
2

∫ ∞

0
e−itS(ξ ,η) 〈ξ 〉φ (ξ )

ξ
ξ 2∂ξ

(
H2χ2

(
ξ |η |−1

)
ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)
dξ ,

I7 = Ct
1
2

∫ ∞

0
e−itS(ξ ,η)ξ 1+ j 〈ξ 〉−1 χ2 (ξ tσ )χ2

(
ξ |η |−1

)
H2∂ξ (〈ξ 〉φ (ξ ))dξ .

As above we have 〈η〉 5
2− j {η}k− j |I5| � Ct

1
2−σ(2+k)

∥∥ξ−1φ
∥∥

L∞(R+) . Using ∂ k
ξ Λ(ξ ) =

O
(
ξ 3−k

)
, k = 0,1,2, we find the estimates∣∣∣ξ 2∂ξ

(
H2χ2

(
ξ |η |−1

)
ξ j 〈ξ 〉−1 χ2 (ξ tσ )

)∣∣∣
+
∣∣∣ξ 1+ j 〈ξ 〉−1 χ2

(
ξ |η |−1

)
χ2 (ξ tσ )H2

∣∣∣� Cξ 1+ j 〈ξ 〉−1

1+ tξ 3
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in the domain ξ � 3
2 |η | , ξ > t−σ , we obtain

|I6| � Ct
1
2

∫ ∞

3
2 |η|

〈ξ 〉 |φ (ξ )|
ξ

ξ 1+ j 〈ξ 〉−1 dξ
1+ tξ 3 ,

|I7| � Ct
1
2

∫ ∞

3
2 |η|

ξ 1+ j 〈ξ 〉−1 ∣∣∂ξ (〈ξ 〉φ (ξ ))
∣∣dξ

1+ tξ 3 .

Hence by the Hardy inequality

|I6|+ |I7| � Ct
1
2 ‖φ‖H1,1

(∫ ∞

max( 3
2 |η|,t−σ )

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ 3)2

) 1
2

.

We have for |η | < 1

∫ ∞

max( 3
2 |η|,t−σ )

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ 3)2 � C

∫ 3
2

t−σ

ξ 2+2 jdξ
(1+ tξ 3)2 +Ct−2

∫ ∞

3
2

ξ 2 j−6dξ

� Ct−
2 j
3 −1

∫ 3
2 t

1
3

t
1
3−σ

ξ 2 j+2 〈ξ 〉−6 dξ +Ct−2

if 0 � j � 2, and for |η | � 1

∫ ∞

max( 3
2 |η|,t−σ )

ξ 2+2 j 〈ξ 〉−2 dξ
(1+ tξ 3)2 � Ct−2

∫ ∞

3
2 |η|

ξ 2 j−6dξ � Ct−2 〈η〉2 j−5 .

Thus as above we have 〈η〉 5
2− j {η}k− j (|I6|+ |I7|) � Ct−δ2(k) ‖φ‖H1,1 for all t � 1 if

0 � j � 2. Lemma 3.1 is proved.

3.3. Asymptotics for the operator V ∗

We next consider the operator V ∗ . Since ‖V ∗φ‖L∞(R+) � C |t| 1
2 ‖ηφ‖L1(R) and

‖V ∗φ‖L2(R+) � C
∥∥∥|η | 1

2 φ
∥∥∥

L2(R)
, then by the Riesz interpolation theorem (see [18], p.

52) we have

‖V ∗φ‖Lp(R+) � C |t| 1
2− 1

p

∥∥∥|η |1− 1
p φ
∥∥∥

L
p

p−1
(3.3)

for 2 � p � ∞. In the next lemma we find the asymptotics of V ∗.

LEMMA 3.2. Let 0 � α < 5
2 . Then the following estimate is valid for all t � 1

‖V ∗φ −A∗
αξ α φ‖L∞(R+) � Cmax

(
t−

1
4 ,t

α−1
3

)∥∥∂η
(|η |α φ

)∥∥
L2(R) .
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Proof. We write V ∗φ −A∗
αξ α φ = ∑2

k=1 Ik, where

I1 =

√
|t|
2π

∫ ∞

0
eitS(ξ ,η) (ηα φ (η)− ξ αφ (ξ ))

∣∣Λ′′ (η)
∣∣Θ(ηξ−1)η−αdη ,

I2 =

√
|t|
2π

∫ ∞

−∞
eitS(ξ ,η) |η |α φ (η)

∣∣Λ′′ (η)
∣∣(1−Θ

(
ηξ−1)) |η |−α dη

for ξ > 0. In the integral I1 we use the identity eitS(ξ ,η) = H3∂η

(
(η − ξ )eitS(ξ ,η)

)
with H3 = (1+ it (η − ξ )∂ηS (ξ ,η))−1 , ∂ηS (ξ ,η) = −|Λ′′ (η)|(ξ −η) , and inte-
grate by parts

I1 = Ct
1
2

∫ ∞

0
eitS(ξ ,η) ηα φ (η)− ξ αφ (ξ )

η − ξ
× (η − ξ )2 ∂η

(
H3
∣∣Λ′′ (η)

∣∣η−α Θ
(
ηξ−1))dη

+Ct
1
2

∫ ∞

0
eitS(ξ ,η) (η − ξ )H3

∣∣Λ′′ (η)
∣∣η−α Θ

(
ηξ−1)∂η (ηα φ (η))dη .

Then applying the estimates Λ′′ (η) = O(η) ,∣∣(η − ξ )H3
∣∣Λ′′ (η)

∣∣η−α Θ
(
ηξ−1)∣∣

+
∣∣∣(η − ξ )2 ∂η

(
H3
∣∣Λ′′ (η)

∣∣η−α Θ
(
ηξ−1))∣∣∣� Cξ 1−α |η − ξ |

1+ tξ (η − ξ )2

in the domain 0 < 1
3 ξ � η � 3ξ , we find

|I1| � Ct
1
2 ξ 1−α ∥∥∂η (ηα φ)

∥∥
L2(R+)

⎛⎜⎝∫ 3ξ

1
3 ξ

(η − ξ )2 dη(
1+ tξ (η − ξ )2

)2

⎞⎟⎠
1
2

.

Changing η = yξ , we have∫ 3ξ

1
3 ξ

(η − ξ )2 dη(
1+ tξ (η − ξ )2

)2 � C
∫ 3

1
3

ξ 3 (1− y)2 dy(
1+ tξ 3 (1− y)2

)2 � Cξ 3

〈tξ 3〉 3
2

.

Hence |I1| � Cmax
(
t−

1
4 ,t−

1−α
3

)∥∥∂η
(|η |α φ

)∥∥
L2(R+) if 0 � α � 5

2 . In the integral

I2 using the identity eitS(ξ ,η) = H4∂η

(
ηeitS(ξ ,η)

)
with H4 = (1+ itη∂ηS (ξ ,η))−1 ,

∂ηS (ξ ,η) = −Λ′′ (η) (ξ −η) , we integrate by parts

I2 = Ct
1
2

∫ ∞

−∞
eitS(ξ ,η) |η |α φ (η)

η
η2∂η

(
H4
(
1−Θ

(
ηξ−1)) ∣∣Λ′′ (η)

∣∣ |η |−α)dη

+Ct
1
2

∫ ∞

−∞
eitS(ξ ,η)ηH4

(
1−Θ

(
ηξ−1))∣∣Λ′′ (η)

∣∣ |η |−α ∂η
(|η |α φ (η)

)
dη .
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Then using the estimates ∂ηS (ξ ,η) = O(η (ξ + |η |)) in the domains η < 1
3 ξ and

η � 3ξ > 0, we get∣∣η2∂η
(
H4
(
1−Θ

(
ηξ−1)) ∣∣Λ′′ (η)

∣∣ |η |−α)∣∣
+
∣∣ηH4

(
1−Θ

(
ηξ−1))∣∣Λ′′ (η)

∣∣ |η |−α ∣∣� C |η |2−α 〈η〉
1+ tη2 (ξ + |η |) .

Therefore by the Hardy inequality

|I2| � Ct
1
2
∥∥∂η
(|η |α φ

)∥∥
L2(R)

(∫ ∞

−∞

|η |4−2α dη
(1+ tη2 (ξ + |η |))2

) 1
2

.

We have ∫ ∞

−∞

|η |4−2α dη
(1+ tη2 (ξ + |η |))2 � C

∫ 1

0

|η |4−2α dη
(1+ tη2 (ξ + |η |))2

+Ct−2
∫ ∞

1
(ξ + |η |)−2 dη � Cmax

(
t−2,t−

5−2α
3

)
if 0 � α < 5

2 . Therefore we get |I2|�Cmax
(
t−

1
2 ,t−

1−α
3

)∥∥∂η
(|η |α φ

)∥∥
L2(R) . Lemma

3.2 is proved.

4. Commutators with V

First we estimate the Fourier type integral

W φ = t
1
2

∫
R+

e−itS(ξ ,η)q(ξ ,η)φ (ξ )dξ

in the L2 - norm. In the particular factorized case q(ξ ,η) = q1 (ξ )q2 (η) , with esti-

mate |q2 (μ (x))| � |Λ′′ (μ (x))| 1
2 , we find

‖W φ‖L2 � t
1
2

∥∥∥∥q2 (μ (x))
∣∣Λ′′ (μ (x))

∣∣− 1
2

∫
R+

eitxξ e−itΛ(ξ )q1 (ξ )φ (ξ )dξ
∥∥∥∥

L2

� C
∥∥∥e−itΛq1φ

∥∥∥
L2

= C‖q1φ‖L2 .

Next we obtain a more general result.

LEMMA 4.1. Suppose that
∣∣∣(η∂η )k q(ξ ,η)

∣∣∣�C 〈η〉−ν1 〈ξ 〉−ν2 {η}ν3 for all ξ ∈
R+, η ∈R , k = 0,1,2, where ν1 > 0, ν2 � 0, ν3 >−1 , ν2+ν3 > 0 . Then the estimate∥∥∥∥∣∣Λ′′∣∣ 12 W φ

∥∥∥∥
L2(R)

� C‖φ‖L2(R+)

⎧⎨⎩
1 if ν3 > 0,

log〈t〉 if ν3 = 0,

|t|− 1
2 ν3 if −1 < ν3 < 0

is true for all t � 1.
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Proof. We write

∥∥∥∥∣∣Λ′′∣∣ 12 W φ
∥∥∥∥2

L2(R)

= Ct
∫

R

dη
∣∣Λ′′∣∣∫

R+
dξ
∫

R+
dζeit(S(ζ ,η)−S(ξ ,η))q(ξ ,η)φ (ξ )q(ζ ,η)φ (ζ )

= Ct
∫

R+
dξ e−itΛ(ξ )φ (ξ )

∫
R+

dζeitΛ(ζ )φ (ζ )K (ξ ,ζ ) ,

where the kernel

K (ξ ,ζ ) =
∫

R

dη
∣∣Λ′′∣∣eit η

|η| Λ
′(η)(ξ−ζ )

q(ξ ,η)q(ζ ,η).

Integrating two times by parts via the identity

e
it η
|η| Λ

′(η)(ξ−ζ ) = H5∂η

(
ηe

it η
|η| Λ

′(η)(ξ−ζ )
)

with H5 = (1+ itη |Λ′′ (η)|(ξ − ζ ))−1

we get

K (ξ ,ζ ) =
∫

R

e
it η
|η| Λ

′(η)(ξ−ζ )η∂η

(
H5η∂η

(
H5
∣∣Λ′′∣∣q(ξ ,η)q(ζ ,η)

))
dη .

Since

∣∣∣η∂η

(
H5η∂η

(
H5
∣∣Λ′′∣∣q(ξ ,η)q(ζ ,η)

))∣∣∣� C |Λ′′|{η}2ν 〈η〉−2ν1 〈ξ 〉−ν2 〈ζ 〉−ν2

(1+ tη2 |ξ − ζ |)2 ,

we get

|K (ξ ,ζ )| � C 〈ξ 〉−ν2 〈ζ 〉−ν2

∫ 1

0

η1+2ν3dη
(1+ tη2 |ξ − ζ |)2 +C

∫ ∞

1

η−2ν1dη
(1+ tη2 |ξ − ζ |)2

� C 〈ξ 〉−ν2 〈ζ 〉−ν2 (t |ξ − ζ |)−1−ν3

∫ (t|ξ−ζ |) 1
2

0
η1+2ν3 〈η〉−4 dη

+C (|ξ − ζ | t)2ν3−1
∫ ∞

t|ξ−ζ |
η−2ν1 〈η〉−4 dη

� C 〈ξ − ζ 〉−ν2 〈(ξ − ζ )t〉−1−ν3 +C (|ξ − ζ |t)2ν1−1 〈(ξ − ζ )t〉−3−2ν1
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if ν3 > −1. Then by the Cauchy-Schwarz inequality and Young inequality we obtain∥∥∥∥∣∣Λ′′∣∣ 12 W φ
∥∥∥∥2

L2(R)

� Ct ‖φ‖L2(R+)

∥∥∥∥∫
R+

〈(ξ − ζ )t〉−1−ν3 〈ξ − ζ 〉−ν2 |φ (ζ )|dζ
∥∥∥∥

L2(R+)

+Ct ‖φ‖L2(R+)

∥∥∥∥∫
R+

(|ξ − ζ |t)2ν1−1 〈(ξ − ζ )t〉−3−2ν1 |φ (ζ )|dζ
∥∥∥∥

L2(R+)

� C |t|
(∥∥∥〈ξ t〉−1−ν3 〈ξ 〉−ν2

∥∥∥
L1(R)

+
∥∥∥|ξ t|2ν1−1 〈ξ t〉−3−2ν1

∥∥∥
L1(R)

)
‖φ‖2

L2(R+)

� C‖φ‖2
L2(R+)

(
|t|
∫ |t|−1

0
dξ + |t|−ν3

∫ 1

|t|−1
ξ−1−ν3dξ

+ |t|−ν3

∫ ∞

1
ξ−1−ν3−ν2dξ +

∫ ∞

0
ξ 2ν1−1 〈ξ 〉−3−2ν1 dξ

)

� C‖φ‖2
L2(R+)

⎧⎨⎩
1 if ν3 > 0,

log〈t〉 if ν3 = 0,

|t|−ν3 if −1 < ν3 < 0

if ν1 > 0, ν3 > −1, ν2 > −ν3. Lemma 4.1 is proved.
Consider the commutator [h,V1] .

LEMMA 4.2. Let φ (0) = 0. Suppose that h ∈ C4 (R+) and ∂ k
ξ h(ξ ) = O

(
ξ ρ−k

)
for all ξ ∈ R+ , 0 � k � 4. Then the following estimate is true∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β t [h,V1]ξ jφ

∥∥∥∥
L2(R)

� C‖φ‖H1,1(R+)

for all t � 1, if α > 2− j−ρ , β < 2−ρ −max( j−1,0), j � 0.

Proof. Integration by parts yields {η}α 〈η〉β t [h,V1]ξ jφ = I1 + I2, where

I1 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)q1 (ξ ,η)∂ξ (〈ξ 〉φ (ξ ))dξ

I2 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)q2 (ξ ,η)

〈ξ 〉φ (ξ )
ξ

dξ ,

with q1 (ξ ,η)= h(η)−h(ξ )
i∂ξ S(ξ ,η) {η}α 〈η〉β {ξ} j 〈ξ 〉 j−1 χ1

(
ξ |η |−1

)
and q2 (ξ ,η)= ξ ∂ξ q1 (ξ ,η) .

Since ∂ξ S (ξ ,η) = Λ′ (ξ )− η
|η|Λ

′ (η) , ∂ k
ξ Λ(ξ ) = O

(
ξ 3−k

)
, we estimate

q1 (ξ ,η) = O

(
|η |ρ−1

ξ + |η | {η}α 〈η〉β {ξ} j 〈ξ 〉 j−1 χ1

(
ξ |η |−1

))
= O

(
{η}ρ+α+ j−2 〈η〉ρ+β−2+max( j−1,0)

)
,
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since ξ � 3 |η | . In the same manner q2 (ξ ,η)= O
(
{η}ρ+α+ j−2 〈η〉ρ+β−2+max( j−1,0)

)
.

Hence taking ν = min(ρ + α + j−2,2−max( j−1,0)−ρ −β ) > 0, we get∣∣∣(η∂η )k ql (ξ ,η)
∣∣∣ � C{η}ν 〈η〉−ν for all ξ ∈ R+, η ∈ R , k = 0,1,2. Then by

the Hardy inequality and by Lemma 4.1 we have
∥∥∥|Λ′′| 1

2 Ik
∥∥∥

L2(R)
� C‖φ‖H1,1(R+) for

k = 1,2. Lemma 4.2 is proved.
In the next lemma we estimate the operator V2.

LEMMA 4.3. Let φ (0) = 0. Then the following estimate is true

∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β tV2ξ jφ
∥∥∥∥

L2(R)
� C‖φ‖H1,1(R+)

⎧⎨⎩
1 if α > 2− j,

log〈t〉 if α = 2− j,

|t| 2− j−α
2 if 1− j < α < 2− j

for all t � 1, if 0 � j � 3, α � 0, α > 1− j, β < min(3− j,1+ α).

Proof. Integration by parts yields {η}α 〈η〉β tV2ξ jφ = I1 + I2, where

I1 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)q̃1 (ξ ,η)∂ξ (〈ξ 〉φ (ξ ))dξ ,

I2 =

√
|t|
2π

∫ ∞

0
e−itS(ξ ,η)q̃2 (ξ ,η)

〈ξ 〉φ (ξ )
ξ

dξ ,

where q1 (ξ ,η) = {η}α 〈η〉β ξ j〈ξ 〉−1

i∂ξ S(ξ ,η) χ2

(
ξ |η |−1

)
, q2 (ξ ,η) = ξ ∂ξ q1 (ξ ,η) . Next we

have q1 (ξ ,η) = O
(
{η}α+ j−2 〈η〉β (〈η〉+ 〈ξ 〉) j−3

)
and

q2 (ξ ,η)= O
(
{η}α+ j−2 〈η〉β (〈η〉+ 〈ξ 〉) j−3

)
. Hence we have

∣∣∣(η∂η )k ql (ξ ,η)
∣∣∣�

C 〈η〉−ν1 〈ξ 〉−ν2 {η}ν3 , for all ξ ∈ R+, η ∈ R , k = 0,1,2, l = 1,2, with 0 < ν1 <
1 + α − β , ν1 � 3− j− β , ν2 = 3− j− β − ν1 � 0, ν3 = α + j− 2 > −1, so that
ν2 + ν3 > 0. Then by the Hardy inequality and by Lemma 4.1 we get

∥∥∥∥∣∣Λ′′∣∣ 12 Ik

∥∥∥∥
L2(R)

� C‖φ‖H1,1(R+)

⎧⎨⎩
1 if ν3 > 0,

log〈t〉 if ν3 = 0,

|t|− 1
2 ν3 if −1 < ν3 < 0,

k = 1,2. Lemma 4.3 is proved.
In the next lemma, we estimate the derivatives ∂ηVk.

LEMMA 4.4. Let φ (0) = 0. Then the following estimates are true for all t � 1∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β ∂ηV1ξ jφ
∥∥∥∥

L2(R)
� C‖φ‖H1,1(R+) ,
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if α > − j, β < min(1− j,0) , j � 0, and∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β ∂ηV2ξ jφ
∥∥∥∥

L2(R)
� C‖φ‖H1,1(R+) ,

if α � −1, α > − j, β < min(1− j,1+ α), 0 � j � 2.

Proof. Since A1V = V iξ with A1 = A0 + iη , A0 = 1
t|Λ′′(η)|∂η , then we obtain

the commutator ∂ηV = t |Λ′′ (η)| [iη ,V ] . By Lemma 4.2 we find∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β ∂ηV1ξ jφ
∥∥∥∥

L2(R)
� Ct

∥∥∥∥∣∣Λ′′∣∣ 12 {η}α+1 〈η〉β+1 [η ,V1]ξ jφ
∥∥∥∥

L2(R)

� C‖φ‖H1,1(R+)

for all t � 1, if α > − j, β < min(1− j,0) , j � 0. Also by Lemma 4.3 we get∥∥∥∥∣∣Λ′′∣∣ 12 {η}α 〈η〉β ∂ηV2ξ jφ
∥∥∥∥

L2(R)
� Ct

∥∥∥∥∣∣Λ′′∣∣ 12 {η}α+2 〈η〉β+2 V2ξ jφ
∥∥∥∥

L2(R)

+Ct

∥∥∥∥∣∣Λ′′∣∣ 12 {η}α+1 〈η〉β+1 V2ξ j+1φ
∥∥∥∥

L2(R)
� C‖φ‖H1,1(R+)

for all t � 1, if α � −1, α > − j, β < min(1− j,1+ α), 0 � j � 2. Lemma 4.4 is
proved.

5. Commutators with V ∗

First we estimate the Fourier type integral in the L2 - norm

I = t
1
2

∫
R+

eitS(ξ ,η)q(ξ ,η)
∣∣Λ′′ (η)

∣∣ 12 φ (η)dη .

Consider a particular factorized case q(ξ ,η) = q1 (ξ )q2 (η) , with estimate |q1 (ξ )| �
C . Then we find

‖I‖L2(R+) � t
1
2

∥∥∥∥∫
R+

e−itxξ Mq2 (μ (x))
∣∣Λ′′ (μ (x))

∣∣− 1
2 φ (μ (x))dx

∥∥∥∥
L2

ξ (R+)

� C

∥∥∥∥q2 (μ (x))
∣∣Λ′′ (μ (x))

∣∣− 1
2 φ (μ (x))

∥∥∥∥
L2

x(R+)
= C‖q2 (η)φ (η)‖L2

η
.

In particular taking q1 (ξ ) = 1, q2 (η) = |Λ′′ (η)| 1
2 , we obtain ‖V ∗θ (η)φ‖L2(R+) �

C
∥∥∥|Λ′′| 1

2 φ
∥∥∥

L2(R+)
.

In the next lemma we generalize this result.
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LEMMA 5.1. Suppose that
∣∣∣(ξ ∂ξ

)k
q(ξ ,η)

∣∣∣�C{ξ}ν 〈ξ 〉−ν for all ξ , η ∈ R+ ,

k = 0,1,2, where ν > 0. Then the estimate ‖I‖L2(R+) � C‖φ‖L2(R+) is true for all
t � 1.

Proof. Changing η = μ (x) , we find

‖I‖2
L2(R+) = Ct

∫ ∞

0
dξ
∫

R+
eitS(ξ ,μ(x))q(ξ ,μ (x))φ (μ (x))

∣∣Λ′′ (μ (x))
∣∣− 1

2 dx

×
∫

R+
e−itS(ξ ,μ(y))q(ξ ,μ (y))φ (μ (y))

∣∣Λ′′ (μ (y))
∣∣− 1

2 dy

=Ct
∫

R+
Mφ (μ (x))

∣∣Λ′′ (μ (x))
∣∣− 1

2 dx

×
∫

R+
Mφ (μ (y))

∣∣Λ′′ (μ (y))
∣∣− 1

2 dyK (t,x,y) ,

where
K (t,x,y) =

∫ ∞

0
eitξ (y−x)q(ξ ,μ (x))q(ξ ,μ (y))dξ .

Integrating two times by parts via the identity eitξ (y−x) = H6∂ξ

(
ξ eitξ (y−x)

)
with H6 =

(1+ itξ (y− x))−1 we get

K (t,x,y) =
∫ ∞

0
eitξ (y−x)ξ ∂ξ

(
ξH6∂ξ

(
H6q(ξ ,μ (x))q(ξ ,μ (y))

))
dξ .

Since ∣∣∣ξ ∂ξ

(
ξH6∂ξ

(
H6q(ξ ,μ (x))q(ξ ,μ (y))

))∣∣∣� C{ξ}2ν 〈ξ 〉−2ν

(1+ tξ |y− x|)2

we find

|K (t,x,y)| � C
∫ 1

0

ξ 2νdξ
(1+ tξ |y− x|)2 +C

∫ ∞

1

ξ−2νdξ
(1+ tξ |y− x|)2

� C 〈(y− x)t〉−1−2ν +C |(y− x)t|2ν−1 〈(y− x)t〉−1−2ν

if ν > 0. Then by the Hölder and the Young inequalities we obtain

‖I‖2
L2(R+) � Ct

∥∥∥∥∣∣Λ′′ (μ (x))
∣∣− 1

2 φ (μ (x))
∥∥∥∥

L2
x(R+)

×
(∥∥∥∥∫ ∞

0
〈(y− x)t〉−1−2ν ∣∣Λ′′ (μ (y))

∣∣− 1
2 |φ (μ (y))|dy

∥∥∥∥
L2

x(R+)

+
∥∥∥∥∫ ∞

0
|(y− x)t|2ν−1 〈(y− x)t〉−1−2ν ∣∣Λ′′ (μ (y))

∣∣− 1
2 |φ (μ (y))|dy

∥∥∥∥
L2

x(R+)

)

� Ct

(∥∥∥〈xt〉−1−2ν
∥∥∥

L1
x(R)

+
∥∥∥|xt|2ν−1 〈xt〉−1−2ν

∥∥∥
L1

x(R)

)
‖φ‖2

L2
η (R+)

� C‖φ‖2
L2

η (R+) ,
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since ν > 0. Lemma 5.1 is proved.
In the next lemma we estimate the commutator [h,V ∗] . We denote q1 (ξ ,η) =

h(ξ )−h(η)
ξ−η , q2 (ξ ,η) = η∂ηq1 (ξ ,η) and q̃l (ξ ,η) = ql (ξ ,η)−〈ξ 〉−2 ql (0,η) .

LEMMA 5.2. Assume that
∣∣∣(ξ ∂ξ

)k
q̃l (ξ ,η)

∣∣∣�C{ξ}〈ξ 〉−1 for all ξ ,η > 0 , k =
0,1,2, l = 1,2. Also suppose that |ql (0,η)| � C. Then the estimate

‖[h,V ∗]θ (η)φ (η)‖L2(R+) � C

∥∥∥∥∣∣Λ′′∣∣ 12 A0φ
∥∥∥∥

L2(R+)
+Ct−1

∥∥∥|η |− 3
2 φ (η)

∥∥∥
L2(R+)

is true for all t � 1.

Proof. Since ∂ηS (ξ ,η) = −|Λ′′ (η)|(ξ −η) , integrating by parts we obtain
it [h,V ∗

1 ]φ = ∑4
k=1 Ik, where

I1 = 〈ξ 〉−2

√
|t|
2π

∫
R+

eitS(ξ ,η)q1 (0,η)∂η (θ (η)φ (η))dη ,

I2 = 〈ξ 〉−2

√
|t|
2π

∫
R+

eitS(ξ ,η)q2 (0,η)
φ (η)

η
dη ,

I3 =

√
|t|
2π

∫
R+

eitS(ξ ,η)q̃1 (ξ ,η)∂η (θ (η)φ (η))dη ,

I4 =

√
|t|
2π

∫
R+

eitS(ξ ,η)q̃2 (ξ ,η)
φ (η)

η
dη .

Using inequality ‖V ∗θ (η)φ‖L2(R+) =
∥∥∥|Λ′′| 1

2 φ
∥∥∥

L2(R+)
, we get

‖I1‖L2(R+) � C
∥∥∥|Λ′′| 1

2 tA0φ
∥∥∥

L2(R+)
and ‖I2‖L2(R+) � C

∥∥∥|η |− 3
2 φ (η)

∥∥∥
L2(R+)

.

Next using the assumption of the lemma, we apply Lemma 5.1 with ν = 1 to get

‖I3‖L2(R+) �C
∥∥∥|Λ′′| 1

2 tA0φ
∥∥∥

L2(R+)
and ‖I4‖L2(R+) �C

∥∥∥|η |− 3
2 φ (η)

∥∥∥
L2(R+)

. Lemma

5.2 is proved.

6. A priori estimates

6.1. Estimates for the nonlinearity

Define the norm
‖φ‖Y =

∥∥∥ξ−1 〈ξ 〉2 φ
∥∥∥

L∞(R+)
+〈t〉−γ ∥∥〈ξ 〉φξ

∥∥
L2(R+) +〈t〉−γ ‖〈ξ 〉φ‖L2(R+) .

LEMMA 6.1. Assume that ‖ϕ̂‖Y � ε . Then the asymptotics

tFU (−t)u3 = eitΩ(ξ )D3
1

iΛ′′ (ξ )
ϕ̂3 +

3
Λ′′ (ξ )

|ϕ̂ |2 ϕ̂ +O
(

ε3tγ− 1
22

)
is true for all t � 1 , ξ > 0, where ϕ̂ (t) = FU (−t)u(t) , Ω(ξ ) = Λ(ξ )−3Λ

(
ξ
3

)
.



Differ. Equ. Appl. 10, No. 4 (2018), 341–367. 359

Proof. In view of the factorization formula (2.1) we find

tFU (−t)u3 = eitΩD3V
∗ (3t)ψ3 +3V ∗ (t) |ψ |2 ψ

+3D−1V
∗ (−t) |ψ |2 ψ + eitΩD−3V

∗ (−3t)ψ3,

where ψ = V ϕ̂ . By Lemma 3.2 with α = 3
4 , we get

V ∗ (3t)ψ3 = A∗
3
4
(3t)ξ

3
4 ψ3 +O

(
t−

1
12

∥∥∥∂η

(
|η | 3

4 ψ3
)∥∥∥

L2(R)

)
.

By Lemma 3.1 with j = 0, we have

〈η〉 |ψ | � |〈η〉V1ϕ̂ |+ |〈η〉V2ϕ̂ |
� C

∥∥∥ξ− 1
2 〈ξ 〉 ϕ̂

∥∥∥
L∞(R+)

+Ctγ− 1
22 ‖ϕ̂‖Y � Cε.

for η ∈ R . Next applying Lemma 4.4 with α = 1
4 , β = −1, j = 0 we get∥∥∥|Λ′′| 1

2 {η} 1
4 〈η〉−1 ∂ηψ

∥∥∥
L2(R)

� Cεtγ . Therefore

V ∗ (3t)ψ3 = A∗
3
4
(3t)ξ

3
4 ψ3 + O

(
ε3tγ− 1

12

)
. Again by Lemma 3.1 with j = 0,

we have ψ = A0ϕ̂ + O
(

εtγ− 1
22

)
. Then using the asymptotics A0 (t,ξ ) = 1√

iΛ′′(ξ )
+

O
(
t

1
2 ξ
〈
tξ 3
〉−1
)

and A∗
3
4
(3t,ξ )ξ

3
4 =
√

iΛ′′ (ξ )+O
(

ξ 2t
1
2
〈
tξ 3
〉−1
)

, we get

V ∗ (3t)ψ3 = A∗
3
4
(3t)ξ

3
4 (A0ϕ̂)3 +O

(
ε3tγ− 1

22

)
=

1
iΛ′′ (ξ )

ϕ̂3 +O
(

ε3tγ− 1
22

)
.

In the same manner we find for the second summand

V ∗ (t) |ψ |2 ψ = A∗
3
4
(t)ξ

3
4 |A0ϕ̂ |2 A0ϕ̂ +O

(
ε3tγ− 1

22

)
=

1
Λ′′ (ξ )

|ϕ̂|2 ϕ̂ +O
(

ε3tγ− 1
22

)
.

The third and fourth terms are remainders D−1V
∗ (−t) |ψ |2 ψ = O

(
ε3tγ− 1

22

)
and

D−3V
∗ (−3t)ψ3 = O

(
ε3tγ− 1

22

)
. Lemma 6.1 is proved.

6.2. Uniform norm

We prove a priori estimate for the uniformnorm ‖ϕ̂‖ST
= supt∈[1,T ]

∥∥∥ξ−1 〈ξ 〉2 φ
∥∥∥

L∞

uniformly in time T > 1. Also we define the norm
‖u‖QT

= supt∈[1,T ] t
−γ (‖J u(t)‖H1 +‖u(t)‖H1

)
with some small γ > 0.
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LEMMA 6.2. Assume that ‖u‖QT
� Cε for any T > 1 and for sufficiently small

ε. Then the estimate ‖ϕ̂‖ST
< Cε is true.

Proof. By the contradiction we can find the first time T1 ∈ (1,T ] such that
‖ϕ̂‖ST1

= Cε. We use equation (2.1) for ϕ̂ = FU (−t)u(t) . In view of Lemma

6.1, we get

∂t y = eitΩD3
1

itΛ′′ (ξ )
ϕ̂3 +

3iξ
tΛ′′ (ξ )〈ξ 〉2 |ϕ̂ |

2 y+O
(

ε3tγ− 1
22−1
)

.

where y(t,ξ ) = ξ−1 〈ξ 〉2 ϕ̂ (t,ξ ) . Choosing

Ψ(t,ξ ) = exp
(
− 3iξ

|Λ′′(ξ )|〈ξ 〉2
∫ t
1 |ϕ̂ (τ,ξ )|2 dτ

τ

)
, we get

∂t (y(t,ξ )Ψ(t,ξ )) = Ψ(t,ξ )eitΩD3
1

itΛ′′ (ξ )
ϕ̂3 +O

(
ε3tγ− 1

22−1
)

.

Integration in time yields

|y(t,ξ )Ψ(t,ξ )| � |y(0,ξ )|

+C

∣∣∣∣∫ t

0
Ψ(τ,ξ )eiτΩD3

1
Λ′′ (ξ )

ϕ̂3 dτ
τ

∣∣∣∣+O
(
ε3) .

Integrating by parts we get |y(t,ξ )| � ε +O
(
ε3
)

< Cε for ξ > 0. Since the solution

u is real, we have ϕ̂ (t,ξ ) = ϕ̂ (t,−ξ ) . Therefore ‖ϕ̂‖ST1
< Cε. This is the desired

contradiction. Lemma 6.2 is proved.

6.3. L2 - norm

We consider a-priori estimates in L2 - norm uniformly in time.

LEMMA 6.3. Suppose that ‖ϕ̂‖ST
� Cε for any T > 1 and for sufficiently small

ε. Then the estimate ‖u‖QT
< Cε is true.

Proof. Arguing by contradiction, we can find the first time T1 ∈ (1,T ] such that
‖u‖QT1

= Cε. By the energy method we get d
dt ‖u‖H1 �C‖uux‖L∞ ‖u‖H1 . Via Lemma

3.1 we have |ψk| � Cε, therefore
∥∥∂ k

x u
∥∥

L∞ = ‖DtMBψk‖L∞

� Ct−
1
2 ‖ψk‖L∞ � Cεt−

1
2 , k = 0,1, from which it follows that

d
dt ‖u‖H3 � Cε2t−1 ‖u‖H1 . Integration in time yields ‖u‖H1 � ε +Cε3tγ . Note

that ‖J u‖H1 =
∥∥〈ξ 〉 ϕ̂ξ

∥∥
L2(R+) . To estimate the norm

∥∥〈ξ 〉 ϕ̂ξ
∥∥

L2(R+) we differentiate
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equation (2.1) to get ∂t 〈ξ 〉 ϕ̂ξ = ∑10
k=1 Ik, where

I1 =
1

t 〈ξ 〉e
itΩD3iξ ∂ξ V ∗ (3t)ψ3, I2 =

3
t 〈ξ 〉 iξ ∂ξ V ∗ (t) |ψ |2 ψ ,

I3 =
3

t 〈ξ 〉D−1iξ ∂ξ V ∗ (−t) |ψ |2 ψ , I4 =
1

t 〈ξ 〉e
itΩD−3iξ ∂ξ V ∗ (−3t)ψ3,

I5 =

(
〈ξ 〉∂ξ

iξ
〈ξ 〉2

)
FU (−t)u3,

I6 = −ξ Ω′

〈ξ 〉 eitΩ (D3V
∗ (3t)ψ3 +D−3V

∗ (−3t)ψ3) .
Consider the first term I1 = 1

t〈ξ 〉e
itΩD3iξ ∂ξ V ∗ (3t)ψ3. Denote ω j = V1 (iξ ) j ϕ̂ and

r j = V2 (iξ ) j ϕ̂, then we substitute ψ = ω + r. Hence ψ3 =
(
r2 +3ω2 +3rω

)
r + ω3.

Then

I1 =
1

t 〈ξ 〉e
itΩD3iξ ∂ξ V ∗ (3t)

(
r2 +3ω2 +3rω

)
r

+
1

t 〈ξ 〉e
itΩD3iξ ∂ξ V ∗ (3t)ω3 = I11 + I12.

In view of the identity iξV ∗φ = V ∗A1φ we find

t−1iξ ∂ξ V ∗ = −ξ Λ′ (ξ )V ∗ + ξV ∗ η
|η |Λ

′ (η)

=
Λ′ (ξ )

(iξ )2
V ∗A 3

1 −V ∗
[
A1,

η
|η |Λ

′ (η)
]
−V ∗ η

|η |Λ
′ (η)A1.

Hence I11 = I13 + I14 + I15, where

I13 =
i

〈ξ 〉e
itΩD3

Λ′ (ξ )

(iξ )2 V ∗ (3t)A 3
1 (3t)

(
r2 +3ω2 +3rω

)
r

I14 = − i
〈ξ 〉e

itΩD3V
∗ (3t)

[
A1 (3t) ,

η
|η |Λ

′ (η)
](

r2 +3ω2 +3rω
)
r

I15 = − i
〈ξ 〉e

itΩD3V
∗ (3t)

η
|η |Λ

′ (η)A1 (3t)
(
r2 +3ω2 +3rω

)
r.

We have

I13 =
i

〈ξ 〉e
itΩD3

Λ′ (ξ )

(iξ )2 V ∗ (3t)(3((r+2ω)ω3 +6ω1ω2)r

+18
(
ω2

1 + ψω2
)
r1 +18ψω1r2 +3ψ2r3 +18ω1r

2
1 +18(r+ ω)r1r2 +6r3

1

)
=

i
〈ξ 〉e

itΩD3
Λ′ (ξ )

(iξ )2 (I16 + I17 + I18) ,
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with I16 = 3∑3
j=0 V ∗ (3t)

(
B3− jr j

)
, I17 = 18V ∗ (3t)

(
ω1r2

1 + ψr1r2
)
,

I18 = 6V ∗ (3t)r3
1, and B0 = ψ2, B1 = 6ψω1, B2 = 6

(
ω2

1 + ψω2
)

and B3 =
(ψ + ω)ω3 +6ω1ω2. Also we represent

I14 = − i
t 〈ξ 〉e

itΩD3V
∗ (3t)

(
r2 +3ω2 +3rω

)
r

and

I15 = − 3i
〈ξ 〉e

itΩD3V
∗ (3t)

η
|η |Λ

′ (η)
(
ψ2r1 +(ω + ψ)ω1r

)
.

We have ‖I16‖L2 � C∑3
j=0

∥∥∥|Λ′′| 1
2
∣∣B3− j

∣∣r j

∥∥∥
L2

. Next using Lemma 3.1 we find

∑3
j=0

∥∥∥〈η〉 7
2 η− jB j

∥∥∥
L∞(R+)

�C‖ϕ̂‖2
Y , j = 0,1,2,3, then by Lemma 4.3 with α =

3− j, β = − j, 0 � j � 3, we get

‖I16‖L2(R+) � C‖ϕ̂‖2
Y

3

∑
j=0

∥∥∥∥∣∣Λ′′∣∣ 12 {η}3− j 〈η〉− j r j

∥∥∥∥
L2(R)

� Ctγ−1 ‖ϕ̂‖3
Y .

Next by Lemma 3.1 we estimate ‖〈η〉 r1‖L∞(R) � Ctγ− 5
14 ‖ϕ̂‖Y ,

∥∥∥{η}−1 ω1

∥∥∥
L∞(R)

�
C‖ϕ̂‖Y , ‖〈η〉ψ‖L∞(R) � C‖ϕ̂‖Y , then by Lemma 4.3 with α = 2− j, β = − j, 0 �
j � 2, we find

‖I17‖L2(R+) = C
∥∥V ∗ (3t)

(
ω1r

2
1 + ψr1r2

)∥∥
L2(R+)

� C‖〈η〉 r1‖L∞(R)

(∥∥∥〈η〉{η}−1 ω1

∥∥∥
L∞(R)

+‖〈η〉ψ‖L∞(R)

)
×

2

∑
j=1

∥∥∥∥∣∣Λ′′∣∣ 12 {η}2− j 〈η〉− j r j

∥∥∥∥
L2(R)

� Ct2γ− 5
14−1 log〈t〉‖ϕ̂‖3

Y � Ct−1‖ϕ̂‖3
Y .

Also by estimate (3.3) with p = 2+ γ, then by Lemma 4.3 with α = p−2
2p > 0, β = 0,

j = 1, we obtain∥∥∥〈ξ 〉−1 I18

∥∥∥
L2(R+)

� C
∥∥V ∗ (3t)r3

1

∥∥
Lp(R+) � C |t| 1

2− 1
p

∥∥∥|η |1− 1
p r3

1

∥∥∥
L

p
p−1 (R)

� C |t| p−2
2p ‖〈η〉 r1‖2

L∞(R)

∥∥∥〈η〉−1
∥∥∥

L
2p
p−2 (R)

∥∥∥∥∣∣Λ′′∣∣ 12 {η} p−2
2p r1

∥∥∥∥
L2(R)

� Ct−
5
7− 1

2 +4γ ‖ϕ̂‖3
Y � Ct−1‖ϕ̂‖3

Y .

Next we estimate

‖I14‖L2(R+) � Ct−1
(
‖ω‖2

L∞(R) +‖r‖2
L∞(R)

)∥∥∥∥∣∣Λ′′∣∣ 12 r

∥∥∥∥
L2(R)

� Ct−1 ‖ϕ̂‖3
Y
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and

‖I15‖L2(R+) � C

∥∥∥∥V ∗ (3t)
η
|η |Λ

′ (η)
(
ψ2r1 +(ω + ψ)ω1r

)∥∥∥∥
L2(R+)

� C
(
‖〈η〉ω‖2

L∞(R) +‖〈η〉r‖2
L∞(R)

) 1

∑
j=0

∥∥∥∥∣∣Λ′′∣∣ 12 {η}3− j 〈η〉2− j r j

∥∥∥∥
L2(R)

� Ctγ−1 ‖ϕ̂‖3
Y .

Thus we get ‖I11‖L2 � Ctγ−1 ‖ϕ̂‖3
Y . Next we consider

I12 = 3
t〈ξ 〉e

itΩD3∂ξ V ∗ (3t)ω2ω1 + i
t〈ξ 〉e

itΩD3V
∗ (3t)ω3. We have

∂ξ V ∗ =
[

ξ
|ξ |Λ

′,V ∗
]
. Also we have the identity A l

1 = ∑l−1
j=0 (iη) j A0A

l−1− j
1 +

(iη)l , therefore [
(iξ )l h,V ∗

]
= h(ξ )V ∗A l

1 −V ∗h(η)(iη)l

=
l−1

∑
j=0

h(ξ )V ∗θ (η) (iη) j A0A
l−1− j
1 +[h,V ∗]θ (η) (iη)l

+h(ξ )V ∗ (1−θ (η))A l
1 −V ∗ (1−θ (η))h(η)(iη)l . (6.1)

We take h(ξ ) = Λ′(ξ )
(iξ )2

, l = 2, then

∂ξ V ∗ =
1

∑
j=0

h(ξ )V ∗θ (η)(iη) j A0A
1− j
1 +[h,V ∗]θ (η)(iη)2

+h(ξ )V ∗ (1−θ (η))A 2
1 −V ∗ (1−θ (η))h(η)(iη)2 .

Applying Lemma 5.2 with h(ξ ) = Λ′(ξ )
ξ 2 we get the estimate

∥∥∂ξ V ∗ (3t)ω2ω1
∥∥

L2(R+) � Ct−1

∥∥∥∥∣∣Λ′′∣∣ 12 {η}−1 〈η〉−1 ∂η
(
ω2ω2 +2ωω2

1

)∥∥∥∥
L2(R+)

+Ct−1

∥∥∥∥∣∣Λ′′∣∣ 12 〈η〉∂η ω2ω1

∥∥∥∥
L2(R+)

+Ct−1
∥∥∥η

1
2 ω2ω1

∥∥∥
L2(R+)

+C

∥∥∥∥∣∣Λ′′∣∣ 12 (ω2ω3 + ωω1ω2 + ω3
1 + η2ω2ω1

)∥∥∥∥
L2(R−)

.

Next applying Lemma 4.4 with α = 1− j, β = − j, j � 0 we get∥∥∥|Λ′′| 1
2 {η}1− j 〈η〉− j ∂ηω j

∥∥∥
L2(R+)

�Ctγ ‖ϕ̂‖Y and by Lemma 3.1 with k = 1 we

find
∥∥∥〈η〉 5

2− j {η}1− j ω j

∥∥∥
L∞(R−)

�Ctγ− 5
14 ‖ϕ̂‖Y for j � 0. Hence ‖I12‖L2 �Ctγ−1 ‖ϕ̂‖3

Y

and therefore ‖I1‖L2 �Ctγ−1 ‖ϕ̂‖3
Y . In the same manner we estimate I2, I3, I4 and I5.
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Consider now the term I6. Again we substitute ψ3 =
(
r2 +3ω2 +3rω

)
r + ω3,

then I6 = I19 + I20, where

I19 = − 27iΩ′

ξ 2 〈ξ 〉e
itΩD3 (iξ )3 V ∗ (3t)

(
r2 +3ω2 +3rω

)
r

+
27iΩ′

ξ 2 〈ξ 〉e
itΩD−3 (iξ )3 V ∗ (−3t)(r2 +3ω2 +3rω)r,

and I20 = − ξ Ω′
〈ξ 〉 eitΩΦ, where Φ = D3V

∗ (3t)ω3 +D−3V
∗ (−3t)ω3. As above in the

estimate of I13, we obtain ‖I19‖L2 � Ctγ−1 ‖ϕ̂‖3
Y . Next we represent

I20 = −∂t

(
eitΩ ξ Ω′ (ξ )

〈ξ 〉 iΩ(ξ )
Φ
)

+ eitΩ ξ Ω′ (ξ )
〈ξ 〉 iΩ(ξ )

∂tΦ.

To estimate the derivative ∂tV ∗ω3 , we apply the identity

∂tV
∗ =

1
2t

V ∗ +
[

iξ
|ξ |Λ,V ∗

]
+[iξ ,V ∗]

η
|η |Λ

′ (η) .

We take h(ξ ) = Λ(ξ )
(iξ )3

then by (6.1) take h(ξ ) = Λ(ξ )
(iξ )3

and l = 3

[
(iξ )3 h,V ∗

]
=

2

∑
j=0

h(ξ )V ∗θ (η) (iη) j A0A
2− j
1 +[h(ξ ) ,V ∗]θ (η) (iη)3

+h(ξ )V ∗ (1−θ (η))A 3
1 −V ∗ (1−θ (η))h(η) (iη)3 .

Also we have

[iξ ,V ∗]
η
|η |Λ

′ (η) = V ∗θ (η)A0
η
|η |Λ

′ (η)

+V ∗ (1−θ (η))A1
η
|η |Λ

′ (η)−V ∗ (1−θ (η)) iη
η
|η |Λ

′ (η) .

Then applying Lemma 5.2 with h(ξ ) = Λ(ξ )
(iξ )3

we get the estimate

∥∥∂tV
∗ (3t)ω3

∥∥
L2(R+) � Ct−1

∥∥∥∥∣∣Λ′′∣∣ 12 〈η〉ω3

∥∥∥∥
L2(R)

+C
2

∑
j=0

∥∥∥∥∣∣Λ′′∣∣ 12 η j 〈η〉A0A
2− j
1 ω3

∥∥∥∥
L2(R+)

+C ∑
j=0,3

∥∥∥∥∣∣Λ′′∣∣ 12 η3− jA j
1 ω3

∥∥∥∥
L2(R−)

.

Then as in the estimate of I12 applying Lemma 4.4 with α = 1− j, β = − j, j � 0
and Lemma 3.1 with k = 1 we get

∥∥(∂tV
∗) (3t)ω3

∥∥
L2(R+) � Ctγ−1 ‖ϕ̂‖3

Y . Also by

equation (2.1) we find ‖∂t ϕ̂‖L2 � Cε3tγ−1 and by the estimate of Lemma 4.2 with
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ρ = 3, j = 0, α = 0, β = −2 we obtain

∥∥V ∗∂tω3
∥∥

L2(R+) � C‖ϕ̂‖2
Y

(∥∥∥∥∣∣Λ′′∣∣ 12 〈η〉−2 ∂tV1ϕ̂
∥∥∥∥

L2(R)
+
∥∥∥∥∣∣Λ′′∣∣ 12 V1∂t ϕ̂

∥∥∥∥
L2(R)

)
� Ctγ−1 ‖ϕ̂‖3

Y .

Hence
∥∥∂t
(
V ∗ (3t)ω3

)∥∥
L2(R+) � Cε3tγ−1. Therefore we get

∂t
∥∥〈ξ 〉 ϕ̂ξ − eitΩΦ

∥∥
L2(R+) �Cε3tγ−1. We have ‖Φ‖L2(R+) �C

∥∥∥|Λ′′| 1
2 ω3
∥∥∥

L2(R)
�

Cε3tγ . Then the integration in time of the above equation yields∥∥〈ξ 〉 ϕ̂ξ − eitΩΦ
∥∥

L2(R+) � ε +Cε3tγ . Hence
∥∥〈ξ 〉 ϕ̂ξ

∥∥
L2(R+) � ε +Cε3tγ . Con-

sequently ‖J u‖H1 < Cεtγ . This is the desired contradiction. Lemma 6.3 is proved.

7. Proof of Theorem 1.1

By Lemma 6.2 and Lemma 6.3, we see that the a priori estimate ‖u‖XT
� Cε is

true for all T > 0. Therefore the global existence of solutions of the Cauchy problem
(1.1) follows by a standard continuation argument.

Now we turn to the proof of the asymptotic formula (1.2) for the solutions u of the
Cauchy problem (1.1). We need to compute the asymptotics of the function ϕ̂ (t,ξ ) .
As in the proof of Lemma 6.2 we get

∂t (y(t,ξ )Ψ(t,ξ )) = Ψ(t,ξ )eitΩ 〈ξ 〉3 D3
1

itΛ′′ (ξ )
ϕ̂3 +O

(
ε3tγ− 23

22

)
.

Integrating by parts implies |z(t,ξ )− z(s,ξ )| � Cε3s−
1
22+γ for all t > s > 0, where

z(t,ξ ) = y(t,ξ )Ψ(t,ξ ) . Therefore there exists a unique final state z+ ∈ L∞ such that

‖z(t)− z+‖L∞ � Cε3t−
1
22 +γ for all t > 0. We write∫ t

1
|ϕ̂ (τ,ξ )|2 dτ

τ
= ξ 2 〈ξ 〉−4

∫ t

1
|z(τ,ξ )|2 dτ

τ
= ξ 2 〈ξ 〉−4 |z+|2 logt + Φ1 (t) .

We have

‖Φ1 (t)−Φ1 (s)‖L∞ = ξ 2 〈ξ 〉−4
∫ t

s

(
|z(τ)|2−|z(t)|2

) dτ
τ

+ξ 2 〈ξ 〉−4
(
|z(t)|2 −|z+|2

)
log

t
s

� Cε3s−δ

for all t > s > 0. Hence there exists a unique real-valued function Φ+ ∈ L∞ such that
‖Φ(t)−Φ+‖L∞ � Cε3t−

1
22 +γ for all t > 0. Hence∥∥∥∥∥Ψ(t,ξ )− exp

(
3iξ 3 |z+|2

|Λ′′ (ξ )| 〈ξ 〉4 logt +
3iξ

|Λ′′ (ξ )|Φ+

)∥∥∥∥∥
L∞

� Ct−
1
22 +γ

for all t > 0. Thus we get the large time asymptotics
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∥∥∥

L∞
= ‖z(t)− z+‖L∞ � Ct−

1
22+γ and∥∥∥∥∥z+Ψ(t,ξ )− z+ exp

(
3iξ 3 |z+|2

|Λ′′ (ξ )| 〈ξ 〉4 log t +
3iξ

|Λ′′ (ξ )|Φ+

)∥∥∥∥∥
L∞

� Ct−
1
22 +γ .

Therefore we obtain the estimate∥∥∥∥ϕ̂ (t,ξ )−W+ exp

(
3iξ

|Λ′′ (ξ )| |W+|2 log t

)∥∥∥∥
L∞

� Ct−
1
22 +γ

with W+ = ξ 〈ξ 〉−2 z+ exp
(

3iξ
|Λ′′(ξ )|Φ+

)
. Using the factorization

u(t) = 2ReDtMBV ϕ̂ (t) , by Lemma 3.1 we find

u(t) = 2ReDtMBV ϕ̂ (t) = 2ReDtMBAϕ̂ (t)+O
(
t−

1
22 +γ
)

= 2ReDtMB
θ (ξ )√
iΛ′′ (ξ )

W+ exp

(
3iξ

|Λ′′ (ξ )| |W+|2 logt

)
+O
(
t−

1
22+γ
)

.

This completes the proof of asymptotics (1.2). Theorem 1.1 is proved.
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