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EXISTENCE AND MULTIPLICITY SOLUTIONS FOR
A NONLOCAL EQUATION OF KIRCHHOFF TYPE

LIN L1 AND JIJIANG SUN

(Communicated by Chun-Lei Tang)

Abstract. In this paper, we study the nonlinear Kirchhoff equation
- <1 +b/ \ \Vu\zdx> Au+V(x)u=g(x,u) inR>
]R,

where the potential V' and the primitive of g are allowed to be sign-changing and g is local
superlinear. Under some assumptions on V and g, we get at least one nontrivial solution and in-
finitely many nontrivial solutions for this equation. Recent results in the literature are generalized
and significantly improved.

1. Introduction and Main Results

In this paper, we study the following equation
- <l—i—b/3 |Vu|2dx> Au+V(x)u=g(x,u) inR>. ()
R

Problems related to (-#") model several physical and biological systems, where u de-
scribes a process, which depends on the average of itself, such as the population density,
see e.g. [6] and the references therein.

Let us recall some recent results in the literature on the nonlinear Kirchhoff equa-
tion (.#"). To our best knowledge, when the potential V' is positive, Wu [15] was the
first one who considering problem (.%"). Four existence results for nontrivial solutions
and a sequence of high energy solutions for problem (%) were obtained by using a
symmetric mountain pass theorem. Later the existence of infinitely many high energy
solutions for problem (#") with the subcritical nonlinearity which needs not to satisfy
the usual Ambrosetti-Rabinowitz-type growth conditions was established by Liu and
He [12]. Ye and Tang [16] obtained infinitely many large-energy and small-energy so-
lutions for ("), which unify and sharply improve the results of Wu [15]. The existence
of nontrivial solutions for problem (#") when the nonlinearity term is asymptotically
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linear or 4-superlinear at infinity was obtained by Cheng [5]. By some special tech-
niques, Li and Wu [10] proved the existence and multiplicity of nontrivial solutions
of problem (") with a widely class of superlinear nonlinearities, which improves and
unites Theorems 1-4 in [15]. In [9], Huang and Liu obtained some existence and nonex-
istence results by using variational methods and also discussed the “energy doubling”
property of nodal solutions. When the potential V' may sign-changing, Chen and Liu
[4] got at least one solution and infinitely many solutions by using local linking and
fountain theorem, respectively. Zhang, Tang and Zhang [17] also considered the sign-
changing case. A natural question is whether equation (.#") admits nontrivial solutions
if the potential V and the primitive of g are both allowed to be sign-changing, and g is

local superlinear. Our idea is mainly from [11, 3].
Firstly, we consider the potential is positive. The conditions list as follows:

(V1) V € C(R3R) and inf 3 V(x) > ag > 0, where qq is a positive constant.
(V2) There exists a constant by > 0 such that

lim meas({x € R*: [x—y| < bp,V(x) <M}) =0, VM >0,

[y

where meas (-) denotes the Lebesgue measure in R3.

(Gl) g€ C(R?xR,R), and there exist c; >0, 4 < ¢ < 2* = 6 such that
(o) < er(ful+[ul™"), V(x,u) e RPxR.
(G2) There exists an open subset Aj of R? with 0 < meas(A;) < oo such that

G
lim (x’f)
lu|] e |u]

= oo uniformly for x € Ay,

where G(x,u) = [y g(x,s)ds.

(G3) Thereexitn>4,0<g<"2—;lz,ko>1and0<5<25uchthat

Juf?

1
ﬁg(x,u)u —Gx,u) > =gV (x)[u” — ml(x)m

—ma(x)[ul® — m3(x),

for all (x,u) € R3 x R, where my, my, m3: R> — R are positive measurable
2
functions such that m; € L'(R*) NL*(R?), my € L2-3 (R?) and m3 € L'(R?).

(G4) There exist 0 < k; < ag and { > 0 such that

g, u)| < ki lul,¥(x,u) € R xR, |u < &.

(G5) g(x,—u) = —g(x,u) forany (x,u) € R? x R.

The main results are the following:
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THEOREM 1. Supposethat (V1),(V2),(G1)—~(G4)are satisfied. Then equation (")
has at least one nontrivial solution.

THEOREM 2. Suppose that (VI),(V2),(G1)-(G3) and (GS5) are satisfied. Then
equation (") has infinitely many nontrivial solutions.

REMARK 1. Because of the local superlinear condition (G2), we show that our
theorem 1 and 2 generalize the results in [5, 10, 12, 15, 16].

REMARK 2. Itis worth mentioning that we give much weaker conditions to show
the (PS) sequence or Cerami sequence of the corresponding functional is bounded. In
[15], the authors use the following conditions.

(WU1) There exist 4 >4 and r > 0 such that inf g3 ,|_, G(x,u) >0 and uG(x,u) <
g(x,u)u forall x € R and |u| > r.

Liu and He [12] assume that the following conditions:

(LH) Forae. x € R?, V(s,r) € RT x R*, 5 <1, there holds F(x,s) < F(x,t), where
F(x,s) := %g(x,s)s— G(x,s).

Actually, by (LH) and the assumptions of Liu and He, we obtain

1
Zg()@u) —G(x,u) =0

for all x € R3 and u € R. This condition is also considered by Li and Wu [10]. Later
Cheng [5] generalizes this condition to

(C) 4G(x,u) < g(x,u)u+ ou? forall (x,u) € R? xR, where « is a positive constant.
Very recently, Ye and Tang [16] use the local condition
(YT) There exists L > 0 such that ug(x,u) —4G(x,u) >0 forall x € R and |u| > L.

It is easy to check that our condition (G3) is weaker than all the conditions mentioned
above (see e.g. [3]).

Now, we consider the case that potential V may be sign-changing, we will use the
following conditions instead of (V1), (G2) and (G3), respectively.

(VI’) V € C(R3 R) is bounded from below.

(G2)) limy o C58 = foo forae. xe R,

luf

(G3’) Thereexist £ >4, 10>0,0< 1 < ”2—;2 and 0 < o < 2 such that
1
ﬁg()@u)u—G(x,u) > —(10+1u V() |ul® =11 (x)|u|® —L(x),Y(x,u) ER®> xR, [u| > v,

where [;, I, : R? — R are positive measurable functions such that /; € L™ (R3)
and I, € L'(R?).
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Our next results are the following:

THEOREM 3. Suppose that (V1’),(V2),(GI),(G2’),(G3’) and (G4) are satisfied.
Then equation (%) has at least one nontrivial solution.

THEOREM 4. Suppose that (V1’),(V2),(GI),(G2’),(G3’) and (GS) are satisfied.
Then equation (") has infinitely many nontrivial solutions.

REMARK 3. Our theorem 3 and 4 generalize the results in [4, 17] because of the
local superlinear condition (G2’),.

REMARK 4. Chen and Liu [4] use the following condition
(CL) There exists & > 0 such that 4G (x,u) < ug(x,u) + hu® for all (x,u) € R? xR

to show the boundedness of (PS) sequence.
Zhang et al. [17] use

(ZTZ1) there exists > 0 such that G(x,u) < 1 f(x,u)u+ Bu?, forall (x,u) € R? x R;
(ZTZ2) there exists r; such that G(x,u) < %g(x,u)u forall x € R? and |u| > ry;

(ZTZ3) G(x,u) >0 forall (x,u) € R® xR and F(x,s) < F(x,t), whenever (s,r) € R* x
R* and s <1, where F(x,u) = 1g(x,u)u — G(x,u);

to show the boundedness of (PS) sequence. It is easy to see that our condition (G3’) is
weaker than the above conditions. Moreover, after a careful calculus, we notice that in
[17], g(x,u) := g(x,u) 4+ Vou do not satisfy conditions (ZTZ2) and (ZTZ3).

The remainder of this paper is organized as follows. In Section 2, we derive a
variational setting for problem (_#7") and give some preliminary lemmas. In Section 3,
we will prove Theorems | and 2. Finally, we will prove Theorems 3 and 4 in Section 4.

2. Preliminaries

We will present some definitions and lemmas that will be used in the proof of our
results.
Firstly, by (V1°), there exist constants dy > 0 and ag > 0 such that

inf (V(x) +do) > ap > 0. @.1)
x€R3

Now, define the function space

H'(RY) :={ue *(R?): Vue *(R*)}

1/2
lull g = </R3(Vu2+u2)dx> .

with the usual norm
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Let
pim {ue i (®): [ (VuP+ (V) + doid)ax <+

equipped with the norm

1/2
||ul| := (/R3(Vu2+(V(x)+do)u2)dx) , YuckE,
and the inner product
(u,v) == /3(Vu-Vv+ (V(x)+do)uv)dx, Yu,v€E.
R

Then E is a Hilbert space. Moreover, we write E* for the dual of £ and (-,-) : E* x
E — R for the dual pairing. Let ||- ||, denote the usual norm on LP(R?) for p €
[1,4-20). Note that E is continuously embedded in L?(R3) for p € [2,6]. Therefore,
there exists a constant D), > 0 such that

[ullp < Dpllul|, VuekE, (2.2)
forany p € [2,6].

LEMMA 1. ([2]) Under the assumptions (V1) (or (V1’)) and (V2), the embedding
from E into LP(R3) is compact for any p € [2,6).

Proof. One can proof this lemma as the same way in [2, Lemma 3.1] by using

(2.1).We omit the details.
The natural functional of problem (%) is

1 do b 2
D(u) = EHMW_ 7/}1@ |u|?dx + 1 </R3 |Vu|2dx> _/R3 G(x,u)dx. (2.3)

The functional is C' and its derivative is given by

(@ (u),v) = /R3 [Vu-Vv—l—(V()c)—l—a’o)uv]d)c—l—b/]R3 |Vu|2d)c/]R3 Vu-Vvdx (2.4)

_/3 (douv+ g(x,u)v)dx,¥v e E.
R

Asin [15], if u € E is a critical point of @, then u is a solution of equation (7). The
following Lemma is already got in [15].

LEMMA 2. Set W(u) = [g3 |Vul>dx. Then ¥ is weakly lower semicontinuous on
E.

LEMMA 3. If {u,} C E is a bounded sequence with ® (u,) — 0, then {u,} CE
has a convergent subsequence.
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Proof. In view of the boundedness of {u,}, there is a subsequence, still denoted
by {un}, such that u, — u in E. Next, we will verify that {u,} strongly converges to
u€E.ByLemma 1, u, — u in L*(R?) forany s € [2,6).

We observe that

(' () — D' (), un — ) 2.5)

|l — qu—i—b/ \vun|2dx/ IV (1 — u)2dx
R3 R3

—b(/ \Vu\2dx—/ Vun|2dx)/ Vu-V(u, —u)dx
R3 R3 R3

—do [ | un P [ [g(.0) ~ gCxu)) (o, — w)dx
R3 R3
>||un—u2—b</ |Vu|2dx—/ |Vun2dx>/ Vu-V(u, —u)dx
R3 R3 R3
—do/ \un—u|2dx—/ [g(x,un) — g (x,u0)] (uy, — u)dx.
R3 R3
Then, (2.5) implies that
ety — u]|* < (D () — @ (), 4y, — ) (2.6)
—i—b(/ |Vu|2dx—/ |Vu,,2dx>/ Vu-V(u, — u)dx
R3 R3 R3
ol = w3+ [ [g(r.t1) — (.10, ~ )

By Lemma 2 and u, — u in E, one has [ps V- V(u, —u)dx — 0 as n — . Conse-
quently, by the boundedness of {u,}, we get

b (/ |Vu|2dx—/ Vun2dx>/ Vu-V(u,—u)dx — 0, n— +oo. (2.7)
R3 R3 R3

It is clear that
(@ (u,) — D (), up — u) — 0. (2.8)

By virtue of (G1) and the Holder’s inequality, we have

- Cgxt0) = ) = 1) < [ et + )+t~ + )], —
<3+ ), — ]

+e[lanlld" 4 [lell ™) et — 2l

Then by u, — u in L*(R?) for any s € [2,6), we obtain

i =3 = 0. [ (elox,2) = glx,0)) s — )x 0 29)
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as n — oo. Consequently, (2.7), (2.8) and (2.9) imply that
U, — uin E, asn — oo,

This completes the proof.

LEMMA 4. ([13]) Assume that Q C R> is an open set. Then, for any closed set
O C Q, there exists a function ¢ € C3(R3) such that ¢(x) =0 for all x € R*\ Q,
o(x)=1forall xe © and 0 < ¢(x) < 1 forall x € Q\ O.

Let A= {ucE: |ull, =1} and A be the class of symmetric subsets of A. Set
F,={B €A :Index(B) > n} and

Ay = inf 2 N. 2.10
Blanilelgllull , ne (2.10)

LEMMA 5. ([11]) Assume that (V1’) and (V2) are satisfied. Then 0 < A} < A <
c-and A, — o0 as n — oo.

By Lemma 5, choose an integer m > 1 such that max { afffigl ,km} < Ams1, where ky

is given in (G4). Define
Co={ueE: ulP <AnlulB}, Ci={ucE:ul®> Anmlul3}. @10

LEMMA 6. ([11]) Assume that (V1’) and (V2) are satisfied. Then C_ and Cy are
two symmetric closed conesin E, C_NCy = {0} and

Index(C_\ {0}) = Index(E\ C4+) = m.

In order to prove Theorem 3, we shall use the following critical point theorem.
First, recall that ® € C'(E,R) satisfies (C).-condition if any sequence {un} C E such
that

D(un) — ¢, |9 () [|(1+ [|uen]) — O

has a convergent subsequence.

LEMMA 7. ([7, 11]) Let E be a real Banach space and C—, C+ be two symmetric
cones in E such that Cy is closed, C_NCy = {0} and
Index(C_\ {0}) = Index(E \ Cy) < oo,
where Index is the Z;-cohomological index of [8]. Let r— >ry >0 and e; € E\C_
with ||e1|| = 1. Define the following four sets
Si={uec:ul <r},
Ky = {ueCy: Jul =},
S={u+se;:uecC_,s=0,|u+se| <r_},
Sy ={u+se;:uecC_,s=0,|u+se|=r_}.
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Then (S,S1US,) links Ky cohomologically in dimension m+ 1 over Z,.
Hence, suppose ® € C'(E,R) satisfies (C) . -conditionfor all ¢ >0, and infyeg, ®(x) >

SUP.es,us, P(X), Supyeg @(x) < oo, then @ has critical point with value co > infg, @ >
0.

At last, we use the assumptions on g to deduce a useful estimate. By (G1), we have
lge,0)| < exlul +erlul’™" < ( = +c1) Wt V(o) € RS xR, Jul > §. (2.12)
Combining (G4) with (2.12), we obtain

k
1G(x,u)| < ?1|u\2+c2|u\q,V(x,u) ER} xR (2.13)
where ¢; = (% +c1) /q.

3. Positive potential case

We will prove Theorem 1 by using Mountain Pass Theorem [14]. Note that in this
case, dy = 0 in (2.3). Firstly, we give the following three useful lemmas.

LEMMA 8. Assume that (V1), (V2), (G1) and (G3) hold. Then ® satisfies the (PS)
condition.

Proof. Let {u,} be a (PS) sequence, that is, {®(u,)} is bounded, and @' (u,) — 0
as n — oo, We only need to show that {u,} is bounded in E, because of Lemma 3. By
(2.2), (G3) and the Holder’s inequality, there holds

1 1
c3+ ch||un|| >O0(uy,) — ﬁ@)/(un),un) 3.1

(3 Y par e (5 2) ([ wupar)

. [%g(x,un)un—G(x,un)]dx

=

-2 2 2 5
Il = [ (Vi mau -+ ms()

_/ m (x)ﬂdx
R In(ko + [un])
2
> (T2 6 P = ], Lo D
|“n|2

— my(x) ————dx
/{xemun(x)wuunu} 1 )ln(koHun\)
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_/ m (x)de
B <y Ty (ko + ua])
n-2
> (52 = ¢ il = Dl o~ ]
Imlallanld

— U,
In(ko++/|lun||)  Inko el
2
> <nz—n —€> aen | = DzllmzH ||Mn||5 = [lms3[x
_ Dillmalfallunl® [y

I/l b
In(ko +/Jlun])  Inko o

for some ¢3 > 0. We obtain that {u,} is boundedin E,by 0 <6 <2 and 0 < ¢ < "2—712

Due to Lemma 3, {u,} has a convergent subsequence in E. Hence, @ satisfies the (PS)
condition.

LEMMA 9. Assume that (VI1), (V2), (G1) and (G4) are satisfied. Then there exist
constants p, oy > 0 such that ®|yp, (o) = ou.

Proof. By (2.3),(V1), (G4), (2.13) and (2.2), we have

D(u) =l||u||2—i-é (/]1%3 |Vu|2dx)2 _/]1%3 G(x,u)dx

k
2 1 2
> 5P~ (Gl + cal)

1 kl 2
>3 (12 ) b - o,

The assertion is true follows by 1 — 1;_(1) >0 and g > 4.

LEMMA 10. Suppose that (V1), (V2) and (G2) are satisfied. Then, there exists
e € E\ By (0) such that ®(e) < 0.

Proof. By (G2), for any c4 > 0 there exists ¢s = ¢5(ca) > 0 such that
G(x,u) = cqlul*,Yx € Ay, |u| > cs. (3.2)

For any € > 0, there exist a closed set A, and an open set Az such that Ay C A; C A3
and
meas(Az) > 0, meas(Az \ Aj) < €, meas(A; \ Az) < €. (3.3)

It follows from Lemma 4 that there exists a function ¢ € C5’(R?) such that ¢(x) =0
forall x € R\ Az, ¢(x) =1 forall x € Ay and 0 < ¢(x) < 1 forall x € A3\ A;. Thus,
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¢ € E. In view of (G1), (G4) and (3.2), there exists R; = R;(c4) > 0 such that for all
x€ A1, 0< |ul <cs,we have
|g (x, u)ul
ul?

Combining (3.4) and the equality G(x,u) = fol g(x,su)uds, we obtain

<R,. (3.4)

R
Glx)| < luf? (35)
forall x € Ay, |u| < cs. In view of (3.2) and (3.5), we have
G(x,u) = calu* — Rolul?,¥(x,u) € Ay x R, (3.6)

where Ry = csc? + %. Taking e(x) = 8¢ (x) and € = #, where & > 0. By (2.2),
(2.13) and (3.6), one has

1 b :
D(e) = §||6H2+ 1 (/R3 |Ve2dx) —/R3 G(x,e)dx 3.7)

1 b
<gllelP+glell*~ [ Greas— [ - Gtxelas
2 4 Az\Az

1 b
< gllel?+ Gell = [ (et ~Rlefax [ (5H1ePeallr)ax

1 ki
( +R2D2+ 2D2> lle H2 —He||4—04/ |e|4dx+cz/ le|?dx
Ay A3\Ay

Choosing c4 sufficiently large such that

20 5 bA 4 —q
+R2D2+ SD3) 811617+ 58 9] — 48 meas(As) +2¢,8"e

+RyD3 + D2> 5 ||¢||2+ 5 H¢H4—C46 meas(A2)+2025

N | =

b
1 |6]|* — c4meas(Az) < 0.

Then, when ¢4 is fixed, we can choose a large enough & such that |le]| > p and ®(e) <
0.

Proof. [Proof of Theorem 1] @ satisfies all conditions of Mountain Pass Theorem
[14] by Lemmas 8-10. Therefore, equation (.#") has at least one nontrivial solution.

Proof. [Proof of Theorem 2] By (G5) and Lemma 8, ® € C!(E,R) is even and
satisfies (PS) condition. Now, we just need to show @ satisfies other conditions of
Fountain Theorem [1].

For any k € N, we can choose k+ 1 disjoint opensets {Y;:i=0,1,...k} such that

k
Y Yi C Ay, and meas(Y;) > 0,i =0,1,...,k.
i=0
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For any € > 0 and Y}, there exists a closed set A; such that A; C Y; and
meas(A;) > 0, meas(Y;\ A;) < €. (3.3)

For every Y; (i =0,1,...,k), it follows from Lemma 4 that there exists a function
¢ € C3(R?) such that ¢;(x) =0 for all x € R3\Y;, ¢(x) =1 for all x € A; and
0< ¢i(x) <1 forall xeY;\A;. Let v; = Hg_iH’ then v; € E. Because E is a Hilbert
Space, Vg, Vi,...,Vk,... can expended to be an orthonormal basis {v,} of E. Define
X; =Ry;, and set

Yk:®§:OXj, Zk:m, ke N.

For 2 <t < 6, we define

2’k(l‘): sup Hqu7 k:1a2a

UEZ, Jul|=1
Since E is compactly embedded into L*(R?) for [2,6), we have A;(t) — 0 as k — oo

([16D.
Step 1. By (2.3), (G1) and Lemma 5, we obtain

1 b 2
D(u) = EHuH2—|— 1 </R3 Vu2dx> _/R3 G(x,u)dx (3.9)
1
> llull® = exlull3 + flullf)

1
> Sllull® = e A @) ull* = 1A (g) |,

Because A;(2) — 0 as k — o, there exists a positive constant ¢¢ such that

A (2) < i, Vk > ce. (3.10)
By (3.9) and (3.10), we have
O(u) > %Hqu —aX (@)lul?, Yk = co. (3.11)
Choosing ri = (8¢1A(q)) Y27 then
by = MEZkifulufH:rkd)(u) > % 2 Yk > ce. (3.12)

Because A¢(q) — 0 as k — oo and g > 2, we obtain

by — oo as k — oo,
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Step 2. All norms are equivalent in the finite-dimensional space, then there exists

a constant ¢7 > 0 such that
crllull < flulls,  Vu €Y.

By (G1) and (3.2), there exists R3 = R3(c4) > 0 such that

G(x,u) > cqlul* = R3|ul®, V(x,u) € A; xR.

By (2.2), (G1), (3.13) and (3.14), one has

D(u) =1||u||2—i-é (/ |Vu|2dx)2—/ G(x,u)dx

<3+l = [ G

1 2, 4 / 4 2
- - —Rs|ul)d
< lull”+ ||M|| N (calul* — Rslul*) dx

b
<(3 +R3D%) -+ 2 el
< (5 RaD3 ) -+ i~ cach
for any u € Y;. Choosing c4 sufficiently large such that

b 4
- — <0.
4 C4Cq

Thus, we can choose py large enough (p; > ri) such that

ar= max D(u)<O0.
UEY, |[ul|=px

(3.13)

(3.14)

(3.15)

Now, from Fountain Theorem [1], @ has a sequence of critical points {u;} C E such
that ®(uy) — o as k — . Hence equation (.#") has infinitely many high-energy

solutions.

4. Sign Changing potentional case

Firstly, we give the following lemmas.

LEMMA 11. Assume that (V1’), (V2), (G1), (G2’) and (G3’) hold. Then ® satis-

fies (C) . -condition for all ¢ > 0.

Proof. Let {u,} be a sequence in E satisfying

D(un) — ¢, O (ua) || (1+ [|un]]) — O

4.1)
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Un
llunll *

We claim that {u, } is bounded in E. Otherwise, if ||u,|| — o as n — oo, set v, :=
Then ||v,|| = 1 and there is v € E such that, up to a subsequence
vp —=voin E, 4.2)
Vv, — Vg a.e. in R37

vy —voin L(RY),2<s < 6

as n — oo,
Case 1 Vo = 0 By u > 4 and (41)’ we haVe
cs >D(uty) - ﬁ(q)/(un)m,q) 4.3)
2

p-2 2 H—2 2 ,Ll—4 / 2

e " _ . V

1
+/ . sUn n_G ,Up d
R3 ng(xu)u (xu)} X
2“2—” (|4 ||> — “2” a’0||un||%+/R3 {Hg(x,un)un—G(x,un)} dx

for some cg > 0 and n large enough. For 0 < ¢9 < ¢y, let
Qu(co,c1p) ={x€ R3 : co < |un(x)| < c10}- 4.4)

By (G2’), there exists v > 0 such that G(x,u) >0 for all |u| > v and a.e. x € R3.
We claim that meas (Q, (v, o)) > 0. Arguing indirectly, meas (€2,(v,e)) = 0. By (G1)
and (4.2), one has

¢ n 1 n 2 n q
Qu(0.v)  [[ull u Qu0v) ]

S(l~H-1)Cl(

1+ VH)/ |V ?dx — 0
R3

as n — oo, where G(x,u) = ﬁg(x,u)u — G(x,u). In view of (4.2), (4.3) and (4.5), we
obtain 5
0=H"20,
2u
which is a contradiction. Hence the claim is true. By (4.3), (G3’) and the Holder’s
inequality, one has

p=2, o H=2 2 / A
2— n - n »Yn 4.
s >H 2 P~ B ol B+ [ G 6
2P - B doll3— [ 16l
2 21 Q,0v)

— (10|1n)® + 11V (x) |t4n]® 11 () 10| + L2 (x) ) dx

Qn(vv’”)
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-2 -2
> (152 = 1)l = ot (A2 ) o]

=0l 2 fluall$ = le\h—/ |G(x,uy)|dx
Qu(0.v)

)

-2 -2
> (“2—“—11) il — [zo+ (“z—u—ll)do} il

= D3[hl 2 HunH“—leHl—/ vI(A?(x,un)la’%

By (4.2), (4.5), (4.6) and (G3"), we obtain

-2 1
w3 =E—=-2L o, @7
2[.16‘6 Co
where cg =19+ ( 11> dy. That implies vy # 0, a contradiction.

Case 2. vo #0. Set Y:= {x € R3: vy(x) # 0}, then meas (Y) > 0. Fora.e. x€ Y,
we have limy_ |u,(x)| = +oo. Hence Y C Q,(v,e0) for large n € N, it follows from
(G2’) that there

G(x,u)

lul oo [u]*

= oo, ae. x€ Y. (4.8)

Because {®(u,)} is bounded, there exists ¢i; € R such that

1 d b 2
D(uy) = 5||un||2_ ?O||un||%—|— 1 </R3 Vun|2dx) _/R3 G(x,up)dx > c11. (4.9)

It follows from (4.9) and (2.2) that

G(x,u,) 1+doD} ¢y b ( 5 )2
dx < + + / Vu|“dx (4.10)
Jos T < Sl T e e 7
l+d()D% cl1 é
STTalP " Taal?

On the other hand, by (G1), (G2’), (4.8) and Fatou’s Lemma, we have

G G G
/ (x’u::)dx:/ (x7u2)dx+/ (x’uz)dx
B || Qu(ves) [|unll 2 (0)  [|unll
>/ G(x’un)|v,,\4dx—/ G(x,u,,)dx
Q,(0,v)

Qu(vee) || [[utn|*
2 q
o[ Gy g [ aleP ),
2 (0,V)

Qu(ves) ||t (o ||*
G n n 2
> [ S [ e
(Vo) |ttn] @, (0.v) [[un|
/ G(x,u,) onld c1(1+vi2)D3
— "= — oo,
v | |* o (|4 ||?
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as n — oo. This contradicts to (4.10). Therefore, {u,} is bounded in E. Due to Lemma
3, there exists a convergence subsequence. Hence, @ satisfies (C).-condition for all

c>0.

LEMMA 12. Assume that (VI’), (V2), (G1) and (G4) are satisfied. Then, there
exist constants ry., d > 0 such that ®(u) > d for any u € Cy with ||u| = ry.

Proof. In view of (G4), (2.1), (2.2), (2.13), one has

_1 » do 2 b 2 ?
() = 5P~ [ JuPax+5 ([ VuPax) — [ Gl

1 2 dO 2 kl 2
> - v _ _ q
> Sl = sl = [ (Gl calul )

merl_dO 2 kl 2 q q
Z it ]| " R3(V(X)+d0)|u\ dx — oD |lul|
Anii(ao—ki) —aody, 5
> — e DAlulld
2y ]| — c2DF |||

forany u € Cy. Because [A,41(ap — k1) — aodo]/ (2aoAm+1) > 0 and g > 4, the asser-
tion follows.

LEMMA 13. Assume that (V1’), (V2), (G1) and (G2’) are satisfied. Let e) € E \
C-— with ||e1|| = 1. Then there exists a constant r— > r such that sup,cg, s, P(x) <0
and sup,.g P (x) < oo, where

Sy ={ueC_:|lul|<r-},
S={u+sej:uecC_s
So={u+se:ucC_,s

0, |lu+ser| <r-},

>
>0, ||u+se | =r_}.

Proof. Ttis sufficient to show that ®(u) — —oo as u € C_ +RTe; with ||ul| — o.
Arguing indirectly, we assume that for some sequence {w, + spe1} C C— +RTe; with
||Wy + snei || — oo, there exists a constant Ty > 0 such that ®(w, + s,e;) > —14 for all
neN. Let w, = M =z, +yey, then ||@,|| = 1. According to Proposition 2.12

[Wn+sneq ||

of [7], there is a constant £ > 1 such that
[lull + lleol| < & lJu+eol|,Vu € C—, (4.11)
where ¢ € E with —e¢p ¢ C_. By (4.11) and ||@,|| = 1, we have
znll +t0 < llznll +taller]] < Sllzn +tner]| = &. (4.12)

Hence, passing to a subsequence if necessary, assume that t, — 7 >0, z, =~z in E,
Zn — z a.e. in R?, and so, by Lemma 1, z, — z in L*(R?) for any s € [2,6). It follows
from (2.11) and ||@,|| =1 that
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1= |lzn +tner|l < |lznll + 10 < vV Amlznllz + 80 — V Amllzll2 + 10

as n — oo, This implies that z+fpe; # 0. Similar to the proof of Case 2 in Lemma 11,
we can obtain a contradiction.

Proof. [Proof of Theorem 3] It follows from Lemmas 11-13 that @ satisfies all
conditions of Lemma 7. Therefore, equation (%) has at least one nontrivial solution.
Now, we turn to prove Theorem 4.

LEMMA 14. Assume that (V1’), (V2), (GI) and (G2’) hold. Then for any finite
dimensional subspace E C E, there holds

®(u) — —oo,as ||ul| — ,u € k.

Proof. Arguing indirectly, assume that for some sequence {u,} C E with ||u,|| —
oo, there exists ¢j2 > 0 such that ®(u) > ¢y, forall n € N. Let v, = HM 7» then [vall =
1. Hence, passing to a subsequence if necessary, we can assume that v, — v in E.
Because E is finite dimensional, then v, — v € E in E. v, — v ae. in R?, and so
|lv]| = L. Similar to the proof of Case 2 in Lemma 11, we can obtain a contradiction.
Due to Lemma 14, we have the following Corollary.

COROLLARY 1. Assume that (V1’), (V2), (G1) and (G2’) are satisfied. Then for
any finite dimensional subspace E C E, there is R = R(E) > 0 such that

®(u) <0,Vu € E with ||lul| >R
Let {¢;} be a completely orthonormal basis of E and define E; := Rg;,

hi=oh B, Z=0E, keN (4.13)

LEMMA 15. Under assumptions (V1’) and (V2), for 2 <t < 6,

Zk(t): sup  ull; =0, k— oo,

u€Z|[ull=1

Proof. Because E is compactly embedded into L*(R?) for s € [2,6), then A (1) —
0 as k — oo ([16]).
By virtue of Lemma 15, we can choose an integer N > 1 such that

1

P a< L9 vueZy. 4.14
sae P < e, ez @)

2
<
JulB < “

LEMMA 16. Under assumptions (V1’), (V2) and (G1), there exists p, o > 0 such
that ®|5p 7, > 0.
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Proof. In view of (2.2), (G1) and (4.14), we obtain

1 do b 2
o) = 3l =L [ wPaxs § ([ 1vuPax) - [ Grax

1 d0—|-01 cl

> Sl = Sl — g
1 ) 4973 1

> 5 (Il = ) = = — =@

forall u € Zy, ||lul| = §:=p.

Proof. [Proof of Theorem 4] Set X = Yy, Y = Zy. Obviously, ®(0) = 0 and

®(u) € C'(E,R) are even. It follows from Lemma 11 and 16 and Corollary 1 that ®
satisfies all conditions of Symmetric Mountain Pass Theorem [14]. Hence, equation
(%) has infinitely many high-energy solutions.
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