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A REMARK FOR SPATTAL ANALYTICITY AROUND STRAINING FLOWS

SEIYA HATTORI AND OKIHIRO SAWADA

(Communicated by Sdrka Necasovd)

Abstract. Time-local existence of unique smooth solutions to the Navier-Stokes equations in the
whole space with linearly growing initial data has been established, via smoothing properties of
Ornstein-Uhlenbeck semigroup. It has also been shown that the solution is real-analytic in spatial
variables around rotating flows. This note is devoted to prove the spatial analyticity for cases of
straining flows and shear flows. It is estimated the size of radius of convergence of Taylor series,
due to estimates for higher order derivatives and Cauchy-Hadamard theorem.

1. Introduction

We consider the Navier-Stokes equations which describe incompressible, viscous
fluid flows in the whole space R"” for n € N, > 2:

qU —AU+U-VU+VP=F in R"x(0,T),
V-.U=0 in R"x(0,T), (1.1)
U|t=0=U0 in R"

Here, U = (U'(x,t),...,U"(x,t)) and P = P(x,t) stand for the unknown velocity and
the unknown pressure at x € R” and 7 € (0,T), respectively; Uy = (U} (x),..., Ul (x))
is a given initial velocity, and F = (F'(x,t),...,F"(x,t)) is a given external force. We
have used the notation of differentiation; d, :==d/dr, A:==Y" | 8l-2, d;:=4d/dx; for i=
L,...,n, V:i=(01,...,0s), V-U:=3",9U'. Itis always imposed the compatibility
condition, thatis, V-Uy = 0.

There is huge literature on time-local well-posedness (i.e., existence, uniqueness,
smoothness and equi-continuity of solutions) to (1.1); see e.g. [5, 6,9, 14, 16]. In their
results, it is assumed that velocities decay at |x| — oo. Dealing with nondecaying ve-
locities, in [8] Giga and his collaborators have established time-local well-posedness in
BUC as well as L™ . In fact, one can construct time-local unique smooth mild solutions,
when Uj is bounded uniformly continuous; see also [2, 3, 15]. For the case of linearly
growing velocities, in [12] Hieber and the second author of this note constructed time-
local smooth solutions for

Up(x) = —Mx + up(x)
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at x € R" with M = (m;j)1<ij<n € R and ug € LI(R") for g € [n,ee) satisfying
the trace-free condition trM = 0 and the divergence-free condition V- uy = 0. It might
be supposed that U = —Mx is a stationary solution to (1.1) with some P and F', thus
we are required to investigate time-evolution of disturbance from the initial disturbance
uy. In the cases of more general situation, the reader can find the existence results in
[11,21].

In [12] the spatial real analyticity was also proved, provided M is skew-symmetric.
The aim of this note is to show that U is real analytic in x for the cases of general M,
including straining flows and shear flows.

In n =3, typical examples of M are as follows:

0—-a0 -b 0 0 000
R=|la 00}, J=| 0 -0 ), S={c00
000 0 0 2b 000

for a,b,c € R, and these sum. Note that R, J and S correspond to rotating, straining
and shear flows, respectively.
Substituting u := U + Mx, (1.1) are rewritten as

du—Au+u-Vu—Mx-Vu—Mu+Vp=0 in R"x(0,T),
V.u=0 in R"x(0,T), (1.2)
u\,:():uo in R"

Here, p is a scalar function satisfying Vp = VP — F +M?x. It is rather easy to prove the
existence of weak solutions to (1.2); see e.g. [1, 4]. However, for solving (1.1) by the
converse transformation U = —Mx + u, we are forced to construct classical solutions
to (1.2). For this purpose, we select a semigroup approach. Hence, (1.2) is formally
equivalent to the integral equation

!
(INT) u(t) = eug —/0 UIAPLu(s) - Vu(s) — 2Mu(s) Yds
with ug € LE(R") for g € [n,), since —A generates the Ornstein-Uhlenbeck semi-
group {e},50 in LL. Here, we have used the Helmholtz projection P = (§;; +
RiR})1<i j<n onto the solenoidal subspace L% of the Lebesgue space L7 for g € (1,)
associated with Kronecker’s delta 5,-j and the Riesz transform R; defined as R; :=
Ji(—=A) "2 fori=1,...,n as well as Av := Av+ Mx- Vv — Mv with domain D(A) :=
{ve W24NLE  Mx-Vyv e L1 }. Note that A and P commute, since V-Av = 0 provided
V.v=0. The solution u € C([0,T];LE(R")) to the integral equation (INT) is often
called a mild solution, so we use the terminology.

The aim of this note is to show the real analyticity of a mild solution u with respect
to spatial variables x, whence it exists. We will establish the L™ -norm estimates of
higher order derivatives, and appeal to the Cauchy-Hadamard theorem for estimating
the size of radius of convergence of Taylor series. Besides, in [17, 18] Masuda discussed
the real analyticity of solutions to (1.1) in # and x from a different approach; his proof
is based on the implicit function theory. The reader can find recent improvement of his
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method in e.g. [7] and references therein. It however looks hard to apply his method
into our situation, at least directly. The difficulty comes from the fact that the semigroup
{e"},50 is not analytic, this means that arguments of the maximal regularity do not
work, so it is not clear how to obtain certain a priori estimates.

This note is organized as follows. In section 2 we state the main results. Section 3
is to recall smoothing properties of the Ornstein-Uhlenbeck semigroup and Kahane’s
lemma for bilinear estimates. We will give a complete proof of our main results in
section 4.

Throughout this note, we denote positive constants by C the value of which may
differ from one occasion to another.

Acknowledgment. The authors would like to express their hearty gratitude to Pro-
fessor Hideo Kozono for letting them know a gap of proofs in previous version and for
giving them beneficial suggestions. The authors would also like to express their thanks
to Professor Takahito Kashiwabara for letting them know the recent article [7].

2. Main Results

This section is devoted to state the main results of this note. We first recall the
time-local existence and uniqueness results for mild solutions.

THEOREM 1. ([12]) Let n > 2, k€N, g € [n,00). If M € R, ttM = 0 and
up € LE(R™), then there exist T, > 0 and a unique mild solution u € C([0,T;]; L (R"))
such that
(K2 a1 n2yky € C([0, 1) L7 (RY)) - for 1€ [g,].

To prove this theorem, one may argue by successive approximation as in [9, 14].
When n = 2, it is easy to obtain a time-global unique mild solution. It seems to be hard
to gain a time-global solution even for small initial uy € L (R"). For the case when
g = oo, because there is a lack of boundedness of P in L™, we need some restriction,
for example, ug € Bg_l C L~ for dealing with nondecaying data; see [21]. Remark
that 7; must be chosen small for large k € N. Indeed, when g > n, by the iteration
scheme, we deduce 7 > Ck*/ Huo||,3_2n/ 7 with some C depending only on 7, g and
M . Nevertheless, the mild solution u is unique as long as it exists, one can extend
the existence time of the mild solution up to 77 having bounds for k-th derivatives.
We hence confirm that u(¢) € CK(R") for all k € N and ¢ € (0,7;], which means that
u(t) € C*(R"), whence the mild solution exists.

Because the semigroup {e/4},>0 is not analytic, it is impossible to control L’ -
norm of d,u, at least directly. In fact, u ¢ c! (0,Ty;L7), that is, u can not be a strong
solution. However, it might be shown that « is smooth in ¢, using the notion of weak
solutions; see [21]. We finally reach to u € C*(R" x (0,7;]). Therefore, u is a classical
solution to (1.2) associated with

n
p= 2 Rl-Rju’uJ — 2(—A)’18,-m,-ju~’.
=1
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We thus construct a time-local classical solution to (1.1) by U = —Mx + u and suitable
choice of P.

In [12], the real analyticity of mild solutions in x is also shown for skew-symmetric
M . In this note, we relax the condition on M to obtain the spatial analyticity. For mak-
ing short of this note, we deal with the case when ug € L", and estimate for ||V¥u(t)||«,
only. Note that the same assertion holds when uy € L9 for g € (n,) or ug € B ;.

THEOREM 2. Let n 22, M € R, ttM =0, up € LL(R"), T >0, and let u be
a mild solution in [0,T]. Assume further that there exist constants Ly and Ly such that

sup |lu(®)|l, <Ly and sup t'/*||u(t)||. < Lo. 2.1)
0<t<T 0<t<T

Then there exist constants K| and K, depending only on n, M, T, Ly and L, such
that

|VEu(t) | < Ky (Kak)¥ e %2712 for 1€(0,T], keN. 2.2)

When M = 0, the same assertion was proved in [10] with ug € LY(R") for g €
[n,00]; with g € BMO™! see [20]. One may take L; and L, in (2.1) as finite quantities,
whence the mild solution exists up to 7. Consequently, it follows from (2.2) that the
mild solution u(r) is real analytic in x as long as it exists. More precisely, the size of
radius of convergence of Taylor series (=: p) is estimated from below by

k —1/k
p=p(t) zliminf<M> > 2 Vi, 1e(0.T).
oo k! K,

Here, we use Stirling’s formula (3.3) in section 3 below and the Cauchy-Hadamard

theorem. This assertion implies that the propagation speed is infinite as well as the heat

equation, that is, even if the support of initial data is compact, the support of solutions

coincides the whole space, instantaneously. It is open whether u is real analytic in 7.
By (2.1), it is easy to see that

sup 12| Vu(t)||n < Ls (2.3)

0<t<T

with some constant L3 depending only on n, M, Ly and L;.

Similarly, sup, <t<Ttk/ 2||V¥u(t)||,, is bounded for each finite k € N.

The assumption on L, may be relaxed slightly. In fact, instead of assuming on L,,
we are allowed to suppose

sup (/a2 (1)), < Ly for some s € (g,9),
0<1<T

since bounds of L, and L3 are ensured by those of L; and L. Notice that the uniform
bound of L, (or L3, Ly)in ¢, up to T = o in particular, is still open for n > 3, even if
M =0 and ||uo||, is small.



Differ. Equ. Appl. 10, No. 4 (2018), 387-395. 391

3. Ornstein-Uhlenbeck Semigroup

Let n € N. For g € [1,0], L7 = L1(R") denote by the usual Lebesgue spaces in R”
with norm || £ := (fgn \f(x)|‘1dx)l/q for g < eo, and || f||e := ess.sup,cpn|f(x)]. We
often omit the notation (R"), if no confusion occurs likely; we sometimes do not dis-
tinguish the vector valued function and scalar as well as function spaces. The Sobolev
space stands for W4 for q € [1,e<] and m € Ny, where Ny := NU{0}. The solenoidal
subspace of L9 denotes by L for g € (1,0).

Secondly, we recall properties of the Ornstein-Uhlenbeck semigroup.

PROPOSTION 1. ([12, 19]) (a)Let n € N, >2, g € (1,00), M € R™" trM =0.
Put A := A+Mx-V —M with domain D(A) := {v € W2INLE;Mx-Vv e LI}, —A
generates a non-analytic (Cp)-semigroup {e“},50 on L% . Further, it has the following
explicit formula

eftM

(47m)"/2(detQ, )12

ey(x) = /an(e’Mx—y)efQ'ily'y/“dy

forxeR", 1 >0 and v € L, where Q;, := [ eMesM! .
(b) Let T >0, r € [g,°°|. Thus, there exist constants C > 0 depending only on n, g,
r, M and > 0 depending only on M such that

HvketAv”r < Cewkttf(l/qfl/r)n/2||vkv||q (3.1)
for >0, k € Ny and v € Wk4 as well as
HvketAv”r < C(Ck)k/2ewktt7k/27(l/qfl/r)n/2||qu (3.2)
fort >0, ke Ny and veLq.

This proposition is based on the results by Metafune and his collaborators in [19].
The proofs of above estimates are precisely shown in [12], so we omit them in this note.
Remark that the semigroup {¢/},>¢ is neither analytic nor commutative to V. Indeed,
it holds that
Ve'ty =M Vy  for ve (Wh)m

From above, it is clear that @ essentially depends only on the maximum of absolute
value of real part of eigenvalues of M. If M is skew-symmetric, then @ = 0, since &M
is unitary and Q; = ¢I.

We recall Kahane’s lemma for control the bilinear terms.

LEMMA 1. ([13]) Let n € N. Put |a| =Y 0 and o! =TI} (0y!) for o =
(et,...,0) € Nj. Denote B < o by B < oy forall i, and (g) = Wiﬁ)!' Assume
that multi-sequences {Sq }, {To} satisfy

U
Sol <o, |To| <0, [Sal <olal™™° and |To| < 6laf*°
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for o €NE, #£0, where §,8' €R, 0,0 >0 are constants. If 6,8’ > 1/2, then there
exists Y > 0 depending only on n, 8 and 8' such that

s (s

B<a

< y09|a||°“*mi“{5’5,} for o eNg,#0.

This lemma follows from Stirling’s formula

k! ~2mk(k/e)* forlarge k € N. (3.3)

4. Proof

We give the proof of Theorem 2. For M = 0, it was obtained by [10] that mild
solution is real analytic in x. We modify their proof. It suffices to show the following
assertion essentially equivalent to (2.2).

PROPOSTION 2. Suppose that the assumptions of Theorem 2 are satisfied. Let
0 € (1/2,1]. Then there exist positive constants K| and K, depending only on n, M,
Ly, Ly, T and 0 such that

| VEu(t) o < Ky (Kak)* =31 7%/2712 1 € (0,T), ke N. (4.1)

Proof. We may assume that u is smooth, i.e., u € C*(R" x (0,T]) by construction.
It is used an induction argument with respect to k € N. For k =0 and 1, we see that
tk/2+1/2=n/2rky (1) is uniformly bounded in [0, 7] with valued in L' (R") for r € [n, o],
using L; and L, as (2.3). This means that (4.1) holds for k = 1, taking K; > C] with
some large Ci >0 and K, = 1. Similarly, assuming that for k, > 2 determined later,
(4.1) holds for k < k. with some large K; > C; > C} and K, = 1.

Let k > k. + 1. Suppose that (4.1) hold from 1 to k— 1. We now claim that (4.1)
holds for k with suitable K; and K;. Put € € (0,1), we divide the integral in (0,7) of
(INT) into two parts to have

IVEu() oo < [IV*euo]|--

(1—e)t t
+ (/ +/ ) VR APy - Vu(s) || ds
0 (1—é&)t

(I—e)t t
+ (/ +/ ) VR AP2Mu(s) | oodls
0 (1—é&)t
=Lh+bL+L+1L+ 1.

We shall estimate 1,...,Is above, separately.
In what follows, for the sake of simplicity, let 7 < 1, and then # < 1. For estimat-
ing I;, by the smoothing estimate (3.2) it holds that

I} < Ca(Cok)¥2e® 1 =K2=12 1y, for 1€ (0,T]
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with some Cy and Co independent of k. By Stirling’s formula (3.3),
Il < Cé(cék)k—ét—k/2—l/2

for all k > 2 with constants chosen as C} := Coe® and C) :=2CaL,C}.
It is also easy to derive the estimate to I». Indeed, for 7 € (0,7

(I—e)t
L< / C(CR2t ) (¢ — )72 Ju(s) - Vu(s) | ods
0
k/2 kot (1-€)e —k/2—1
< C(Ch)™7e™ /0 (t—s) [[u($) ]l Vaa(s) [ ndls
< C(Ch)M2ek® g=k/2=1(1 _ g)1/2=k/2-1/2
Here, we have used the Holder inequality and (2.3). Similarly as I,
(1-€)e k/2 ko(t—s —k/2-1/2
L < / CCRYH2400=9) (1 oy ~K/21/2| ()| udis
0
< C(Ck)k/Zeka)tg—k/Z—l(l . S)Z_k/2+l/2
hold. Hereafter, we choose € :=n/k forn > 1 and k > n+ 1. So,
L+1y < COC:;/ZkkHekmn—k/2—1t—k/2—1/2 < Cé/(cé/k)k—ét—k/2—l/2
are satisfied with constants C¢, and Cg, ; we have chosen =Cy, =max{1,Ca}
and 1 > e?®*2 since k/2<k—& for k>2 and § < 1 as well as k2 < k. Hence, one

can see
I+ D+ I < Cy(C3k)f 2+

for k> n+1 with n :=**2, G, :=C} + C} and C3 := max{C},C}}.
The estimate for I is as follows. By (3.1) we shift V¥ to u, then

1 t
Is < / CeO5) | V() | mds < CekOet / IV u(s) | mdls.
(1—ée)t (1—é&)t

This term remains for applying the Gronwall inequality, later.
For I3, we shift VA~ to the bilinear terms. It leads us to

/’ Celk-Dol-5)(; _ =172
(

1—ée)t

I3 ds

N

s (5)twruen vy

j=0

oo

t
< cooe /(I_S)t(t—s)*l/z\\“@HwHVk“(S)“""dS

t
+Cekw£t/<1,e) (r=s) ”22<>”V’ e[ V5 T14(s) ol

= L+L.
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b

For + < 1 and € := n/k, combining I; and Is, we derive

[ 15 < Ce® / (1 — 5) 1257 V2| VEu(s) | uds.
(1-n/kr

Put y(t) := supy. ;< /24172 || VR (1) ||.. . We thus see that

Iu + 15 < Ce®M /(1 Wi (t—s) 125k Vy(s)ds

!

<Ce{(L=n/Rn () [ (=) 2
(1-n/b

<t 7K 2y () /2 for k >k,

with some large k. > 1 + 1. For the last inequality, the definition of Napier’s constant
leads us to take a constant C, independently of k:

(1= /k) 212 <22 (1-n/k) 12 < C.

By assumption of induction and Lemma 1, the last term I3 is estimated as follows:

-1/2 2 < )Kl KZ] Sfj/271/2
'Kl{KQ(k— J)}kfiffasfk/2+j/2fl/2ds

5 1
< Ckoet g2 k2 / (1 —5)~V/25k/21 g

(1—e)r
k
2() .j—6 k ])k j—06

1
I; g Cekwet/
(1*8)

< CekwstK%K§—25kk—5( k)" k/2-1g1/2,—k/2-1/2
< C4K12K§—25kk—5t—k/2—1/2
with some Cy independent of k, since 7 is fixed. Therefore, we have
P2 VR (0) | < wr) < 2C2(C3R)F0 + 204K Ky O (Kak)0
for k > k.. Finally, we take
K :=max{C},4C;} and K, :=max{Cs, (4C4K1)1/5}

to get (4.1) with k. This completes the proof of Proposition 2.
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