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STOKES AND NAVIER-STOKES PROBLEMS WITH
NAVIER-TYPE BOUNDARY CONDITION IN L”-SPACES

HIND AL BABA AND CHERIF AMROUCHE

(Communicated by J.-M. Rakotoson)

Abstract. Using the semigroup theory for the Stokes equation with Navier type boundary condi-
tions developed in [2, 3], we first prove the maximal L”-L? regularity for the strong, weak and
very weak solutions of the inhomogeneous Stokes problem with Navier-type boundary condi-
tions in a bounded domain €2, not necessarily simply connected. We also prove the existence of
aunique local in time classical solution to the Navier Stokes problem with Navier-type boundary
conditions and show that it is global in time for small initial data.

1. Introduction

A semigroup theory for the Stokes equation, in a bounded domain Q, with Navier
type boundary conditions was developed in [2, 3], that gives in particular the exis-
tence and uniqueness of strong, weak and very weak solutions in L?(Q) type spaces.
The Navier-type boundary conditions are given by the following set of slip frictionless
boundary conditions involving the tangential component of the vorticity

u-n=0, curluxn=0 onT, (1.1)

The Navier-type boundary conditions can be used to simulate the flows near rough walls
as well as perforated walls and in the simulation of turbulent flows (cf. [1, 9, 11, 12]
and the reference therein for more details and explanation). They may be seen as limit
for oo — 0 of the Navier conditions introduced by H. Navier in 1827, [27]

u-n=0, 2v[Du-n|,+ou;=0 on I'x (0,T), (1.2)

where v is the viscosity, o > 0 is the coefficient of friction and Du = %(Vu + VuT)
denotes the deformation tensor associated to the velocity field #. These are nothing but
a slip boundary condition with friction on the wall, based on a proportionality between
the tangential components of the normal dynamic tensor and the velocit:y.

The results in [2, 3] where very natural extensions of the corresponding results
with Dirichlet boundary conditions, also obtained by using semigroup theory. Our
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purpose is now to apply the results of [2, 3] to two different questions. The first is
the maximal L” — L9 regularity of solutions to the non homogeneous Stokes equation:

—Au+Vr=f, divu=0 in Qx (0,7),
() u-n=0, curlu xn=0 on T x(0,7),
u(0) = ug in Q.

where Q is a bounded domain of R? of class C>! not necessarily simply-connected,
I" is its boundary, n is the exterior unit normal vector on I".

The second is to solve the Cauchy problem for the Navier Stokes equation with
Navier type boundary conditions

g—’;—Aqu Vu+Vrn=0, divu=0 in Qx (0,7),
(AN n=0, curluxn=0 onI'x(0,7),
u(0) = ug in Q,

where (u-V) = Zj (U ax and ug € L?(Q) is such that divaug =0 in Q and up-n=0
on I". The unknowns u and 7 denote respectively the velocity field and the pressure
of a fluid occupying the domain Q, while #(0) and f represent respectively the given
initial velocity and the external force.

1.1. Maximal Regularity.

For a Cauchy-Problem of the form:

=+ u(t) =ft), 0<r<T,

ot (1.3)

where —.7 is the infinitesimal generator of a semi-group e ~"? on a Banach space

X and f€ LP(0,T; X), we say that a solution u satisfies the maximal L? -L? regularity
if
ue Whr(0,T; X)NLP(0,T; D(<7)). (1.4)

It is well known that the analyticity of ¢ *” is not enough to ensure that property to be

satisfied, although it is enough when X is a Hilbert space (cf. [14], [13]).

Under the Navier-type boundary conditions (1.1), the Stokes problem has a non
trivial kernel K;(Q) (see (2.7) below). When 1 < p, g < oo, the maximal L”-L9 regu-
larity has been proved by the authors in [3] for solutions to (.’) lying in the orthogonal
of that kernel. In terms of the abstract example (1.3), the main argument of the proof,
based on the use of the results of [16], was to show that the pure imaginary powers of
(I + &) are suitably bounded operators, and deduce that so where the imaginary pow-
ers of .7 . That could only be done assuming the operator ./ to be invertible, but that is
not the case of the Stokes operator on a non simply-connected domain, with boundary
conditions (1.1). The maximal regularity result was then proved only for the restriction
of the Stokes operator to the kernel’s orthogonal, where it was of course invertible. The
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first purpose of the present work is to extend that result to the solutions of (.”) that do
not necessarily lie in the orthogonal of K;(€2). The idea is to decompose the solution
as an element of the kernel and an element of its orthogonal and to apply the result of
[3].

We are interested in three different types of solutions for (.#’). The first, that
we call strong solutions, are solutions u that belong to LP(0,7,LY(Q)) type spaces.
The second, called weak solutions, are solutions (in a suitable sense) u(z) that may
be writen for a.e. 7> 0, as u(r) = v(t) + Vw(t) where v(z) € LP(0,T;L4(Q)) and
w e LP(0,T;L9(Q)). The third and last, called very weak, are solutions u(z) that may
be decomposed as before but where now w € LP(0,T;W ~1:9(Q)) (cf [3] for more de-
tails). Of course, these different types of solutions correspond to data u(0) and f with
different regularity properties.

There is a wide literature on the maximal regularity for the Stokes problem with
different type of boundary conditions and different domains. Among the firsts articles
on this problem we may mention [33] by V. A. Solonnikov. The works by Y. Giga and
H. Sohr [19, 20] consider that question for the Stokes problem with Dirichlet boundary
conditions in bounded and unbounded domains; J. Saal [30] for the Stokes problem
with homogeneous Robin boundary conditions in the half space R3 ; R. Shimada [31]
for the Stokes problem with non-homogeneous Robin boundary conditions. The maxi-
mal regularity for general parabolic problems is treated in the long report [22] by P. C.
Kunstmann and L. Weis. In [24], the authors proved the analyticity on L?, for p in an
interval containing 2 and depending on €, (€2 is a Lipschitz domain of a closed Rie-
mannian manifold), of the semigroups associated with the Hodge Laplacian, with the
linear Navier-Stokes system with Neumann boundary conditions. In [25], Mitrea et al.
considered the Stokes operator in Lipschitz domains in RN with a boundary conditions
of Neumann-type. They established an optimal global regularity for vector fields in
the domains of fractional powers of this Neumann-Stokes operator. They also studied
the existence, regularity, and uniqueness of mild solutions of the Navier-Stokes sys-
tem with Neumann boundary conditions. In [28], J. Neustupa and P. Penel considered
the Navier-Stokes problem with inhomogeneous boundary conditions involving u - n,
curlu - n and alternatively curl’u-n or du/dn. They studied the existence of a steady
weak solution to this problem. S. Monniaux and E. M. Ouhabaz considered in [26] the
incompressible Navier-Stokes system in a C!! bounded domain or a bounded convex
domain of Q of R? with a non penetration condition u-n = 0 at the boundary 9 to-
gether with a time-dependent Robin boundary condition of the type curlu x n = (1)u
on dQ and proved the existence of a solution to this problem with enough regularity
provided that the initial condition is small enough in an appropriate functional space.

2. Preliminaries

2.1. Stokes operator with Navier type boundary conditions.

In order to obtain strong, weak and very weak solutions to our problem (.%), we
introduced in [3] three different extensions A,, By, C,, of the Stokes operators with
boundary conditions (1.1), defined in different spaces of distributions with different
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regularity properties. Throughout this paper, if not stated otherwise, p will be a real
number such that 1 < p < eo. Let Z(Q) be the set of infinitely differentiable functions
with compact supportin Q and Z5(Q) = {@ € Z(Q); dive =0in Q}.

We first consider A, the Stokes operator with the boundary conditions (1.1) on
the space L +(Q) given by

LQ,(Q):{feLP(Q); din:OinQ7f-n:00nl"}. 2.1)
By [3, Corollary 3.7], this is a well defined subspace of
H?(div,Q) = {v € L"(Q); divv € L7(Q)}, (2.2)

equipped with the graph norm. As described in [2, Section 3], A, is a closed linear
densely defined operator on L (Q) defined as follows

D(A,) = {u € W2P(Q); divu=0inQ, u-n=0, curlu x n = 0 on r} 2.3)

VueD(A,), Apju=—PAu inQ. (2.4)

The operator P in (2.4), is the Helmholtz projection defined as follows:
P:LP(Q)— L5 (Q); VfeL’(Q): Pf=f—gradr, (2.5)

where © € WP (Q) /R is the unique solution of the following weak Neuman problem
(cf. [32]):
div(gradm — f) =0inQ, (gradw — f)-n=0, onT. (2.6)

It is known that, due to the slipping frictionless boundary condition (1.1), the pres-
sure gradient disappears in the Stokes operator (cf. [2, Proposition 3.1]). As a result the
Stokes problem with the boundary condition (1.1) is reduced to the study of a vectorial
Laplace like problem under a free-divergence condition and the boundary conditions
(1.1).

VueD(A), Apu = —Au inQ.

We also recall that the operator —A, is sectorial and generates a bounded analytic
semi-group on L5 ;(Q), for all 1 < p < oo (cf. [2, Theorem 4.12]). We denote by
e " the analytic semi-group associated to the operator A p in L’(’M(Q) .

When Q is not simply-connected, the Stokes operator with boundary condition
(1.1) has a non trivial kernel included in all the L” spaces for p € (1,e0). It may be
characterized as follows (see [8])

K:(Q) = {ve L} (Q); divv=0, curly =0in Q}. .7)

The restriction of the Stokes operator A, to the subspace

X, = {fe L} (Q): /Qf~de:0,VvEKT(Q)}, 2.8)
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gives a sectorial operator which is invertible, with bounded inverse. Notice that
L5 (Q) =K (Q)®X,,. (2.9)

The authors proved in [3] that the operator (/4 A,) and the restriction of the operators
Ap to X, enjoy the property of uniformly bounded imaginary powers on L’:m (Q) and
X, respectively. This allows us to characterize the domains of fractional powers of the
Stokes operator A, through complex interpolation argument and to prove the following
embedding of Sobolev type: for all 1 < p < e and for all & € R such that 0 < o <
3/2p one has

1 1 2«
DA% L9(Q), -=--_22 (2.10)
(A}) (©) . p 3
Vue D(A), lullLaq) < CQp)I(T+A,)%u ) (2.11)

Using (2.11) we obtain an estimate of type LP — L4 for the Stokes semi-group e /47,

More precisely, forall 1 < p < g <o andforall f € L9(0,T; L5 :(Q)), the following
estimates holds:

le™ fllza@y < C(Qup,0)e 2D |y ). (2.12)
Furthermore D(AII,/ ) = W55 (Q), where

Weh(Q) = {ue W (Q);divu=0in Qandu-n=0onT}.

with equivalent norms.
We consider now the extension of A, to the following subspace of [H (div,Q)]'
(the dual space of H}(div,Q)):

[HY (div, Q)] . = {f € [H} (div, Q)]s divf = 0inQ, f-n=00nT}.  (2.13)

By [3, Corollary 3.7], that space is well defined, and the extended operator, denoted
B, is a closed linear densely defined operator such as:

D(B,) C [HY (div,Q)]}; . — [HY (div,Q)],

o,

D(By) = {ueW"?(Q);divu=0inQ,u-n=0,curlu xn=00nT}  (2.14)

and
VuecD(B,), Byu=—Au inQ. (2.15)

By [6, Corollary 4.2], the domain D(B),) is well defined and, by [3, Theorem 4.15]

/
the operator —B,, generates a bounded analytic semi-group on [H{, (div,Q)]; ., for
all 1 < p < oo, whose restriction to

Y, = {f € [Hg’(diw!z)}’w; Vv e K (Q), (f,v)o = 0}7 (2.16)
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where (., .)o = ,1s a sectorial operator, invertible with bounded

- ’>[Hg/ (div,Q)) xHY (div.Q)
inverse. Notice also that:

[HY (div, Q)] . = K(Q) &Y. (2.17)
In order to introduce our third operator we first need the following space:
TP(Q) = {v € H}(div,Q); divw € W, "(Q)} (2.18)
and consider the following subspace
17 Q). = {f e (T"(Q));divf=0 inQ and f-n=0 onT},

that is well defined by [3, Corollary 3.12].
The Stokes operator A, can be extended to the space [T7 (Q)]5 ; (cf. [3, Section
3.2.3]). This extension is a densely defined closed linear operator, denoted C,, :

D(Cp) C [T (Do — [T7 (7, where

0,70

D(Cp) ={ueL(Q);divu=0inQ, u-n =0, curlu xn=00nT} (2.19)

and for all u € D(Cp), C,u = —Au in Q. The domain D(C,) is well defined by
[6, Lemma 4.14]. The operator —C, generates a bounded analytic semi-group on
[TP/(Q)}Q’T forall 1 < p < eo (see [3, Theorem 4.18]). If we define now

zp = {f € [T (Q)]51: Vv € Ke(Q). (f,v)0 = 0}, (2.20)
where (., .)o = (., .>[T,,/(Q)],XT,,/(Q), then
[T7(Q)], . = K«(Q) @2, 2.21)

and the restriction of the Stokes operator to the space z,, gives a sectorial operator,
invertible with bounded inverse.

2.2. Y. Giga’s abstract theory for semilinear parabolic problem

The existence and uniqueness of a local in time mild solution in L?(0, 7., L? (Q))

for the Problem
du .

E—l—du:Fu u(0) =a, in Qx]0,T], (2.22)
where Q is an arbitrary domain of R?, Fu represents the non-linear term and —.o7 is
the infinitesimal generator of a strongly continuous semi-group ¢ ~*“ in some closed
subspace E? of LP(Q) equipped with the norm of L?(Q) is obtained in [17] for initial
datas uy € E? under the following assumptions:
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(i) There exists a continuous projection P from L?(Q) to E? for all 1 < p < e such
that the restriction of P on Z(Q) is independent of p and Z(Q)NE? is dense in E?.

(ii) For a fixed 0 < T < <o the following estimate holds

A) e fllia < M6 D flp@,  fEE, 0<i<T,
with p > r > 1 and the constant M = M(p,r,T) depends only on p, r and T'.
(iii) The non-linear Fu can be written in the form

Fu = LGu, (2.23)

where L is the linear part and G is the non-linear part.
(iv) We suppose also that the following estimate holds

(N1) e Lflw@ <Nt fl@, FEEP, 0<t<T,
where the constant Ny = N;(p,T) depends only on p and T'.
(v) The operator G satisfies the following estimate

(N2) G~ Gwli@) < Mallv— Wl (Wl + Wlw@).  GO=0,

forall v,w € EP, for s =4 > 1 and N, = N,(p) depends only on p, 1 < p <eo.

The precise result [17, Theorem 1, Theorem 2] is the following. In what follows
BC denotes the space of bounded and continuous functions and C denotes positive
constant whose value may change from one line to the next.

THEOREM 2.1. (Giga’s abstract existence and uniqueness theorem) Assume con-
ditions (i)—(v) are satisfied. Then there is Ty > 0 and a unique mild solution of (2.22)
on [0,Ty) such that

u € BC([0,Ty); EP)NLY(0,Ty; E)
with
2 3 3
q>p,r>p, —+-=-.
q r p

Moreover there is a positive constant € such that if ||ug||gr < €, then Ty can be

taken as infinity for p = 3.

We recall now the following Lemma, where the family of all Holder continuous
functions with exponent © on I is denoted C?(I; X).
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LEMMA 2.2. Let —& be the infinitesimal generator of a bounded analytic semi-
group on a Banach space X and let e be the semi-group generated by < . Suppose
that f € CP([0,T]; X) for some exponent 0 < © < 1 and satisfies

sup s*[[f(s)lx SM(1) <o,  (0<i<T),
0<s<t

for some constant 0 < A < 1 and a real valued function M. If we define v as
v(t):/ote_(t_s)“‘ff(s)ds, 0<t<T, T>0,
then, v € C'*2((0,T); X), «/v € C?((0,T]; X) and
— 4+ Fv=f

ot
(cf. [15, Lemma 2.14]). We will also need the following,

LEMMA 2.3. Let —& be the infinitesimal generator of a bounded analytic semi-
group e " on a Banach space X such that 0 € p(). Then forall 0 < o0 < 1
C
(1= e™") e =% |lx < —h®.
o
Proof. First recall that since —.7 is the infinitesimal generator of a bounded ana-
lytic semi-group on X then for all x € X, ¢ *“x € D(</) and
d(I —e " )x

—t/
de P X e and — - —ale "y,

As aresult i
Vx € X, (I—e " x= —/ e xdt.
0

Moreover in the particular case where x € D(.%7*) one has
h h
(I—e " )x = —/ e xdr = —/ A% o %xdt.
0 0
Thus
h
17— e )x]|x </0 17"~ %e ™ || ) | 7 x| x di
h
< [ ol
0
C
< —h%|| o %x||x.
o
Finally observe that for all x € X, &/~ %x € D(</%) and
—het —a c o o 70 ¢ o
(=)o < CH e xlx < <

and the result is proved. [
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REMARK 2.4. Lemma 2.3 extends Lemma 2.11 in [15] for strictly positive self-
adjoint operators .7 is on a Hilbert space H such that —.«/ generates a strongly con-
tinuous semi-group on H.

Finally we recall the following proposition:

PROPOSITION 2.5. Let —.gf be the infinitesimal generator of a bounded analytic
semi-group e’ on a Banach space X such that 0 € p(). Thenforall 0 < a < 1,
and for all x € X o/%e"“x is Holder continuous on every interval [e, T| for all
€>0.

3. Maximal Regularity of solutions to the Stokes Problem.

We consider in this Section the problem (.%) under different conditions of the
external force f. In our first result we assume f € L9(0,T; L5 1(Q)) and 1 < p,q <.

THEOREM 3.1. Let 1 < p,q < oo, 0 <T < oo and uy = 0. Then for every f €
L9(0,T; L5 +(Q)) there exists a unique solution u of (. ) satisfying

u € L90,Ty; W2P(Q)), Ty < T if T <oo and Ty <T if T = oo, 3.1)

9 ¢ 19(0.7: L () (62
and
L1280 s [ 18wl < Cp0.9) [ IO gt 33
0 3; LP(Q) o L”(Q) E &l 0 L”(Q)

Proof. Since —A, generates a bounded analytic semi-group in L5 (Q) and f €
L9(0,T; L5 (Q)), problem (.#) has a unique solution u € C([0,T[; L5 (Q)). To
prove the maximal L?-L? regularity (3.1)-(3.3) we proceed as follows.

By (2.9) we may write f in the form, f = fi + f> where f; € L9(0,7; X ) and
f2€L40,T; K:(Q)). Thus the solution u to (.*) is such that u = u; 4+ u,, where u;
and u, satisty

M Auy=f1, divuy=0 in Qx(0,7),
uy-n=0, curluyxn=0o0nTx(0,7), (3.4)
u;(0)=0 in Q

and

W ANuy=fr, divur=0 in Qx(0
u, - n=0, curlupxn=0onTx(0,7), 3.5)
u(0)=0 in Q

respectively.
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By [3, Theorem 1.2] we know that u; satisfies

uy € L9(0,Ty; D(A,)) NW(0,T; LE +(Q)) (3.6)

d
/H ul +/ (| Ay (2 ”LP dt<Cpq, /Hfl HLp dr. (3.7)

Set z; = curluz. Then 2z is a solution of the problem

%2 _Azy =0, divza=0 in Qx (0,T),
z2xn=0,on T'x(0,T), (3.8)
2(0)=0 in Q.

Thus, using [4, Theorem 4.1] we deduce that curlu; = z; =0 in Q. This means that
u; € K;(Q) and then

Vi >0, 8"5( ) = (1) inQ. (3.9)
As aresult u, satisfies
w € L1(0,Ty; D(A,,)) NW4(0,T; LE £(Q)) (3.10)

an

3142 r q T q
/ |52 o= [ 172018 < 0. [ 1FO1 g @D
Thus putting together (3.6)-(3.7) and (3.10)-(3.11) we deduce our result. [J

We now extend the previous result to the more general case where the external
force f € L1(0,T; L?(Q)) is not necessarily divergence free. It is used that the pres-
sure can be decoupled, using the weak Neumann Problem (2.6). The following theorem
gives the strong solution to the inhomogeneous Stokes Problem (.”). By the inhomo-
geneous problem we mean the case where the external force is nonzero.

THEOREM 3.2. (Strong Solution to the inhomogeneous Stokes Problem) Let T €
(0,00], 1 < p,g<eo, f€L10,T;LP(Q)) and uy =0. The Problem (.7 ) has a unique
solution (u, ) such that

uecL90,Ty; WHP(Q)), Ty <T if T <oo and Ty <T if T = oo, (3.12)
P)
e L4(0,T; WP (Q)/R), a_’: € L9(0,T; L (Q)) (3.13)
and
/ H dt+/ ()2, dt+/ 1)y et (B14)

C(p,q,Q) /0 Tl (3.15)
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Proof. As we saw in Section 2.1 when defining the Helmholtz projection P, for
every f € L4(0,T; LP(Q)), and almost every 0 <7 < T, the problem
div(gradn(t) — f(r)) =0inQ, (gradrm(z) — f(¢))-n=0o0nT, (3.16)
has a unique solution 7(¢) € W7 (Q)/R that satisfies the estimate
forae.t€(0,7)  [20)lyinaye < COIW b G1D

It follows that 7 € L9(0,7; W'P(Q)/R) and (f —gradn) € L1(0,T; L5 -(Q)). As
a result, thanks to Theorem 3.1, Problem (.%) has a unique solution (u,7) satisfying
(3.12)-(3.14). O

Similar results hold for weak and very weak solutions.

THEOREM 3.3. (Weak Solution to the inhomogeneous Stokes Problem) Let
1<p,g<e, ug=0 andlet f € L1(0,T; [H (div,Q)]'), 0 < T < eo. The Problem
() has a unique solution (u,T) satisfying

uc L0, Ty; WP(Q)), Ty<T if T <ooand Ty <T if T = oo, (3.18)
meLl0,T; LP(Q)/R), ‘;—" eL90,T; € [H! (div)]s ;) (3.19)
an.
/H 7 v +/ T Ty MG A
C(p,q,Q /Hf H‘prdQ dt. (3.20)

Proof. Suppose first f € L9(0,T; [Hg/(div,Q)}’(m). Using that —B,, generates a
bounded analytic semigroup in [Hg, (div,Q)]Qm we deduce the existence of a unique
weak solution # to Problem (.’) that belongs to C([0,7; [Hg, (div,Q)]5 7).

By (2.17) we may write now f as, f = fi+ fo where fi € L(0,T;Y,) and
f2€L9(0,T; K;(Q)). Proceeding as in the proof of Theorem 3.1 we deduce that the
solution u to problem (.¥) is such that u = u; + uy, where u; and u, are weak
solutions of (3.4) and (3.5) respectively and that u, € K;(Q) for almostall 0 <7< T.
Using [3, Proposition 6.4, Remark 7.15] we deduce that the solution u satisfies the
maximal regularity (3.18)-(3.20). Suppose now f € L(0,T; [Hg/(div,Q)}’). Then, for
almost every 7 € (0,7), there exists a unique solution 7(z) € L?(Q)/R such that:

17l r(@)r < C2(Q,p)IIf]l (3.21)

[H” div,Q)]"”’
(cf. [5]), and then also:

meLl0,T; LP(Q)/R) and (f —gradr) e L(0,T; [Hg/(dimQ)}g’T).
We deduce from the previous step that (u, ) satisfies (3.18)-(3.20). O
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THEOREM 3.4. (Very weak solution to the inhomogeneous Stokes Problem) Let
T €(0,0|, 1 <p,g<oo, up=0and f €L1(0,T; [T? (Q)]'). Then the time dependent
Stokes Problem (. ) has a unique solution (u, ) satisfying

we L0,Ty; LP(Q)), Ty <T if T <oo and Ty <T if T = oo, (3.22)
meLll0,T; W LP(Q)/R), aa—“ e L(0,T; € [T (Q)]; ;) (3.23)

and
/ H Hn +/ 8u) dt+/ TG 1t (3:24)
< C(p.g. Q) / Oy g (3.25)

Proof. The proof follows the same arguments as those in /the proof of Theorem
3.3. In a first step one uses C,, the analytic semigroup on [T? (Q)]5 , and (2.21) to
prove that (3.22)-(3.24) are satisfied when f € [T? (Q)]5 - In the general case, one
uses the results in [5] to obtain 7 € LI(0,T; W~1P(Q)/R) such that (f —gradn) €
L9(0,T; [T? (Q)]L ) and the result follows using the first step. [

4. Existence and uniqueness of solutions for Navier-Stokes equations

In this section we apply Giga’s abstract existence and uniqueness result to the
Navier-Stokes problem (.4".%) to get the existence and uniqueness of a local in time
mild and classical solutions. To this end, we apply the Helmholtz projection P to the
first equation of system (.4".7"), and obtain

du

ot
where the operator A, is the Stokes operator with Navier-type boundary conditions.
Let us verify assumptions (A), (N1) and (N2) described above for the Stokes operator
Ap, inour case E? = Lf -(Q). First, observe that the assumption (A) is the L? — L4
estimate proved in [3]. Thus assumption (A) holds. We next verify the assumptions
for the non-linear term

+Au=—Pu-Viut+f,  u0)=u€Ls(Q) (4.1)

Fu=—P(u-V)u. (4.2)

Since divu =0 in Q, we can easily verify that

3
VI<i<3, (u-Vu)i=Y

= ax,

Asin [17]let (gij)1<i, j<3 be amatrix and forall 1 <i<3 weset g; = (gij)i1<j<3.- We
define L by
Lg; = Pdivg;. 4.3)
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The non-linear term Fu is expressed by LGu, where (Gu)(x) = g(u(x)) and
g(u): R? — R’, (g(w))ij = —wuj, 1<i,j<3.
It is easy to see that for all y, z € R? g satisfies
8(y) —g(2)| < Maly—=z[(lyl + [z]),  &(0)=0,

with |-| denotes the norm on R, k € {3,9}. Thus G satisfies (N2).
It remains to verify the assumption (N1). To this end we prove the following lemmas
and propositions

PROPOSITION 4.1. Consider the Helmholtz projection P : LP(Q) — L +(Q)

defined in (2.5). The adjoint P* of P is equal to the continuous embedding I : LIZ,/J(Q)
— L7 (Q).

Proof. First we recall that for all f € LP(Q), Pf = f — gradn in Q, where 7 is
the unique solution of Problem (2.6). We recall also that forall 1 < p <eo (L?(Q))" =~

LY (Q) and (L5 (Q)) ~ L’c’,/ﬂ(Q). Let u € LP(Q) and v € LgﬁT(Q) we have
(Pu, V>LP(Q)XLI’,(Q) = /Q(u —gradm) - vdx
with 7 € WP (Q) /R is the unique solution of the problem:
div(gradm — u) =0 inQ, (gradm —u) - n=0 onT.

As aresult,
(Pu,v)L,,(Q)XL,,/(Q) :/Qu-idx—i— /Qndivvdx—<7t7v-n>r,
where (-, )r = (-, '>W1/P’~ﬂ(r)xW*l/P’J”(F)' This means that

(Pu,v)Lp(Q)XLpf(Q) = <“7V>LP(Q)XLP’(Q) = <“:P*V>LP(Q)xLﬂ’(Q)'

O

LEMMA 4.2. Forall 1< j< 3, the operator (I—l—Ap)’l/zP% is a linear bounded
7
operator from LP(Q) to L +(Q), forall 1 < p < eo.

Proof. The proof is similar to the proof of [ 18, Lemma 2.1]. First observe that the
operator

DA L (@) DI+ A) ) e W@ (@)
Xj
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is continuous for each p, 1 < p < e, where I denotes the continuous embedding of
D((I+A,)' ) = Wgh(Q) in W'P(Q). As a result the adjoint operator |52 1(I +
J

Ap)~Y 2} is continuous from L” (Q) to L’é/ﬂ(Q). Let us prove that

J 12]" _ “1/2p 9
[a—le(HA) } = Ay P

4.4)
We know that the adjoint operator of (I+A,)'/? is equal to (I+A,,)!/? thus the adjoint
operator of (I+A,)”"/? isequal to (I+A,) /2. Now let u € L}, () and let v €
2(Q), one has

J 1/2 1/2,, v
<a_ij(I+A ) u’v>LP(Q)pr’(Q) < (I+4,)" ’8xj> (@QxL (Q)
ov
_ 1/2
<(I+A )12, P ax,> )

av >
dx;j/Lr( @)=L (@)

- <u, (1+A,)"2p2Y

The equality (4.5) comes from the fact that the adjoint of the Helmoltz projection P is
equal to I (see Proposition 4.1). As a result for all v € 2(Q) one has

J 12" 1259V
[a—le(HA) } v=(1+A,) "' 2P22.

Xj

Since [aile(l +Ap)‘1/2] is continuous from L” (Q) to L’;/J(Q), then for all v €
2(Q) one has

H(1+A N12p 2

—H[ I(I+A4)) Uzrv
LI’

< CHVHLI’/(Q)

ox; L'(Q)

Thus the operator (I+Ap/)*1/2P% C 2(Q) C L7 (Q) — Lf;,.T(Q) is continuous
y ,
for the norm of L” (Q). As a result using the density of Z(Q), the operator (I +

Apy)~ 1/ 2P can be extended to a linear continuous operator from L (Q) to LQ:T(Q).

Moreover (4 4) holds. [
As a consequence of Lemma 4.2 we have the following corollary

COROLLARY 4.3. Let L be the operator defined in (4.3). The following estimate
holds
Cp.T)

VfeLl(Q), le L fl|1r(q) < Y I fllzr (@) (4.6)

where e~"Av is the semi-group generated by the Stokes operator with Navier-type bound-
ary conditions on L5 +(Q) and C(p,T) is a constant depending on p and T .
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Proof. First we recall that the Stokes operator with Navier-type boundary condi-
tions generates a bounded analytic semi-group on L% () for all < p < . We also
know that for a fixed A > 0 one has

—tA At ,—t(AI+A
vt >0, e = Mot AIFA)

where e(*/+47) is the analytic semi-group generated by the operator —(A1+A4,) on
L5 - (Q). Now, let f € L (Q) one has

le P Lf 1o = ¢ e "L 1o
=& (I +Ap)" 2 e ) (14 Ay) T2 Lf || 1)
CeT _ CeT
< Ye) [(I+Ap) 1/2LfHLI’(Q) < m||fHLI’(Q)~

The last inequality comes from the fact that the operator (I + A p)_l/ 2L is a bounded
operator from L”(Q) into L5 ;(Q) which is a consequence of Lemma 4.2. [J

REMARK 4.4. Corollary 4.3 means the Stokes operator with Navier-type bound-
ary conditions satisfies the assumption (N1)

We thus have checked all assumptions that guarantee the existence and uniqueness of
local in time mild solution for the Navier-Stokes Problem (4.1). As a result applying
Theorem 2.1 to the Stokes operator A, with E? = L’c’m(Q) we have the following
theorem :

THEOREM 4.5. (Existence and uniqueness) Let ug € Lg +(Q), p >3. Thereisa
Ty > 0 and a unique mild solution of (4.1) on [0, Ty) such that

u € BC([0,Tp); L, (€2)) NL7(0, To; L ()
with
2 3 3

g>p,r>p,  —+-=-.
q r p

Moreover there is a positive constant € such that if [luo||pz (q) < € then Ty can
be taken as infinity for p = 3.

Next we want to prove that the mild solution obtained above is a classical solution.
For this reason we will proceed as in [18]. We start by the following lemma.

LEMMA 4.6. Let 0 < 0 < %—|— %(1 — %) and 1 < p < . Then for all u,v €
25(Q),

(T +A4,) "2 P(u-V)Vlo@) < MI[(I+Ap) oo | (T +Ap) VIIr), @7
where the constant M = M(8,0,p, p) provided that

0+0+p=>1/2+3/2p, 06>0, p>0, p+6>1/2.
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REMARK 4.7. By density of Z5(Q2) in D((I+A,)*) forall 0 < or < 1 one has
estimate (4.7) for all u € D((I+A,)?) and forall v € D((I+A,)P).

Proof of Lemma 4.6. Assume that 0 < € < %(1 - %) We know that the operator
(A +Ay)"* : Lo (Q) — D((I+A4,)%) = Lg 1(Q)
is a bounded linear operator with
P30
By duality this implies that the operator
(I+4p)"° 1 Ly 1(Q) — Lo.£(Q)

extends uniquely to a bounded linear operator from L () to Lg () with
S 4.8)

(i) First consider the case 0 > 1/2 and take € = § — % and observe that with such &,
the operator (I+A,)~¢ is a bounded linear operator from LY -(Q) to L§ (), where
s is given by (4.8). Using Lemma 4.2 one has

3 d(u;v)
1+A,) " 3P(u-V) H (I+A,) " 12p JH < C|llul- ||l
I+, PG V)l = | 20+ Ty < €l Ml
4.9)
We recall that since dive =0 in Q we have
B i d(u;v
j=1

By assumption we can take r; and r, such that

1 1 26 1 1 2 1 1 1

e ol P L i m<e  (4.10)

rn_p 3 n o p 3 r rp s

As a result Holder inequality and (4.10) yield

a1z < lull @) IV @) < €T +Ap) ullpo 1 +4p) V] o)
(4.11)
Finally putting together (4.9) and (4.11) we obtain the required result.

(ii) The case 0 < 0 < 1/2 is obtain in the same way as in the proof of [18, Lemma
22]. O

In the particular case where p > 3 we have the following proposition
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PROPOSITION 4.8. Let p > 3 then for all u,v € D(AII,/2) one has

1P(u - V)Vl| o) < ClIUT+Ap) Pa| ooy 1T+ A,) 2V () (4.12)

Proof. First, since for p >3, WP(Q) — L*(Q) one has
1P(u-V)v|Lr@) < Cllulli=@) VYL@

< Cllullwrr@llvlwe @)
< CIT+Ap) " ullLe | (T +4,) V]|

The last inequality comes from the fact that D(A,l/ 2) = W},’f;(Q) and for all u €

D(A 1/2) the norm |||y 1, (q) is equivalent to the norm H(I+Ap)l/2u||Lp(Q). 0
Consider now the non-linear term Fu defined by (4.2), we have the following
proposition

PROPOSITION 4.9. Let 8,0, p be as in Lemma 4.6 and let 1 < p < . For all
u,v € Ds(Q) one has

1T +A,) " (Fu = Fv)l|uo) < Cll(I+A4,)° (=)l | 1 +Ap) Vi)
I +Ap) Voo 1T+ Ap)P (=) r)-  (4.13)

Moreover for p > 3 we have

1Fu—Fv| 1) < ClIT+Ap) (=)o) [T +A4p)" V] 1o

1T+ A4p) 2V oy | (T +A4p) 2 (= 9) (e (4.14)

Proof. Just observe that
Fu—Fv=Pu—v)-Vu+Pv-V(u—v).

As aresult, estimates (4.13) and (4.14) follow directly from Lemma 4.6 and Proposition
4.8. O

The following theorem shows that the solution u(#) of Theorem 4.5 is in D(AY)
for all # € (0,7;] and for all 0 < @ < 1 — 38, where § satisfies the assumptions of
Lemma 4.6.

THEOREM 4.10. Let 8 be as in Lemma 4.6 be fixed and let uy € L £(Q), p > 3.
There exists a maximal interval of time T, € (0,T) such that the unique solution u(r)
of Problem (4.1) is in C((0,T.]; D(AY))) for all 0 < & < 1— 8. Moreover the solution
u(t) satisfies

11+ Ap)u(t) (@) < Kt~ (4.15)

for some constant Ky > 0.
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Proof. First, we note that, thanks to Theorem 4.5, there exists a 7y > 0 such that
the unique solution u(¢) of Problem (4.1) is in BC([0,Ty); L5 -(Q)). Moreover for all
0<t< Ty, u(t)is given by

u(t) =uo(r)+Su(r) (4.16)

with .
uy(t)=e™uy  and  Su(t) = / e~ =9 Fu(s)ds, (4.17)

0

where Fu = —P(u-V)u. In addition, thanks to [17, Theorem 1], we know that by
construction there exists a sequence (#p(¢))mn>0 such that (u,,), converges to u in
BC([0,Tp); L +(€2)) and uy,(¢) is defined recursively by

uo(r) = e rug and Vm>1, Wi () = uo(t) + Sup(t). (4.18)

Now, let § be asin Lemma 4.6 and 0 < o < 1 — §. Since e "7 is a bounded analytic
semi-group on Lg (), then uo(z) € D(A,) — D(AY) and

11+ Ap) “uo (1) | L) = T+ Ap) e ug|| o) = € [|(T+Ap) e T4 ug|| o )
< Koot ™%, 4.19)
with

Koo = [|uollriy sup €1%[(1+Ap)%e ") i o). (4.20)
0<t<Tp T

The factor €' in (4.20) is irrelevant since our existence is local in time.
Suppose that for some m > 1, u,(t) € D(A7) forall 0 <t < Tp and satisfies

(T +Ap) % (1) Lr (@) < Komt ™%, Vo, 0<oa<1-06 (4.21)

for some constant Kg, > 0 and let us prove that u,,11(t) € D(A}) and satisfies

1T +Ap) “umi1(1)l|r(@) < Komirt™ %, 0<a<1-9,

for some constant Ky 41 > 0. We shall estimate [[(1+Ap)%upm+1(7)||zr(q) by using
the explicit formula (4.18). Observe that

(I+Ap) w1 (t) = (I+Ap) %uo(t) + (I+A,)*Sun(t), (4.22)
where Su(r) is given by (4.17).
U+40)% S )l < [ 10+47)% 0 Fuan (5 s
[+ Ap) e A B () 15 s
0

t
< Cosse” /0 (=)0 (T +Ap) Futn(s) o ds.  (4.23)
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As in the proof of [18, Theorem 2.3] to estimate the term ||(I+A,) "% Fu(s) () we
choose 8 >0 and p > 0 such that

0+p+d6=1, 0<6<1-0, 1/2<d+p<1.

We can easily verify that 6, p and O satisfy the assumptions of Lemma 4.6. Thus
using Lemma 4.6 and (4.21) one has

1T+ Ap) " Fuu(s) o) < MIUT+Ap) () o |1+ Ap)P i (5) | o )

M KopKpms® . (4.24)

NN

Now putting together (4.23) and (4.24) one has
(I +Ap)*Stun(1)||1r (@) < Corr6 M KomKpme” /Ot (t—s)"* 99 1ds. (4.25)
Putting together (4.22), (4.19) and (4.25) and using Lemma 2.12 [15] one has
1T+ Ap) “ms1 (1)l () < Kome1t™* (4.26)
with Kg,+1 defined recursively by
Komi1 = Koo + Me" Coy sB(1— 8 — &, 8)KomKpm (4.27)

and B(-, -) denotes the beta function. Thus u,,() is well defined for each m > 0 as
an element of C((0,Tp; D(Ay)) forall 0 < a < 1— &, moreover uy,(t) satisfies (4.26)
with Ky, defined recursively by (4.20) and (4.27).

As in the proof of [18, Theorem 2.3] we can show that if

1

Ky < —— 4.28
0< IC,MB, (4.28)

with C; = max(Cg5,Cp5) and By =max(B(1-06-0,6),B(1-6—p,§)), then

H(I—|—Ap)aum+1(t)||Lp(Q) SKatfa, (429)

with a constant K, independent of m. As a result, for all 0 <t < Ty the sequence
(un(t))m=0 is bounded in D(A}) and thus it converges weakly in D(A})) to a function
denoted by v(r) and (I+A,)%u,(t) converges weakly to (I+A,)%v(r) in L5 (Q). In
the other hand u,,(r) converges to u(t) in L () thus u(r) = v(r) and u(r) € D(A%)
for all 0 <t < Ty. As stated in the proof of [18, Theorem 2.3], if T > 0 is chosen
sufficiently small then Ky, 0 < o < 1— 0 becomes small and K satisfies (4.28).
This shows the existence of 7. > 0 such that u € C((0,T.]; D(A})).
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Finally observe that since (I +A,)%u,,(t) converges weakly to (I +Ap,)%u(t) in
L5 £ (Q) then

12+ A0) >0 |y < iminf [ (1+Ap) % (6) | () < Kot~

Thus one has estimate (4.15). [

The next step is to prove that the solution u of Problem (4.1) belongs to
C((0,T.]; D(Ap)). Since the Stokes operator generates a bounded analytic semi-group
on Lf () then uo(¢) defined in (4.17) is in D(A,) for all 7 > 0. It remains to prove
that Su(r) defined in (4.17) is in D(A,) for all 0 < ¢ < T. The proof is done in three
steps. First we prove that (I+A,)%u, 0 < oo <1—§ is Holder continuous on every
interval [g, T.]. This gives us that the non-linear term Fu is also Holder continuous
on every interval [g, T;] and thus u € D(A,,) forall 0 <7 < T,.

PROPOSITION 4.11. Let 0 < 8 < 1 be as in Lemma 4.6, 0 < o0 < 1 — 86, let
uyp € L5 (Q), p =3 and let u(t) be the unique solution of Problem (4.1). Then
(I+Ap)%u is Holder continuous on every interval [e,T.], (0 < & <T).

Proof. First we recall that for all 0 <t < T,
(I+Ap)%u(t) = (I+Ap) % uo(t) + (I+A,)*Su(r)

with uo(r) and Su(t) are defined in (4.17). Since the operators A, and I+ A, generates
bounded analytic semi-groups on L5 () and since e 4» = ¢'e¢"+42) then for all
up € L5 1(Q), (I+A,)%uy(r) is Holder continuous on every interval [e,7;], 0 <€ <
T, (see Proposition 2.5).

Let us prove the Holder continuity of (/4 A,)*Su(r). Observe that

(I+Ap)*Su(t+h)—(I+Ap,)*Su(t)
12
:/0 (I—FAp)a [et+h—se—(t+h—s)(I+A,,)Fu(S) _ et—se—(t—s)(I+A,,)Fu(S)]ds
1+h
+/ et-‘rh—S(l+Ap)ae—(t+h—s)(I+A,,)Fu(s) ds.
t
As aresult,
1(1+Ap)*Su(t+h) — (I1+Ap)*Su(t)||r) <h +1h
with
!
L= /O 11+ Ap) %™ =5)0+40) (o=HI+40) _ 1y Fa(5) | 1y 5 (4.30)

and
t+h
L=e" / [(I+Ap)*e U4 Fy(s) || 1o ) ds. (4.31)
t
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We recall that the factor ¢! in I; and I, is irrelevant since our existence is local in time.
Now as in the proof of [18, Proposition 2.4],let 0 < u < 1 — & — o then

I =

1
e [T,y e ) (M) 1) (14 4,) O ()] ds
and can be estimated by
1
I < Cyl (e "4 — DT+ Ap) M|l 22 ) / (t—s) %0115 (4.32)
o,T 0

The last inequality comes from the fact that ||(I+A,) ®Fu(s)|| Q) < Cs~9~1 which
is a consequence of estimate (4.15) and Lemma 4.6. Now using Lemma 2.3 one has

_ _ C
(704 — (I +Ap) | oz () < ﬁh“~

Substituting in (4.32) one has as in the proof of [18, Proposition 2.4]
I <Ch*, (4.33)
with some constant C depending on € and .
Next consider the integral I given by (4.31) one has
t+h s s s
b < er/ (I +A,)+3 = (t+h=s)(+4,) oz | +4p) " Fu(s) (o ds
t s

t+h C
C f+h—s)"%%ds< —5
g‘/t ("‘ S) N 1—5—0{

< ChH (4.34)

h1—5—a

N

with
Ce= sup [[(I+A,) *Fu(s)l|ur(ey.
e<st<Ti
Finally putting together (4.33) and (4.34) one gets directly the Hoélder continuity of
(I+Ap)*Suon (0,7]. O
Now we can prove the Holder continuity of Fu given by (4.2).

PROPOSITION 4.12. Under the same assumptions of Proposition 4.11, let u be
the unique solution of Problem (4.1). Then Fu is Holder continuous on every interval
e, T.], 0<e<T..

Proof. Let u(t) be the unique solution of Problem (4.1). Thanks to Theorem 4.10
we know that u € C((0,T.]; D(Ay)) forall 0 < a < 1-8, where 6 is as in Lemma

4.6. Under a suitable choice of 6 we can show that u € C((0, T.]; D(AII,/2)). Now,
using Proposition 2.23, estimate (4.14) one has
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|Fu(t+h) — Fu(t)|| (o)
<C|(T+Ap) " (u(t +h) — u(t)) | oo |+ Ap) ?ut) | @)
T+ AR u(0) | o | (T + AR (e + 1) — u(t))l| () - (4.35)

Next, using the fact (I+A,)"/?u is Holder continuous on every interval [g, 7]
(see Proposition 4.11), there exists 0 < yt < 1 —6 — 1/2 such that

HFu(H—h) — Fu(t)||Lp(Q) < Ch*
and the result is proved. [

THEOREM 4.13. Let ug € L5 (Q), p >3 and let u(t) be the unique solution of
Problem (4.1), then

u € C((0,7.],D(Ap)) NC((0,T.]: LG £(<2)).

Proof. First we recall that the solution u is given explicitly by (4.16). We recall
also that since ¢~"» is an analytic semi-group on L} -(Q) then uy(t) € D(A,) for all
1> 0. It suffices to verify that Su(r) € D(A,) forall 7 € (0, T.] which is a consequence
of Proposition 4.12 and [29, Chapter 4, Corollary 3.3]. Moreover, thanks to Lemma 2.2
one has u € C'((0,T]; L5 -(Q)) this ends the proof. [
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