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BOUNDS FOR GLOBAL SOLUTIONS OF A REACTION DIFFUSION
SYSTEM WITH THE ROBIN BOUNDARY CONDITIONS

KOSUKE KITA AND MITSUHARU OTANI

(Communicated by P. Souplet)

Abstract. In this paper, we are concerned with the large-time behavior of solutions of a reaction
diffusion system arising from a nuclear reactor model with the Robin boundary conditions, which
consists of two real-valued unknown functions. It is shown that global solutions of this system
are uniformly bounded in a suitable norm with respect to time.

1. Introduction

We consider the asymptotic behavior of global solutions of the initial boundary
value problem for a reaction diffusion system:

duy — Auy = uyuy — buy, t>0,xeQ,

duy — Aupy = auy, t>0,xeQ, 0
Oyuy + ouy = dyuy + Puy =0, t>0, x€0dQ,

u1(0,x) = uo(x) =0, up(0,x) = upo(x) >0, x€Q.

Here Q is a bounded domain in RY with smooth boundary dQ, and v denotes the unit
outward normal vector on dQ. Furthermore u;, uy are real-valued unknown functions
and a, b are given positive constants. We also assume o > 0 and 8 > 0. This prob-
lem is introduced in 1968 by Kastenberg and Chambré [13] for the purpose to give
mathematical model of a nuclear reactor, where u; represents the neutron flux and u,
represents the fuel temperature.

This model is studied by many authors under various (linear) boundary conditions,
see, e.g., [6], [7], [10], [11], [12], [24] and [25]. They investigated the existence of
positive steady-state solutions and the asymptotic behavior of solutions. In our previous
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work [14], we also studied the initial-boundary value problem for this system with
nonlinear boundary conditions:

oty — Auy = uyur — buy, t>0,xeQ,

dr — Aupy = auy, t>0,xeQ,

dyuy + oy :8vu2+ﬁ\u2\7’_2u2:07 t>0,x€0dQ, @
u1(0,x) = uo(x) =0, up(0,x) = upo(x) >0, x€Q,

where y > 2. We showed the existence and the ordered uniqueness of positive sta-
tionary solution for N € [1,5]. For nonstationary problem, we proved that any positive
stationary solution plays a role of threshold to separate global solutions and finite time
blowing-up solutions. More precisely, if the initial data is less than or equal to positive
stationary solutions, then solutions of (2) exists globally and tends to zero as ¢ — oo,
and if the initial data is strictly larger than positive stationary solutions, then solutions
of (2) blow up in finite time. For general initial data, however, this result does not say
anything about the asymptotic behavior of global solutions. When we assume that so-
lutions exist globally, it is natural to ask whether global solutions blow up at e or not.
We here restrict ourselves to the case where y = 2, for the technical reason. Bounds for
global solutions of this system with the homogeneous Dirichlet boundary conditions
is already studied by Quittner [22] for the case where N = 2. This strong restriction
on N arises from applying Hardy type inequality (see [4]). As for the Robin boundary
conditions, by making use of the good properties of the first eigenfunction of Laplacian
with Robin boundary conditions, we can discuss the case where N =2,3.
This kind of problem is well known for the scalar problem:

u(t, x) = Au(t, x) = f(u(t,x)), 1>0,x€Q,
u(t,x) =0, t>0, xe€dQ, 3)
u(0,x) = up(x), xeQ.

For simplicity, assume that f(u) = |u[P~%u and p is Sobolev subcritical, that is, p €
(2,ps), where pg is the Sobolev critical exponent defined by ps = oo for N = 1,2 ;
ps = ]% for N = 3. The boundedness of global solutions of (3) was first discussed by
[19, 20] in the abstract setting of the form u, +d¢' (1) — d@*(u) =0 in L>(Q). Here
d¢@' are subdifferentials of lower semi-continuous convex and homogeneous function-
als @' (i=1,2) on L?>(Q), where it is shown that every global solution of (3) is
uniformly bounded in HJ () with respect to time. Ni-Sacks-Tavantzis [18] studied
(3) for the case where € is convex domain and proved every positive global solution of
(3) is uniformly bounded in L (Q) with respect to time provided that p € (2,2 + %)
Furthermore they also showed that if p > pg, then (3) has a global solution whose L~
norm goes to oo as t — oo in the case where N > 3. Cazenave-Lions [5] dealt with more
general nonlinear term f(u) (including f(u) = |u|?~2u) and showed that every global
solution allowing sing-changed solution is bounded in L (Q) uniformly in time pro-
vided that p € (2, pcr), where pcp = when N =1 ; pcp =2+ % when N > 2. (
Note that pcy, < ps forany N € N ). Giga removed this restriction on p in his paper [9]
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for positive global solutions, that is, he showed every positive global solution of (3) is
uniformly bounded in L*(Q) for any p € (2, ps). Quittner [23] removed the restriction
of the positivity of solutions, i.e., he proved that every global solution of (3) (allowing
sing-changed solution) is uniformly bounded in L™ (Q) for any p € (2, ps).

Proofs for the boundedness of global solutions of (3) deeply rely on the fact that
the energy functional E(u), defined by E(u) = § Jq |Vu[*dx — ;—)fg |u|Pdx, becomes a
Lyapunov function, in other words, (3) possesses the variational structure. In addition
to that, in [9] the rescaling argument is introduced and in [23] the bootstrap argument
based on the interpolation and the maximal regularity is used.

Unfortunately for our system, we can not apply the arguments similar to those of
[9] and [23], since (1) does not possess the variational structure.

To cope with this difficulty, making much use of the special form of our system,
we first show the uniform bound for the L' -norm with the positive weight ¢y, the first
eigenfunction of the Laplace operator with the Robin boundary condition. To derive the
uniform H'-bound, we rely on some energy method with a special device (see Lemma
3.2). Furthermore by applying Moser’s iteration scheme such as in Nakao [17], we
derive the uniform L -bound via H'-bound.

2. Existence of local solutions
Throughout this paper, we denote by |- ||, and |- || the norm in LP(Q) (1 <
p <o) and H'(Q) respectively. We also simply write u(z) instead of u(¢,-). In

this section, we prepare a couple of results concerning the local well-posedness. The
following result is proved in [14] as Theorem 3.1.

THEOREM 2.1. Let (u10,u20) € (L™(Q))?, then there exists T = T (||uio||«) >

0 (i =1,2) such that (2) possesses a unique solution (uj,uz) € (L=(0,T;L=(Q)) N
C([0,T);L%(Q)))? satisfying

V1duy, 10y N1Auy NV 1Auy € L2(0,T;L*(Q)). 4)

Furthermore, if the initial data is nonnegative, then the local solution (uy,uy) for (2)
is nonnegative.

In order to treat the case where the data belong to H!(€2), we need to fix some abstract
setting. Let H := L*(Q) x L*(Q) and for u = (u;,us) € H we put

D(¢):={ucH;u,u € H(Q), uy € L7(0Q) },
%/Q(IVul(X)IZer\ul(X)IZJr Vo (x) | )dx

o) = Gk + L) ao  itue )
too ifudgD(0).
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Then ¢ is a lower semi-continuous convex function from H into [0,e0) and its subdif-
ferential d¢ is given by

d¢(u) ={weH;w=(—Auy+buy,—Auz) } Vuec D(d¢),

D(d9) ={u= (u1,u2); uj,up € Hz(Q), oyuy + ouy = dyuy + \u2|772u2 =0}.
Then we have

THEOREM 2.2. Let N <5. Assume that (uy0,u20) € D(¢). Then there exists T =
T(¢(uo)) > O such that (2) possesses a unique solution (uy,uz) € (C([0,T];L*(Q)))?
satisfying

oy, iy, Auy,Auy € L2(0,T;L2(Q)). 5)

Furthermore, if the initial data is nonnegative, then the local solution (uy,uy) for (2)
is nonnegative.
Proof. Put u(t) = (uy(t),u(r)) and
B(u):={be H;b=(—ujup,—auy) },

then (2) can be reduced to the following abstract evolution equation in H :

D)+ 90(u(0) +Bu(t)) =0, u(0) = (arg, ). ©

We are going to apply Theorem II of [21]. To do this, we have to check three assump-
tions. The compactness assumption (A.1) requires that the set {u € H; ¢ (u) + |ul% <
L} is compact in H for all L > 0, which is assured by the Rellich-Kondrachov theo-
rem. The demiclosedness assumption (A.2) on B(u) is assured by the continuity of the
mapping (uy,us) — (—ujus, —aup) in R?.

The last assumption to check is the boundedness assumption (A.4):

[B(u)[fy < k|09 () 7 +£(9(u) + ul)  Yu € D(99), @)

where k € [0,1) and £(-) : [0,00) — [0,e0) is a monotone increasing function. We note
that

1B(u)[z < lun|Zlluz|3 + @ s[5, 3C > 0 such that C([Ju]|* + [|u2]|*) < @) +1.

(8)
Hence for N < 4, (7) holds true with k = 0 and ¢(r) = Cr*. As for the case where
N =5, Gagliardo-Nirenberg interpolation inequality gives

1 3
vlla < ClIvll VI

Then by Young’s inequality, (7) is satisfied with £(r) = Cr>. Thus the local existence
part is verified.
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To prove the uniqueness part, let u' = (ul,ul), u?> = (u},u3) be solutions of (2)

and put Su; = u! —u? (i=1,2). Then Su; satisfy

0, 0uy — Adu; +béu; = 5u1u% + 5u2u%7 9)
0;6uy — Abuy = aduy, (10)
AySuy + ouy = dySur + B(|ud|V2ul — |u3 |7 2u3) = 0. (11)

Multiplying (9) by du; and (10) by Su,, we have by (11)

1d
5 g 18 OIE + V8|3 + el dur[)5 50 + b 8113

< [ (18101 b+ 8 ) i, (12

1d - -
5 7181 B+ V8wl +B [ (bl 2ub — i8] 23) Sz do

<a/g|5u1\|5u2|dx, (13)

where Hv||§79(2 = [5ov*do. Let N <5, then since H'(Q) and H?(Q) are embedded

in L5 (Q) and L'°(Q) respectively, by Young’s inequality we find that for any & > 0
there exists Ce > 0 such that

/Q |Suil |Sujf [w]dx < C[Guil| | 8wz Wl g2 )
<& (|V8uil|3 + [|8uil|3) + Ce | Suj 1311wz -

Hence, by adding (12) and (13), we obtain

d
2 (181 (D13 +(18uw2(0)3) < C(luallf )+ 14Tll2 @)+ 1) (1810 () [3+]5u2() 1),

Thus since u},u? € L*(0,T;H*(Q)), the uniqueness follows from Gronwall’s inequal-
ity. The nonnegativity of solutions can be proved by exactly the same argument as in
the proof of Theorem 3.1 in [14].

3. Main result and proof

In what follows we always consider the case where Yy =2 and we are concerned
with global solutions of (1). We put H! = {(w,wp) € H'(Q) x H'(Q) ; wi,wp >
0,wi,wy Z0} and V = {(w,wy) € L*(Q) x L*(Q) ; wi,wa > 0,w;,wy £ 0}. Our
main theorem can be stated as follows.

THEOREM 3.1. Let N =2,3 and o < 2. Assume that (ujo,ux) € H' and
(u1,up) is the corresponding global solution of (1) satisfying the same regularity given
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in Theorem 2.2. Then there exist constants M; = M;(||luol|, [|u2o]|) >0 (i =1,2) such
that

supllu1(¢)|] <My, supllua(t)|| < Ma. (14)
>0 >0

Moreover if (uy0,u20) € V and (uy,uy) is the corresponding global solution of (1)
satisfying the same regularity given in Theorem 2.1. Then there exist constants M'; =
M’ i(|[u10]|oo, [|tt20]]0) >0 (i = 1,2) such that

sup [|u1 ()| < M'y, suopHug(t)ngM’g. (15)
[

>0

We divide the proof into several steps. We first derive the L' -estimate of the solutions.
In this step, we rely on the properties of the first eigenvalue and the corresponding
eigenfunction of —A with the Robin boundary conditions :

LEMMA 3.2. ([8]) Let Ay and @ be the first eigenvalue and the corresponding
eigenfunction for the problem:
—Ap=Ap, x€Q,
¢ ¢ (16)
ho+yp=0, x€dQ,

where Q is smooth bounded domain in RN and y > 0. Then A; > 0 and there exists a
constant Cy > 0 such that

P1(x) = Cy x € Q.

Actually, it is easy to see that ¢; > 0 in Q by the strong maximum principle as
the same method for the eigenvalue problem with the Dirichlet Laplacian. Furthermore
suppose that there exists xp € dQ such that ¢;(xy) = 0. Then the boundary condition
assures dy @) (xg) = —Y@i(x9p) = 0. On the other hand, we know d, @;(xo) < O by
Hopf’s strong maximum principle. This is contradiction, i.e., @;(x) >0 on Q.

The second step is to derive uniform L?-estimates and third one is to derive uni-
form H'-estimates. In the last step, we get uniform L> bounds for global solutions of

(1) applying Moser’s iteration scheme (see [1] and [17]).

(1) Uniform estimates in L'

Let A; and ¢; be the first eigenvalue and the corresponding eigenfunction of (16)
respectively. We here normalize @; so that ||¢;||; = 1. Multiplying ¢; by the first and
second equations of (1), we get

(/ u1<P1dx> +(b+ll)/ulfp1dx+(a—7)/ u1<P1dG=/ ujup@rdx,  (17)
Q t Q 20 Q

(/ uz(pldx> —l—ll/ u2(p1dx+([3—j/)/ uz(pldO':a/ uy Qrdx. (18)
Q t Q 90 Q
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Multiplying (17) by a and substituting (18) and equation (1) to the second term of the
left-hand side and the right-hand side respectively, we have

aQLm@ml+w+Mm<LM@w%+Mlyﬂmu+m—wégm@mg
+ala—7) /a nido = /Q (hits — Aux) 1y (19)

Then differentiating (18) with respect to ¢ once and substituting (19) to the right-hand
side, we obtain

</Qu2(p1dx>tt+(b+27tl)(/ng(pldx>t+7tl(b+7tl)/ng(pldx
vala=y) [ wodo+(B-1)([ wedo) +B-yib+h) [ wedo

= /Q (O —Aup) ur prdx

1 2 2 M o[ 5 Y / 2
2</Qu2(p1dx>t+/Q\Vuz| Qrdx+ 5 /Qu2(p1dx+<[3 2) aQu2(,01dG. (20)

Finally choosing y = # > 0, we deduce

</ ug(pldx> +(b+2ll)(/ u2(p1dx> +7L1(b+2,1)/ ur Prdx
Q 123 Q t Q
o o
_§</89u2(p1d6>t—511 /(99u2¢1d0 (1)

1 P Moo
> - = .
> 2(/Qu2(p1dx>t+ 3 /Quzqoldx

‘We now set
1 o
y(t)::w/(t)+(b+7tl)w(t)—§/gu% ol dx—a/(muz o do, w(t)::/ng Q1 dx.

Since du, € L*(0,T;L*(Q)) implies that there exists so € (0, 1) such that |y(s)| < oo.
Then (21) yields

Y(t) = =2 y(t), hence y(r) = y(so)e M) > —|y(so)| =: —Cp V> s0.

Hence by virtue of Schwarz’s inequality and Young’s inequality, we get
1 o
~Co <y(0) =w/(O)+ b+ M) w(t) =5 [ Bprdr—F | 1agido
2 Ja 2 Joo
1
<W(t)+ (b+A)w(t) — sz(t)

1
<wm—zwm+@+hf Vit > s,
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i.e.,
w(t) = -w () —C1, Cr:=Co+(b+1)>>0 V> s, (22)
whence follows
w(t) < 2C1j =C Vit > 59, (23)
Indeed, if there exists #; > sy such that

1
sz(zl) —C1 >0, (24)

then from (22), (24) we can deduce that there exists 7, > #; such that

lim w(t) = oo,
11—t

which contradicts the assumption that w(z) exists globally. Thus (23) holds and the
following global bound for w(z) is established.

sup [ us @1 dx < C; := max <C27 max w(s)). (25)

>0 O<S<SO

Next we derive a uniform estimate for [, u;@idx. Using the facts that u; =
%(8; up —Auy) and (u;,up) are nonnegative in (17), we can get

d 1
d_</ ul(pldx> > —(b+7L1)/ ul(pldx:—(b—f—?tl)—/(&;uz—Auz)(pldx
t\JQ Q aJjQ

_ _b+7L1w,(t)_ (b-f—)h))tl W(t)—|— (b+7L1)a/ 1o
a a 2a 0Q
_b+7t1w,(t)_ (b-f—)h))tl w(t).
a a

For n € (0,1), integrating this inequality over (7,4 1) and using (25), we obtain

t+n t
[/ ul(pldx} > —b+kl (wi+n)—w())— M/+nw(1)dr
Q t

¢ a a

S _b+116

= 2

_ (b + 2'l)ll 62

= _C37

where C3 > 0 is independent of ¢ and 1. This implies that

Ju@ends<cy+ [ mie+mendx (26)
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Integrating (26) over 1 € (0, 1) and using integration by parts, we get
1
/ul(t)qoldx<C3+/ /ul(t—i—n)(pl dxdn
Q 0 Jao
1+1
:C3+/ /ul(r)qol dxdt
t Q

1 ft+l
:C3+—/ (atuz—Auz)q)l dxdt
ai

1 —+1
:C3+ wE+1)—w(t))+— / T——/ /a uy @1 dodt
Q

1+2
<G+ !

Cr=:Cy,

which concludes that

sup [ ui@1dx < Cy. 27)
>0 JQ

Thus, from (25), (27) and Lemma 3.2, we can derive the following estimates:

sup|[ur (t)|l1 < Cs, supllua(t)|1 < Ce. (28)

>0 =0

(2) Uniform estimates in L?

We here try to get L? uniform bounds of solutions of (1). Since (17) gives

d
/ uluz(pldx< —</ U@ dx) +(b+ﬁ,1)/ U1y dx,
Q dt \Jo Q

it follows from (27) that

t+1
sup / ujup dxdt < Cq. (29)
Q

10 Jt
Multiplying the second equation of (1) by u, and using integration by parts, we get

1d
3 Sl + Vi) B+ Bl o = a [ wrurd.

Hence by virtue of Poincaré - Friedrichs’ inequality [|v||3 < Cz'(||Vv|j3 + B]lv H2 90)
we have

@)+ Crln 0l <a [ muza (30)
2dt Q

Applying Gronwall’s inequality to (30), we get

5
Jua(1) 13 < e 2 o3+ [ 2a( [ mad)e 20 . 31
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In order to obtain uniform bounds of L2-norm for u, with respect to 7, we need to
confirm that the second term of right hand side of (31) is bounded. For any 7 > 0, we
can express r = n+ € with some n € NU{0} and € € [0,1). Then, by virtue of (29),
it follows that

1
/(/ uluzdx>e_2CF(t_T)dT
0 Q
1 t—1
= (/ M1u2dx>e_2CF(t_T) dt + (/ uluzdx)e_zc‘”(t‘f)dr
—1\JQ -2 Q
t—(n—1) t—n
+"'+/ (/ Mluzdx>ef2CF(’4)dT+/ (/ u1u2dx>e*2CF(”T) dt
T—n Q 0 Q
1 t—1
<€70/ (/ M1M2dx>d‘r+ef2CF/ (/ u1u2dx>dr
t—1 \JQ t—2 Q
t—(n—1) t—n
—|—---+ei2("71)CF/ (/ uluzdx>dT+efz"CF/ (/ uluzdx>d1'
t—n Q 0 Q

<G (1 e X Lo Ly e*2ncp>

1— —2(n+1)Cr C
Syes ¢ 7

1 —e2Cr S 1 —e2Cr"
Therefore we obtain from (31)

261C7

a0 < e Nunlf+ 1= >0,
This implies that there exists Cg > 0 such that
sup [[ua(t)[|2 < Cs. (32)

>0

=

Note that the above argument can be done without any restriction on dimension N .

We next derive a uniform L”-estimate of u; for N < 3. Multiplying the first
equation of (1) by u; and using integrating by parts, we have

|

Jia0) 3+ V03 + a0l o+ bl ()13 = [ sz

N =
QU

t

We here adopt (||Vv||3+5||v|[3)"/? as the H' norm for u; . By using Holder’s inequal-
ity, the interpolation inequality and the embedding theorem (||v||¢ < Co||v||), it holds
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that
3 @B+ @ < [ s ds
< lha (1) )]

1 9
< a1 flua (@) llg llua(0)l]2

9
5

1 9 1
<G GE m(0)]5 < EH”I(Z)Hz-FCm

which implies
1
lur (1)1 + 5”“1(’)“2 < Cio.
Hence we obtain
lur ()5 < e [lwro]l3+2C10 (1 —e7"),

i.e.,
sup [|lug (2) (]2 < C11- (33)

>0

(3) Uniform estimates in H'

Now we are in the position to derive a uniform H'! bounds of solutions of (1). Multi-
plying the second equation of (1) by —Au,, we obtain

1d
3 g VO3 +Blo) B o)+ 1800) I = —a | iz dx

1 2 a? 2
< 5 lAua ()13 + = [lua (£)]]3-
2 2
Here we define the H!-norm of u, by
2. 2 2
luz||” = [Vuallz + Blluzlz ge-
Then it holds that Cr||ua||> < ||Auz]|3, since
; 2 2
(Cr) 2 |luall2 [Juall < IVuall3 + Blluzllz 90 = (—Auz,uz) < [|Ausl|2|[uzll2,
where (-,-) denotes the inner product of L?. Hence we obtain
d 2 2 22
217+ Crlun@)” < a”Ciy,

whence follows
sup [lua(t) | < Cia. (34)

>0
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In order to derive the uniform H'-estimate for u;, we prepare the following func-
tional ¢ (u;):

1 (ur) = %(\ 3 weHY(Q).

Then it is easy to see

O1(u1) = (

3) > —||u1||2, (35)

b
|| = Auy+buy|af|ui|l2 = [(—Aur +buy,ur)| =2 ¢1(u1) =2/ ¢1(u1)\/;1412,

whence follows
2b ¢y (uy) < || — Auy +buy 3. (36)

Multiplication of the first equation of (1) by —Au; + bu; and integration over € yield

(Jruy, —Auy +buy) + || —Au1—|—bu1H% = (uyup, —Auy +buy)

(lwrwa|l3 + || — Auy +bur|3). (37

I\JI'—‘

Here we note J
(8tu1,—Au1 +bu1) = E(Pl (ul(t))

Hence, in view of (37) and (36), we obtain

d
011 (1)) + b 911 (1)) < 3 a3

Here by Holder’s inequality, (32), (33), (34),(35) and Young’s inequality, we get

1 3
Hu1u2H%z/g)u%u%dxz/guluzul uj dx

1 1
g(/ uluzdx> : (/ u?u%dx) :
Q Q

L1 3 3
< GGy lur ()6 [l @)l
< b¢1(u1(t))+C13.

Hence it follows that

Ci3

o1 0)+ 501 () < L.

Therefore, applying Gronwall’s inequality, we deduce

01 (1 (1)) < 01 (11 (0)) e 3 + =
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which implies that
sup||u1(t)H < Clg. (38)

>0

(4) Uniform estimates in L™

Since Theorem 2.1 assures that there exists s; € (0,1) such that u(s;) € H'(Q) and
||u(2)||- is bounded on [0,s;], we can assume without loss of generality that (u;9,u20) €
H'NV. To derive L bounds via H! bounds, we rely on the following Alikakos -
Moser’s iteration scheme, which plays an essential role in our argument.

LEMMA 3.3. ([17]) Assume that v € Wli,’cz([O,oo);Lz(Q)) NL?

lac([07 °°);Loo (Q> N
HY(Q)) satisfies

d - r
VOl +er MIv@)|2 117 < ear® (v(e) I} + 1) ae.t€0,), (39

Jorall r € [2,), where ¢y >0 and c;, 6, 6, > 0. Then there exist some constants
dy, d», d3 and dy > 0 such that

sup |[v(1) || < dy 28O H0) 1

120
where My = max(1,d3||vol|e, sup,> ||v(t)||[214)
In order to apply Lemma 3.3, we deform (1) in the following way:
Oy — Auy +uy = uyur —buy +uy, (40)

s — Aupy +uy = auy +up. 41)

Hereafter we employ the usual H' norm (||Vv|[3+||v||3)"/? for u; and u,. Multiplying
(40) by |u;|"~2u; (r > 2) and using integration by parts, we obtain

1d _
——Hul(t)llH(r—l)/ Vuay [*|uy | 2dx+/ lur|"do + [lur (1) ]I
rdt Q o0Q

= [ i dx=b a0+ [ )]

Hence we have
ld r 2 r—2 r r r
— el @5+ = 1) [ Vi Plaa2 x4 (@)1 < [ Vol dx-+ s (1)
Q Q

Moreover we note

4(r—1 r r
1) [ 19l s a0l = 22 [ (90 e )13

r

4(7'—1) r
> 2 a0 P,




240 K. KITA AND M. OTANI

where we used the fact that r > 2 implies (rr D e
we obtain

1 d ( — l) r

~ @I+ —— II\ul(t)\2||2</Qlull’luzlderllul(t)HQ (42)
By using Holder’s inequality, interpolation inequality, Sobolev’s embedding theorem
and Young’s inequality, we can get

[l el < s ()1 a0l

€ (0,1] to the last inequality. Hence

< Jlar 0117 en ()13, 2113
< w2 (@3 Nur@ONF [ ur ()12 s
< Cus [lur ()17 1 (1) 2

2(r—1) ro . Chr? ,
2 R
S @) +8(r_1)Hu1(t)llr,

where we used the fact that ||u(7)||3 is uniformly bounded with respect to time by
virtue of interpolation inequality, Sobolev’s inequality and the global bounds for ||u;(2)||2

and |lux(7)||. Since r > 2, it is easy to see that ﬁ < r. Then, from these observa-
tions, (42) leads to

oy + 2

ot (£) 2117 < Cs rllar ()17 + [l ()1,
that is,

%Ilul(f)HHll w1 ()2 < Cro 7 (lun (1)1 4 1). (43)
Here we used the fact that 1 < 2Z=U provided that r > 2. Then u;(z) satisfies (39)

with c; =1, ¢ =Cig, 61 =0 and 6, = 2. Thus applying Lemma 3.3 to (43), we see
that there exists Cj7 > 0 such that

sup [[u1 (7) || < C17. (44)

>0

Finally, applying the same argument as above for u,(z), we have
1 d r 4(}"— 1) L r— r
@l + == \uz(t)\zllzéafgu% ldx+ [z (1)) (45)

Since ’T 1 and < 1, due to (44) we can deduce

a/guluz 1dx<aC17||u2( )| 1

r—1 1
<aCu{—lu0)l;+-/ol}

<aCp(luate) 7+ ).
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which implies

1 ( 1) r

@l + X ) 217 < s (a0l 1),

for some Cig > 0. Since 2 < @, we conclude that

d r L r
L o) 421 o) 912 < ot -+ 1): (6)

Then we can apply Lemma 3.3 to (46) with ¢; =2, ¢, =Cig, 6p =0 and 6, = 1.
Thus there exists Cj9 > 0 such that

sup [[u2 ()| < Cro. (47)

t>0

These a priori bounds (44) and (47) complete the proof.
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