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ASYMPTOTICALLY SELF-SIMILAR GLOBAL SOLUTIONS
FOR HARDY-HENON PARABOLIC SYSTEMS
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(Communicated by Y. Naito)

Abstract. In this paper we study the nonlinear parabolic system dyu = Au+al|x|~Y|v|"~ v, v =
Av+blx|P|ul u, t >0, x e RV\{0}, N> 1, a,b € R, 0 <y<min(N,2), 0<p <
min(N,2), p,q > 1. Under conditions on the parameters p,q,y and p we show the existence
and uniqueness of global solutions for initial values small with respect of some norms. In partic-
ular, we show the existence of self-similar solutions with initial value ® = (@1, ), where ¢;,
¢, are homogeneous initial data. We also prove that some global solutions are asymptotic for
large time to self-similar solutions.

1. Introduction

In this paper we consider global in time solutions of the following nonlinear
parabolic system

(s) [ = duc+al | Tl
v =Av+b|.|P|ul? " u,

with initial data
u(0,x) = @1 (x), v(0,x) = @ (x), (L.1)
where u = u(t,x) €R, v=v(t,x) €ER, t >0, xcR", a, b€ R, 0 <y <min(N,2),
0 < p <min(N,2), p, g > 1.
In what follows, we denote ||.|| .-~y by [[.[|-. For f,g:1— R, we denote when

there exists supse; [f(1),g(t)] = max [supie;f (1), supeig(t)]. Forall 1 >0, & de-
notes the heat semi-group, that is

(e f) (x / G(t,x—y)f(v)dy,

where ,
x|
G(t,x) = (4mt) " Te 3, 1>0, xRV,
and f € L"(RN), r€[1,%) or f € Co(RM). For f € ' (RN), e f is defined by duality.

Mathematics subject classification (2010): 35B40, 35B30, 35K58, 35K67, 35K57, 35B33.
Keywords and phrases: Nonlinear heat equation, Hardy-Hénon parabolic system, global existence,
self-similar solutions, large time behavior.
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A mild solution of the system (S)-(1.1) is a solution of the integral system

1
u(t) = &g, —l—a/ =9 (|| T v(a) [P\ (a))do,
0

2 (1.2)
V() = ¢, +b/0 = (| [P u(0)|9" u(c))do.

We investigate the existence of global solutions, including self-similar solutions for the
semilinear system (1.2). Moreover, we are concerned with estimating the decaying rate
in time of some global solutions and their asymptotic behavior.

Using the key estimate established by Proposition 2.1 in [1] we can adapt the
method in Fujita and Kato [9, 10] and recently used in [1, 3, 4, 5,6, 7, 8, 13, 14, 15, 16].

This method is based on a contraction mapping argument on the associated integral
system (1.2). Precisely we transform the problem of existence and uniqueness of global
solutions into a problem of a fixed point for a function defined in a suitable Banach
space equipped with a norm chosen so that we obtain directly the global character of
the solution.

In this paper we seek conditions for the following parameters p, g, Yy and p
such that we have the global existence of some class of solutions, including self-similar
solutions and the nonlinear asymptotic self-similar behavior of these solutions. For this
we define k, oy, on, B; and B, by

(2-7)q+(2-p)

Ceowra oy (-
o = 52 =p)p+2= ) (1.4
= 52+ 2 )] (15)
B1:al—%:ﬁ[(z—p)pﬂz—m—%, rp > 1, (1.6)
pr=tr— 5= 52D+ @=p)l -5 n>1 ()
Note that o and o verify the following system

A 0.

and that o
kp>1, ¢>k and a—lzk. (1.9)

Let us summarize the results of this paper. First of all if we suppose that the
following conditions

(1.10)

204 < min (N, s(N_m (2-71q+(2 —p)}+)’

2+2-p)p—71rq
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and

(1.11)

205 < min (N,%(N_y) (2—P)p+(2—7’)+)7

2+2-7)9—pprd4]
are satisfied, then we prove the global existence of solutions for some initial data ® =
(@1, ¢2) small with respect to the norm .4 defined by

N (@)= sup [P gu |, 17 e 2], . (1.12)

t>0

where 1 and 3, are given by (1.6) and (1.7), r; and r; are defined in Lemma 1 below.
See Theorem 1 below. We also prove, for ¢; homogeneous of degree —2¢; and @
homogeneous of degree —20a,, where ¢ and oy are given by (1.4) and (1.5), that
the initial data @ = (¢;, ¢,) gives rise to a global self-similar solution. See Theorem
2 below. Next we show as in [1], that solutions with initial data ¥ which behaves
asymptotically like @ in some appropriate sense as |x| — oo, are asymptotically self-
similar in the L”-norm. See Theorem 3 below. The norm .4~ given in (1.12) is weak
enough so that initial data ® = (¢@;, @) with homogeneous components have finite
norm. We prove finally stronger uniqueness results in Lebesgue spaces for initial values
small with respect of some norm. See Theorem 4 below.

Yamauchi in [18] studied the parabolic system (S). In [18, Theorem 2.1, p. 339] it
is shown that for some nonnegative initial values under the conditions y < min(N,2),
p <min(N,2), pg—1>0 and max(c,0n) > N/2, that no nonnegative nontrivial
solutions exist.

The case Y = p =0 has been already covered in [16]. In the case where p =g and
Y= p > 0, the parabolic system (S) behaves like a parabolic equation with singularity
in the nonlinearity. For more reading about Hardy-Hénon equations see [1, 11, 12, 17].

The rest of the paper is organized as follows. In Section 2, we state the main
results. In Section 3, we give the proofs of the main theorems. Finally, in Section 4, we
give stronger uniqueness results. Throughout this paper C will be a positive constant
which may have different values at different places. We denote sometimes u(¢) by

u(t,.).

2. Main results

We now state the main results of the paper. Let ¢/* be the linear heat semi-group
defined by

(€*@)(x) = (G(1,.) x @) (x),
where G is the heat kernel

x|

2
G(t,x) = (4nt) 2e 4, t>0, xeRV.

We recall the smoothing effect of the heat semi-group

12 £, < (a2 g, e
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for 1 <sy<sp<oo,r>0and f €L (RN ). We recall also the following key estimate
from [1]

_N(1
1A Pl < CO v E @8 F )0 (22)

for 0 <y <N, g and ¢ such that 0 < 1/qp < y/N+1/q1 <1, >0 and f €
LN (RN). We note that if gy = oo, then e’A(|.|’7f) € Co(RM).
We begin with the following technical lemma.

LEMMA 1. (Technical lemma) Let N be a positive integer. Let p, g > 1. Let
0 < y<min(N,2) and 0 < p < min(N,2). Let k be given by (1.3). Let o, 0 be
defined by (1.4) and (1.5). Suppose that (1.10) and (1.11) are satisfied. Let By, B, be
given by (1.6) and (1.7). Then there exist r; > 1 and ry > 1 satisfying

ry =kr, (2.3)
such that
(i) B1>0, Bo>0 and B =kp1,
(ii) %<%+%<1and%<%+%<1,
(iii) Bop <1 and Bg< 1,
(v) 27 ( 1+”p> and (—1+%q> < 2_7’),

1 20{1 )24 1 20{2 P q
(v) < < % +2and <N+rl,

r

vi) ¥ (2-L)~F-Bop+1+P=0and —§ (£~ L) =8 —Pig+1+B=0.

rn
We prove this lemma in the appendix.
THEOREM 1. (Global existence and continuous dependence) Let N be a positive
integer. Let p, ¢ > 1. Let 0 < y <min(N,2) and 0 < p <min(N,2). Let oy, 0p be

defined by (1.4) and (1.5). Suppose that (1.10) and (1.11) are satisfied. Let By, B, be
given by (1.6) and (1.7). Let r1 and ry be as in Lemma 1. Let M > 0 be such that

v =max(MP v, M9 v,) < 1, (2.4)

where vy and v, are two positive constants given by (3.8) and (3.9) below. Choose
R > 0 such that
R+Mv <M. (2.5)

Let ® = (@1, 02) be an element of /' (RN) x .7 (RN) such that

N (@) i=sup [1P |21, 1P [ 2l | <R. 2.6)
t>0
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Then there exists a unique global solution U = (u,v) € C((0,00);L" (RV) x L2 (RV))
of the integral system (1.2) such that

sup [P u(e) P2 (1) 1| < . @)
t>0

Furthermore,

(a) limu(t) = @, and limv(t) = @, in the sense of tempered distributions,
AN N0

(b) u(t)—eq € C([O,OO),LT1 ( )) for Ty satisfying = 20 <4 <w —|— p
(c) v(t)— ey € C([O,oo)7L72( )) for ©y satisfying = 2oy <4 <W¥ + q

(d) supt® % |[u(t)||, <o, Vr€ [r1,e] and u € C((0,50),L" (R¥) N Co(RV)),
t>0

(e) supto‘r% [v(t)||r < oo, Vr€ [ra,eo] and v e C((0,5),L" (RN)NCp (RY)).

t>0

In addition, if ® = (@1,¢,) and ¥ = (y1,vn) satisfy (2.6) and if Uy = (u1,vy) and
U, = (u,v) respectively are the solutions of the system (1.2) with initial values ® and
Y, then

sup [1P 1 (1) = 12() o, % 11 0) =2, ] < (1= v) ' @ 9). 28
>
Furthermore, if the initial data ® and ¥ are such that

(@ =) = sup [P (g1 — y) 1 P20 (02— o) | <o, 29)

t>0

Sor some 0 < 8 < &, where

& = min {1 - Big,1 - Pap}. (2.10)
Then
sup [£9°9ay (6) = 20) P2 o1 (1) = v2(0) | < (1= V) A5 (@), 211)

where the positive constant M is chosen small enough so that 0 < v' < 1, where V' is
given by the relations (3.16)-(3.18) below.

Finally, if we suppose also that ® = (@1, @) € LN/ (RN) x [N/20 (RN) such
that

(@) = max [nwln Tl ] <R 2.12)

then the solution U = (u,v) of the integral system (1.2) satisfies also U €
C ([0,00), LN/20 (RV)) x C ([0, 00),LN/2% (RY)) and

sup )] b0 | < . @13)

1=

Where M and R are sufficiently small.
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Now we give the following result which proves the existence of self-similar solutions.

THEOREM 2. (Self-similar solutions) Let N be a positive integer. Let p, q > 1.
Let 0 < y <min(N,2) and 0 < p < min(N,2). Let oy, oy be defined by (1.4)
and (1.5). Suppose that (1.10) and (1.11) are satisfied. Let ¢(x) = @y (x)|x|~2*,
2 (x) = @y (x)|x| 2%, where 1,0, € L*(RY) are homogeneous of degree 0 and
|1 ||eo, || 02| are sufficiently small. Denote ® = (@1, @,), then there exists a global
self-similar solution Us = (us,vs) of (1.2) with initial data ®. Moreover Us(t) — @
in Y’(RN), ast— 0.

We turn now to the asymptotic behavior.

THEOREM 3. (Asymptotic behavior) Let N be a positive integer. Let p, g > 1.
Let 0 < vy <min(N,2) and 0 < p < min(N,2). Let oy, 0y be defined by (1.4) and
(1.5). Suppose that (1.10) and (1.11) are satisfied. Let By, Bo be given by (1.6) and
(1.7). Let ry and ry be as in Lemma 1. Define B1(q) and B2(q) by

N
Blg)=r—=—, q>1. (2.14)

=0 — —
Bi(q) 1 2 24

Let @ be given by

D(x) = (¢1(x), 92(x)) = (1 (x)|x| 7>, @2 (x) x| >*)

with @y, @, homogeneous of degree 0, w;,, € L™ (RN) and |||, ||| are
sufficiently small. Let

= 2 o 12)

be the self-similar solution of (1.2) given by Theorem 2.
Let ¥ = (y1,yn) € Gy (RN) x Cp (RN) be such that

C _
[y (x)] < e Vx e RY, yi(x) = @) (x)|x] 2, x| > 4,

C _
[y (x)] < (ENCREE Vx e RY, yu(x) = an(x)|x| 22, |x| > 4,

for some constant A > 0, where c is a small positive constant. (We take ||®i ||, ||@2]]c
and c sufficiently small so that (2.6) is satisfied by ® and V).

Let U = (u,v) be the global solution of (1.2) with initial data ¥ constructed by
Theorem 1. Then there exists & > 0 sufficiently small such that

u(t) — us(t)|lg, < CotPrla)=0 1 >0, (2.15)

[v(£) = v (t)||gy < Cst P22 =8 w1 >0, (2.16)
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forall gy € [r1,°], q2 € [r2,°0|. Also, we have

% u(t, V) —us(1,.)]lq <Cst %, V1>0, (2.17)
[£%2v(t, V1) = v (1,.)|lgy < Cst7%, V1 >0, (2.18)

forall qi € [r1,], g2 € [r2,°°].

To close this section we give the conditions on p,q,7y,p which guarantee that the rela-
tions (1.10) and (1.11) are satisfied.
PROPOSITION 1. Let N be a positive integer. Let the real numbers p, g > 1.
Suppose that
N
max[p,q] +1 < = (pg—1).
Then there exist Yy, po > 0 such that for all 0 <y <y, 0 < p < po, (1.10) and (1.11)

are satisfied.

PROPOSITION 2. Let N be a positive integer. Fix 0 <y < min(2,N) and 0 <
p <min(2,N). Let p,q > 1 such that

2—y 2-—p 2—y 2
2 la -~ >
p max( N + N + 0 +p)

and

2—p 2—vy 2—p 2
> - .
q/max< N + N +1, v +Y>
Then (1.10) and (1.11) are satisfied.

The proof of those two propositions is given in the next section.

3. Proof of main results

We look for global solutions of the system (1.2) via a fixed point argument. Let us
denote U = (u,v), ® = (@1, ;) and

Fo(U) = (Fo(U),Go(U)), (3.1)

where )
Fo(U)(t) = %0, +a /0 OB (o) P (o)) do, 3.2)
Go(U)(1) = e’Aqoz+b/ote<’*<’>A(|.|*P\u(a)\fﬂu(a))dm (3.3)

with ¢; and @, being two tempered distributions, a,b € R, 0 < v < min(N,2), 0 <
p <min(N,2), p,g>1.
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Proof of Theorem 1. Let X be the set of continuous functions
U:(0,00) — L't (RV) x L (RV)
ro— (u(t),v(1))
such that
[ = sup [t a0l 1 (0 ], | < o=
>

where ry,r, are two positive real numbers satisfying conditions in Lemma 1 and S,
B, are respectively given by (1.6) and (1.7). Let M > 0 and define the closed ball in
the Banach space X by

Xu = {U € X, |U]x <M}.

Xy, endowed with the metric d(U,,U,) = ||[U; — Us||x, is a complete metric space.
Consider the mapping % defined by (3.1), where ® = (¢, @) € ' (R") x . (R")
satisfies (2.6). We will show that % = (Fgp,Geg) is a strict contraction mapping on Xj.
Let ® = (@1, ¢,) and ¥ = (1, y) belong to .7’ (R") x . (R") satisfying (2.6). Let
U = (uy,v1) and Uy = (uz,v2) be two elements of Xjs. Then we have

1P| Foo(U1)(£) — Fo(U2) (1),

t
Slﬁlllem(q?l—llfl)llrl+\altﬁ'/0 "= AL [T vi (o) [P vi(0) —|v2(0) [P va(0)] | do
It follows, by the key estimate (2.2) with (q1,q2) = (%,rl) that

1P| Foo(U1)(£) — Fo(U2) (1),
<Pl (o1 — )],

t
Hal [ c—0) H 50 (o) vi(o) — (o) va(o)

r do.
P

(3.4)
Using the fact that, for r > p > 1,

AP~ =1l el < p (IF127 "+ NellZ=") 1f =l
we obtain by (3.4) and the fact that U; and U, belong to Xj;, that

tP1|Fo(U1) (1) — Fo(U2) (1),

_ [ T P T 4
gtﬁlHem((Pl—llfl)Hrl+2P|a‘CtﬁlX |:/O(t—6) 2r1( 1+,2P> 26ﬁ2pMpldG:|U1—U2||X.

It follows that

P || Fo(U) (1) — P (U2) (1)1,

t BN TS I Ry 4
<tﬁ'||em((p1—l//1)||rl+2a|CpM’Htﬁ1><[/0(t—G) A (1) ZGﬁZPdG]Ul—sz
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_N(p_ 1) _Y_
<tﬁlHem((Pl—llfl)Hrl‘Fz‘aK:pMpilt 2(r2 rl) 5—Bap+1+By

N

1 N () y
x[ / (1_g)~ 7 (+37) ZG—ﬁzpda] U-Usllx.  (3.5)
0

Similarly using estimate (2.2) with (g1,92) = (r1/q,r2), we obtain an analogous esti-
mate of t72(|Go (U )(t) — Gw(U)(t)||, - Thus

1P| Go(U1) (1) — G (Ua) (1),

1
<l’32em(%—%)llrzﬂbICqu_ltﬁZX[ ~h (1) ZG_ﬁ"’dG}Ul Ualx
N
2

0
< P22 (@2 — o), +2|b|CgM T e (

1 SN (png) e
X[/ (I—G) 2r2( H_'lq) ZGﬁlqu:| ||U1—U2||X. (3.6)
0

%*6>***ﬁlf{+l+ﬁ2

Now, due to part (vi) of Lemma 1, inequalities (3.5) and (3.6) we obtain

| Zo(Ur) — Fo(Ua)|lx < A (P =)+ V|Ui1—Ua|x, (3.7
where
v =max(MP v, M9 v,),
with
1 7
v1:2|a|Cp/ (1-c 2,1( 1 20)- oborgg, (3.8)
0
1 n\ p
v2:2|b|cq/ (1— o) F2(-1+39) =8 5-pu0 (3.9)
0

Finally, from parts (iii)-(iv) of Lemma 1, we see that both quantities v; and v, are
finite. Setting ¥ = 0 and U, = 0, the inequality (3.7) becomes

|Fo(U1)||x <A (®)+V|Ui|lx- (3.10)

If we choose M and R such that (2.5) and (2.6) are satisfied, then by (3.10) .Z¢ maps
Xy into itself. Letting @ ="'V, we observe that (3.7) becomes

|Fo(U1) — Fo(U2)|lx < VUi — Uallx-

Hence inequality (2.4) gives that %¢ is a strict contraction mapping from Xj; into
itself. So #¢ has a unique fixed point U = (u,v) in X); which is solution of (1.2).
This achieves the proof of the existence of a unique global solution of (1.2) in Xj.

We now prove the statements (a)-(c). Let 7; be a positive real number satisfying

20 1 vy p
— < =< =+, 3.11
N T1 N+}"2 ( )
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then by (2.2) with (g1,¢92) = (r2/p, 1), we have

t
() =2 ulls < la] [ () v(0)) 4 do

1 _,(p_i)_l
<lal [ ct—0) 5 v(o) 1 do
0
1
< |a|CMPf%(%’%>’ﬁ”’“’%/ (1— o) Y= #)F5Prrge.
0

Therefore .
_N(p_1)_ 2-y
u(t) — 1|l < Cit ¥ (5=) ot : (3.12)
where
1 _E(L_L>_V
C1=|a|CMp/ (1—0) 2\n u) 26 Prgs
0

is a positive constant. Owing to (3.11) and part (iii) of Lemma 1, the constant C is
finite. Similarly using (2.2) with (q1,¢2) = (r1/¢,72), we obtain for 1, satisfying
20 1 _p ¢

—< =4+ 3.13
N <’L’2<N+}"17 ( )

the following inequality

_N(g _1)\_ 2—p
Iv(t) — B gulls, < O~ FE %) Pt (3.14)

where C; is a positive constant given by

4
r

1
G

C = ! *% ( )7% -B
, — |b|CM‘1/O (1-0) 2) 6 Pagg,
which is finite by (3.13) and part (iii) of Lemma 1. Owing to the conditions (3.11) and
(3.13), the right hand sides of (3.12) and (3.14) converges to zero as ¢ \, 0. This proves
statements (a)-(c) of Theorem 1.

Finally, the continuous dependence relation (2.8) of Theorem 1 follows by consid-
ering %¢(U;) = U; and Fy(U,) = U, in the inequality (3.7).

Now, if in addition ® and ¥ satisfy (2.9), then following the same steps as above
but with the norm

10 = (,9)lx 5 = sup [t ue) |, P42 (o)

t>0

we obtain by the key estimate (2.2) with (q1,¢2) = (r2/p,r1), the fact that U; and U,
belong to Xj; and the estimate ||v; () —v2(0)||,, <o P9 U; — Usllx s

P2 Fo (U)) (1) — Fo(Un) (1) |,
<P (o — )|,

5 N 1
+|a|zﬁ1+5></0 C(t—a)*f(%*ﬁ)*%|\|v1(a)|P—1v1(a)—\vz(o)v—ln(o)

r_sz
P
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<P g1 yn) |, + 2lalCpmr o0

N

r _ _ s Y
<| [t-0) (1) zc‘ﬁ”“SdG}Ul—
Lo

Y(2-1)-F-Bp+14By

< P8 e (@1 — yi) ||y, +2]alCpMP

r
N -r
% / 2r1( Ar) 26ﬁ2”5d6]U1—U2x,6-
L Jo

We obtain also
P40 G (U1) (1) — G (U2) (1),
< 43 (s — )|, + 2fplCgreE () BBt
1 N[ i \_p
o S

0
Then
| Z0(U1) = Pu(Us)||x,5 < A5(® =)+ V'||U — Ua|x s, (3.15)
where
v =max(MP~'v], M9 V), (3.16)
with
1 s ¥
v{=2|a|cp/ (1-o Zrl( L) 2o Pr=dyg, (3.17)
0
1 N n
vﬁzzlblcq/ (1-0) (1) B gpas (3.18)
0

Since ¢ (U;) = Uy and Fy(U,) = Us, then (3.15) becomes

sup (#2191 (1) = 120l 1727 1 (1) = 20l < (1= V)T A5 (@ — ).

t>0

Now, since 0 < § < & with & given by (2.10), v{ and v} are finite. Thus, (2.11)
holds by choosing v/ < 1 (this choice is possible for M small enough), where V' is
given by (3.16)-(3.18).

We now prove statements (d)-(e) of Theorem | for » = oo, we use some arguments
of [15]. Let us consider two real numbers r and 7 such that r = k' and

l<ri<r<oo 1 <rp<r Koo, (3.19)
N(p 1 2—y Nfg 1 2-p .
0<2<r2_7><7’0<7<ﬁ_7><7'

Remark that such a choice is possible owing to Lemma 4. Write now,

u(t) = e%Au(t/Z)+a/:e(”c)A(|.|’7\v(c)|p’1v(6))dc.
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Then by using the smoothing properties of the heat semigroup (2.1), the estimate (2.2)
with (g1,92) = (r2/p,r), (3.19) and the estimate (2.7), we obtain

o)l
_N _N _ _
< Csup [\ T ulo) | + e [ el (L Tn(o) v(0) o
>

r N 1
<CM+Ct°‘1*%/ (t—c)_7(%_ )
%
N (! _N(
<CM+CMPt“1‘$/(t—G) 2
2
1
<CM+CMP[ (1-0)
2
which leads to

sup 14~ |lu(o)||,| < C(M) < .
>0

Analogously, we obtain the following estimate on the second component v:
or—
sup 1227 [v(1)|| | < C(M) < o
>0

We iterate this procedure, for the next step we replace in (3.19) r| by r, r, by ¥ and
we consider two real numbers s, and s5 such that s, = ks, and

I <r<sy; oo
N(p_ 1 2
0<7(7_T><T7

’

\
<Q_L/> <20
r sh 2

Oflfzi az—%
sup |17 22 [|u()l[s,r - 22 v(r)llgy | S CM) <eo.

MIZ "

‘We obtain

t>0

We therefore construct two sequences (s;); and (s7); with so = ry, 55 =r2, s1 =1,
sy =7 and such that s; = ks}, Vi=0,1,2,... and

1 <si <sip1 <oo 1 <st<st <eo,
N(p_ 1 2y N(a_ 1 2-p
0< 2<s; s,-+1>< 5 0< 35 s;+l>< 7

We prove that

_X -
sup 1“0t 0l <€) < vi=0.12,

t>0

Now by Lemma 4, one can choose the sequences (s;); and (s}); such that they reach oo
for some finite i. We finally obtain

sup [t“l u(t)||m,ta2||v(t)||m] SC(M) <o,
t>0
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with C(M) \, 0 as M\, 0.

Finally, if in addition @ satisfies (2.12), the fact that the solution U = (u,v) of
the integral system (1.2) with initial value @ belongs to C ([0,c0), LN/ (RV)) x
C ([0,00),LN /20 (RY)) and the proof of the affirmation (2.13) are based on a contrac-
tion mapping argument in the set

N

Yur = {U = (u) € C([o,w),L% (RN)) X c([o,oo),sz (RN)) N
C((0,e0),L" (RY)) x € ((0,%0),L" (RY)) :
ma [suplla0)] g 90} g 1wl ) oy P )] <
0

1=

Endowed with the metric
d(U1,Uz) :=d((u1,v1), (u2,v2)) = max [SUIOD[Ilul(t) —ua(?)|| A [vi(2) =va2(2)]| %L
> o o
supltP e (1) = w2(0) 12 1 (0) =2 0) 1]
>0

Yy is a nonempty complete metric space. Consider the mapping .#¢ defined by (3.2)-
(3.3), where @ = (@, ) € LN/2% (RN) x LN/2% (RV) satisfies (2.12). We will show
that %o = (Fp,Gg) is a strict contraction mapping on Yy . Let ® = (¢;,¢,) and
W = (y1,y) belong to LN/2%1 (RN x LN/2%2(RV) satisfying (2.12). Let U; = (uy,v;)
and U, = (up,v,) be two elements of Yy;. Then we have

| Fo(U1)(t) _F‘P(U2)(I)H%

!
<||€’A(<P1—W1)\\2L+|a|/0 ’e(H’)AH*y[IVl(G)I’HW(G)—\Vz(ff)l’ﬂvz((f)] y 0.
It follows, by the key estimate (2.2) with (g1,92) = (r2/p,N/204) that
IFo(U1) () = Fe(U2) ()]l 1
7 _E(ﬁ_zﬂ)_l’ o |
<lorvill x +al [ =) FEFE (@) i (0)-ra(0) 7 va(0)  dos
(3.20)

we obtain by (3.20) and the fact that U; and U, belong to Y),, that

1 Fao(U1) (1) — Fe(U2) ()|

2oy

o=

p 20
23

i D Y 4
%) 22poPrpmr-lac | d(Uy,Uy),

(

4 —
<llon vl +lalCx | [ (=0

it follows that

1Fo(U1) (@) — Fe(U2) Ol 1
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p_ 2

o )
<llon= vl +2lacpmr x| ['o- ) B Ao raaaws v
0

N
2oy

_N(p_ 2mY 7y
< llgr— vl y +2lalcpprty (AR ) E-pr
o]

1 N 2a0
X |:/ (1— 6)7(%#)%Gﬁ2pd6:| d(Uy,Us).
0

Owing to (1.7), we get

| Fo(U1)(t) —F\P(Uz)(t)\\%

p 20

apan i [ [ 42 F
<oyl +2laicppr e [(1-0) 57T o rao| awr, ).
o] 0

Since o, oy satisfy (1.4) and (1.5), using the fact that r; > N /2 and due to part (iv)
of Lemma 1, it follows that

2—vy N [(p 204 Yy N/(p 1 Y
- I _—0 —~ I — ~ —~ - — ~ l.
% P& 2 ’ 2 <r2 N ) 2 < 2 n ry 2 <

Using also the fact that B,p < 1, we get

1Fo(U1) (1) = Fe(Ua) (t)l| v < A (@—=¥)+MP"V{d(U1,Ua),  (32D)

N
20
with v{ is a finite positive constant defined by

204

1 _N(p _209)_7
v =2laicpx | [ (-0 HEF) Hotrgg).

Similarly, we get

HGq)(Ul)(t)—G\y(Uz)(t)H% <A@ =)+ MITWVaA(ULUy),  (3.22)

with v} is a finite positive constant defined by

g _ 20

1 _N(a_2m)_p
v =2|b|Cq x [/0 (1-o0) ¥ (4-5) Zcﬁlqdc].

Owing to (3.21) and (3.22) we get

II%

sup [HF@(Ul)(r) ~ Ra(U2)(1)

>0

<A (D) +V'd(Uy,Un), (3.23)

,G¢<ul><t>—Gw<Uz><z>%}

where
v/ = max(MP~ v MI7IVY).
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We can conclude now from (3.7) and (3.23) and from the estimate .4 (® —¥) <
N (®—¥), that

d(Fo(Uh), P (Us)) < A (®—Y) +max(v,v")d (U, Uy). (3.24)

Itis clear thatif U € Yy, then Fo(U) € C ([o,oo),L% (V) xc ([o,oo)7L% (®Y))
NC((0,00),L" (RY)) x C ((0,0),L"> (RY)). Hence, by choosing M and R such that

R+Mmax(v,v") <M, (3.25)

it follows that .%¢ is a strict contraction from Y, into itself. So ﬁ}p has a unique fixed
point in Yy, which is solution of (1.2).

Remark finally when the initial data ® belongs to LN/2% (RN ) x LN/2e (RN )
with respect to the norm .4, that the condition (2.6) is satisfied, since .4 (®) <
A(®). We note also that by the previous calculations, precisely (3.24), we have
the following continuous dependence property: Let ® = (¢, ¢), ¥ = (y1, ) €
[N/2e (RV) x [N/202 (RY) and let Up = (1o, ver) and Uy = (uy, vy) be the solutions

of (1.2) with initial values @ and respectively V', with sup [||uq>(t) [N /200 5 [V (2) HN/MZ}
>0

<M and sup e (0) /2, [ 9(4) 2 | < M Then
t=

sap [nuq»(r) )] vt —vw)n%]

<=k xman[lo—wally o valy | 326)
o) 22

for some positive constant K = max (v, v"). This finishes the proof of Theorem 1. [
Let us define the scaling operator d; by
[dr0](x) = @(Ax).

It follows that 2
¢y = dy e VA > 0.

Proof of Theorem 2. We now construct self-similar solution with initial data ®.
We adapt the method used in [1]. Let us define @, , for A > 0, by

D, (x):= (12“1 (o] (lx),?tzo‘%pz(?tx)).
It is clear that @, satisfies
D) (x) = P(x),VA > 0.

Let U be the solution of the integral system (1.2) with initial data ® constructed
by Theorem 1 ( remark that .4 (®) < oo, since r; satisfies parts (i)-(ii) of Lemma 4
below and by homogeneity, also .4/ (®) is sufficiently small since || @ || and ||@;]|<
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are sufficiently small). That is U belong to Xp;. We want to prove that U = U,
VA >0, where Uy (1,x) := (uz (,x),v5(t,x)) , VA > 0, with

uy, (t,x) = A** u(A%, Ax),

and

vy (1,x) = A2%29(A%, Ax).

To do this it suffice to prove that U, is also a solution of (1.2) with the same initial
data @; = @ and that U, belong to X;3s. On one hand due the homogeneity properties
of the system (1.2), if U = (u,v) solves this system, then the scaled function solves it
also. In fact

2 _ g AkA p (A2—G)A(| |-y 1
dyu(A-t) =dye (p1—|—a0 dje (I.I""v(o) P~ 'v(0))do

yRi 5
= Paygiva [ LB @01 o) o)) do

A% (t—i)A
= dy @1 +a A7\ TR (Y dyv(o) P dyv(o))do
0

= ¢'“d; ¢y +a/0tl2_ye(t_G)A (1.1 |dyv (A*0) [P~ dyv (A%0)) do.
Hence by (1.8), we get
A%q u(lz 1)
=y (A" 1) +a el (1.|77A 112 g, v(A20) [P dy v (A*0)) do

=y (A1) +a | TN TMA2%2dy v (A%6) [PIA%2d, v (A20)) do,

h%

we conclude finally that
t
w, (1) = &1 +a / =03 (| ||y ()P~ v, (o)) do. (3.27)
0
Similarly we obtain
1
) =€yt b [N (| Py (o) (o)) do. (328)
0
The affirmation follows from (3.27)-(3.28). On the other hand we have

[ (220)],, = (A u (a%)]),

oy (1), = 22% 22|, =222

Hence

supt/31||u;L(t)H,l = sup (lzt)ﬁ' ||u (7L2t)||rl = sup tﬁ1||u(t)Hrl,
t>0 A22t>0 t>0
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similarly sup P||v; (¢)||,, = sup P2||v(2)||,, . It follows so that ||Uy ||x = ||U||x . Then
t>0 t>0
by uniqueness in Xj;, we have Uy = U and thus U is self-similar. Let us denote it

by Us. The fact that Us(t) — @ in .#" (RV), as r — 0, follows by statement (c) in
Theorem 1. [

Proof of Theorem 3. The proof is similar to the one of Theorem 5.1 in [1], we
simply indicate that

(i) sup tPIHolle™ (@ — )| <oo,for0< 8 <Y —oy.
t>0 ry

(i) sup P20 || (@ —yn)|| < oo for0< 8 < ¥ — 0.
t>0 )

By the formula (2.11), we have that

sup [P [u(t) = (1) 1y 1P vl0) = v (1) 1| < CAG (@),

t>0

That is

sup [P ue) =10 0) 121 0) v (1) <%,
>

for 0 > 0 sufficiently small and € a finite positive constant. This gives (2.15)-(2.16)
directly for g; =r; and g2 =r5.
We now turn to prove the asymptotic result in the L™ -norm. Write

ut) —us(t)
P 1
=67A(u(t/2)—uy(t/2))+a[ LRI (@) (o)~ [y (0) P v (0))] do,
z
V(1) —vr(t)
P 1
=¢2" (V(t/2)—vfy(t/2))+b/, ORI (Ju(0)[ 1 u(0) ~ lus (0 u s (0))] do.
2
Let 7 > 0 be an arbitrary real number. By using the smoothing properties of the heat

semi-group with (s1,s2) = (r1,°0) and the estimate (2.2) with (g1,q2) = (c0,0), it
follows that

0 ) — (1) < 1|

1
J
< OO u(t/2) ~ s (t/2)]], +1alCrH x

=0 (o)l +1

2

e u(1/2) —usr(1/2)|_+lale ¥ x

OB (W) P (o) (0) v ()] |_do

vy (0)|Z71) V(o) —vs(o)ll-do.
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Using (2.11) to estimate the first term and the fact that ||[v.# (1) < Ct7%2,  ||v(1)]| <
Ct~ 2 to estimate the last term, we get

10 ue) = (1) -

1
<C(8) +alC x Ul (1—0)30%1’%0} sup (taeré\\v(t)—Vy(t)\\w).
2 t€(0.7]

Which leads to

() (1) C(8)+C sup [ ule) = (1) o 1% (1) = v (1) ]
1€(0,7)
(3.29)
Similarly we have

(2 u(0) =v (0)l]e SCE)+C sup 12 ult) = (1) oyt (1) = v (1)
1€(0,T]
(3.30)
Using (3.29) and (3.30) we obtain

sup. (1478 u(t) — (1) oyt 2+ [0(0) = v (1) | < C'(8).
t€(0.7]

Since the constant C'(8) does not depend on 7 > 0, one can take the supremum over
(0,00). This proves (2.15)-(2.16) for r; = e and r, = . Using the interpolation
inequality

() = (1) gy < Nlult) = wsr () [ u(t) = wer (1) 741,

where | |
T Ty

q1 r oo rl
We get

() = wsr(D)lg, < Nut) =g ()15 u(t) = (1)]|H

<
< Crtal=Bi(r)=8l+(1=p)[=Bi()=8] _ y=Bi(q1)=F

‘We have also
V(1) = v (1)l < CrP2la2)=8,

Hence we obtain the results (2.15)-(2.16) in general case. The estimate (2.17)-
(2.18) follows by a simple dilation argument. We prove just the first estimate (2.17),
the proof of the second estimate is similar. We have

u(t,.)—t Muy (Lﬁ) ,
= Hd% [u(t, V1) =t "uy(1,.)]

() =g (1)l gy =

=ldu(t, V)=t %d i us(1,.
|y a7 (1)

q1

q1
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_ <%>_% | (2, V1) =t Mugp(1,.)||

Then by using inequality (2.15) and relation (2.14), we get (2.17). [

q1°

Proof of Proposition 1. If y=0 and p =0, then (1.10) and (1.11) are verified.
Since these are strict inequalities, they must hold for small ¥ > 0 and p > 0. This
finishes the proof of the proposition. []

Proof of Proposition 2. Let o and o defined by (1.4) and (1.5), respectively.
Under the conditions

2—p 2

gz ——+ -,

Y Y

and 5 5
-7

PZ— )

p P

we have that conditions (1.10) and (1.11) are equivalent to the conditions 20 < N
and 20p < N. Now, since g > 2—Tp + % + 1, we see that 20y < N and since p >

2%/ + %Tp + 1, we obtain that 2, < N. This finishes the proof of the proposition. [

4. Stronger uniqueness results

It has been proved in Theorem 1 that for small initial data ® = (@1, ;) €
LN/204 (RV) x LN /200 (RY) with respect of the norm .4, there exists a solution Ugp =
(ue,ve) of the integral system (1.2) and uniqueness is guaranteed only among contin-
uous functions U : [0,00) — LN/2%1 (RN) x [N/2% (RY) which also verify

sup [tﬁl lu(@)]| B2 H,Z} is sufficiently small. Our aim in this section is to prove
>0

that uniqueness is guaranteed for solutions which belong to C ([0,0),LV/2% (RY)) x
C ([0,00), LN/2%2 (RN)) N C ((0,e0), L (RN)) x C((0,%0),L™ (RY)), which improves
the result of uniqueness in Lebesgue spaces given in Theorem 1. We will use arguments
of type Brezis Cazenave [2]. We have obtained the following result.

THEOREM 4. Let N be a positive integer. Let p, g > 1. Let 0 <y < min(N,2)
and 0 < p <min(N,2). Let oy, o be defined by (1.4) and (1.5). Suppose that (1.10)
and (1.11) are satisfied. Let By, By be given by (1.6) and (1.7). Let ry and ry be
as in Lemma 1. Let M, R > 0 be such that (3.25) is satisfied. Let ® = (@1, () €
[N/204 (RN) x [N/202 (RN) satisfying (2.12). Let Up = (uep,ve) € Yy be the solution
of the integral system (1.2) with initial data ® constructed by Theorem 1. Let V =
(v1,v2) € C([0,00), LN/2%1 (RN)) x C ([0,00),LN/2% (RN)) N C((0,0), L™ (RY))
x C((0,00),L"2 (RY)) be a solution of (1.2) with the same initial data ®. Then

V(t) =Up(t), Vi €[0,).
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The proof of this theorem relies on the following two lemmas.

LEMMA 2. Let N be a positive integer. Let p, ¢ > 1. Let 0 <y < min(N,2)
and 0 < p <min(N,2). Let oy, o be defined by (1.4) and (1.5). Suppose that (1.10)
and (1.11) are satisfied. Let By, By be given by (1.6) and (1.7). Let ry and ry be
as in Lemma 1. Let M, R > 0 be such that (3.25) is satisfied. Let ® = (@1, () €
[N/204 (RN) x LN/202 (RN) satisfying (2.12). Let Up = (ue,vae) be the solution of the
integral system (1.2) with initial data ® constructed by Theorem 1. Then forall T > 0,
there exists a unique solution Up 1t = Ue € Yy 1 of (1.2) with initial data ®, where

Yarr = {U = (u,) € c([07T),L% (RN)> x c([07T),L% (RN)> N
C((0,7),L" (RV)) xC((0,7),L" (RY))

ma [ sup ()] 0] | sup)[rﬁlnu(r)mtﬁznv(x)nmﬂ <M}.

t€[0,T) 1€(0,T

Proof. The existence of the unique solution Ugp 7 of (1.2) with initial data ® fol-
lows by a fixed point argument in Yy, 7. Let Ugp € Y be the solution of (1.2) with
initial data ®. Owing to the fact that Ug € Yy C Yy, and by uniqueness in Yy, 7, we
obtain Upr =Up. [

LEMMA 3. Let N be a positive integer. Let p, ¢ > 1. Let 0 <y < min(N,2)
and 0 < p < min(N,2). Let oy, 0p be defined by (1.4) and (1.5). Suppose that
(1.10) and (1.11) are satisfied. Let M, R > 0 be such that (3.25) is satisfied. Let
® = (@1, ) € LV?4 (RV) x [N/2% (RN) satisfying (2.12). Let Up = (ua,ve) be
the solution of the integral system (1.2) with initial data ® constructed by Theorem 1.
Let (®;) = (((plm q)z,)) be a family of functions satisfying (2.12) such that

NN NN
O — @, in L (RY) x L2 (RV).
T—
Then the family of solutions (Us,) = ((uw,,ve,)) of the integral system (1.2) verify

NN NN
Us, (1) 704,@)7 in L>1 (RY) x L?2 (RV) Vi € [0,c0).
T—
Proof. By continuous dependance (3.26) in Y)y, it follows that
max [l (1)~ )] v ()~ vo(0)] . |

<(1-K) xmax[qa” ol o~ @zgj,we[o,w»

By letting T — 0, we obtain the result. [l
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Proof of Theorem 4. Since V = (v1,v2) € C([0,00),LN/2%1 (RV)) x
C ([0,e0),LN/2% (RN)) , then there exists & > 0 such that

A" (V(s)) = max [W(S)Ilzgl, ”V2(5>2§2] <R, Vs €[0,&]. 4.1)

Let us define Vr = (vi¢,va¢) by Ve(t) = V(e + 1), VT € (0,€/2], Vr € [0,€/2].
We have from (4.1) and since (Pt (|1 ¢(1)||, 1P ||[v2,c(t)[|s,) — (0,0) as t — 0, VT €
(0781/2}:
@ max o0 o200 | =max [l (A D) | < R ve e
(0,51,
® sup [Is0)

< 4]

2 (@)l

N N:|<R<M,VT€(O,%1],
Zoy 20

(c) there exists 0 < T; < € such that sup [tﬁ' ||vm(t)Hrl,tﬁ2||vz’f(t)H,2} <M,
(0]
vre (0,%].

It follows then that V; € Yy, 7. />, using now Lemma 2 we deduce that V() =
Uy, (0)(t), VT € (0,81 /2], Vt €[0,T¢ /2], where Uy, (o) is the solution of the integral sys-
tem (1.2) with initial data V¢(0) constructed by Theorem 1. Hence V:(t) = Uy, (o) (?),
V1 € (0,€,/2], Vt € [0,00). By Lemma 3, we obtain V¢(t) — Ua (1), in LN/21 (RV) x

LN/ (RV), Vit € [0,00). On the other hand V¢ (r) =V (1 +7) = V(t),in LN/ (RV) x
T—

LN/22 (RV), Vit € [0,0), (since V is continuous in [0,c)). Finally, we conclude by
uniqueness of the limit that V() = Ug(r), V¢ € [0,00). O

Consider now the integral equation

1
u(t) =g +a / I8 (|17 u(s) [P~ u(s)) ds, 4.2)
0
where u = u(t,x) ER, t>0,x€RY, a €R, 0 < y<min(N,2) and p > 1. Set
N(p—1)
= , 43
q 2y (4.3)
Suppose that
N(p—1 .
(pry) >1, (ie ge>1). (4.4)
By choosing y=p, p =¢q and r; = r in Lemma 4, using the fact that q% - Nlp =

W and the equivalence g. > 1 < (A.1), it follows that there exists r > g,
satisfying
1 2 1 N-—
L A e 4.5)
gc Np r  Np
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COROLLARY 1. Let N be a positive integer. Suppose that p > 1. Let 0 <y <
min(N,2). Let q. be defined by (4.3). Suppose that (4.4) is satisfied. Let r > q.
satisfying (4.5). Let @ € Li(RN) sufficiently small. Then there exists a global so-
lution of the integral equation (4.2), which is unique in the class of functions u €
C([0,00), L% (RY)) NC ((0,00), L (RV)).

Proof. Let N be a positive integer. Suppose that p =g > 1. Suppose that y = p
with 0 < ¥ <min(N,2). Let oy = ot defined by (1.4). Suppose that (A.1) is satisfied.
Let By, B, be given by (1.6) and (1.7). Let r; = r, be as in Lemma 1. Let M, R >0
be such that (3.25) is satisfied. Let ® = (@1, 1) € LV/?% (RY) x LN/2% (RV) satis-
fying (2.12). Let Up = (4o, uqp) € Yy be the solution of the integral system (1.2) with
initial data @ constructed by Theorem 1. Let V = (vy,v1) € C ([0,c0), LV/2% (RV)) x
C ([0,00), LN/2%2 (RN)) 0 C ((0,0), Lt (RV)) x € ((0,%0),L> (RY)) be a solution of
(1.2) with the same initial data ®. Then by Theorem 4

V(t) =Us(t), Vi €]0,00).
This finishes the proof. [

REMARK 1. The previous corollary improves the class of uniqueness for the scalar
Hardy-Hénon parabolic equations given by Theorem 1.1 (iii)-(b) in [1].

REMARK 2. Using the same steps as above we prove that for initial data ® =
(@1,92) € L7 (RV) x L9 (RY) such that N/20y < g1 < ry and N/2a < g2 < 2,
there exists a local solution Ugp = (ue,ve) of the integral system (1.2) and unique-
ness is guaranteed in the class of solutions which belong to C ([0,7],L91 (RY)) x
C ([0,7],L% (RY))nC((0,T],L"" (RV)) x C((0,T],L" (RV)), for any fixed 0 < T <
Thax » where Tiax 1s the maximal existence time. This improves the result of uniqueness
in Lebesgue spaces given by Theorem 1.1 (iii)-(a) in [1].

A. Auxiliary lemmas

Let us state the following result which will be needed in the proof of the technical
lemma.

LEMMA 4. Let N be a positive integer. Let p, g > 1. Let 0 <y < min(N,2) and
0 < p <min(N,2). Let k given by (1.3). Suppose that (1.10) and (1.11) are satisfied.
Then there exists a real number ry satisfying the conditions:
; pg—1
) Napjprizo <"

—1

y »q
(i) Nkg=gra=p) <"
(iii) §kp <ri,

() §5a<r,
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(v) 2L(kp— 1)<,
(vi) 25(q—k) <ri,

. —_plpg=h)
(vii) 11 < NK =g o=l

__plpg=l)
e
Proof. We will treat the cases where 2+ (2 —p)p—7vpg >0 and 2+ (2 —y)q —
ppq > 0, the other cases are simple. One can easily see that r; exists if and only if the
left-hand sides of inequalities (i)-(vi) are less than the right-hand sides of inequalities
(vii) and (viii). Since pg— 1 > 0 we verify easily:

: pa—1 p(pg—1)
@) N(2*P)17+(2*)’) < Nk5 2+(2-p)p-7Pq°

.. pg—1 p(pg—1)
(i1) Nk(z_y)q+(2—p) <Nk 2+(2—p)p—rpq°

(i) 5% (kp— 1) < Nk h 2l
(V) 225 (q—k) < Nhy e,

pg—1 q(pg—1)
V) Naoypres <Nz e
: pg—1 q(pg—1)
) Nkt <Naravna-pra’

(vii) 5 (kp—1) <N%

(viii) (g~ k)<N%

Condition 2¢;; < N implies that —kp < Nk% condition 204 < &(N —
2-7)g+(2=p)

p) T 5 ypg implies that P 54 < NkMzu’% condition 20 < N implies that

N 9(pg=1) 2=p)p+(2=y) ;
—Pq < NW and ﬁnally condition 2062 <<z (N 'y) m 1mphes that

kp <N % This finishes the proof of the lemma. [

Proof of Lemma 1. Assume the hypotheses of Lemma 1, which are the same as
those of Lemma 4. Let r; be given by Lemma 4 and define r, by r, = k.

Owing to (1.9) the conditions (i)-(v) in Lemma 1 are equivalent to the conditions
(1)-(viii) in Lemma 4. Finally (vi) in Lemma 1 follows by (1.6), (1.7) and (1.8). [

REMARK 3. In the case where Y = p and p = q it suffice to change the hypothe-
ses (1.10) and (1.11) by the hypothesis

204 < N. (A.1)
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